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ABSTRACT. By using a simple pa ra m eteri zed mod el of thermomeeh a ni ca ll y 
coupled flo w in co ld ice sh ee ts, toge th e r with a phys icall y based sliding la w which 
includ es a d escripti on of basal drain age, we show tha t rela ti o nships between ice flux 
and ice thi ckn ess can reali sti call y be multi-\'alu ed , a nd h ence tha t hyd rauli call y 
induced surges ca n occur, 'Ve term thi s m echa nism h)draulic run-awn)', as it reli es on the 
positi ve feed-bac k betwee n sliding ve locity a nd basa l melt production, For this feed­
back to o pera te, it is essenti a l tha t wa te r pressure increases with wa ter storage . This is 
consistent with vari ous recent ideas con cerning dra in age under ice shee ts, be it 
throug h a system of cana ls, a di stributed film or a subglacial aquifer. For confined 
flows, such as \'all ey g lac iers (e,g, T ra pridge Glacier) or LOpogra phicall y con stra ined 
ice st ream s (e.g . Hudson S tra it in th e L a uren tide ice shee t ), which a re und erl a in by 
sufficientl y d eforma ble sediment, \\'e ca n ex pec t therm a lly regul ated surges to occur, 
whil e in a la terall y unconfined drainage basin (such as th a t w hich fl ows into the R oss 
Icc She lf) , we might ex pec t ice strea ms to d eve lop, 

1. INTRODUCTION 

The id ea of a therm a ll y reg ulated mecha ni sm of glac ie r 
surges stems from R o bi n ( ] 955 ), Th e concept is ve ry 
sim pie. I f a n ice shee t is frozen a t th e base, then th e ice 
flu x is ve ry small and it will thi cken in time d ue to Lh e 
surface acc umulatio n , As it does so , th e insul a ti o n 
afford ed by th e ice a llows the base to warm until it 
reaches th e melting point. At this point, th e ice can slid e 
and th e res ulta n t increased ice flu x, if la rge enough, will 
draw-down the ice . In principle, thi s ca n rc-freeze th e 
base, so th a t a cyc li c oscillation ensues . C la rke and oth ers 
( 1977 ) a nd Yuen and Sehubert (1979) ex tended this idea 
by in vo kin g thermal run-away: th e th ermomecha ni cal 
coupling between ice fl ow a nd te mpera ture through the 
temperature-d epend ence o f th e fl ow law causes a multi p­
le-valued rela ti on betwee n ice flu x a nd thickness . 

T o understand the import of thi s, consid cr t he 
(lumped ) mass-conse rva tio n equ a tion 

h =a- Q (1.1 ) 

wherc li = dh/ dt , a I S acc umula ti on ra Le, Q is propo r­
ti ona l to ice flu x a nd h is mean ice thi c kn ess , rf' Q is a 
mul ti- val ued (e.g, S-sha ped ) fu nc ti on of h, such th a t 
h'( Q ) < 0 fo r Qc < Q < Qm th en , if Q c < a < Qm , 
period ic osc ill a tions will occur which a re ma nifested as 
surges , with qui escent ph ases on the lower (slow) bra nch 
Q < Q c being punctu a ted by ra pid surges on the uppe r 
(fa s t) bra nch Q > Q m' This mec ha ni sm has bee n 
ela bo rated by Fowler ( 1987b) . 

H o weve r, therma l run-away may no t be rea li sti call y 
possible in ice sheets a nd g laciers. M os t simp ly, th e multi-
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\'a luedn ess occ urs when th e basa l tempera ture is a bove 
the melting p oint a nd so is unp hys ica l. Indeed , Fowler 
a nd La rson ( 1980) showed th a t, wi th reali sti c th ermal­
bound ary conditi ons, th e (uniq ue) stead y SLa te was 
linea rl y sta ble, in contras t to the situa tion fo r Equa ti on 

( 1.1 ), if Qc < a < Qm' 
]\' e\'e nh e less , R o bin 's b as ic concept re ta in s its 

conceptua l validity a nd , ind ecd , is likely to be relevant 
to the surges of Tra pr idge Gl acier (Clark e a nd o th ers, 
1984), M o re recentl y, a simila r concept has been 
ad vanced by M acAyea l ( 1993a) to ex plain h ypotheti cal 
surges of th e Hudson Strait ice stream whi ch a re tho ught 
to have occ urred during th e L as t I ce Age (Andrews a nd 
T edesco, 1992 ; Cla rk , 1994 ) , a nd for which indirec t 
ev id ence ex is ts in th e d ee p-sea sedim e nt reco rd 
(H einrich , 1988; Bond a nd o th ers, 1992; Gro usset and 
o thers, 1993 ) . In a simple m od el, M acAyea l ( 1993 b) 
d escribed the oscill a ti on b y p ostul a ting that , w hen the 
base of the ice is molten , it r elaxes to a d yn a mi c sta te 
co rrespo nding to mod ern ice-st ream d yn a mi cs, as 
evidenced in ' Ves t Anta rcti ca, 

As a d escription, this is fin e bu t iL in volves a n 
ass umption, n a m ely tha t a tempera te base is suffi cient 
to ca use fas t g lac ier fl ow in the Hudso n Strait ice stream; 
cl ea rl y, this m ay not be the case, as is a ttes ted by the 
existence o f no n-strea mi ng parts of the \V es t Anta rcti c ice 
sheet which a ppear to be we t- based (e.g. I ce S trea m C) 
a nd the plentiful glac iers wiLh tempera te bases w hich cl o 
not surge (e,g , Trap ridge Glac ier a t the prese nt time), 
The pur pose o f' this pa per is therefore to examine th e 
interpl ay be tween thermal regim e and basa l sliding in 
grea ter de ta il , with a view to substa ntiating M aeAyeal's 
vision of th e Hudson Strait surges , 
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2. ICE-SHEET MODEL 

In seeking a simpl e but rea li sti c m od el for ice-sh ee t 

m o ti o n , we ma ke use of a lum ped p a ra m eter ve rsion of a 

bo und a ry-l aye r th eo ry d eveloped b y Fowler ( 19 92 ) , 

b ased on an o ri g in a l idea du e to N ye ( 1959 ) , a nd 

subsequentl y d eve lop ed by L1iboutry ( 198 1). This is th a t 

la rge ice shee ts have d ynami cs whic h can be cha rac te r­
ized b y "shea r laye rs" near th e base wh ere the sh ea r is 

la rges t du e to th e hig h stresses a nd hi g h tempera tures 

th e re. I n additi o n , rel a ti\"C ly high \'eloc iti es ca use th e rm a l 

g ra dients to be e leva ted in a therm a l b o und ary laye r n ea r 
th e b ase, with th e sh ea r layer lying insid e this. Beca use of 

th e bo und a ry-laye r na ture of th e [1 0 \\" it is possibl e to 

produce a pa ra m e te rized model w hi c h enca psul a tes th e 

d y n a mi cs. 

Phys i cs of the ntodel 

W e begin by d escribing th e ph ys ica l processes a nd th e ir 
e ffec ts; th e m a th e m a ti ca l d e ta il fo ll ows thi s. Th e 

ho ri zo n tal mo ti on of ice shee ts is d ri\'en by th e shea r 

su-esses a t d epth ge n e ra ted by th e surface slope of th e ice 

(i.e. ice nOl'vs d own th e "hill " ge n e ra ted by its surface ). 
This noli' is th erma ll y act i\'a ted b y th e depend ence of 

v iscos it y o n te mpe ra ture, a nd thi s de pend e n ce is 

suffi c ient ly stron g th a t one can e f1[ec ti\'e ly conside r tha t 
al l th e shea r takes p lace where th e ice is wa rm es t, i. e . nea r 

th e bed. \Vc call th e region nea r th e b ed wh ere th e shear 

is concentra ted a sh ear la>'er a nd , in this lave r , th e 

ho ri zo nta l velocity 'U rises li-o m its va lu e Uh (th e basa l 

sli d in g \'eloc it y) a t th e bed to a far field ( i. e. fa r fro m the 
bed ) \'a lue 'U x" \\'hi c h is essse nti a ll y ind e pend ent of d e pth . 

Al so in this laye r , fri c ti ona l hea t ca uses a n imba la n ce 

be twee n th e basa l h ea t [1ux from th e bed to th e ice qb, a nd 

th e heat nux deli\'e red from th e sh ea r laye r to th e ice 
a b ove, CfT. Approx ima te rela ti o n sh i ps be tll'ee n th ese 

\'a ri a b les can be d e ri ved . 

An impo rt a nt co nstitu ent o f' th e model is th e 

d e te rmin a ti on o f' th e hea t nu x into th e plug now o f ice 
a bove th e shea r laye r. If u x is ve ry sm a ll , thi s sho uld be 

condu c ti\'e (a nd thus CfT ex h- 1
• wh cre h is ice thi ckn ess ) 

but , if li x is ve r y la rge , \I'e ex p ec t a thin th e rma l 

bo und a ry laye r to exi st nea r th e base, th ough we ca n 
sh o \\' th at th e shea r laye r li es w i thin thi s th e rma l 
bo und a ry laye r (see Fig . I ) . Ln thi s case, we find 

qT ex uJ, a nd in o ur simple mod el wc simpl y add th e 

co ndu c ti\ "C to th e con vec ti ve ly indu ccd heat transfe r. 

VV e thus pro pose relati ons be twee n qT , q\,. Ucx:; . Ub a nd 
h b ased on th e d yn a mi cs of ice, whi c h in voh'e th e b asa l 

shea r stress T a nd th e basal tempera ture 11) . \ \ 'e ha \ 'e fo ur 
su ch rel a ti ons a nd , in o rd er to find a n ex pression fo r th e 

ho ri zonta l ice nu x Q ~ hux , we require two furth er 

rela ti o ns a mongs t th e \"a ri a bles. Th ese fo lI o\\' from o ur 

d esc ripti on of th e sliding process a t th e base. If'th e b ase is 

froze n , th en u" = 0 a nd Cfb is th e prescribed geo th e rm a l 
hea t nu x. Howeve r, if th e base is te mpera te, th en we 

presc rib e 1\, = T.n, th e melting te mpe ra ture, a nd a 
suita b le sliding la w relating T to lib . This rela tion a lso 

in vo lves th e effec ti ve press ure N (ice-o \ 'e rburd en press ure 

minu s subglacia l drainage wa ter p ress ure ) , \\ 'hi ch must be 
d e te rmined by a suita ble dra inage th eo ry. In pa rti c ul a r , 
N will depend o n the wa ter suppl y QIV, whi ch is itself 

Fowler and J ohnson : T hermal0' regulated swges of ice sheets 

[H udson Bal'l 

ice dome 
IBu dsou Straitl 

- - - - -

bedrock 

Fljt. 1. Schematic representation of an ire sheet , based 011 

col/dilion" ill the LallTentide ice sheet. The location of basal 
shea r al/d thermal bOllndmJI Ic~)lers is also i1ldica ted. 

rela ted to th e ice now , be ing proporti o n a l to th e excess 
hea t ge n e ra ted a t th e bed (geot herm a l plus fri ction minus 

hea t los t to th e cold ice a bo\·e) . 

Th e sli d ing law is c ru cia l to our con c lusion th a t a 
multi- \ 'a lu ed ice [1u x vs d epth rela ti o n is poss ibl e a nd 

indeed like ly. Wh en th e bed is tempera te, slidi ng occ urs 

but , if th e velocit y is low, th en littl e fri c ti ona l hea t is 

ge ne ra ted a nd th ere is lillle wa ter now . Cru cia l to o ur 

res ults is th e no ti on th a t th e effec ti\ 'e press ure N d ec reases 
as wa ter suppl y increases. This says th a t as wa ter press ure 

increases, th e Iw dra uli c no\\' in creases . w hi ch m a kes 

se nse, but is a lso con tra ry to th e dra inage cha rac teri sti cs 

of R o thli sbcrger cha n ne ls: th e hypo th es is aN / aQI\' < 0 is 
based on recen t th eo ries o f d rainage 0 \ '('1' deform a bl e 

sedim e nt bed s. With thi s ass umpti on. Io w \'a lues of Q". 
co rres p o nd to hi gh iV, o r low Iya te r press ures, a nd fo r 
sliding o r ice O\'c r a d e fo rm a ble till , wc ex pec t th a t th e 

basa l \ 'e loc it ), u" in creases as wa ter press ure increases, i.e. 
N d ec reases ( th e till becom es 111 0re mo bile ) . Thus. Iow Lib 

impli es low QI\' impli es hi g h N, whi c h is co nsistent with 

th e ass umption of 10\1' Ub . 

H o \\'e \'(' r, as th e ice thi c kn ess inc reases, the conduc ti ve 

hea t nu x in to th e ice d ecreases a nd th e wa ter sup p ly 

increases . An increase o f Qw leads to a dec rease of Na nd 

th ere fo rc enh a nces sliding . A positi ve feed-bac k exists, 

because th e increased sliding \'e loc i ly causes enh a nced 
wa te r p rod uc ti on via fi-ic ti o na l hea t prod uc ti on, a nd in 

fac t wc find th a t th e res ult is a run-away, in th e se nse that , 

fo r sufTic ie ntl y la rge ice thi ckn ess, th e "s low" mode (Iow 

Ub, low QI\', hi gh N ) is n o t viable a nd a fas t bra nch (hi g h 

'Ub, hi g h Q w, low N ) takes ove r. As a co nsequence, \\"e find 
a mu ltiple- valued rel a ti o n f'o r ice nu x Q as a ['un cti o n o f' 

ice thi c kn ess h. 

Mathentatical m.odel 

The geo m e try we consid e r is show n in Fi g ure I. T o fi x 

id eas, w e co nsider sp ec ifi ca ll y a tes t scc ti on of th e 

La urentid e ice shee t w h ich ex tends fro m a n ice di v id e 
down th e o utl et of Hudso n Stra it , but th c co ncep t is 

a ppli cabl e e lsew here suc h as for {J ow lin es ex tendin g south 

into th e ice lobes whic h te rmina ted th e ice shee t in th e 
G rea t Pl a ins a rea of N o rth AmC' ri ca. T o th e so uth of th e 
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di\'ide, th e Canadian shi e ld prO\' id es a ha rd base a nd \\'e 
conceptu a lize the ice here as being relati\'ely sta ble. 
:\onh of the di\ ·ide. th e test sec ti on \\'e consider li es over 
Hudson Bay a nd is cha nncli zed in to the ice strea m in 
H udson Strait. Let th e hori zonta l icc \'e!ocity be u a nd 
th c ve rti ca l coordinate be z (w ith z = 0 as th e base) . 
Glcn's flow law may be written in thc a pprox imate fo rm 
a ppro pri a te [or a shearing fl o\\' 

where \\'e use th e frank K a menetskii ( 1955) approxim­
a ti on (for IT -1;nl « 1;,, ) to simplif>' th e Arrhenius term 
cxp ( - E / RT). H ere. Am is t he rate facto r at the press ure­

melting te mpera lUre 1;", E is th e ac ti\'a tion energy, R is 
th e gas constant and T is th e basa l shear stress, which ran 
be taken as constant through th e shear layer. 

In th e thermal boundary laye r, heat advect ion 
ba la nces conduction but , w ithin the thinner basa l shea r 
layer , we can ig nore h eat ach 'Cc tion , so th a r th e 
temperature is g iven a pproximatel\' by 

(2 .2) 

\\·h e re s ubsc ripts denot e p a rtial derinlti ves, thus 

11. : = ov/oz, etc.; hence, integra ting with respec t to z, 
(2.3) 

\\'here qT is th e hea r flux dcli\ 'C red from th e shea r layer to 

th e th ermal bound a ry layf' r of the ic(' shee t , qb is th e basa l 
hea t flux at z = 0, and U oc a nd 1Lb a re th e far-field a nd 
basa l \ '(' Ioc i ti es. 

An integral rel a tion between hea t flux and T is 
obtained by using Equa tion (2.1 ) in Equation (2.2) . 
~ I ultipl ying Equation (2 .2 ) b y Tz and integrating, wc 
obtain 

(2.4) 

\dlC're we ha\'e used th e [ac t that th e exponential term 
tends to asy mptoti ca ll y sm a ll va lues when z ex tends 
beyond th e shear laye r (Fowl er, 1992 ). 

The basa l shea r stress is g i ven by T = pgh sin a, where 
p is d ensit y, g is gravity, h is ice dcpth a nd sin a is rh e 
surface slope. In our pa ra metri c ap proach , we take h as 
the divid e height, I as the leng th of th e tes t sec tion (the 
diameter of Hudso n Bay ) a nd we ta ke sin a;:::o h/ l, so that 

?/ T = pgh- l. (2.5) 

In rea lit y. U x must cha nge fi 'om zero a t th e di\ ·ide to a 
large \'a lu e a t th e out le t. I n o ur lumped approach, it is 
ta ken to be a n a\'e rage \ 'a Iue . Then the m ean d epth is 
h/ 2, th e a r ea of th e tes t sect ion is ~ lh , while th e ice­
dra in age flux is t1wco . It foll ows that- mass conse rva tion 

can be exp ressed-as d [~ lhJ/dt = la -1 huoe, w hence 

(2.6) 

where a is th e a \'erage acc umul a tion rate over H udson 
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Bay, In ge ne,-a l, it may d e pe nd on th e a tmospheri c 
a di a bat ic la pse rate, in which case a \\'Quld be a function 

of th e mean ice d epth h/ 2. 
I n th e thermal boundary laye r. shear h ea ting is 

negli gible (it is coneentraled in th e \\'a rmer shear layer), 
so lha t (since the bound a ry-laye r lemperature relaxes 
qui ckl y to a stead y sta te) 

(2.7) 

where x is th e horizonlal coordin a te (see Fowler ( 1992) 
fo r further details) . The te mperaturc profile necessa ril y 
e\'oh-es with x and it is ind eed possible (with U = U x , 

W = 0,11, = constant, for example) to find a simila rity 
'o luti on for T (ind eed , thi s ca n e\'en be don e if 11.00 = 

uoo (x)) . Wi th T = Tb on z = 0 a nd T = Toe as z --> 00 

(i.e. outside the boundary layer) , the similarity so lu tion is 

(a nd f (O = erfc(~)), whe nce th e average h eat flux 
d eli \ued to the th erm al bou,?da,'y laye r (from the shear 
layer) is - f' (0) x [pcpux k/ l]"(11, - Too ). Since -f'(0) = 
2/ j7r, wc thus ha\ 'e 

I 

qT = (2/ j'if) [pcpUx k/l]' (11) - T ) + (k/ h) (11) - Ta) 

(2.8) 

where we simp ly add th e second te rm to include th e hea t 
flux du e to conduction when h o r U oc is small (T.c" is the 
surface temperature). Notice th a t a simpler a pproach to 

obtain qT wou ld be to ta ke a lin ear temperature profil e 
thro ugh the thermal bound a ry layer thickness OT, lhus 

the first term would be qT = k (Tb - Toc )oT , where from 
Equation (2.7 ) , we wou ld dimensionally estimate OT ~ 

1 

(kl/ pCp tL 'Xl )2. Thi s g ivcs th e sam e res ult without th e pre-
multipli ca tive fa c tor a nd is probabl y just as good . 

The Equations (2.3 ), (2.4) , (2.5 ), (2.6 ) and (2.8 ) 
provide fi\ 'e equations for th e unknowns Ucx; , qb , T , hand 
qT, Howe\'er , the va ri ables lLb , Tb and TXJ remain to be 
presc ribed . The tem perature Too at the edge of th e 
lh e rm a l boundary laye r is d e ri\'ed from th e di\'id e 
temperature a t an earlier time. Since hea t conduc ti on 
m ay be sm a ll (as measured b y the smalln ess of Oy 
compared to the ice depth ) , th e surface tempera ture is 
simpl y advected downward s. H o wever, we will aSSLlme for 
simplicit y that the surface (divid e) temperature is 
constant, a nd thus we presc ribe 

Toe =T" , (2 .9) 

Basal conditions 

Fin a ll y, we constitute th e basa l values ofT a nd 1L. There 
a rc four possible sta tes of the basa l system which we wi ll 
consider. 

(i) Frozen base 
W e presc ribe 

Ub = O. qb = G, while Tb < 1;11 

where G is th e presc ribed geo th e rm al heat flux. 

(2 .10) 
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(ii ) Sllh -temjmate base 

Wh en th e base reaches the press ure-melting po iJ1l , slidin g 

is initi a ted , but a t first th e re is no ne t water produ cti o n 

(wc ig n o re a n y possibl e flu x from th e surface) . In thi s 

case, we h ave 

(2.11) 

w h ere Ub* is th e " full y d eve lo ped " s li ding \'elocity 

d e ta i led nex l. 

(iii ) T em/J erale base 
'vVh en 0 < qb < G + TUb, th e n " f"ull y d eve lo ped " sliding 

occurs. This is th e sliding comm only prescribed using a 

"sliding la w " o f" th e ro rm T = f (Ub . N), where N is th e 

effec ti\"C basal water pressure (= Pi - Pw, w h e re Pi is ice­
o\ 'e rburden press ure and ]J IV is basa l wate r press ure) . 

S lidin g th eo ri es [or ha rci bed s d e"eloped in th e 1960s and 

1970s led to th a t enun ciated b y L1i boutry ( 1979 ). In its 

simplest ex pression , thi s g i\"Cs T/ N = f (Ub/ Nil) (Ui­

bo utr )" 1987 ) , where n is t h e ex ponen t in Glen' s law. 

""hen f is a power law, wc have th e re la ti o n 

(2.12) 

(co nsistent with L1i boutry's res ult ir nr + s = 1). deri\ "Cd 

th eo re ti cally b y Fowler ( 1987a ) , with typ ica l \"a lues T ~ 

1/4, s ~ 1/ 4. L aborato r y experim ental res ults or Budd 

a nd oth e rs ( 1979 ) a rc a lso co nsisten t w i th Eq ua ti o n 

(2 . 12 ), w i th (a t hig h N ) T = S = 1/ 3. c~ 0.18m 1 barj 
I 5 -

yea r'i ( I bar = 10' Pa. I yea r = 3 x 10 ' 5); a t la\\' N , mo re 

app ro pri ate va lu es we re T =.9 = 1. Bind sc h a dler ( 1983 ) 

a lso round some co nsis ten cy w i th Eq ua ti o n (2 .1 2) using 

m easure m e nts o n Va ri ega ted G lac ier a nd ind eed ro und a 

simil a r "alu e o f" c. 
H owe\ 'e r , th ese res ults app ly ror ice s liding O\'e r a 

lu mpy bed , \\'h ere th e prin c ipa l res ista nce is du e to th e 

fl ow pas t th e b umps. Fo r th e situ at ion o f" re ie\ 'ance here , 

w here th e principa l resis ta n ce is clue to dero rma ti o n o f" a 

laye r o f sa tura ted subg lac ia l sed iment, a simpl e slidin g 

law is jus t 

(2.13) 

w here'TJ is th e \ 'iscos it y o f th e till and hT is its dept h . Th e 

efrec ti "e wate r-press ure d e p en d e nce a ri ses thro ug h influ­

ence o n th e till viscos it y. A law proposed by Bo ulton a nd 

Hindmarsh ( 1987 ) based o n se \'e n m eas ure m ents a t 

Bre id a m e rkurj o kull is E = AT" N ", in w hi c h case we 

co uld w ri te Equat ion (2. 13 ) in th e form o f" Equatio n 

(2. 12 ) , w ith T = 1 /a~0.75 , s= b/a~ I . 4 a nd c= 
(AhTrr Bo ulton's law is contrO\'e rsia l, h o we\'er , a nd 

va lu es of" T a nd N a ppropriate to Ice Stream B (T = 
0. 15 ba r , N = 0 .5 bar) g ive a ve loc it y of 9 m year I for till 

o r thi c kn ess 8 m , as opposed to th e 500 m yea r I o bse n ·ed. 

A ll ey a nd oth ers ( 1987 ) es ti ma ted th e \ ' iscos it )" o f till 
und er l ee Stream B as 10 10 Pa s. 

Despi te co n cerns wi th th e Bo ul ton- Hi nd m a rsh rh eol­

ogy , it is th e simpl es t typ e o f rh eo logy w hi c h mimics th e 

effec t wh ic h increasin g wate r press ure h as, namely to 

d ec rea se till \·iscos it y. H owever, it suf"f"ers o n c importa nt 

con ceptu a l limi tat ion . S in ce th e ac tu a l d e fo rm a ti o n o f till 

in volves p a rticl es m O\' ing ro und a nd pas t eac h o th er , 

FowLer alld J olll1soll : Th mna/U' reglllated SIlI~!{eS 0./ ice sheet.1 

di la ti on is necessar y to accommod ate the fl o\\' . Th r refo re, 

it is o nl y rea li sti c to suppose that th e viscos ity 77 = 
N b / AT,,- l tends to zero as N -> 0 for a n un co nfin ed fl oll' 

(w h en it dil a tes to a slu rry ) . F or fl o \\ ' in a confin ed 

c h a nn el (suc h as a till laye r ) , d e fo rm a tion ca uses di la ti o n 

a nd co nsequ e ntl y no rm a l stresses, so that it is properl y a 

n o n-New toni a n m a te ri a l. Th e simpl es t lI'a)" in \I'hi ch a 

n o n-ze ro \ 'iscos it y a t N = 0 ca n be in c luded is to re placc 

N in Equ at io n (2 .1 2) by N + No, so that 

(2. 14) 

There is littl e to co nstra in such an No but a leas t-sq uares 

fit to Bou lto n and Hind marsh 's li m ited d a ta yie ld s No = 
0.04·5 bar, compara ble to th e y ield strrss, a nd sugges ts 

th a t normall y a relati onship su c h as Equatio n (2 .1 2 ) may 

suffice , a ltho ug h th ere is \'ery littl e to co nstrain th e c ho icr 

or c, ra nd s . 
The e f"f"ect i\"e pressure N d e pend s o n th e \'o lume [Ju x 

Q o f \I'a te r through th e dra in age s\ 'stem. H e re \\ .t' a rc 

con cern ed \\ 'ith t h e dra inage rro m a ti ll -based s\·s tcm. fo r 

w hi c h \\'a ld e r and F O\l'!er ( 1994) sugges ted th a t a sys tem 

o f" "cana ls" sco ured from th e till w ill ex ist, lI' ithin w hi ch 

N is esse nti a ll y a (d ccrcas in g ) f"un ct ion of Q; sin ce Q 
inc reases do\\'n s tl-eam, N \I·ill d ecreasc a nd so also \I' ill the 

\ 'iscos it)', as is inrerred for I ce Stream B , All ey a nd ot h ers, 

1987 ) . T a kin g into acco unt basa l topog ra ph y. I\'e th en 

ex pec t a re ti c ul ar nctwo rk of int e lwo\T n cana ls w ith 

sp a cing cOlllro ll ed b y the \I 'a\'c! e ng th of topograph ic 

va ri a bilit\·. 

Th e ex is te nce o f a basa l sys tem of ca n a ls is b\· no 

m eans ce rt a in. A modified \ ' ic\\'}lo int is th a t the \I'a tcr 

s impl y po nds and dra ins as a pa tc h y but co nn ected 

wate r fil m (All ey . 1989) . /\ s lidin g lal\' based o n th e 

co rrespondin g h ydra uli c sys tem ha s bee n proposed and 

used by ,\lI e \ ' ( 1990 ; he a lso fo und multip le dynami c 

s ta tes a nd ind eed th e cruc ia l po in t is that the basa l 

ve loc ity increa ses w ith th e water s uppl y . Thu s, \\·hi le t he 

prec ise qu a ntitati ve na ture of th e b asa l h ydrol ogy is of" 

importance. frolll the point o f"\"i e\l' of th e sliding 1<1\\ ' , it is 

o nl y a detai l. 

The excess hea t product io n a t t h e bed is G + TUb - % 
a nd th is prod uces a d ow nwa rd m c lt \'C locit y o f (0 + Tll \) 
- q,, )/ (J \\" L , wi1C'1"e L is la tent hea t a nd (J\\" is th e d ensit )" of' 

wate r. IC th e sp ac ing of a n ass um ed reticu la r drain age 

n e two rk is Wd, th e n th e flu x o f" water per chan ll e l is g i\TII 

( in parameterized fo rm ) by 

Q\\' = (G + nl" - q),) LWd 

fJ \\" L 
(2. 15) 

and N is g iH' n b y a re la ti on su c h as th at of" \\'a lder a nd 

F O\ l"i e r ( 1994) . For ca nal s in c ised in to re la ti ve ly fin c­

g rained sedimen ts, tlt ey put (w ith sin Cl' ~ h/ I ) 

c' Dcht 
N=--'" -

LtQ) 
(2.16) 

w here Ds is a "c h a racter isti c" size of suspe nded g ra ins in 

fl ' I I th e \I"<lter 0\\ ' a nd c ~ I. I x lObar s 1 . A rep rese ll t<l-

ti\ "C \'a lu e of D s mig h t be Ds = 0. 1 111111 = 10 1 111 , in 
w hi ch case a slope of 10 '; an d a water IIu x of I m 3 s I 

g ives N ~ 0.3 ba r . It must be e mph as ized that Equati on 
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(2.16) is possibly a crud e r ep resentation a nd th e 
relationship itself describes o nl y one possibl e drainage 
scenario; others a re a rguabl y just as p la usibl e. 

In using Equation (2.1 2) o r Equ a ti on (2.14), toge ther 
with Equ ations (2.1 5) and (2.16), to prescribe 7 in terms 
of Ub, we ha\·e to conside r what h a ppens as Qw ~ O. 
Equation (2. 16) ca nnot stri ctly app ly for small Qw, since 
it impli es tha t N ~ CXJ as QIV ~ O. In fac t, for very small 
values ofQw , N will increase rapidly from zero (fl otat ion ) 
at the onset of cha nneli zed fl olV to a val ue N ~ p, where p 
is a criti ca l elTec tive press ure rel a ting creep properties of 
till to those of ice (W alder a nd F owler, 1994). Based on 
th e Boulton- Hindmars h rh eo logy, p ~ 8 bar, w hile for 
less viscous till , p could be higher. At any rate, this 
suggests that the correct limiting va lue of N to use as 
QIV ~ 0 is p. A practical way to m odel this is to defin e Qw 
v ia 

(2 .17) 

a nd then repl ace Q". in Equ a tion (2. 16) by (QIV + Qw ). 
Since we ex pec t Q w to be " sm all", th ere is Iiule d ifference 
m ade in doing this. We then use Equ a tion (2. 12) a nd the 
full y d eveloped slidi ng ve locity Ub* is defin ed by 

(2 .18) 

Now in fac t, since Q", is "sm a ll" and 1) is " large", we 
have th a t ub* is a lso sma ll , a nd in prac ti ce we can ig nore 
th e sub-temperate region (( ii ) abO\·e) a ltoget her. W e thus 
take the sliding law in the form 

7 = cUI/N"', 

c' DShb 
N=-,--, , 

liiQ",3 

Qw = (G + 7Ub - qb) lwd 

PwL 

(2.19) 

(2.20) 

(2.21 ) 

wh il e Qw > 0, and note that as Q", ~ 0, then (form a ll y) 
N ~ CXJ and Ub ~ o. Th e seco nd of these a llows fo r a 
continuo us join to the froze n regim e where 'Ub = O. 

Molten base 

A furth er regime is possib le, w hich we simply ignore. If 
th e hea t flu x to th e ice reaches zero, i.e. if % = 0, the n a 
b asa l layer of temperate ice forms (e.g. Hutter a nd 
oth ers, 1988), and in this case the who le ice-d yn a mics 
model must change, since the ice viscosity d ep ends on 
111.0isture content (Lliboutry, 1976) . In such a situ a tion , 
moisture is prod uced within th e ice and drainage of thi s 
water to th e b asa l sys tem can o n ly enh ance th e 
instability we env isage. H owever, it is not specifi call y 
includ ed in o u r m odel a nd is in fa ct unlikely to occur 
w ith th e present assumptions. 

3. ANALYSIS 

The Equa ti ons (2.3), (2.4), (2.5) , (2.6), (2.8) and (2.9), 
toget her wi lh the bound a ry condi tions (2.10) or (2. 14), 
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(2. 15) a nd (2. 16), a re scaled by choosing 

Q w ~ [Q",]' N '" [N], a ~ [a], qT , qb ~ G; (3. 1) 

(that is to say, we de fin e dimensionless variab les u*, 7*, 
etc . b y writing 'U = [u]u*, 7 = [7]7*; in th e sequel, we drop 
the as terisks for conve ni ence). We choose ba lances via 

GlWd 
[Qw]=-I ' 

p", J 

[h] _ [] _ [h][u] 
[t] - 2 a - l ' 

From th ese we deri ve 

G 
[h]=-[- ], 2pg a 

[7] = G/[u], 

a nd for values 

, 
[N] = c' DS[h]ii 

! 1 ) 
l6[Qw]' 

[7] = pg[hf / l. 

[u] = 2l [a]/[h], 

G '" 0.05Wm - 2 ,p '" 103 kgm - 3 , g '" 10m 8- 2 . 

[a] '" 10 cmyear- I
, I ~ 2000 km, 

we find 

[h] ",750 m, [u] '" 500 m year] , [7] '" 0.03 bar , 

[t] ~ 3750 year. 

(3.2) 

(3 .3) 

(3 .4) 

(3 .5) 

The e values are approxima tely representative of fast­
fl owing ice streams a nd a re perha p s relevant to the 
co nditi o ns of a tempera te bed . Th e co rresponding 
dim e nsio nl ess model eq ua tions a re 

qT2 = qh2 + 2f.-Ll h8e)..~', 

qT = qb + h2 (ucc - Ub), 

7 = h2
, 

h = a - hucc , 

qT = f.i2Ucc~(Tl) - Ta) + (8/ h) (Tl, - Ta) , (3 .6) 

togeth er wi th 

qb = 1, Ub = 0, if Tb < 0, (3. 7) 

or 

Tb = 0, 7 = f.i3Ub NB, 

Q", = 1 + h2Ub - qb, 

N = h~/Q), if Q w > O. (3.8) 

Th e p a ra meters a re d efin ed by 

(3.9) 
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a nd we use va lu es 

k = 2.1 Wm- 1 K - I, R = 8.3 Jmol- I I'C t , Till = 273 K , 

AIIl = 5.3 X 10- 15 kPa - 3 S- 1 , n = 3 , 

E = 139 kJ mol - I, p = 917kgm-3 , g = 9.8 ms- 2 , 

l = 2000 km, [a] = 0.1 m year - l
, cl' = 2009 J kg- 1 K - 1

, 

G = 0.05 W m - 2
, L1T = 30 K. (3 .10) 

\ Ve then have 

>. ~ 6.7, /LI ~ 1.5 x 10- °, 

/L2 ~ 3.7, 0 ~ 1.7 (3 .11) 

a nd /L3 is rather uncerta in. Comparison of observed 
stresses ~ 0.15 bar and veloc iti es 500 m yea r I at l ee 
Stream B would suggest /L3 ~ 5, for example. 

Cold approxitnation 

W c use th e fact th a t /LI « 1 to a pprox ima te th e relations 
in Equa ti o ns (3.6) a nd (3.7). W e have th a t qT ~ qb = 1, 
a nd then 

(3 .12) 

where \\'e take Ta = - 1 as consta nt (more ge nera ll y it 
might be a function of h). Thus 1nl = 1 - (h/o) a nd th e 
ice nux is 

Q ~ /L lh7 exp[- >'{l - (h/ o)) ]. (3 .13) 

I t increases mono to ni ca ll y with h until Tb = 0, which is a t 
h ~ 0, a nd where Q ~ /LIO i ~ 0 .66 x 10 4

. Thus, th e ice 
is \'irtua ll y stagna nt if the base is froze n. 

TelTIperate approxilTIation 

\ Vh en Tb reaches ze ro at th e base , we adop t the temperate 
conditi ons (3 .8 ) , which giw s (with IT"I = 1) 

qT2 = qiJ2 + 2/J'1 h8
. 

qT = qb + h2(uoc - Ub), 

qT = /L2Uoc~ + (o / h), 

[ 2 ]'/3 _ /L3U h 
1 + h Ub - qb - h2- (8 / G) . (3 .14) 

These imply, success ivel y, qT ~ qb = q, say, 'Uoo ~ U b = U, 
say , and thus we have to so lve 

h = a - hu , 

" 2 ~ </ 3 _ /L3U 
[1 +hU - /L2 u- -(0/ h )] - ') - ( '/6) ' 11.- -' 

(3 .15) 

Th ese equations arc va li d providing 0 < qb < 1 + h 2Ub 
( th e dim ension less version of 0 < qb < G + TUh, co rres­
ponding to a te mpera te base ) . From Equa tions (3. 14), 
qT - qb~ /Llh8 / q and Ub~uoo - /Llh6/q . Th e co ld 
tempera te tra nsition is when lib = 0, so th e temperate 
conditi ons a re \'a lid if lib ?: 0 , i. e. li > /L1hG/ q; equi v­
a lentl y (since a lso q ~ 1 when lib = 0) U > /LI h6 and, 
since the tra nsitio n occurs when h ~ 0, th is is li > /L10G 

Fowler and ] 011175017 : Thermally regulated surges oJ ice sheets 

Th e te mpera te- mo lte n tra nsition is when q = O. How­
eve r, th e third of Equatio ns (3.14) implies that q > 0 , so 
th at in this mod el, b asal molten zones do not occur. 

\Vc now consider Equ ation (3.1 5 ) . D enote the lert­
and ri g hthand sides as P (h, u) , R(h , u) and also put p = 1 
+h2li-/L2U~ -0/h , thus p =p-,/3. For given u> O,p 
a nd he nee P is monotone increasing with posit ive h, while 
R is monotone decreasin g (we assume S < 12). Therefore, 
there is a unique positive h for eac h va lue ofu. 

Alternati\'ely, fi x a value of h > 0. The function p is a 
quadra ti c in 'u~ with no roots if h> he = [(02 + /L l)1 
+ 0]/2, two positi\'e roots if 0 < h < he a nd one positive 
roo t if h < O. On th e other hand , R in c reases \I'ith li a nd , 
. I 3/2 ( I) 3,./ , . / sll1ce p' = R ., ex 'U2 ' , th en 1fT > s 3 (as we assume ) 

I . I I I 
R > P for la rge eno ug h li' (Sll1 CC pi ~ U' as U' -7 (0 ). B y 
consid ering intersec tions of P and R, we th en sce tha t for 
la rge ~L3 there will be a unique value o f u (gi\'cn h) for 
h > 0, whi le for sm a ll /L3,u(h) will be mu lti-valued . Th e 
two diffe rent possibiliti es a re illustra ted in Figure 2. using 
\'a lues gi\'en in Eq uation (3. 11 ) for /L3 = 1.0 and /L:l = 
20 .0. For th e \'alues in Equation (3 .11 ) v\C find that a 
mu l ti-v a lu ed nux /d ept h rela ti o n occ urs if /L:l < /L* 

~ 16.98. The left ha nel nose of the c Url 'e , at h = hlll' is 
to the left of the co lel temperate transition (i.e. h ~ 0) if 

/L3 < fi ~ 2.01 . 
An ana lyt ic a pprox im a ti on to th e relat ion can be 

obtained whcn /L3 is sm a ll. I n th a t case , we ca n 
a pprox im a te the so luti o n of Equa tions (3. 15) as fo llows. 

ice flux Q 

LOO 

10' 
Q=Qu 

10 ' 

I D' /' 

.---
.......... , 

./ .. Q=Q", 
. -/-' 

./ 
I D' 

/ 

lO 

--- --------- --- - ·-COLD 
---- TEHPERATE 
- ... - ..• -~ . TEMPERATE2 

depth h 

Fig . 2. T wo jlu r curves Jor Ihe parameters ill Equation 
( 3.1l ) . logether with /L3 = 1 (mull i-l'allled) and {I.;l = 20 
(s ingle-valued) . J;Vilh /L3 = I , Ihe slow nose is at 
h = he =2.86, and theJastllose is al h = hili = 1.44 . 
These cones/lond to delllh s oJ 2 145 and 1080 tn , 

resIJeclivelj'. ! I t he, Ih e I'elocil)' is 0.034 ( '" 17m 
y ear' ), while al the same vallle 011 the fa st branch il is 
1.18 x 1(/ (~590kl77year' or 2 cms I) . At 11.111 ' the 
veLoci~)I is 5.24 ( ,....., 2.6 km ) 'ear ' ) . Olle call slloll' Ihal the 
cOl1sequenl sll1ge duratiol7 is ajJJJToximately 0.03, corres­
jlonding to J/6)'ears ( based 011 Equalion ( 3.5)) . 
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Th e fast bra nch is 

U~ ChC'l (3. 16) 

where 

C 
_ - 3/ (3, - 8) 3(4 + 8) 
- J.l3 ,ex = 2(37" _ 8) , (3 .17) 

for exampl e, if r = 8 = 1/ 3, then C;:::; J.l3- 9j 2 , ex ;:::; 10, so 
we expect Equations (3. 17) to be accurate e\'en for 
moderately low J.l3. The lower and middl e branches are 
given by 

(3 .18) 

so the nose is a t h = he as d efined before. At the upper 
(i.e. larger Q ) nose, h = hm ,u» 1 and Equation (3. 15) is 
approxim ated by 

IJ. J/ su3,.;" 
2 1 1-"3 

h U - J.l2 U 2 = -'---;;-;!-(2-_---:§,;c-) , 
h 8 6 

(3 .19) 

and il follows from thi s th a t at the nose 

(3.20) 

where 

v = (12 - 58 + 247") / 28 . (3.21) 

If 7" = 8 = 1/ 3, then v;:::; 27, so that agam we expec t 
he < 15 fo r m oderate ly low J.l3. In particular, th e 
magnitud e of the surging ve locity depends sensiti ve ly on 

J.l3 · 
W e see that the sli ding law can give ri se lo a 

phenom enon which we may term hydraulic TUn-away. If 
h reaches he, th en there is an unsta ble transition lo a 
fa st-slidin g mod e by th e enh anced produc tion of 
meltwa te r , a lthough the ice above remains co ld . We 
thus have a m echanism for relaxation oscill ations of th e 
ice sheet. 

4. DISCUSSION 

The para m elerized mod el presen ted here is of course 
crude but nevertheless it encapsulates the basic ph ysics of 
slidi ng over d eformable sediments a nd sh ows that 
th ermall y regulated surging is a feasib le ph enomenon. 
H yd raulic run-away reli e on two featu res. First, sliding is 
enhan ced by increased water productio n. Thus, the 
increase in fri c tional hea ting with veloc ity is a positive 
feed-bac k. Co untering this is the nega tive feed-back due 
to the increase in heat flu x from the base wi th increased 
velocity. At low Ub, the second of these dominates, since 
qb ~ uJ, but a t higher valu es of Ub frict ional heating 
predomin ates and a fast-sliding mode becomes poss ible. 

As a ppli ca tion s, we consid er the Hudson Strait mega­
surges to b e a prime exa mple (MacAyeal, 1993a, b). We 
should a lso like to consider wh ether thermally regulated 
surging of Trapridge G lacier can be looked at from th e 
same point of view. [n th is case, the base is temperate and 
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basa l wate r is evacuated subglacia lly as ground-wa ter 
flow. Currently, lh e glacier wou ld reside on the slow 
bra nch. A differe n ce in the vall ey-glacier case is that basal 
m eltwater is like ly to be ma in ly surface-deri ved and 
whether the positi ve feed-back of ice velocity on water 
pressure can opera te is unclear. 

Las tl y, we co nsider sheet flow over a deform a ble bed , 
i.e. where the wid th of the fl ow is mu ch greater t ha n the 
d e pth and where th e fl ow is fed from a stable ca tch ment: 
we have in mind the Siple Coast o f Antarctica. Suppose 
upstream that Q (h) is a monotone funct ion (e.g. due to 

lack of a basal till cover) but th a t downstream we have 
Q = Q(h) as in Fig ure 2. With conditions of co ntinuity of 
Q and h at the join, we conjecture th a t, if this Q va lue li es 
on the unstable part of the downstream Q(h) curve, a 
uniform fl ow is la te rall y unstab le a nd will break up in to 
fa st- and slow-movi ng parts, and that these a re precisely 
ice streams. A stud y of this postu lated insta bility is 
deferred to fu tu re work . 
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