BuLL. AUSTRAL. MATH. SocC. 16D60
VoL. 58 (1998) [57-73]

PRIMITIVE IDEALS IN THE COORDINATE RING
OF QUANTUM EUCLIDEAN SPACE

SEI-QwWON OH AND CHUN-GIL PARK

A twisted group algebra k?P on a free Abelian group P with finite rank and a
Poisson structure on kP are studied. As an application, the primitive spectrum
of Oq4(6k™), the coordinate ring of quantum Euclidean space, is described and a
Poisson algebra A is constructed so that there is a bijection between the primitive
spectrum of O,(0k™) -and the symplectic spectrum of R.

0. INTRODUCTION

The purpose of this paper is to characterise all primitive ideals of O,(0k™), the
coordinate ring of quantum Euclidean space and to construct a Poisson algebra A
such that there is a natural bijection between the primitive ideals of O4(0k™) and the
symplectic ideals of A, when the ground field & is an uncountably infinite algebraically
closed field with characteristic zero and the parameter ¢ € k* is not a root of unity.
This paper confirms S.P. Smith’s suggestion for O,(0k™); namely that the primitive
ideals of certain algebras related to quantum groups should correspond bijectively to the
symplectic leaves of a naturally associated Poisson structure on the associated algebraic
variety.

In Sections 1 and 2, we establish the structure of the twisted group algebra k°P
when o is an antisymmetric bimultiplicative map on the free Abelian group P with
finite rank, and the Poisson structure on kP induced by an antisymmetric bilinear map
u on P. The idea of these sections was given to the author by T.J. Hodges. The
authors thank him deeply for permission to use it here. In Section 3 that is a main
part of this paper, we characterise the primitive ideals of O4(0k™); this arises from the
work of Takeuchi [11]. The reader is referred to the articles [10] and [11] for further
background of Oy(0k™). The multiplicative rule of this algebra O4(0k™) is very similar
to that of the quantised Weyl algebra which has been studied by various authors (see
(1, 2, 4]), and so the techniques of proofs are similar to those of [1] and [8]. The final
section constructs a Poisson algebra A such that there is a bijection between the set of
primitive ideals of O4(0k™) and the set of symplectic ideals of B.
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Henceforth, we assume throughout that k is an uncountably infinite algebraically
closed field with characteristic zero, the parameter ¢ € k* is not a root of unity and P
is a free Abelian group with finite rank unless stated otherwise.

1. TwISTED GROUP ALGEBRAS

1.1. Since quantum tori are essentially just twisted group algebras (see 1.8), we
begin with a brief review of some fairly well-known results about ideals in twisted group
algebras.

Let 0 € Z%(P,k*) be a 2-cocycle on a free Abelian group P with finite rank. Then
the twisted group algebra k9P is the k-algebra with generators ) for A € P with
relations:

tatu = o\ W) trs
In particular, if ¢ is bimultiplicative and antisymmetric, that is,
o(A1 + Az, p) = o (A1, p)o (A, p)
a(An) = o, N7,
then o is a 2-cocycle on P, and thus the twisted group algebra kP is defined and
satisfies the commutation relations:

tat, = a?(), p)tuta

Henceforth, we assume that ¢ is bimultiplicative and antisymmetric on P.
1.2. Define
P,={NeP|o*\u)=1 Vue P}

Clearly P, is a subgroup of P and free since every subgroup of a free Abelian group
(with finite rank) is free.

LEMMA. The centre Z(k°P) of k°P is Z(k°P) = {3_axtx | A € P,}, which is
isomorphic to kP, . *

PROOF: Put Z = Z(k°P). For f =) axta € k?P, f € Z ifandonly if ¢, f = ft,
for all 4 € P. Since t,f = ;gz’(,u, /\)a,\tit”, this will occur if and only if A € P, for

all A in the support of f. |

THEOREM 1.3. There is a bijection preserving inclusions between the ideals of
k?P and the ideals of the centre Z(k°P). That is, if I is an ideal of kP then
I=(INZ(k°P))k°P, and if J is an ideal of Z(k°P) then J = Jk°P N Z(k°P).

PRroOF: Consider the action of P as automorphisms of k?P defined by

Aty) = 02(/\,/1)tu = txtutil-
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Let 7 be a transversal for P, in P. Then the weight space decomposition of k%P
under this action is

*) kP = P Z(k°P)t,.
veT

If I is an ideal of k? P then I must be invariant under this action and so

I=@I1n2z(k P)t,=PUnZ(k P))t, = (INZ(k°P))k°P.

v

If J is an ideal of Z(k°P) and ¢ € Jk?P N Z(k°P) then = = Y z;f; for some

1
z; € J and f; € k? P. Replace each f; with an element written by the decomposition

(*) and then = can be expressed by z = ) a,t, for some a, € J. Since z € Z(k° P),
veT

if v ¢ P, then a, = 0 and so z € J. Therefore we have that J = Jk°P N Z(k°P). [

ProPOSITION 1.4. The centre of the fractional algebra Fract(k°P) is
Fract(Z(k°P)).

PROOF: Observe that both kP and Z = Z(k°P) are affine domains, thus there
exist fractional algebras Fract (k?P) and Fract(Z). Clearly Fract(Z) is contained in
the centre of Fract (k?P). For z,y € k°P, if 2y~ is a central element of Fract (k”P)
then zy = yz and taxzy~'t;" = zy~! for all ¢t» € k° P, thus we have that ztry = ytaz.
Express y as elements of (*) in the proof of 1.3. Let us call the number of nonzero
z, € Z in the expression y = )_ z,t, the length of y. We may assume that y has the

1 = ¢’y for some z'}. If the length of y is greater

shortest length in the set {y' | zy~
than 1 then 0 # y — at ,\yt;1 has shorter length than y for some nonzero scalar o and

ty and we have that
z(y - at,\yt;"l) =zy — azt,\ytgl = yz — ayt,\:ctxl = y(z - at,\ztil).

Therefore zy™! = y~'z = (z —atrzt)’)(y - at,\ytzl)_l. This contradicts to the
shortest length of y, so y = z,¢, and zy~! = (o(v,v)zt_,)z; ! € Fract(2). 0

THEOREM 1.5. Let {e1,...,en} be a basisof P and let H be the subsemigroup
(with identity) of P generated by ey,...,en. Given an antisymmetric bimultiplicative
map o, let R be a Noetherian k-algebra such that k°H C R C k°P. Then the
multiplicative set C generated by t.;,i = 1,...,n, isan Ore set of R and the localisation
C~ 'R is isomorphic to k°P. If all prime ideals of R are completely prime then all
maximal ideals of Z(k?P) correspond bijectively to all primitive ideals of R disjoint
from C. In fact, the map M + (Mk° P)® from the maximal ideals of Z(k° P) into the
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primitive ideals of R disjoint from C is bijective, where (Mk° P)° is the contraction of
MEK°P.

PROOF: Clearly, every element of C is invertible in kP and each element of k°P
is of the form b~ 'a, a € k? H, b € C, thus the localisation C™! R is isomorphic to k7P
and C is a left Ore set. Similarly C is a right Ore set. Note that, by 1.3, there is a
bijection between the set of all maximal ideals of kP and the set of all maximal ideals
of Z(k°P).

Let M be a maximal ideal of k?P. Then the contraction M°¢ to R is a prime
ideal disjoint from C and any prime ideal @ of R properly containing M¢ contains an
element of C since M is maximal. Since @ is completely prime, ., € Q for some 7 and
SO te; **te, € @QNC. Therefore the intersection of all prime ideals properly containing
M¢ is not equal to M° and so M° is primitive by [7, 9.1.8].

Conversely, let @) be a primitive ideal of R disjoint from C. Then @ is contraction
of a prime ideal M of k°P. It suffices to show that M is maximal. Let Aq,..., A,
be a basis of the subgroup P,. The elements ¢y, ¢ = 1,...,r, can be written as
ty, = ﬂ,'bi_la,- for some §; € k*, a;,b; € C. Since t);, are central elements of k?P
and @ is disjoint from C, a; — a;b; € @ for some a; € k* by [7, 9.1.7). Hence M
contains tx; — a;f; for each i = 1,...,r and thus M N Z(k°P) is maximal in Z(k°P)
and M = (M N Z(k?P))k° P is maximal in k’P by 1.3. 0

1.6. (See [2, 2.1], [6] and [7, 1.5.10 (ii)}) Let A = (Ai;) be an n X n matrix
of nonzero elements of k such that A = 1 and Aj; = /\,-_J-l for 1 € 4,7 < n. The
multiparameter coordinate ring of quantum affine n-space is the k-algebra O,(k™)
generated by elements z;,...,zn subject only to the relations z;x; = Ajjzjz; for
1 <1,j € n. Note that Ox(k"™) can be expressed as an n-fold iterated skew polynomial
ring starting with the field k; hence, O(k®) is an affine domain. In particular, if
Xij = ¢, t < j then Ox(k") is called the coordinate ring of quantum affine n-space
and denoted O,(k™). As in (2, 2.1] and [6], we write P()) for the localisation of
Ox(k™) with respect to the multiplicative set generated by z1,...,zn, that is, P(}A) is
the k-algebra generated by :1:1,:1:;'1, .. 1T, T, subject to the relations z;z; = Aijjzjz;.

Note that P(A) is the twisted group algebra kP, where the free Abelian group
P has basis {e;,...,en} and an antisymmetric bimultiplicative map o € Z?(P,k*) is
given by

o(ei, e5) = )\:j/z.

Conversely, all twisted group algebra k°P with an antisymmetric bimultiplicative map
o can be presented as a P(}) for A = (¢(ei,€;)). In fact, ¢ : P()) — k°P defined
by ¢(zi) = t.; for all i = 1,...,n is an isomorphism. Moreover, the subalgebra
Ox(k™) of P(}) is isomorphic to the twisted semigroup algebra k?H, where H is the
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subsemigroup of P generated by e,...,e,.

2. PoissoN ToRI

2.1. Now let u € Z%(P,k) be an antisymmetric bilinear map. That is,

w(A1 + Az, p1) = u(Ar, p) + ulAg, 1)
u()‘v,u) = _u(/‘tv)‘)'

Then it is easily verified that the bracket

{tatu} = u(d p)tag,

defines a Poisson bracket on the group algebra kP. If kP has a Poisson structure then
we always assume that it is induced by an antisymmetric bilinear map .

LEMMA 2.2. Set
Zy(kP)={f €kP|{f, g} =0Vg € kP}.

Then Zy(kP) = kP, where P, = {)\ € P | uMp) =0V € P}. The Poisson
subalgebra Z,(kP) of kP, which has the trivial Poisson structure (that is, {f,g} =
0Vf,g), is called the Poisson centre.

PROOF: Let f = Y axtx. Then f € Z,(kP) if and only if {t,, f} = 0 for all
X

p € P. Since {t,, f} = 3 u(p, A)axt,y,, this will occur if and only if A € P, for all A
)

in the support of f. 0

2.3. Recall that a Poisson ideal of a Poisson algebra A is an ideal I such that {f,g} € I
forall fel and g€ A.

THEOREM. There is a bijection preserving inclusions between the Poisson ideals
of kP and the Poisson ideals of Z,(kP). That is, if I is a Poisson ideal of kP then
I = (INZy(kP))kP, and if J is a Poisson ideal of Z,(kP) then J = (JkP)N Z,(kP).

PROOF: Set Z, = Z,(kP). Consider the action of P as linear endomorphisms of
kP defined by

Atp) = u(A, p)t, = {tx,tu}til-

Let 7 be a transversal for P, in P. Then the weight space decomposition of kP under
this action is

(*%) kP = P Zyt..

veT
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If I is a Poisson ideal of kP then I must be invariant under this action and so

I=@PIn2t, =P UINZ,)t, =(IN Z,)kP.

v

If J is a Poisson ideal of Z, and if z € (JEP)N Z, then z = _ z;f; for some

1
z; € J and f; € kP. Replace each f; with an element written by the decomposition

(**) and then z can be expressed by z = }_ a,t, for some a, € J. Since z € Z,, if
veT

v ¢ P, then a, =0 and so = € J. Therefore we have that J = (JkP)N Z,. 0

2.4. Let A be a Poisson algebra over k and let @ be a prime Poisson ideal of
A, which means prime in the commutative algebra A and Poisson in A. Then the
Poisson bracket on A defines a Poisson bracket on Fract (A/Q) and we define @ to be
symplectic if

{a € Fract (4/Q) | {a,b} = 0 Vb € Fract (A/Q)}

reduces to the set of scalars (see [5, A.4.1]). A Poisson algebra A is called symplectic
whenever the Poisson ideal (0) is symplectic.

PROPOSITION. The set Z = {a € Fract(kP) | {a,b} = 0 Vb € Fract (kP)} is
equal to the fractional algebra of the Poisson centre Z,(kP) = kP, of kP.

Proor: This follows from the modified version of the proof in 1.4. For complete-
ness sake, we write out the proof. Clearly Fract(kP,) is contained in Z. If z,y are
elements of kP and zy~! € Z then {z,t,}y = {y,t,}z for all ¢, € kP. Express y as
elements of (**) in the proof of 2.3. Let us call the number of nonzero z, € kP, in the
expression y = Y z,t, the length of y. We may assume that y has the shortest length

1 — 'y’ for some z'}. If the length of y is greater than 1 then

in the set {y' | zy~
0 # y — afy,t,}t;! has shorter length than y for some scalar a € k* and ¢, € kP,

and
o(y — ofy,tu}t;?) =yz —az{y,t, )1, =y(z — afz,t, 3t 7).

Therefore zy™! = (z — a{z,t,}t;1)(y — c\z{y,t,,}t;l)—1 , which is a contradiction to
the shortest length of y. Hence we have that y = 2,4, and zy™! = (zt.,)z;! €
Fract (kPy).

THEOREM 2.5. Let {e1,...,en} be a basisof P and let H be the subsemigroup
(with identity) of P generated by {e1,...,en}. Let kP be the Poisson algebra induced
by an antisymmetric bilinear map u, let A be a sub-Poisson and Noetherian subalgebra
such that kH C A C kP and let C be the multiplicative set generated by t.,,...,te, -
Then C™'A = kP and extensions of all symplectic ideals of A disjoint from C are

maximal Poisson ideals of kP.
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ProoF: Clearly, the localisation C™' A isisomorphic to kP. Let Q be a symplectic
ideal of A disjoint from C and let Aq,..., A, be a basis of the subgroup P,. Then Q

is contraction of a Poisson ideal M of kP and ty, = a,-b,-_1 for some a;,b; € C,
t=1,...,r, and so a; — a;b; € Q for some o; € k*. Hence tx, — ;i € M N Z,(kP).
Therefore M is a maximal Poisson ideal of kP by 2.3. 1]

COROLLARY 2.6. Under the same conditions as 2.5, let P = P, @ P’ for some
subgroup P'. Then there is a bijection between the set of symplectic ideals of A and

the set of maximal Poisson ideals of kP.

PROOF: Let M be a maximal Poisson ideal of kP and let e;,...,e, be a basis of
P,. Then M = (t,; —ou,...,te, — a,)kP for some a; € k* by 2.3. Let us prove that
the contraction M€ to A is symplectic. Clearly, M€ is a prime ideal of A since M is
prime in kP. Note that the antisymmetric bilinear map u' = u|p/xpr gives a Poisson
structure on kP’ and P!, is trivial. Since kP’ & kP/M = C(A/M°®) is symplectic
by 2.4 and Fract{ A/M¢) is isomorphic to Fract(kP'), M¢ is a symplectic ideal of A.
Hence the conclusion follows from 2.5. 0

LEMMA 2.7. Given an antisymmetric bimultiplicative map ¢ € Z?(P,k*) and
0 # q € k which is not a root of unity, define v: P x P — k by

(M p) =g M YA ueP
Then u is an antisymmetric bilinear map and
Z(k°P) =2 Z,(kP) =kP,.

Proor: Clearly, u is an antisymmetric bilinear map and P, = P, since g is not
a root of unity, and so Z(k°P) = Z,(kP) = kP, by 1.2 and 2.2. 0

3. PRIMITIVE IDEALS IN-THE COORDINATE RING OF QUANTUM EUCLIDEAN SPACE

DEFINITION 3.1: (See [9, 5,10, Section 4] and [11, 5.1]) Let ¢ € k*. For each
positive integer n, the coordinate ring of quantum Euclidean space O, (ok2") is the
k-algebra generated by 2n variables y1,z1,¥2,22, - ,Yn, Zn satisfying the following

relations:

Yiyj = qy;yi (i <37)

Tiyj = qy; (i #7)

21 = qriz; (i < 4)

zjyi =yizi+(1—¢") > ¢z (all j).
1<I<y
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The coordinate ring of quantum Euclidean space O,(0k?"*!) is the k-algebra gen-

erated by 2n+ 1 variables 20,¥1,%1,¥2,%2," - - , Yn, Tn satisfying the following relations:
20Y; = qYjZo (all 5)
20z = q 'z;20 (all 3)
Yiy; = qY;Vi (r<3J)
Tiy; = qy;jTi (x #3)
T = qTiT; (1 <J)
ziyi =yizi+ (1—-¢%) Y ¢ Tyzi+¢*D(1-g)22  (all j).
1<y

Hereafter, we write Oy for O, (ok?").
LEMMA 3.2. The algebra O} is a Noetherian domain and all its prime ideals

are completely prime.

PROOF: By [9, 5], O} is an iterated skew polynomial ring

07 = k[y1]{z1; Billyz; a2l(z2; B2, 62] - - - [yn; an][Zn; Br, dn),

for certain automorphisms «; and ;. Thus, it is a Noetherian domain. Moreover it is
easy to check that «;, 8; and left B;-derivation §; satisfy the condition of [3, 2.3], and
so all prime ideals of OF are completely prime.

LEMMA 3.3. In OF, set
zi=q *ziyi —yizi=q (1 - ¢°) Z Y
1<Ii

fori=1,...,n. Then z, is central, all z; are normal and y;,yi—1,2;,%i—; are normal
modulo z;_y for each 1 2> 1 (29 =0). More precisely,

ZjYi = Yizj 2;T; = Tizj (<)
zjyi = q*yiz; zjT; = q ' ziz; (i>7)
@z = 2iyi — Pyt 92i = Tig1Yi+1 — Yig1Zig1 (2= 1)
¢*zi = (1 - ¢*)yizi + qzi— zj2; = 2i2; (121)
PROOF: This follows immediately from direct calculations. 0

DEFINITION 3.4: (See (8, 1.4]) Let pn = {z1,41,21,22,Y2,Z2,---,2n,¥1,Zn} be a
subset of OF. We shall say that T C g, is admissible if T satisfies the conditions:

(i) yi€Torz;cT ifandonlyif 2, €T and 2;_; €T, 2< 1< n.
(ii) m€Torzy €T ifandonlyif z €T.

https://doi.org/10.1017/50004972700032007 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700032007

(9] Quantum Euclidean space 65

The definition of an admissible set should be compared with that of a p-sequence
in 1, 4.2]. In fact, if T is an admissible set then

S=T—{zi|yi€Torz; €T}

is p-sequence in Of . Note that the ideal generated by T' is equal to the ideal generated
by the p-sequence S as in (1, 4.3].

LEMMA 3.5. For each prime ideal P of 07, PN pn is an admissible set.

ProOOF: This follows immediately from 3.3. 0
LEMMA 3.6. Let T be an admissible set. Then the ideal (T} is completely prime
and there is a subalgebra Ar of OF such that Ar is a multiparameter coordinate ring
of quantum affine space Oz,(k™) for some matrix At = (X\ij), Aij = 1,¢*! or ¢*?
and
Ar = Ox (k™) C O7 /(T) C P(AT).
PROOF: The ideal (T') is completely prime as in [1, 4.5]. Put

Ty={y;jly; ¢ T,z; €T}

Ty ={zj|z; ¢ T,y; €T}

St=A{y;j,zi 1z ¢ T}U{yj | z; €T, y; ¢ T, z; ¢ TYUT, U Ty,
and let Ar be the subalgebra of O;‘ generated by all elements of ST and let m be
the number of elements in Syr. Since there is no index ¢ such that both y; and z; are
in ST, we have that, by 3.1 and 3.3, s;s5; = Aijsjs; for any pair s;,s; € St , and so
A1 = Oz, (k™) for the m x m-matrix Ar = ();;) by 1.6. Since

T—{zi|yi€Torz; €T}

is a normalising sequence of generators for (T') and each element of Sy is not in the
ideal (T'), we get immediately that ArN(T) = 0, hence Ar is embedded into OF /(T).
The image in OF /(T) of the multiplicative set generated by all the elements in St is
a right and left Ore set in O /(T) as in 1, 4.8]. Let Br denote the localisation of
O;‘/(T) at this set. Since (1 - q2)y,-z,~ = q®2z; — qzi—1 (20 = 0) by 3.3 and all nonzero
generators §; € Br are invertible, we have that all Z; € O7 /(T) are in Br. Therefore,
Ar = O,\T(km) C O;/(T) C Bt = P(\1). 0
It is cumbersome to use the standard overlining notation for images in factor rings
of Oy and so we shall write, for example, z; for the image of z; in a factor ring if no
confusion arises.
3.7. Let T be an admissible set such that y; € T and z; € T for some ¢. Then
the index 1 is said to be removable in T.
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LEMMA. If T is an admissible set of (9,’,‘ with removable indices then there is an
integer m < n and an admissible set T' of OF' such that Oy /(T) = O /(T') and T'
has no removable indices.

PROOF: Suppose that j is removable in T. Then there is a natural epimorphism
¢ from O}~! onto O} /(T) given by

—1 . .
Yi—>q Yy, T — Tq, 1<
Yi = Yig1, Ti &> Tiy1, 123

Since ker (¢) is prime by 3.6, ker (¢) N p,—1 is an admissible set of O}~! by 3.5. An
induction on n completes the proof. 0
3.8. From here to 3.11, we shall work to find the centre of P(Ar) = Br in 3.6
when T has no removable indices.
Let T be an admissible set of OF without removable indices. Note that
(72 = 1)yizy' = 27 'y} and 2z, are central elements of Fract OF. For St as in
the proof of 3.6, put

Ur =St — {z1,2,} c_1 = zl_lyf Co = 2 ifz, ¢ Tand z; ¢ T
Up =Sy~ {z1} c_1=zl_1yf =0 ifz,€Tand z; ¢ T
Ur =St — {z.} c_.1 =0 o= 2n fzp¢Tand 23 €T
Ur =57 c_1 =0 =0 ifz,€T and 2, € T.

LEMMA.
indUp :={i | z; ¢ Ur}
={i1, 51+ i1+ 2,--- i +v1p U{ia,ia + 1,02 +2,- -+ 12 + va}
U U{imtr+ 1,40+ 2, i, + v}

for some nonnegative integers v; and positive integers 1 =1, < i3 < --- < 1, satisfying
ij— (tj-1 +vj1) 2 2, i+ v, =0,

PROOF: Since T has no removable indices, it follows immediately from the defini-
tion of admissible set. 0

LEMMA 3.9. Let T, Ur, t; and v; be as in 3.8.
(1) Let v, be odd. Rewrite the elements of

(UT N {yir’ xir’ yir+1! 1',"_+], R | y""z"}) U {zir-l}
as uj,Usz,...,Up, say, where u; > ug > ... > u, In the ordering

Yn D Yn—1> ... 2 Y1 >21 221 >22>T2>...2> 25 > Iy,

https://doi.org/10.1017/50004972700032007 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700032007

11] Quantum FEuclidean space 67

Note that p is odd. Then

_ &1, —€2 —€p—1_¢€p 2 ug ?é Zip—1
cr=ujlug tou, 1T, Ex =
1w =24

is a central element of Br. If v, is even then put ¢, = 0.
(2) Let vj, 1 < j <r, be even. Rewrite the elements of

(UT N {yijvzijvyij+lazij+la cee ayij+vjaxij+vj}) U {Zij—l}

as u1,ua,...,Up, say, where u; > us > ... > u, In the ordering
Yn DUn1> ... DY > 21> T, > 23> T3> ... > 2p > Tn.
Note that p is even. Then

2 ug # 2o

. — o, ft,, €2 . fp—1, —€p —
Cj = Uy Uy Up_3 Up > Ep =
1 U = 2,‘]._1

is a central element of Br. If v; is odd then put ¢; = 0.
ProoF: This follows by direct calculations using 3.1 and 3.3. 0
LEmMa 3.10. Let T, Ur, ij, v; and ¢; be as 3.8 and 3.9. Put

VT=UT—{Z,'J._1 fej #0,7=2,...,7}

(1) Let vy be odd and let Vp N {z1,22,...,2,} # O. Assume that i is the least
index such that z; € Vr. Rewrite the elements of (VT N{y1,21,---,¥i-1,Ti—1}) U{z}
as ui,ua,...,Up, Say, where u; > ug > ... > u, in the ordering

Yn S Yn-1>...>Y1>21> % >22>22> ... 2 > Tp.

Note that p is odd. Then

— Sl TE2
L= U Uy U,y Uy,

—ep_1 ep { 2 up#z
Er =

1 wup =2

is a central element of Br. Put z = z;.

(2) Let vy be odd and let Vr N {z1,22,...,2,} = 0. Rewrite the elements of
Vr N {y1,21,---,Yn,Zn} @S u1,u2,...,Up, say, where u; > up > ... > u, in the
ordering

Yn > Yn=1>...2Y1>212>T1 > 22>T2> ... 2n > Ty,
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Note that p is odd. Then

c) = ulu,;I . --u;_llup
. % y € Vr .
is a central element of By. Put z = If vy is even then put ¢; = 0.
I z; € V.
PROOF: As in the proof of 3.11, this follows by 3.1 and 3.3. 0

LEMMA 3.11. Let By beasin3.6 andlet T, Vr, ¢; and z be as in 3.10. Put

Wr =Vr - {2z} ¢1#0
WT =VT c = 0.

Then the centre of Br is the subalgebra generated by {cf!' | ¢; # 0, for i =
—1,0,...,7}. If Bt is presented by Br = k°P (see 1.6) then P = P'@ P, and
the rank of P, is equal to the number of nonzero ¢;’s, 1 = —1,0,...,r.

PROOF: Let St be as in the proof of 3.6. Note that each element of St — Wr is

the divisor s of nonzero ¢;, 1 = —1,0,1,...,7, such that the power of s is 1 or —1, for
example, if ¢y # 0 then z; € Sy — Wr and if ¢, # 0 then 2, . € ST~ Wr, and that
the number of elements in Wr is even. Rewrite the elements of Wr as wi,ws,...,wsp,

say, where w1 > w2 > ... > wy, in the ordering
T 220 2 Yn 2> Tn-1> 2p-1 > Yn-12> ... 2 1 > 21 > Y1.

By the McConnell-Pettit criterion [6], we see that the subalgebra W of Br generated
by all wi! is simple. But in 3.13, we shall give another proof for the simplicity of W
in order to avoid routine and messy calculations in finding the determinant of a huge
matrix. Since the subalgebra of Br generated by {c! | ¢; # 0} is contained in the
centre of By and each element s € St — Wr is a divisor of each the nonzero ¢; with
power 1, we have that the centre of Br is the subalgebra generated by the nonzero
¢! and P = P' @ P,, where P’ and P, are the subgroups corresponding W and the

centre Z(Br), respectively. 0

PROPOSITION 3.12. Let A be a simple algebra over a field k and let B =
Aly; ¢][z; B8] be an iterated skew polynomial ring, where

a:A— A, B : Aly; a] — Aly; o]

are automorphisms such that B(A) = A, B(y) = dy, d € k* and for each pair i,j of
nonnegative integers with i+j > 1, there is no 0 # a € A satisfying the two conditions

d'a(a) = a, d~'B(a) = a.
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Then the localisation C = A[yil,xil] at the multiplicative set generated by y and z
is simple.

PROOF: Note that all elements of C are uniquely expressed in a form f =
Y aijy'z? . Let us denote by length of f the number of nonzero a;; € A. For a nonzero
ideal I of C, choose 0 # f € I with the smallest length. Suppose that the length of f
is greater than 1. We may assume that f is of the form f = a +by'z’ + ( other terms)
for some nonzero a,b € A and some nonnegative integers 7,7 with ¢ + 7 > 1. Since
Ab(a’ﬂj(A)) = A, we may also assume that b = 1. By our hypothesis, we have that
d’a(a) # a or d7'B(a) # a, say d’a(a) # a. Then

fy—d’yf = (a— d’a(a))y + (other terms) # 0

and the length of fy — d’yf € I is less than that of f. This is a contradiction. Hence
the length of f is 1 and so f is invertible. I

CoROLLARY 3.13. Let A,B,C, and o, be as in 3.12 and let d € k* not be
a root of unity. If 8 = a” or a = 3" in A for some r 2 1 then C is simple.

ProoOF: For some pair ¢,; of nonnegative integers and i+ > 1, and some nonzero

a € A, suppose that
d’a(a) = a, d~*B(a) = a.

Suppose that 8 = a”. Then a = d™'f(a) = d~*a"(a) = d~*""a, which is absurd
because d is not a root of unity and —z —rj < 0. Hence C is simple by 3.12. For the
case a = 37, the proof is similar. a

(Proof for the simplicity of W in the proof of 3.11.) Under the same notations as
in the proof of 3.11, note that wq;_jwa; = g¥wa;we;—; for some k = £1 or +2 because
y; and z; with the same index j cannot be wz;—1 = 2z, w2; = y; by the construction of
Wr. Then, by induction on p, the simplicity of W follows immediately from 3.13. 0

3.14. Let T be an admissible set OF without removable indices. Call the rank of
P, in 3.11 the degree of T, and denote it by deg(T).

If T is arbitrary admissible set of O then there are m < n and an admissible
set T' of OF without removable indices by 3.7. Denote deg(T) = deg(T"). Call an
admissible set T connected if T satisfies the property: if z; € T,z; € T and 7 < j
then z; € T for all 1 < I < J (see [8, 1.6 (2)]). Clearly every admissible set T’
without removable indices is the disjoint union of connected admissible subsets without
removable indices. By 3.9, 3.10 and 3.11, it is easy to find deg(T) for any admissible
set T without removable indices.

THEOREM. Let T be an admissible set of OF and let Prim,, (0;‘) be the set of
all primitive ideals P of O such that PN pn, = T. Then there is a bijection between
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Prim (O}) and the set of all maximal ideals Max(k[tE!,... t%1]), where s = degT,
and Prim(O}) = | |Prim, (O}).
T

PROOF: If n =1 then (9; is the commutative polynomial ring with two variables,
hence the theorem follows from Hilbert’s Nullstelnsatz because every primitive ideal of
a commutative ring is maximal. Because of induction on n, and 3.7, we may assume
that T has no removable indices. The theorem then follows immediately from 1.5, 3.2,
3.6 and 3.11. O

4. POISSON STRCTURE OF THE QUANTUM EUCLIDEAN SPACE

4.1. In 3.6, if T = () then the subalgebra Ay of O} is generated by

S@ = {yl,...,vyn,zl,...,zn}

and thus the matrix Ap is

( 1 q q “ e q 1 1 1 “e 1
g ! 1 q q q_2 1 1 1
¢! ¢t 1 g ¢ ¢ 1 1
=Qi)=|e¢t ¢t ¢t - 1 g% g% ¢ o1
1 q2 q2 A q2 1 1 1 a1
1 1 R 1 1 1 ... 1

1 1 1 - 1 1 1 1 1)

and P(\g) can be presented by the twisted group algebra k?P by 1.6, where P has

rank 2n and an antisymmetric bimultiplicative map o is given by

1/2

o(eiei) = Af°

By 2.7, kP is a Poisson algebra with Poisson bracket induced by the antisymmetric
bilinear map u € Z2(P, k) defined by

(%) = 0%(eiy ;) = Nij.

4.2. Let A, be the commutative algebra A, = k[y1,...,Yn,Z1,...,2n] with 2n

variables and for each ¢ =1,...,n, set, as in 3.3,
zi =q7%(1-¢%) Z ¢ gzt
1<IKi
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Then we have that
-1 _ .
vizi=q¢(1-¢*) (si—q'2ic1), (20=0), 1<ign

Let C be the subalgebra of A, generated by yi,...,¥n,215...,2n and let D be the
localisation of C' with respect to the multiplicative set generated by y1,...,yn, z1,. .., 2n -
Then C C A, C D = kP since each y; is invertible in D and so z; € D for each i,
and D has a Poisson bracket endowed from the isomorphism from D onto kP defined
by

Yi > ey, zi— t

€n4i’

More precisely, D has the following Poisson bracket:

{vi, 45} = viy; (1<) {yi,2;} =0 (<)
{vi 2} = —2yiz; (1> ) {zi,2;} =0 (all 4,5).

Thus C becomes a sub-Poisson-algebra of D and z, is a Poisson central element of

D. Moreover, A, is also a sub-Poisson-algebra of D because we have the following
formulasin D: g=¢*(1 - ¢]2)_l

{zi 2} = {Gy* ( —q 'zi01), z,}
{‘Tth}_{ Zl 1 ]} (’L>])
{25} = {y, V; I(ZJ 'zjm) } “YiT; (t #3)
{y!az } = {ynqy. l(z' -q lzl 1)} = 2q qZ. 1 (all Z)
{zi,z;} = {6y,~‘ (zi = g7 2i-1), Qy; (25 — q'lz,-_l)} =—ziz; (i<j)
4.3. We define an admissible set of 4, as in 3.4. We shall say that a subset T of
Pn ={T1,-- 1 TnsY1y---+Yn,21,.--,2n} is admissible if T satisfies the conditions:
(i) yi€Torz; €T ifandonlyif 2, €T and z;y €T, 2< 1< n.

(1) yp€Torz; €T fandonlyif z; € T.

As in 3.7, if T is an admissible set of A, such that y; € T and z; € T for some
1 then the index i is said to be removable.

LEMMA 4.4.

(1) Every ideal generated by an admissible set of A, is prime Poisson.

(2) For each prime Poisson ideal P of An, PN, is an admissible set of A, .

(3) If T is an admissible set of A, with removable indices then there are
m < n and an admissible set T’ of A, such that A, [(T) =2 A, [(T') as
Poisson algebras and T' has no removable indices.
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PROOF: Note that each z; is an irreducible element of B. (1) and (2) follow
immediately from 4.2, and (3) follows from the modified proof of 3.8. 0

4.5. Let T be an admissible set of A,. Define St, as in the proof of 3.6, by
Ty={yjly; ¢ T,z; €T}
T, = {131' l Tj ¢ T3yj GT}
St={yj,z |z ¢ T}U{yj |z €T, y; ¢ T, 2; ¢ TYUT, U T,
and let Cr be the subalgebra of A, generated by Sr. Then Cr is embedded into

Arn/(T), the localisation Dt of Cr with respect to the multiplicative set generated by
ST is isomorphic to a group algebra kP’ and

Cr C An/(T) C Dy = kP

The commutative algebra Dy = kP’ has the Poisson bracket induced by an antisym-
metric bilinear map u defined by

qu(e.',ej) — 0'2(51',6]') = Aij,
where o%(e;,e;) = Ai; is the (i, j)-entry of the defining matrix A7 in the twisted group
algebra P(Ar) of 3.6.

LEMMA . The Poisson structures of A,,/(T) induced by that of A, and by that of
Dy = kP’ are equal and Cr is a sub-Poisson algebra.

PROOF: Straightfoward. 1]
THEOREM 4.6. For each admissible set T of the Poisson algebra A,, let
Symp,.(An) be the set of all symplectic ideals Q of B with QN p, = T. Then
there is a bijection between Symp,.(A,) and Max(k[tL!,...,t¥]), and Symp(A,) =
|ISymp,.(An), where s = deg(T) when T is considered as an admissible set of O} .
T
Moreover, there is a bijection between Prim Of and symp(A, ).

PROOF: If n =1 then A; has trivial Poisson structure and so there is nothing to
prove since symplectic ideals of Poisson algebra with trivial Poisson structure are only
maximal ideals. Assume n > 1. By induction on n, and 4.4 (3), we may assume that
T has no removable indices. By 4.5 and 2.7, the centre of the twisted group algebra
P(Ar) of 3.6 and the Poisson centre of Dr of 4.5 are equal, hence the conclusion
follows immediately from 2.6, 3.11 and 3.14. 1

THEOREM 4.7. All symplectic ideals of the Poisson algebra An41/1,
I=(y1 —q"*(1 + q)"'z1), correspond bijectively to Prim Og(ok?"+1),

PROOF: By 9, 5], the map f from O}*! into Og(ok?"*!) given by

1= @1+ 9) 20, T1 & 20, Yi > Vi1, Ti > Tica (5> 2)
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is an epimorphism with kernel (y; — ¢'/2(1+4q)™'2;), and the ideal I = (y; —
¢"/?(1 4+ q)"'2;) of Any; is a prime Poisson ideal and thus An4,/I is a Poisson alge-
bra. Moreover, in 4.6, all primitive ideals of O7*! containing (y; — (14 ¢) ')
correspond bijectively to all symplectic ideals of A,4; containing I. 0
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