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Abstract  The existence of mild solutions to the non-convex Cauchy problem
i(t) € Ax(t) + OF (t,2(t), =(to) = a,

is investigated. Here A is the infinitesimal generator of a Cp-semigroup in a reflexive and separable
Banach space E, F' is a Pompeiu-Hausdorff lower semicontinuous multifunction whose values are closed
convex and bounded sets with non-empty interior contained in E, and F (¢, z(t)) denotes the boundary of
F(t,z(t)). Our approach is based on the Baire category method, with appropriate modifications which are
actually necessary because, under our assumptions, the underlying metric space that naturally enters in
the Baire method, i.e. the solution set of the convexified Cauchy problem (Cr), can fail to be a complete
metric space.
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1. Introduction

In recent years non-convex differential inclusions have been investigated by several
authors (see [1-4,14,17,18,21-23,28-30] and the references therein).

In this paper we study the existence of solutions for non-convex differential inclusions.
For this kind of problem the method of approach based on the Baire category has proven
to be useful, provided the corresponding convex differential inclusion has an h-continuous
(i.e. in the Pompeiu-Hausdorff metric h) right-hand side. In this case the solution set
of the convex differential inclusion is a complete metric space and the basic idea is to
prove that most elements (in the sense of the Baire category) of this space are actually
solutions of the original non-convex differential inclusion.

Such a procedure may fail, whenever the corresponding convex differential inclusion
is only h-lower semicontinuous because, in this case, its solution set is not necessarily
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closed (see Example 3.7). A situation of this type is investigated in this paper. More
precisely, we consider a non-convex evolution differential inclusion in a Banach space E,
of the form

z(t) € Azx(t) + OF (t,z(t)), z(tg) =a € E. ()

Here A is the infinitesimal generator of a Cy-semigroup on E, F'is a bounded h-lower semi-
continuous multifunction defined on [tg, 1] X E, whose values F'(t,z) are closed, convex
and bounded subsets of E with non-empty interior, and OF (¢, z) denotes the boundary of
F(t,z). If the space E is reflexive and separable, then we shall prove (Theorem 4.3) that
the Cauchy problem (C') has mild solutions defined on [tg,t1]. Our method of approach
is based on the Baire category. This method was introduced in [8,10,11], starting from
a generic type result due to Cellina [5]. For further information on the Baire method and
differential inclusions see [6,12,17,25,30].

It is worth noting that the non-convex term OF (¢, z) in (C) can have a very irregular
behaviour since an h-lower semicontinuous multifunction F' can be discontinuous on a
dense set of points (see Example 4.4). Furthermore, observe that without the assump-
tion that F'(¢,z) has non-empty interior the existence of solutions may fail, in view of
Godunov’s counter-example [15].

In conclusion, we note that, in addition to the Baire category method, another method
of approach, essentially based on Gromov convex integration theory [16], has proven to
be useful in the investigation of existence problems for some important classes of non-
convex differential inclusions [19, 20, 26]. However, it is not clear whether this second
approach can be suitably adapted for non-continuous differential inclusions and, if it can,
whether it is eventually more effective, making it possible to avoid some technicalities of
the Baire category method.

2. Notation, terminology and auxiliary results

Let (M,d) be a metric space. If A C M, by int A, A and A we denote the interior,
the closure and the boundary of A, respectively. For x € M and r > 0 we set B(z,r) =
{zeM | d(z,z) <r} and Blz,r] = {z € M | d(z,z) < r}. Forz € M and A C M,
A # (), we set d(z, A) = inf{d(z,a) | a € A}. If X, Y are non-empty (closed) bounded
subsets of M we denote by h(X,Y) the Pompeiu—Hausdorff distance, i.e.

hX,Y) = max{ sup d(z,Y), sup d(y, X)}
reX yey

We denote by B (respectively, U) the unit closed ball centred at 0 contained in a Banach
space E (respectively, R). A closed (respectively, open) segment with endpoints a,b € E,
a # b, is denoted by [a, b] (respectively, (a,b)) and, if a € R, we set J, s = (a — 6, a + 9),
0> 0.

For J C R, we denote by |J| the Lebesgue measure of J and by x; the characteristic
function of J.

Throughout this paper E is a reflexive and separable real Banach space with norm ||-||,
and

B(E)={X C E| X is closed convex bounded with int X # (}.
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B(E) is endowed with the Pompeiu-Hausdorff metric h. If X is a non-empty subset of E
we set | X|| = sup{||z|| | € X}. A map &: M — B(E) is said h-lower semicontinuous
(h-l.s.c.) (respectively, h-continuous) at xq if for every € > 0 there exists 6 > 0 such that
x € B(zg, ) implies $(x¢) C () 4+ B (respectively, h(P(x), P(z)) < €).

For ¢: X — Y and A C X, by §|4 we denote the restriction of ¢ to A.

Let I = [to,t1]. A finite family A = {A;}M, of intervals A; C I given by A; = [a;_1, a;),
i=1,...,M —1, Ay = [ap—1,anm], where tg = ap < a1 < -+ < ap = t1 is called a
partition of I. If the intervals A;, ¢ = 1,..., M, have equal length A(A), this length is
called the step of the partition.

Given a map F: I x E — B(E) and a € E, consider the following non-conver and
convexr Cauchy problems:

x(t) € Ax(t) + OF (t,z(t)), x(to) = a, (Cor)
z(t) € Ax(t) + F(t,z(t)), x(tg) =a (Cr)
We assume the following;:
(h1) A is the infinitesimal generator of a Cy-semigroup T'(¢), t > 0, on E;
(ha) Fis h-ls.c. on I x E;
(h3) |F(t,x)|| < r for every (t,z) € I x E, r a positive constant.
As is known [24], there exist constants « > 0 and L > 1 such that
IT#)| < Le*, t>0. (2.1)

A function z: I — E is said to be a mild solution of the Cauchy problem (Cysr)
(respectively, (Cp)) if x is continuous and there exists a Bochner integrable function
uy: I — E such that

2(t) = T(t—to)a—i—/tT(t  Su(s)ds, tel,

to

ug(t) € OF (t,z(t)) (respectively,u,(t) € F(t,x(t))), tel ae.

Since the function u, associated to x is unique in the L*°(I, E) sense [13], we agree to
say that u, corresponds to z and we call u, the pseudo-derivative of x.

We denote by C(I,E) the Banach space of all continuous functions z: I — E equipped
with the norm of uniform convergence ||z||; = max{||xz(¢)|| | ¢ € I}. The meaning of
LP(I,E), 1 < p < 400, is the standard one.

We set

Myp ={z: I — E | z is a mild solution of (Cyr)},
Mp ={2z: I - E |z is a mild solution of (Cp)}.

Under the assumptions (hy)—(h3), F admits locally Lipschitzian selections, and thus
M is non-empty. This is no longer true, in general, if the assumption that int F'(¢, z) # 0,
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(t,x) € I xE, is removed. To see this it suffices to take A = 0 and F a continuous single-
valued map as in the Godunov counter-example [15].

In the following, we shall use some auxiliary results, stated as Propositions 2.1-2.3,
whose proofs are included for completeness.

Proposition 2.1. Let F: M — B(E) be h-Ls.c. Then there exists a sequence {G} of
h-continuous multifunctions G,,: M — B(E) and a sequence {6,,} of continuous functions
0,,: M — (0,+00) such that for each x € M the following properties hold:

(a1) Gn(x) +6p(z)B C F(x),n e N;
(a2) Gp(z) +0,(x)B C Gpy1(z), n € N;
(ag) limy,_yo0 H(Gp(z), F(x)) = 0.

Proof. By virtue of [7, Theorem 3.6], there exists a sequence {I7,} of h-continuous
multifunctions I, : M — B(E) satisfying, for every x € M, the following properties:

(i) In(z) C F(z), n €N,
(11) Fn(‘r) C Fn+1($)7 ne Nv
(ifi) limp—so0 h(In(z), F(x)) = 0.

Let I': M — B(E) be an h-continuous map satisfying I'(z) C int Ij(x), * € M 9,
Proposition 3.7], and let f: M — E be a continuous selection of I". Clearly, there is a
continuous 6: M — (0, 00) such that

f@)+0(x)BCIi(z), x€M.

For n € N define G,,: M — B(E) by

Gn(x):(l— ! >Fn(m)+ ' @), e

n+1 n+1
We claim that, for each n € N,

0(x)

Gn(x) + m

B C Gpy1(z), € M. (2.2)

In fact, since I, (z) C Iy1(x) and f(z) + 0(x)B C [h41(x), we have

1 f(x) 0(x)
(1 Cn+ 1>F"(I) + (n+1)(n+2) + (n+1)(n+2)
1

1— I,
c (175 ) Toato) +

B

1
(n+1)(n+2)

Fn-i-l(x)

and thus

1 f(z) 0(x) 1 f(z)
(1—>Fn(x)+n+l + (n+1)(n+2)BC (1—n+2>Fn+1(x)+n+2.
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Therefore, (2.2) holds and hence (az) is satisfied with 6, (z) = 0(z)/(n + 1)(n + 2).
Furthermore, (a3) is valid since, for each € M, we have

(Gale) F@) < (1= 7 )0, Fl@) + o hF ), Flo)
As (aq) is obvious, the proof is complete. a

Proposition 2.2. Let F: I — B(E) be h-ls.c. Then for every € > 0 there exists a
compact J C I, with |I'\ J| < ¢, such that F|; is h-continuous.

Proof. Let {G,} be as in Proposition 2.1 (with M = I). For each n € N the real-
valued function h(Gy(-), F(-)) is lower semicontinuous on I. In fact, let tp € I and o > 0
be arbitrary. Since F is h-l.s.c. and G, is h-continuous there exists 6 > 0 such that
|t —to| < d, t € I, implies

F(t)) C F(t) + 0B,  h(Gn(t),Gn(to)) < 0. (2.3)
Moreover, setting hy, = h(Ga(to), F(to)) and hy = h(Gn (), F(t)), we have
F(to) C Gyn(to) + (hyy +0)B, F(t) C Gu(t) + (hy + 0)B. (2.4)
By virtue of (2.3) and (2.4) we obtain
F(tg) C F(t) + 0B C Gyp(t) + (ht +20)B C Gn(to) + (ht + 30)B.

Since, on the other hand, G, (ty) C F(to), we infer that hy, < hy + 30, and thus
h(Gn(-), F(+)) is lower semicontinuous on I.

By Luzin’s Theorem there exists a compact set J C I, with |I\ J| < €, such that for
each n € N the function h(G, (), F(-))|s is continuous.

It remains to be shown that F'|; is h-continuous. Let ¢ty € J and o > 0 be arbitrary. Fix
n € N so that h(Gr(to), F(to)) < 0. Since Gr(-)[; and h(Gr(-), F'(-))|s are continuous
at to, there exists § > 0 such that |t — to] < 4, t € J, implies

h(Gﬁ(t), F(t)) < h(Gﬁ(tO), F(to)) + o, h(Gﬁ(t), Gﬁ(to)) <o. (25)
In view of (2.5), for any t € J, with |t —ty| < §, we have

h(F(t), F(to)) < h(F(t), Ga(t)) + h(Gr(t), Ga(to)) + h(Gr(to), F(to))
< 2h(Gﬁ(tO)7 F(to)) + 20 < 4o.

Hence F|; is h-continuous. This completes the proof. O

Proposition 2.3. Let F,G € B(E) satisfy G C int F' C rB, and let p > 2r. Then for
each x € F we have the following:

(b1) € 0G & d(x,0(G + pB)) = p;
(be) z €intG < d(z,0(G + pB)) > p;
(bs) € F\ G < d(z,0(G+ pB)) < p.

https://doi.org/10.1017/50013091509001059 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091509001059

650 F. S. De Blasi and G. Pianigiani

Moreover, the function ¢: F — [0,+00) given by ¢(z) = d(x,0(G + pB)), x € F, is
concave and continuous.

Proof. Clearly, under our assumptions, we have that G 4+ pB € B(E).

(b1) Let us prove =. Suppose d(z,0(G + pB)) < p. Then the ball x + pB contains
some point y ¢ G + pB and thus = 4+ pB is not contained in G 4 pB, which implies that
x ¢ G: a contradiction. Suppose d(x,0(G + pB)) = p' > p. Asx € F C G+ pB, we have
x4+ p'B C G + pB, which implies that  + (p' — p)B C G: a contradiction. Therefore,
d(z,0(G + pB)) = p.

Let us prove <. Suppose = € int G. Then, for some § > 0, we have z + § B C G and
thus z + (p + 0)B C G + pB, which implies d(z,d(G + pB)) > p + §: a contradiction.
Suppose x € F\G. As z € FF C G+ pB and d(z,0(G + pB)) = p, it follows that
x4+ pB C G + pB, which implies that z € G: a contradiction. Therefore, x € G, and
(b1) holds. Similarly, one can show (b3), (b3). Since F' C G + pB, we have that

¢(x) =sup{s = 0|z +sB C G+ pB},

and thus ¢ is concave. The continuity is obvious. This completes the proof. O

3. The convex Cauchy problem

In this section we consider the convex Cauchy problem (CF) and, for this problem, we
construct a suitable space of mild solutions. Its closure, say M, might contain elements
that are not mild solutions of (Cr). Yet it will be proved that most elements of M are
actually solutions of (Cp).

Let A and F: I x E — B(E) satisfy the assumptions (hi)—(hs). By Proposition 2.1
there exist a sequence {G,} of h-continuous maps G,: I x E — B(E) and a sequence
{6, } of continuous functions 6,,: I x E — (0, +00) such that, for each (¢,2) € I x E, the
following properties hold:

(c1) Gu(t,x) +0,(t,z)B C F(t,z),n € N;
(c2) Gp(t,x) 4+ 0,(t,z)B C Gpya(t,x), n € N,
(c3) limy—oo M(Gp(t,z), F(t,2)) = 0.
For n € N, consider the Cauchy problem
() € Ax(t) + Gn(t, z(t)), =(to) = a. (Cea.,)

Let : I — E be a mild solution of (Cg, ), with pseudo-derivative u,, satisfying the
following two conditions:

(j) (respectively, (j’)) there exists a partition A = {A;}M, of I (respectively, partition
A = {A;}M, of T with step A(Q)), given by A; = [a;_1,a;), i =1,...,M — 1, Ay =
[aprr—1,an], where tg = ag < a1 < -++ < apr = t1, such that

M
uﬂﬁ(t) = ZuiXAi (t)a tel
=1
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(jj) there exists € > 0 such that
B(uy(t),0) C Gp(t,z(t)), tel.
Now set
M¢, ={z: I —E |2 is a mild solution of (Cg,) satisfying (j), (jj)}
and
M= M,
n=1
where the closure is in C(I,E). We equip M with the metric of C(I,E), that is, ||z1 —
ol|r = maxier [|21(t) — za(t)[], w1, 22 € M.

Proposition 3.1. For every x € MOGn, n € N, and € > 0, there exists a y € M%n,
with pseudo-derivative u,, satisfying (j') and (jj) and such that ||y — z||; < €.

Proof. Consider an arbitrary « € MOGW , with pseudo-derivative u, and corresponding
partition A = {4;}M, as in (j), and let & > 0. As G, is h-continuous and u, satisfies (j)
and (jj), then, by taking a partition A’ = {Bj}1_, of I with step sufficiently small and
modifying, if necessary, the values of u, only on those intervals By € A’ that contain a
point a; of the partition A, one can easily construct a y € M%n with pseudo-derivative
uy, so that ||y — z||; < € and, moreover, (j') and (jj) are satisfied. This completes the
proof. O

Proposition 3.2. Each x € M is given by

t

x(t) =Tt —to)a+ / T(t— s)ux(s)ds, tel,
to

where u,, the pseudo-derivative of x, is unique in the L*°(I,E) sense and satisfies

lug (|| <, t €I a.e. (r is the constant in (hg).)

Proof. Let € M. By definition of M there exists a sequence {x,} of mild solu-
tions x,, € UZO:1 M%n, with pseudo-derivative u,,, such that x,, = x as n — oco. Since
lluz, (t)|] < r,t € I a.e., the sequence {u,,} is contained in a closed ball of L?(I,E).
As L*(I,E) is reflexive, there exists a subsequence, say {u,, }, which converges weakly
in L2(I,E) (and thus in L'(I,E)) to some w € L2(I,E). Then, by virtue of Mazur’s
Theorem, one has ||w(t)| < r, t € I a.e., and, moreover,

t

x(t) =Tt —to)a+ / T(t— s)w(s)ds, tel.
to

From the latter, setting u, = w, the statement follows, completing the proof. O

It is worth noting that an x € M is in My if and only if x has pseudo-derivative u,

satisfying u.(t) € F(t,x(t)), t € I a.e., and thus it can happen that the set M \ My is

non-empty. However, most (in the sense of the Baire’s category) x € M are actually in
Mg, as is shown by Theorem 3.6.
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Proposition 3.3. M is a complete metric space.

Proof. Let us prove that M is non-empty, the completeness being obvious. To this
end, it suffices to show that MOG2 # (). Let g: I xE — E be a locally Lipschitzian selection
of G1: I x E — B(E). Clearly, for each (¢,z) € I x E, we have

g(t,z) + 01(t,x) B C Ga(t, x),

for Gi(t,x) + 01(t,x)B C Ga(t,x). Since g is locally Lipschitzian and bounded, the
Cauchy problem
Z(t) = Azx(t) + g(t, z(t)), x(to) = a,
has a mild solution z: I — E given by
¢
z(t) =T —to)a+ / T(t—s)g(s,z(s))ds, tel.

to

Moreover, for some 0 < 6 < minges 64 (t, z(t)), we have

g(t,z(t)) +20B C Ga(t,z(t)), tel.

Since g and G5 are continuous on the graph of x, a compact set, by Lebesgue’s covering
lemma there exists a § > 0 such that ¢t € I and ||z — z(¢)|| < ¢ imply

g(t,z) + 0B C Gg(t, Z), (31)
lg(t, 2) — g(t, z(t)|| < 16
Using the notation in (j), let A = {4,;}M, be a partition of I with step A(A), and set

M
w(t) = ZuiXAi (t), where u; = g(a;—1,2(a;—1)), t €1,
i=1

2(t) =T(t —to)a+ /t Tt —s)w(s)ds, tel.

to

Now fix the step A(A) small enough to have
lw(t) — g(t, 2(®))] < 30, tel, (3-3)
lz(t) —z(t)]| <o, tel. (3.4)
From (3.1) and (3.2), by virtue of (3.4), it follows that
g(t,z(t)) + 0B C Ga(t, 2(t)), tel, (3.5)
lg(t, (1)) — g(t, z(®))ll < 30, tel. (3.6)
Moreover, (3.3) and (3.6) imply w(t) € g(t, z(t)) + 30B and hence, by (3.5),
w(t) + 30B C Ga(t,2(t)), tel.

Therefore, z is a mild solution of (Cg,), with pseudo-derivative u, = w, satistying (j)
and (jj), and so z € /\/l%z. This completes the proof. O
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By hypothesis, the Banach space E is reflexive and separable, and hence its dual E* is
also reflexive and separable. Consequently, L?(I,E*) is separable, and thus it contains a
sequence {fx}32, that is dense in L?(I,E*). Denote by || - ||2 the norm of L*(I,E*), and
by (-,-) the pairing between E and E*.

For k € N and a > 0 set

wt = {aemt|a( [t wo)a, [ resnar) <ol

where u, corresponds to z according to Proposition 3.2, and

/ (), F(t,2(1))) dt = { / (Fo(t), y(0) dt ‘ y(t) € F(t,2(t)) ae., measurable}.
I I

Lemma 3.4. MF is dense in M.

Proof. Let z € M and € > 0 be arbitrary. Take € M, , for some n € N so that
lx — 2|1 < e, and let u, correspond. Since uy(t) € Gp(t, z(t)) C F(t,z(t)), we have

a [180r v an [0, F.0)ar) <o

Hence x € M completing the proof. O
Lemma 3.5. M is open in M.

Proof. Let {z,} C M\ M be a sequence converging to an z € M and let {u,, } C
L?(I,E) correspond, according to Proposition 3.2. Since {u,, } is uniformly bounded and
L?(I,E) is reflexive, passing to a subsequence (without changing notation), we have that
Uy, — Uy weakly in L2(I,E).

Let € > 0 be arbitrary. Fix ¢ so that

13

0<o< )
L+2(r + /D1 frll2

(3.7)

where |I| = to — t; and r is the constant in assumption (hs).
We claim that there exists ng € N such that n > ng implies

/I<fk(t),F(tw(t))>dt C /I<fk(t)7F(t,xn(t))>dt+€U- (3.8)

Indeed, by virtue of Proposition 2.2, there exists a compact J C I, with |1\ J| < o2,
such that F(-,z(:))|s is h-continuous. Let 7 € J be arbitrary. Since F(-,z(-))|s is h-
continuous at 7 and F' is h-l.s.c. at (7,z(7)), there exist 6; > 0 and n, € N such that
teJrs, NJ and n > n, imply

hME(t,z(t)), F(r,z(1))) <o, F(r,z(1)) C F(t,x,(t)) + 0B,

and hence
F(t,z(t)) C F(t,zn(t)) + 20B. (3.9)
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Now {J;5.}rcs is an open covering of J, and thus it admits a finite subcovering, say
{Jr, 5, }iL1. Setting ng = max{n,,...,n.y} it follows that (3.9) holds for any n > ng
and all ¢ € J. Thus, for every n > ng we have

[}(fk(t)7F(t7x(f))> dt C /j(fk(f)»F(f»xn(f)» dt + 20\/[1]|| f 12U (3.10)
On the other hand, in view of assumption (h3), as |I \ J| < 02, one can easily show that
[0 Pestoae [ 0.+ orl iy (3.11)
and
/]<fk(t)7F(t,xn(t))> dt C /I(fk(t)7F(t7xn(t))> dt + or| fx|2U, neN. (3.12)
From (3.11), by virtue of (3.10) and (3.12), for every n > ng we have
A(fk(t)f(t%(t)))dt - /I<fk(t)aF(t’wn(t))>dt+20(7’+ D120,
which yields (3.8), as o satisfies (3.7).

We are now ready to finish the proof of the lemma. Indeed, as u,, — u, weakly in
L*(I,E), there exists n; > ng such that n > ny implies

‘/<fk(t)7uzn (t))dt — /(fk(t),uz(t»dt’ <e. (3.13)
4 I
For a fixed n > ny, by virtue of (3.13) and (3.8) we have
d</[<fk(t)7ux(t)>dt,/I<fk(t),F(t7x(t))>dt>
> d(/1<fk(t),uzn(t)>dt,/j(fk(t),F(t,x(t)»dt) _.
> d</1<fk(t)7um(t)>dt,/j(fk(t),F(t,xn(t)»dH_EU) .

WV

a [0, @) [0, Pl ar) -

I
> a— 2,

since z,, € M\ ME. As ¢ > 0 is arbitrary, it follows that x € M \ M¥. This completes
the proof. 0

In a complete metric space, the complement of any set of Baire first category is called
a restdual set.

Theorem 3.6. The set M = M N My is residual in M.
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Proof. By virtue of Lemmas 3.4 and 3.5, the set

Mk

ap?

DL
DL

M*: ah=1/h

k

I
-

h=1

is residual in M, which is a complete metric space by Proposition 3.3. Therefore, to prove
the theorem it suffices to show that

M* C Mp, (3‘14)

since in this case we have M* C M C M, which implies that M is residual in M.
Suppose, on the contrary, that (3.14) does not hold, and take an x € M* such that
x ¢ Mp. Clearly, © € M \ Mp and thus its pseudo-derivative u,, which exists by
Proposition 3.2, satisfies

ug(t) ¢ F(t,2(t)), teJo,

for some measurable set Jy C I, with |Jo| > 0. By virtue of Luzin’s Theorem and Propo-
sition 2.2, there exists a compact J C Jy, with |J| > 0, such that u,|; and F(-,z())|s
are continuous. Let 7 € J be a point of density of J. By the Hahn—Banach Theorem
there exists an z* € E* separating u,(7) and F(7,z(7)), i.e.

<$*,Uz(7')> 2 c+e, <£L'*,F(T,SU(7'))> < c—g,

for some constants ¢ and ¢, € > 0. Hence, for every t € J, s N J with § > 0 sufficiently
small, we have

(x*, ug(t)) > c+ ie, (x*, F(t,z(t))) < c— ie. (3.15)

Let f € L?(I,E*) be given by

a*, teJsnl,
0=

0, tel\(JsnJ).

By virtue of (3.15), which is valid for ¢ € J; 5 N J, a set of strictly positive measure, we
have

a [1s@r e, [0, Feawar) =a>o0

1 I

and hence
o [1rorunan [0, Fa)ar) > i (3.16)
I I
for some fj, sufficiently close to f in the L?(1,E*) norm. In view of (3.16) it follows that

x ¢ ME | if ap < 1A, and hence z ¢ M*: a contradiction. Consequently, (3.14) is valid.
This completes the proof. O
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In the following example we present an h-l.s.c. differential inclusion of the form
i(t) € F(z(t),  =(0)=0, (P)

whose solution set M has the property that Mg \ Mp is dense in Mg (closure in the
metric of uniform convergence).

Example 3.7. Consider the Cauchy problem (P), where F': R — B(R) is given by

F(x):{[?,u, z #0,
(3.1, =0,

and denote by Mg the space of all solutions of (P) defined on [0, 1].

The set My is not closed, since, for each n € N, z,(¢t) = t/n is in Mp, while its
limit zo(t) = 0 is in Mp \ Mp. Actually, Mp \ My is dense in Mp. To see this, let
Yo € Mp and 0 < & < § be arbitrary. Take y € My so that |ly — yo||; < e. Clearly, y is
non-decreasing on [0, 1] and satisfies 0 < y(¢) < ¢, ¢ € [0, 1], since 0 < y(¢) < 1, ¢t € [0,1]
a.e. If y(7) = 0 for some 0 < 7 < 1, then y(t) = 0 for all ¢ € [0, 7], which implies that
0 € F(0): a contradiction. Hence 0 < y(t) < 1 for each ¢t € (0, 1]. Now define z: [0,1] = R

by
() = {o, teo,el,
ylt—e), te(el],

and observe that z ¢ Mp and ||z — y||; < e. Moreover, x € Mp. To see this, consider a

strictly decreasing sequence {t,} C (g, 2¢]| converging to € and define z,: [0,1] — R by

x(tn)
Zn(t) = [2%
x(t), t € (tn,1].

t, te[0,t,],

Clearly, z € My for z, € My and {zn} converges to z. Hence = € Mp \ M. Since, in
addition, ||z — yollr < |# — yllr + lly — vollr < 2e, it follows that Mp \ M is dense in
Mp.

4. The non-convex Cauchy problem

In this section, we use the results of § 3 to establish the existence of mild solutions to the
following non-convex Cauchy problem

z(t) € Ax(t) + OF (¢, z(t)), x(tp) = a. (Cor)

Let A and F: I x E — B(E) satisfy the assumptions (hq)—(hs). Using the notation of
§3, let {G} be a sequence of h-continuous maps G,,: I x E — B(E) and let {6,,} be a
sequence of continuous functions 6,,: I x E — (0, 00) satisfying, for each (t,z) € I x E,
the properties (¢1)—(c3).
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Fix p > 2r, where r is the constant in (h3). Since G, (t,x) C F(t,z) C rB we have
F(t,z) C Gp(t,x) + pB for every (t,x) € I xE, n € N.

Observe that the set

M=MNMpg, where M= U M%n,
n=1
is residual in M, by Theorem 3.6.
For n € N, set

M, = {x e M ’ ﬁ/ld(ua:(t),a(Gn(t,x(t)) + pB))dt < p}.

Lemma 4.1. M,, is open in M.

Proof. It is sufficient to show that if {xx} C M \ M,, is a sequence which converges
uniformly to € M, then € M \ M,. Consider the sequence {uy,}, where 1y,
corresponds to xy. Clearly, ||ug, (t)]| <7, t € I ae., and thus {u,,} is contained in
a closed ball of L?(I,E). As L?(I,E) is reflexive there exists a subsequence, say {us, },
which converges weakly in L?(I,E) (and so in L*(I,E)) to some w € L?(I,E). By Mazur’s
Theorem, there exists a sequence of convex combinations

{ nkil Moy, } (4.1)

where ny < ng < -+, AF >0, Sl A¥ =1, which converges to w in L'(I,E). For

i=nk
each i € N we have

x;(t) =Tt —to)a+ /t T(t— s)ug,(s)ds, tel,

to

and hence
ng4+1—1 t ng41—1
Z Mexi(t) = T(t —to)a +/ T(t— s)( Z )\fuw(s)) ds, tel,
i=ny to i=ny
from which, letting k — oo, it follows that
t
x(t) =Tt —to)a+ / T(t— s)w(s)ds, tel. (4.2)
to

On the other hand, since z € McC Mg, we have
t
z(t) =T —to)a+ / T(t — s)ug(s)ds, tel,
to

which combined with (4.2) implies that w = .
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In order to prove that x € M \ M,, it remains to show that

i {0,060 000 + pB)) e >

Since the multifunction (¢, z) — 9(Gn(t,z) + pB) is h-continuous on I x E and the set
I ={(t,z(t)) |t € I} C I x E is compact, there exists a 6 > 0 such that

h(O(Gn(t, 2) + pB), (Gn(t, () + pB)) < £/|1]

for every ¢t € I and ||z — x(¢)|| < 6. As x, — z uniformly on I, it follows that for i large
enough, say ¢ > v, and t € I we have

h(O(Gr(t,zi(t)) + pB),0(Gn(t, x(t)) + pB)) < /|1]. (4.3)

On the other hand, the sequence of functions (4.1) converges to w in L'(I,E), and thus,
passing to a subsequence, without change of notation, we can assume that it converges
to w a.e. in I. Fix kg > v so that k > kg implies

J

In view of (4.4), taking into account the fact that, by Proposition 2.3, the function
u — d(u, d(Gp(t, z(t)) + pB)) is concave on F(t,x(t)), for each k > ko we have

np+1—1

Z Moy, (t) — w(t)H dt < eI (4.4)

=N

/ d(w(t), (G (b, (1)) + pB)) dt

> /Id(n%i_l)\fumi(t),a(Gn(t,x(t» + PB>> dt _/1

ngt1—1

> Mg, (t) - w(t)H dt

z'=nk

> |30 [ atun (0,006 ta(0) + p) ]| - e

I

> H PO [t .00 00+ p) | el

’I'Lk+1—1

Z Ai—“/jh(a(Gn(t,xi(t)) + pB), 0(G(t, z(t)) +pB))dtH

> (p —2¢)|1, (4.5)

where the last inequality holds because the functions z; are in M\ M,, and satisfy (4.3),
as i = ny = ko > v. From (4.5), since € > 0 is arbitrary, it follows that x € M\ M,,.
This completes the proof. (I

Lemma 4.2. M,, is dense in M.
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Proof. Let z € M and ¢ > 0 be arbitrary. Take T € M%m, for some m > n, so that
|# — z||; < +e. This is certainly possible since

McM=[]JME,
k=1

and MOGk - ./\/IUGWr1 for every k € N. Now z € M%m, and hence by Proposition 3.1

there exists a y € M%m with pseudo-derivative u,, so that (j’) and (jj) are satisfied and
|Z -yl < e. Consequently,

ly — | < Le. (4.6)
Furthermore, we have
t
y(t) =T(t —to)a —|—/ T(t— s)uy(s)ds, tel, (4.7)
to
M
uy(t) = ZuiXAi(t)7 tel, (4.8)
i=1

where A = {A;}M, is a partition of I, with step A\(A) = |I|/M, given by
Ai:[ai—laai)7 7::1’"'7M_17 AM:[aM—laaM]

and

{
az’:to—FM(tl—tQ), ZZO,,M

Moreover, for some 6y > 0, we have
u; +200B C G (t,y(t)), t€A;, i=1,...,M.

Our aim is to find a z € M,, such that ||z — y[|; < 3e. To this end we first construct a
suitable function w: I — E satisfying w(t) € int Gp41(t,y(t)) \ Gm(t,y(t)),t € I. Then,
setting

t
z(t) =Tt —to)a+ / T(t—s)w(s)ds, tel,
to

we show that 2 € M,, and ||z — y||; < %e, and thus ||z — z||; < e by (4.6).

Step 1. Construction of w and z.

Consider an arbitrary interval A; € A and let A; = [a;_1,a;]. For e € E\ {0},
set 7(A\) = u; + Xe, A € R. For t € A; denote by el (t), el, ., (t) (respectively,
2 (t), e, 1(t)) the points at which r()), with A > 0 (respectively, A < 0), meets

G (t,y(t)), 0Gp+1(t, y(t)). Each of the functions e, (), ef 1 (-), h = 1,2, is continuous,
for 0G, (-, y(-)) and 0Gpm+1(-,y(+)) are continuous [9]. For h = 1,2 set

m1() = 3(en () + e (), te

Evidently,

hoi(t) €t Gy (tyt), ted;, h=1,2,
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and thus, in view of the continuity of the maps involved, for some 0 < 6, < 6, we have
Blfp41(t),361] C Gupa (t,y(1) \ G(t,y(1), te€ A, h=1,2. (4.9)
There exists a §; > 0 such that t € A; and 2 € B(y(t),d;) imply
Bf} 1(£),201] C Gy1(t,2) \ Gm(t,2), h=1,2. (4.10)

Indeed, let 7 € A; be arbitrary. In view of (4.9), taking into account the h-continuity
of Gy, and Gpq1 at (7,y(7)) and the continuity of fy ., and f2., at 7, it follows
that there is a 0, such that (4.10) holds for every (¢,2) € (Jrs, NA;) X B(y(r),d,).
Now {(Jr-5, N A4;) x B(y(7),0:)},c4, is an open covering of I' = {(t,y(t)) | t € A;}, a
compact set, and thus it contains a finite subcovering, say

{0, N A7) x Bly(7i), 07 )}ty

Let &; be a Lebesgue number of this subcovering. Then (4.10) is satisfied, if ¢+ € A; and
z € B(y(t),;), since for some 1 < k < m we have

<t7z) € (Jt,si ﬂA_i) X B<y(t)a61) - (JTIc,5 " ﬂA_i) X B<y(7-k)’67k)'

T

Now denote by A; = {Biyj}éy:il a partition of A;, with step A\(A;) = |4;|/N;, given by
Bij=1[bij-1,bij), j=1,....,Ni—1, Bi N, = [bi,n,—1,bi,n,)s

where )
J ,
bij =ai—1+ ﬁ(ai —ai-1), j=0,1,....N;
i
In view of (4.9) and the uniform continuity of f} ., and f2%,, on A;, there exists a
partition of A;, say 4A; = {Bi,j}Ni such that, setting

j=1
N;
Zerl(t) = szh,jXBi,j (t)v h = 1,2, (411)
j=1
where ij = ﬁwl(bi,j,l), j=1,...,N;, h=1,2, we have

Bl 1(t),01] C Gra1(t,2) \ Gm(t,2), t€ Ay, z€ B(y(t),8), h=1,2. (4.12)

Fix o as follows
)

0<J<2Leam(r+|f|)’ where § = min{5e,d1,...,0nm}, (4.13)

and «, L are the constants in (2.1).
For each B; j € A; denote by A; ; = {C’”k}kp;’l a partition of B, ;, with step A(4; ;) =
|Bi,j |/Pi,ja given by

Cijk =lcijr—1:Cijx)y k=1,....P ;=1 Cijp;=cijp ;—1:jpl
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where '
Cijk = bij-1+ 5—(bij = bij—1), k=0,1,.... P,
4,
Now fix A; ; with step
)\(Ai’j) <o (414)
small enough so that, forany k =1,...,P; ;,t € C; ;r and ¢; jr—1 < s < t, we have
IT(t = s)v; — vl <o, h=1,2, (4.15)
and
IT(t — s)u; —w| < o. (4.16)

Observe that the family F of all intervals C; ; 1, i.e.
F={Cirk|1<i<M, 1<j<N;, 1<k<P,}

is a partition of I, since A = {A4;}M,, A, = {Bi’j};.\[:il and A, ; = {Cm,k}ﬁ;jl are parti-
tions of I, A; and B, j, respectively. In view of (4.12) and the definition of ¢}, ; and
@2, 1, for each t € C; ;. we have

u; € ((b',anr](t)? ¢12n+1(t)) = (“z‘l,j’“z‘27j>7

and hence there exist \j ;, A7, € (0,1) with A}, + A7, = 1 such that

w; = Aol + A2 0

1,J ZJ i,J 27]

(4.17)

Divide accordingly each interval C; j ;. into two intervals C}; . = [¢i jr—1,7) and CF;
[V, ¢ijx) (or C? ik = s cijl if Cjp is closed) so that

| jk?| Zj‘ci,j,k|7 h = 152 (418)

Now define w: I — E and z: I — E as follows:

M N; Pi,j
=> ) i Xor ® +07 X, (1), tel, (4.19)
i=1 j=1k=1 ik
t
2(t) =Tt —to)a+ / T(t—s)w(s)ds, tel. (4.20)
to

Step 2. We have that z is a mild solution of (C¢
so that z € M?;mﬂ; moreover, z € M.
We first show that

i1 ), With pseudo-derivative u, = w,

lz(t) —y(®)|| <6 for every t e I. (4.21)

Let ¢t € (to,t1] be arbitrary ((4.21) trivially holds for ¢ = ty). Take t € C), 4, for some
1<p<M,1<qg< Ny, 1<r <P,y Tofix the ideas we suppose that

t € Cpgr = [Cpgr—1:Cpqr) and to < cpgr1
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(in the other cases the argument is similar). From (4.7) and (4.20) it follows that
t
2(t) — y(t) = / T(t - 5)(w(s) — uy(s)) ds = Jy + Ja, (4.22)
to
where

‘h:/%WAT@—ﬁww%WAﬁﬂa

to

Ty = / T(t — 8)(w(s) — uy(s)) ds.

Cp,q,r—1

Let G be the set of all intervals C; ; € F whose union is equal to [to, ¢pq.r—1)-
Let us evaluate J;. Clearly,

h= 3 [ T sl - ) ds

Ci,;,k€G Cign
= Y Tl [ Tl )l - () ds,
C’L 3Js keg Ci’j’k
since ¢; j, <t for each C; ;, € G, and thus, by (2.1),
lnl< Y Lell
Ci,j,k€EG

Denote by A the integral on the right-hand side of (4.23). In view of (4.19) and (4.8),
w(s) = Uil,jXC,{jyk(S) + Uz?,jXC?)jﬁk(S) and uy(s) = u;, s € C; j . Thus, we have

A= / T(cijx— s)vilj ds + / T(cijx— s)vfj ds — / T(ci .k — S uy(s)ds
ol ’ 2 ’ Ci ik

i3,k i3,k

(4.23)

[ Tl =)o)~ us) ds)|
Cijk

=L @wm—mawmw+é (T(ci s — $)02; — v2,) ds

1 2
i3,k i53.k

_/Cv

i34,k

(T(cijk — s)u; —u;) ds + / (Uil,ch}j L(8)+ U?,jXij (8) —u;)ds.
Cijk - -

Denote by Ay, A, Az, Ay the first, second, third and fourth integrals above, respectively.
By virtue of (4.15) and (4.16) we have

Il < olCiiul,  142]l < olCFj) [43] < o|Cij k-

Moreover, A4 = 0 because, in view of (4.17) and (4.18),
Ay = 05|05l + 075108 k| = wil Gl = (N vy + A2 i 5 — ua) | Ci gl = 0.
Therefore, ||A|| < 20|C; ;x| From this and (4.23) it follows that

1]l < 20Le® > |Cy k] = 20Le™ ey g1 — to) < 20Le |11, (4.24)
Ci,5,k€G
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Let us evaluate J5. We have

¢
|J2]] < / | T(t — s)|| [|w(s) —uy(s)| ds < Le®V2r|C, 4| < 20rLe®Vl (4.25)
Cp,q,r—1
since |Cp q.r| < 0, by (4.14).
From (4.22), (4.24) and (4.25), since ¢t € I is arbitrary, it follows that

12(8) =yl < 20LeM(r 4 11]), tel,

and thus (4.21) is valid, as o satisfies (4.13).

We are now ready to prove that z € M%WH- It suffices to show that w satisfies the
conditions (j) and (jj) stated in §3. By virtue of (4.19), w verifies (j). Furthermore, (jj)
holds if we show that

B(w(t),01) C Gpt1(t,2(t)), tel. (4.26)
Let t € I be arbitrary. Then ¢t € C; jx, for some 1 <+ < M, 1< j<N;, 1 <k< P
and thus, by (4.19),

w(t) =vixer, () + i X0z, (b).

i

As C}%k and C’sz are contained in B, ;, in view of (4.19) we have

w(t) = wﬁj = qﬁﬁlﬂ(t) fort e Cffj’m h=1,2.

Moreover, ||z(t) — y(¢)|| < § by (4.21). Therefore, (4.12) implies
B(w(t),01) C Gmi(t, 2(t)) \ Gm(t, 2(t)), (4.27)

and hence (4.26) holds as ¢t € I is arbitrary. Thus, z is a solution of (Cg,,,,), with
pseudo-derivative u, = w, satisfying (j) and (jj), and hence z € M%m+1. Furthermore,
as ./\/l%m+1 C Mp, we have that

s

ZG( M%n>ﬁMF=./\;l,

n=1

and Step 2 is proved.

Step 3. We have z € M,, and ||z — z||; <e.
As z € M and u, = w, to prove that z € M,, it suffices to show that

éLKﬂMﬂﬁ«%@J@»+pB»d<p. (4.28)

Indeed, since m > n we have G, (t,z) C G (t,2) C Gy (t, ) C F(t,z), for all (¢, z) €
I x E and thus, by (4.27),

B(w(t),0:) C F(t,2(t))\ Gu(t, 2(t)), tel.
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Hence, by Proposition 2.3, we have
d(w(t),0(Gn(t, 2(t) + pB)) < p, tel,

and thus (4.28) holds. Therefore, z € M,,. On the other hand, by virtue of (4.6) and
(4.21), we have
lz =zl <llz—yllr +ly—zllr <5+ 3¢ <e,

as d < %z—: by (4.13), and Step 3 is proved.
Since x € M and € > 0 are arbitrary and z € M,,, it follows that the set M,, is dense
in M. This completes the proof. |

We are now in a position to prove our main result concerning the existence of mild
solutions to the following non-convex Cauchy problem:

i(t) € Az(t) + OF(t,z(t)),  z(to) = a. (Cor)

Theorem 4.3. Let A and F': I x E — B(E) satisfy the assumptions (hy)—(hg). Then
the Cauchy problem (Cyr) has a mild solution x: I — E.

Proof. Set -
M =M,
n=1
and observe that }
M CMcC M,

where M is a non-empty complete metric space, by Proposition 3.3.
We first prove that M* is dense in M. Since

M= MU (M\MY),
it suffices to show that M \ M* is of the Baire first category in M. It is evident that
MAM* = (M\M)U M\ M,).
n=1

Now M \M is of the Baire first category in M, by Theorem 3.6. Furthermore, in view
of Lemmas 4.1 and 4.2, each set M \ M,, is nowhere dense in M and thus also in
M 27, p. 129]. Consequently, M\ M* is of the Baire first category in M and hence, by
the Baire Category Theorem, the set M* is dense in M and, in particular, M* # ().

We now prove that M* C Myp. Let © € M*. Clearly, x € Mp, for M* C M C Mp.
Suppose, on the contrary, that ¢ Map. This implies that the set

Jo={t € I|d(ug(t),0F(t,x(t))) >0}
has measure |Jy| > 0 and hence, for some 7 > 0, also the set

J=A{t € I|d(us(t),0F (¢, z(t))) > n}
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has measure |J| > 0. It is evident that d(u.(t),d(F(t,z(t)) + pB)) = p, for t € I a.e.
Furthermore, for ¢t € J a.e. we have u,(t)+nB C F(t,x(t)) and hence u,(t)+ (n+p)B C
F(t,x(t)) + pB, which implies that

d(uz(t),0(F(t,z(t)) +pB)) = p+mn, teJae

Now, we have

[ w006 00) + pE) dt = [ dtus®).0(F (1, 2(0) + pB) e

I nNJ
+ [ dtwn(o. 00 t,2(0) + pB) de
J

Z P\ I+ (p+n)|J]

= T + 11, (4.29)
On the other hand, for any t € I, as n — oo we have h(G,(t, z(t))+pB, F(t, z(t))+pB) —
0 and thus, by [9], h(O(G,(t,x(t)) + pB),d(F(t,x(t)) + pB)) — 0. Consequently,

lim [ d(ug(t),d(Gn(t, z(t)) + pB)) dt = / d(ug(t), d(F(t, 2(t)) + pB)) dt.

Hence, for n large enough, say n > ng, we have

/I d(s (1), DG (t, 2(8)) + pB)) dt > /I d(ua(t), O(F (t,2(t)) + pB)) di — Il J|. (4.30)

By combining (4.30) with (4.29) we obtain

1 /d(uz(t),a(Gn(t,x(t)) +pB))dt > p+ M, n = ng.
11 Jr 2|1

This implies that = ¢ M,,: a contradiction, since x € M*. Therefore, x € My, i.e.
is a mild solution of (Cyr). This completes the proof. O

The following example shows that an h-l.s.c. multifunction can be discontinuous on a
dense set of points.

Example 4.4. Let X = {x,}°2; be a set dense in E. Let ¢: E — B(E) be given by

~J{o} ifz=0,
W)_{B it € E\ {0).

Now define F': E — B(E) by

F(x):iw, xz € E.
n=1
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Let us show that F is h-l.s.c. We have F(z) = B if v € E\ X, and F(zy) = (1-27%)B
if z, € X. Let £ € E and € > 0 be arbitrary.

If z € X, say T = xy, then F(Z) C F(x) for each z € E\ X and F(Z) C F(x,,) for all
n > k. Hence, setting 6 = miny<,<x{l|zn — Z||}, we have

F(z) C F(x), forevery x € B(Z,9). (4.31)

Let Z € E\ X, and fix kg so that 27%0 < . Then for every n > ko we have F(z,) =
(1-2"™)B D (1 —¢)B, which implies F(z,,)+eB D B, i.e. F(z,)+eB D F(Z). Clearly,
F(z) = F(x) for each z € E\ X. Hence, setting § = min; <<k, ||2n — Z||, we have

F(z) C F(x) +eB for every x € B(Z,0). (4.32)

In view of (4.31) and (4.32) it follows that F' is h-l.s.c. Moreover, F' is not h-continuous
at each zj, € X, because F(xy) = (1 — 27%)B, while F(z) = B for every z € E\ X.

Acknowledgements. The authors are very grateful to the referees for their con-
structive criticism.
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