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In this paper, we address two boundary cases of the classical Kazdan—Warner
problem. More precisely, we consider the problem of prescribing the Gaussian and
boundary geodesic curvature on a disk of R2, and the scalar and mean curvature on
a ball in higher dimensions, via a conformal change of the metric. We deal with the
case of negative interior curvature and positive boundary curvature. Using a
Ljapunov—Schmidt procedure, we obtain new existence results when the prescribed
functions are close to constants.
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1. Introduction

A classical problem arising in geometric analysis consists in prescribing certain

geometric quantities on Riemannian manifolds via a conformal change of metric. It

dates back to [9, 36], where the authors proposed the following problem: given a

smooth function K defined on compact surface (M?, g), can K be achieved as the

Gaussian curvature of M with respect to some conformal metric § = e%g?
Analytically, this reduces to solve the following equation in wu:

—Agu+ 2ky = 2Ke" in M,

where Ay is the Laplace-Beltrami operator and k, denotes the Gaussian curvature
of M relative to g. Over the last few decades, this equation has received significant
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attention and it is not possible to give here a comprehensive list of references; a
collection of results can be found in [4].

If M has a boundary, then boundary conditions are in order. Here we consider a
non-linear boundary condition corresponding to conformally prescribing the bound-
ary geodesic curvature H, for some given function H defined on M. In this case,
we are led to the boundary value problem:

{—Agu + 2k, = 2Ke" in M, a1

dyu+2h, =2He:  on OM,

where v is the exterior normal vector to M and hy its initial geodesic curvature.
Equation (1.1) has been considered in particular situations; the case of constant
K and H has been studied by Brendle in [10] by means of a parabolic flow. In
this situation, some classification results are available when M is an annulus or the
half-space, see [35, 39, 47]. The case of non-constant curvatures was first addressed
by Cherrier in [17], but his results are obstructed by the presence of Lagrange
multipliers. Recently, the general case with K < 0 in surfaces topologically different
from the disk has been studied in [41], and a blow-up analysis has been performed.

Generally speaking, the case of a disk is challenging due to the non-compact
nature of the conformal map group acting on it, similarly to the Nirenberg problem
on S?. The problem becomes

(1.2)

—Au =2Ke" in B2,
d,u+2=2He? onS!,

Integrating (1.2) and applying the Gauss—Bonnet theorem, we obtain

Ke* + He? = 2r,
IBQ Sl

from which we see that K or H needs to be somewhere positive. Some partial results
are available for the case in which one of the curvatures is zero, see [13, 14, 23, 31,
38, 40]. However, up to our knowledge, there are few results available for the case
of non-constant functions K and H. In [20], the problem is posed in a new varia-
tional setting and existence of solutions in the form of global minimizers is obtained
for non-negative and symmetric curvatures. Existence results for not necessarily
symmetric, non-negative curvatures are found in [45] via a Leray—Schauder degree
argument. In [6], the authors construct blowing-up solutions for (1.2) under certain
non-degeneracy assumptions on K and H using a Ljapunov—Schmidt reduction.

Concerning the blow-up behaviour of sequences of solutions, a rather exhaustive
study is given in [34] (see also [23, 31]). In particular, it is shown that if K < 0, then
problem (1.2) only admits blow-ups at boundary points where the scaling-invariant
function @, : S — R defined as

Dy = (1.3)

H
vV-K

is greater or equal than one (see [34, Theorem 1.1] and [41, Theorem 1.4]).
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The natural analogue of this question in higher dimensions is the prescription of
the scalar curvature of a manifold and the mean curvature of the boundary, and
has received more attention.

More precisely, if (M™, g) is a Riemannian manifold of dimension n > 3 with

boundary, and K : M — R, H : 9M — R are given smooth functions, it consists of
finding positive solution for the boundary problem

4 71 n—+42
_An—D 2)Agu+kzgu:[(u£ in M,

2”— (1.4)
——0yu+ hgu = Huw= on OM.
n—2

Here kg, and hg denote the scalar and boundary mean curvatures of M with respect
to g. If u > 0 solves (1.4), then the metric g = uﬁg satisfies k5 = K and hg = H.

In the literature, we can find many partial results for this equation. The case of
prescribing a scalar flat metric with constant boundary mean curvature is known
as the Escobar problem, in strong analogy with the Yamabe problem. Its study
was initiated by Escobar in [25, 26, 28], with later contributions in [2, 42-44].
Different settings with constant curvatures are considered in [11, 16, 27, 32, 33].
Some results are available for the case of non-constant functions when one of them
is equal to zero. Existence results for the scalar flat problem are given in [1, 12,
24, 46], while the works [7, 8, 37] concern the case with minimal boundaries.

On the other hand, the problem with non-constant functions K and H has
received comparatively little study. In this regard, we highlight [3], which contains
perturbative results about nearly constant positive curvature functions on the unit
ball of R"™.

The case of non-constant K > 0 and H of arbitrary sign was also considered
in [22] in the half sphere of R3, and a blow-up analysis was carried out. As for
negative K, in [15] the authors study equation (1.4) with K < 0 and H < 0 by
means of a geometric flow, in the spirit of [10], but solutions are obtained up to
Lagrange multipliers. Finally, in the recent work [19], the case with non-constant
functions K < 0 and H of arbitrary sign is treated on manifolds of non-positive
Yamabe invariant. Similarly to the two-dimensional case, it is shown that the nature
of the problem changes greatly depending on whether the function ©,, : OM — R
given by

D, =vnnh—-1)— 1.5
is less than one over the entire boundary or not. When ©,, < 1 the energy func-
tional becomes coercive and a global minimizer can be found. However, if ©, > 1
somewhere on dM, a min—max argument and a careful blow-up analysis are needed
to recover the existence of solutions, although only in dimension three.

In this paper, we will focus on the following perturbative version of (1.2) and
(1.4):

(P2)

€

—Au = —-2(1+cecK(x))e" in B2,
du+2=2905(1+cH(z))e: onS!,
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and if n >3
4 - 1 n
—(ni?)Au:—(l—l—EK)untg in B",
n—
2 ol . (F)
——Out+u=—=oo—(1+ecH)um2 onS" !
n—2 n(n—1)

where ©,, > 1 is defined in (1.3) and (1.5), K : B — R, H : S"~! — R are smooth
with bounded derivatives and the parameter € € R small.

Our main result for problem (P?) reads as follows:

THEOREM 1.1. Assume Dy # %, let 1 : S — R be defined by

09 =~ (22— /22 -1) K9 - 20,1100

and ®, : S' — R be defined by

B,(6) = (@2 VAT 1) O, K (€) — 205(~A)H(E)

and @, be defined as in definition 2.1. If one of the following holds true:

(1) For any global mazimum & of v there exists m = m(&) > 1 such that ®;(§) =
0> ®,,(&) for any j < m;

(2) For any global minimum & of ¢ there exists m = m(§) = 1 such that ®;(§) =
0<®,,(&) for any j < m;

(3) For any critical point & of ¢ there exists m = m(§) > 1 such that ®;(¢) =0 #
D, (&) for any j < m, ¢ is Morse and

(1T £ 1,
{&: VY (£)=0, @, (§)<0}

then, problem (P?) has a solution for || small enough.

Our main result for problem (P) reads as follows:

THEOREM 1.2. Let ¢ : S*!' — R be defined by
P(§) = a(Dn)K(§) = b(Dn) H (),
with a(D,,), b(Dn) as in (2.3), By : S"1 — R be defined by
®1(8) = 0K (§),

and ®,, : S"71 — R be defined as in definition 2.1. If one of the following holds
true:

(1) For any global mazimum & of v there exists m = m(§) > 1 such that ®;(§) =
0> ®,,(&) for any j < m;
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(2) For any global minimum & of ¢ there exists m =m(&§) > 1 such that ®;(§) =
0<®,,(&) for any j < m;

(3) For any critical point & of ¢ there exists m = m(§) > 1 such that ®;(§) =0 #
D,, (&) for any j < m, ¢ is Morse and

> T

{&:V(£)=0, @ (£)<0}
then, problem (P2) has a solution for || small enough.

Problems (P?) and (P") share many similarities, not only for their geometric

importance, but also from an analytic point of view.

In fact, they both have critical terms in the interior and in the bound-
ary non-linearities: exponential non-linearities in (P2) are critical in view of
the Moser—Trudinger inequalities, whereas in (P!") we have the critical Sobolev
exponent and the critical trace exponent
n+2 _or 1 n

=920 1. 1.6
n—2 ’ n—2 (1.6)

Moreover, since we are prescribing a negative curvature in the interior and a positive
curvature in the boundary, the two non-linear terms have different signs and are
therefore in competition.

Theorem 1.1 seems to be the first result of prescribing both nearly constant
curvatures on a disk. Similar results were recently obtained in [5] in the case of zero
curvature in the interior and in [30] for the sphere. Theorem 1.2 is the counterpart of
the result obtained in [3], where the authors perturb the positive constant curvature
on the unit ball of R™.

We also provide higher-order expansions of the reduced energy functional, which
permits to consider also some cases of degenerate critical points. This is the case
when the functionals ®,,(¢) play a role in theorems 1.1 and 1.2.

Such expansions require sharper estimates (see proposition 3.4 and appendix A)
and both derivatives of K, H and non-local terms appear. In particular, non-local
terms are present only if the order of the expansion is high enough, depending
on the dimension. At the first order, we only get the fractional Laplacian in the
two-dimensional case, which is why ®;(¢) is defined differently in theorems 1.1
and 1.2.

The definition of ®,,, for m > 2 is rather involved and it is therefore postponed
to definition 2.1.

Finally, we point out that, in theorem 1.1, ®; can be seen as the normal derivative
(up to a constant) of the functional ¢, which can be naturally extended from the
circle to the closed disk. More precisely, for £ € B2, we set

L 2r _ 2 _ g Al =0 inBQ'
U(E) = NGB (532 W) K(§) — 20,H(E)  where {HH in St

therefore, in view of the Dirichlet-to-Neumann characterization of the fractional
Laplacian, we have ®(£) = 9,¥(¢) for any ¢ € S*.
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Quite interestingly, this fact has no higher-dimensional counterpart in
theorem 1.2.

The assumption ®q # % (i.e. ap # 0 in proposition 4.3) allows to apply the
degree argument to the function which also depend on the extra parameter that
only appears in the 2D case (see (2) of proposition 4.3). It would be interesting to
understand whether this is a mere technical assumption or not and also whether it
has some geometrical meaning.

The plan of the paper is as follows.

In § 2, we introduce some notation and preliminaries which we will use in
the following; in § 3, we study the energy functional associated to the system
and show some of its crucial properties; in § 4, we apply the Ljapunov-Schmidt
finite dimensional reduction; in § 5, we study the existence of critical points to
the reduced energy functional; finally, in the appendix, we prove some crucial
asymptotic estimates.

2. Notation and preliminaries

We remind that B™ will denote the unit ball of R™, for n > 2. We consider the
well-known inversion map . : Rt — B" defined by

2 1—|z)* — a2

2% + (2 + 1)2 |2]° + (20 + 1)2

I (T, 0) = ( ) , (Ta) €RI xRy (2.1)

Straightforward computations show that .# o .# = Id, therefore .# ~! has the same
expression. For more details about this map, see for instance [28], Section 2.

We point out that, up to the sign of the last coordinate, .# extends the stere-
ographic projection from OR’} to S"~! and, in dimension 2, it coincides with the
Riemann map from the half-plane to the disk. In particular, .# is a conformal map
and satisfies

2 _
j*g]B’” = Q|d:17| ) Q(xaxn) - 2"

For convenience, we define p : R — R, by

QTL772 if n > 3,
logo ifn=2.

We point out that p satisfies (1.1) or (1.4) for some particular choices of the
curvatures. More precisely, in dimension n = 2

—Ap=0 inR?
{ P i (2.2)

dyp=2¢% on IRZ,
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while in dimensions n > 3

4(n—1) .
—ﬁAp:O lnR_i'_,

Oyp = pﬁ on IR’ .

n—2

For the reader’s convenience, we collect here all the constants that appear in our
computations. In the following, we agree that ® = 9,,.

DEFINITION 2.1. Let n > 2 and ® > 1. We define

A — 4 if n=2
" ldnn—=1) if n=3 "’

2 if n=2
Qp = (TL—2)2 .
>3’
8n(n —1) i
2 if n=2
Po=Ao /" i nss o
n—1
Upij = A 7 dydyn,

2 / |91y,
w2 (15 + (g +2)2 1)

n—1 T 2]
bn.,j =N Bn 0 n—2,—1 / 2|y| po— dy,
(D2-1) 7 Jomry (|g| + 1)

1 N R )
X oW =t — —1)7= J ' %,
/59R1| "\ g( EECERNRE
dnj=Aiwn_s / sin tdt
0
n—1
en =MAn? 5,Dwn_2
W 1 (n—3)!
T (= 20)1(24)! (20) ) (n 4+ 20 — )1
B _ (n—3)!
™ )2 + 25 — 3)I
(m—i—1)! 2 i —n—2i
C’ - : : :D -1 zgm n—21
n,m,i (n — 1)!2!(m—n—2l)!( )
ntm+l _ 9| m=n+41
Dnﬁm _ ( 2 ) (@2 o 1) 2+

(B=2)i(n — 2)!
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i (K) = A2

)m—n—2i

|2+ €% (1|2

1
K = S =8 K(€)(z—€)° d
<[ e ¥ ppeKEE=0 e :
Jn,m,(H) == A?ﬁng
1 N |Z+€|mfn+1
la]<m—1
In particular, set
n 1
a<®n) = 0p,0,0 = An / 5 7 dydyy,
= (15 + (g +D0)? - 1)
n—1 ©n 1 B (23)
b(gn) = bn,O = An? ﬁn n_1 / nfldy'
@3- Jowz (g 1)

We define the functionals ®;(§) as follows.
For j < n —2 we set:
®;(&)
()7 (= g g An i HALK(E) + b Bu g AK()) if j even

J

(L4+€) 32520 anijAn,i j0i 2 ALK(E) if j odd
For j=n—1, n we set:

. 0 if n even
@n—l(f) = (1 + gn)nfleanﬁlelAnTilH(g) ZfTL Odd

B (6) = (14 6,)""

L5+
X (_1)n Z an,i,n—lAn,i,n—l63_1_21.A:-—K(€) + Jn,n—l(H)
i=0
For m > n we set:
Pom—n+1(§)
(=] 1% _ o
= (1 =+ fn)m (_1)m7n7171An,j,mcn,m,id2m—n—2i—2ja£n72jAg—K(f)
i=0 ;=0
0 if n even or m odd
+ (71)m7271+16nB m DA H(E) if n odd and m even
"o
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(I)2m—n+2(§)
L5+ _
= (1 + gn)m (_1)m_n_l_1Cn,7n,i|n,m,i(K)
=0
CamB mAZH(E) if n and m even
+ "2 ‘
0 if n and m odd

(—1) R Dy, dn,m(H) otherwise

The symbol a <b will be used to mean a < ¢b with ¢ independent on the
quantities.

We denote as 9, the (outer) normal derivative of a function at a point on S"~!
and as A, the tangential Laplacian.

For a multi-index o = (v, ..., o) € N™ we denote:

la] := a1 + - + ap; =t el Op, =0y} ...0m.

n Tn

2.1. Conformal metrics

Throughout this article, we will use the existing conforming equivalence between
R% and B"™ via the inversion map (2.1), often without explicitly specifying it.
Therefore, it is important to remember the conformal properties of the conformal
Laplacian and conformal boundary operator.

Ifn>3and g= pﬁg is a conformal metric, then the conformal Laplacian and
conformal boundary operators, defined by

An —1 2
L=-2 DN L B =—2 0, +h,,

n—2 9 p—27"

are conformally invariant in the following sense:

n42 (2] —n_ @
toe =05 (3). oo =28 (7). .

If n = 2, then the Laplace—Beltrami operator and the normal derivative satisfy the
following conformal property: if g = e”g is a conformal metric, then

ANerg=e PNy, Verg Nerg=e 2V 1.

The following result establishes the conformal invariance of a certain geometric
quantity that will be very much related to our energy functionals.

LEMMA 2.2. Let (M™, g) be a compact Riemannian manifold of dimension n > 3
and g = goﬁg a conformal metric with  smooth and positive. If we set f = fo 1,
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then

4(n—1)

/ (V- V50)dV; + / it AV + 2(n — 1) / hyid dog
n—2 Ju M a

M
4(n—1)

= — / (Vgu-Vyv)dVy, +/ kguv dVy +2(n — 1)/ hguv dog.
n—=2 Ju M oM
(2.5)
Proof. We will use the following basic identities:

AV = ¥ dV,,doy = gpzudag, Vi = @_ﬁvg,

where 2%, 2f are as in (1.6) and the relation between kg, kg, hg and hy given by
(1.4). The first term in the left-hand side of (2.5) can be decomposed using the
previous identities:

/ (Vgﬁ ’ Vﬁﬁ) dV = / %02 (Vgﬂ ’ Vg@) dv,
M M

:/ (vgu-vgv)dvg—/ (0945 Vyu + @V, Vv — 0 [Vypl? ) V.

On the other hand, integrating by parts on M and using (1.4):

4n—1
/ kgt dVy = / b <kg¢2 - M(Ags@%p) dvy
M M n—2

_ / kguv dV, — 2(n — 1)/ hyive? doy +2(n — 1) / hguv do
M oM

oM
4(n—1 R N .
% /M (vvgap “Vou+uVgp - Vyv — b |Vgg0\2> dVy. (2.7)
Finally, (2.5) can be obtained combining (2.6) and (2.7). O

2.2. Solutions of the unperturbed problems

By means of the inversion map and the classification results available for R’} , we
can give an n-dimensional family of solutions for the problems (P?) and (P) with
e=0.

First, we consider the problem in B?:

—Au = —2¢" in B2 9
{ayu+2:2©e5 on SI. (Fo)

By [47], a family of solutions of the problem in the half space

—Au = —-2e* in Ri
O,u =20e?  on ORZ.
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is given by

2A
T — {E())Q + (y + @)\)2 — )27

U.’L'(),)\(x7 y) = 210g (

for A > 0 and ¢ € R. Other classification results for solutions to (2.8) are given in
29, 39].

Let us call Uy, » = (Ugyx — p) 0 1. Taking into account equation (2.2) and
the conformal properties of the Laplacian and normal derivative in R2, it is clear
that

“AU = —2¢U ) in B2
o,U +2= 2De5  on S

Therefore, a family of solutions for (Pg) is given by

. A(2? + (y+1)?)

Uzoa(s,t) = 21 , 2.9
oA (5:7) ©8 (r—20)% + (y + D)2 — N2 (2.9)
with
2s 1—s?—¢?
A >0 and xg € R.
Now, we address the unperturbed problem in B™ for n > 3:
4(n—1 n
—LQ)Au = —ynes in B,
n - n/
2 o o N (PO )
mayu +u = \/T_UU"_Q on S .
Consider R’} with its usual metric, and the problem
LQ)AU — itz in R,
”; (2.10)
__ = — D s n
n_28xnu mu Z  on JRY.

The results in [18] imply that all solutions of (2.10) have the form

2 n—2

(4n(n — 1)) T X2

Ur ,)\(jyxn) - p—
’ (12 — wol* + (zn + AD)? = N2)*T

for any zg € OR’} and X > 0.
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Then, by (2.4), we can write (2.10) as:

wez —d(n — 1 .
it %A (“) - in R7,

n 2 U U 9 n
n—2 ol—)+1|- = n—2 OR"™.
p ( 5 ( ) ( )) n 1)u on

If we call &4 = (3) o .# 71 it is clear that

P
=) ni= o in B”,
n—2
2 P D B —1

o0+ 1= 42 on S,

n—2 v/n(n—1)

which is exactly (P''). Hence, a family of solutions of (PJ*") is given by

n—2

2 9 ==
. e - )
Oy (%, ) = A"F (n(n — 1)) 27+ (e + 1) . (211)
|Z — 20|” + (20 + AD)2 — A2
with
2 1—|z)* — 22
z=2(Z,1,) = 2—33, 2n = 2n(Z, Tp) = #
|Z|” + (xn +1)2 |Z|” + (xn +1)2
In view of formulae (2.9) and (2.11) we set:
) 2
A2 (|2\ n (zn+1)2)
on,A(fazn) = 5 PR
(|2 — wol? + (20 + AD)2 — >\2)
with Z, z, as before, zg € R"!, A > 0, and define
n—2
P, * if n>3
Vo o= Prox 23, 2.12
0 {1ogpmo,A if n=2. (212)

3. Properties of the energy functionals

We define the functionals J? : H! (B") — R by

1 , .
Jf(u):i/mz |Vu\2+2/81u+2/]32(1+5K)e“—433 Sl(1+aH)ef7

1 2 1 2 (TL — 2)2 / 2*
) — & 2 T2 [ (1 4eK 1
T2 () 2 /n Vul”+ 2 /Snfl v 8n(n —1) Bn( ek ful (3:1)
(’I”L — 2)2 2!1 .
D (I4+eH)ul”, if n>3. (3.2)

4 n(n—1)3  Jsn—
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Observe that we can write
J () = Jg (u) + eany™ (u),
with

Ke' — (3,9 | He* ifn=2

OER . v .
Klul> - ﬂnQ/ Hlu)* ifn>3
Bn Sn—l

with a,,, 3, as in definition 2.1.
Let Vy, x be given by (2.12). We set

n n—1
D@0 N) = 7" (Vo) = | KPua® =6,9 [ HP, 2T
B» §n—

The first term of the energy is constant along our family of solutions:
PROPOSITION 3.1. There exist constants E,, o, independent on X\ and xq, such that
Iy (Voo r) =Eno, Vn>=2.

Proof. Let us study the cases n = 2 and n > 3 separately.
When n = 2, integrating by parts and using (P3) and (2.2), we can see that:

1 1 P
5 [ I9VeorP 2 [ Vi =5 [ 19 W= 9 42 [ W it
B2 st Ri R

1 1 2
= **/ AUy A(Uggx — p) + 5 / O Usg A (Ugox — p) + 2/(Ufco,/\ - p)eg
R2 2 Jr R

2
2
1 1 o
= 5/ VU | + 5/ AUgyrp — 5/ auUwo,Ap+2/(Uxo,)\ —p)et
R%r ]R?F R R

1 1
— 5/ VU4 |* — 5/ IVp|?.
]R:"F R2

+

2/ e‘/mo,)\ 74@/ eVZS’A :2/ 6Uo,1 74@/€U%’1_
B2 st R2 R

+

Now,

Finally,

1
BWan) =3 [ (1900

2
R

Uop,1
7 \Vp|2) +2/ elou 74’5)/6 el (3.3)
R2 R

As for the case n > 3, from lemma 2.2 it follows

1 1 1 1
5/ [VVien* + 5/ Vg = 5/ VU |* = 5/ |VUo,1
B gn—1 R R?

n
+

2
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Moreover, by a direct change of variables, we obtain

* # * #
[ Ve =2 [ Ve = [ i -po [ o
n Sn—l Ri 8]Ri
Therefore,
1 * #
J(?(V:co,)\) = 5/ |VU0,1|2 —+ o, (/ U0712 - 671@/ U0712 > . (34)
R" R} OR™

O

By a change of variables and using the relations in § 2, we can move to R’} and
write our function I' in a more suitable way.

PROPOSITION 3.2. [t holds
A2 K(F,2,)\"dZdz,,
F(an )‘) = / 5 ( ) n
w2 (|2 = 2ol + (20 + XD)? = A2)
n—1 -~

An? BDH(Z)A"tdz
- . 9 n—1

OR? (|gz — o> + X2(@2 — 1))

- / AELK(/\g‘FiEOv)\yn)
w2 (lg* + (o + D)2 - 1)

n dydyn

B / An® BDH(N o) 53)
o (jgf* +22-1)
where K =Ko ., H=Ho .7.
We are interested in the behaviour of I' at infinity and when A — 0.
PROPOSITION 3.3. lim ;42— (0, A) = 9((0, —1))

Proof. First, notice that

i I (AT + o, A\xy)
A|zo|— 400
B lim 2(AT + x9) 1—|AZ + z0|? — ()2
Mlzol—+00 \ [AZ 4+ mo|> + (Azp 4+ 1)27 |AZ + 20|” + (At + 1)2

~ [(0,=1)  locally uniformly on (2, z,) # (0,0),
| F(0,0) if (F,20) = (0,0).
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With that in mind, we fix € > 0 small enough and write

%,—..
4 (g +D) 1)

_/ BuDH N +70.0)
|7

_ 2 n—1
= (g +22 - 1)

AZ K(AG + %0, \yn
+/ (A7 + xo y)ndgdyn
wi<e (15 + (g +D)2 — 1)

-/ An® B DA +20,0) )
e (g7 +22-1)"

Then, taking limits when \ 4 |xo| — 400,

AZdy

T'(z0,\) :K(O,—l)/ djdyn
e (I + (g +2)2 = 1)
A? B.Ddj

— H(0,-1) /|y|<€ (w‘g L2 1)n

+ K (I (20,0))0 (") — H(I (20,0))0 (")

+0 (6"71)

The claim follows from taking limits when € — 0. O

The following result describes the behaviour of I around A = 0. Its proof will be
postponed to appendix A.

PROPOSITION 3.4. Define ¢ : S"1 — R by (€) := a(D,)K(£) — b(D,)H(E), and
let us write £ = 7 (xo) € S*~L. The following expansions hold, for any m € N, when
A1

Ifn=2,

DoY) = 6(©) — (201 + 07 (2 - VBT 1) 0,K () - 20(-0) H(E))

+ 0105 TBa(€) + NP0A(E) 4 A" 05 5 Barun1 (€ N0 ))

x (L4 0(1));

https://doi.org/10.1017/prm.2023.111 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.111

16 L. Battaglia, S. Cruz-Bldzquez and A. Pistoia
Ifn > 3,

[(xg, \) = 1(£) — (an70,1(1 + EDN K (E) 4+ N2 Do () + -+ + N"720,,_5(8)

1
+ A" log chn_l(g) + A1, (). ..

1

A"
+ og 3

oo i1(6) 4 A" B2 ns2(6) ) (1+ o(1).
Here a(®,,), b(D,,), an0,1, ®;(&) are given in definition 2.1.

4. The linear theory

In this section, we develop the technicalities of the Ljapunov—Schmidt finite dimen-
sional reduction. Most of the results hereby presented are well-known in the
literature of this argument, therefore details of the proofs will be skipped.

4.1. The 2-dimensional case

Tt is known (see [34]) that the solutions of the linear problem

UCEO

A1) — Ve3> =0 onS!

{—A¢ +2eY=0rp =0 in B?

are a linear combination of

Zya(2) 1= 020Usyx  and 22 5(2) := O\Uqgy,x  and

€T €T

given K > 0, set

RN

Cy = {(t,xo,)\) ER X (0,00) x R*™ : = < |t| + A< K, |zo] < m}. (4.1)

Arguing as in theorem 3.3 of [6] we can prove that

PROPOSITION 4.1. Fiz p > 1 and k > 0. For any (xg, \) € Cx (see (4.1)) and § €
L? (B?) and g € LP (S') such that

/ f+/ g= / TZ‘;(],)\ +/ gzsio,/\ = 07 1= 1a2a
B2 St B2 St

there exists a unique ¢ € H* (IB%Q) such that
Uzg,A
—2/ Vrorg+D [ e 2 ¢
B2 st

. Urp, .
:72/ eUzovA¢z;0,A+©/ eETGZl =0, i=1,2 (4.2)
B2 St
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which solves the problem

Uzg,A

0,0 —De 2 ¢p=g onS!

{—Ad) +2eYz0rp =§  in B2

Furthermore
6 < (Il o2y + llgll o)) -
4.1.1. Rewriting the problem We look for a solution of (P2) in the form
u=Ugpr+7+¢, withA>0, zp e R and 7=t/ teR

where ¢ satisfies the orthogonality condition (4.2). We shall rewrite problem (P2)
as a system

—Ap+2eVs 07t = Epy 4+ Nin(9) o+ 3 ciZ;m)\ in B?

i=1,2

Uzg 2 ' . 4.3

Oy —De 2" ¢ =Epat+ Ma(d) +co+ O ¢z,  onS! (4.3)
i=1,2

where ¢;’s are real numbers.
The error that we are paying by using this approximating solution equals to

Ein = —eF (Ugor +7) and  &pg :=€G (Uggx + 7)
and the non-linear part is
Nin(#) = = [F (Usor + 7+ ¢) = F (Ugor + 7) = F (Uy,2) @]
— [(F (Ugor + 1) = F (Uzy,2)) 9]
—eK [F(Ugor + 7+ ¢) = F (Ugor +7)];
N0a(@) = =[G (Uggr + T+ &) — G (Usgn) — G (Uzy,2) 9]
—[(G" (Usgr +7) = G (Uag ) ¢
—eH [G (Usgn +¢) = G (Uzy\)])- (4.4)
Here we set
F(u) :=2¢e* and G(u) =2De?.
We have the following result

PROPOSITION 4.2. Fiz k> 0. There exists €, > 0 such that or any (xg, ) € Cx
(see (4.1)) there exists a unique ¢ = ¢(e, g, A) € H' (B?) and ¢; € R which solve
(4.8). Moreover, (xqg, \) — ¢(g, zo, A) is a C*—function and ||¢| < e.

Proof. The proof is standard and relies on a contraction mapping argument com-
bined with the linear theory developed in proposition 4.1 and the estimates for
p>1

€inllLr@ey) Se and  [|ballrs) Se
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4.1.2. The reduced energy Let us consider the energy functional J2 defined in (3.1),
whose critical points produce solutions of (P2). We define the reduced energy

T2 (8,20, 0) = T2 (Usgr + 1+ ),
where ¢ is given in proposition 4.2.
PRrROPOSITION 4.3. The following are true:
(1) If (zo, \) is a critical point of J., then Uy, » + ¢ is a solution to (P2).
(2) The following expansion holds
J-(t,20,\) = Eap — € (apt?® + T(z0, \)) + o(e)
C*-uniformly in compact sets of R x (0, +00) x R.

Here Ex o s a constant independent on g, t and A whose expression is given
by (3.3), T is defined in (3.5) and

ap = (53 - 2)
® V-1 )
Proof. We use the choice 7 = ¢1/¢ and the fact that

Usg .2 U Uzg,A
) e 2 do— e o dr =27 and e 2 do=2r.
st B2 st

4.2. The n-dimensional case

Recently, in [21], it has been proved that all the solutions to the linearized

problem
4(n—1) n+ 2 _a_
e Uy /S L Nt § N = 5 A in B,
n—2 n—2 oA o
2
= 0,2+ 7= " DU,y n727Z on S™!
n—2 (n—2)y/n(n—1)

are a linear combination of the n functions

i _ 6&)1

0, zo,),izl,...,nfl and Z§07A:3,\UT07,\.

i

Given k > 0 set

Cp = {(mo,)\) € (0,00) x R*™™ © = <A<k, |zo| < /i}. (4.5)

1
K

Arguing as in [21] we can prove that
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PROPOSITION 4 4. Fiz k > 0. For any (zo, A\) € C,; (see (4.5)) and | € Ltz (B™)

and g € L (S” 1) such that

/ fZ;O)\-i-/ 9Zi,2=0, i=1,...,n,
Bn ’ Sn—

there exists a unique ¢ € H' (B™) such that

n—+2
- / UZO;)\ _2¢ 0,

n—2

n

2 .
+ @/ U™ 20ZL =0, i=1,....n,
(TL—Q) n(n—l) Sn—1 0, ¢ 05

which solves the problem

n+2

mn B

on S*1

A4 T2 T g —

¢+ ( _1) 3:0,)\ (ZS f

n—2 n 2

ay + _ QUZ n—2 =

¢ 2 ¢ 2y/n(n—1) 0ATTO=0

Furthermore
<
ol < (nﬂW(B” + ol 2o (M) |

4.2.1. Rewriting the problem We look for a positive solution of (P

U=Ugyx+¢with A >0, g € R

where ¢ satisfies (4.6). We rewrite problem (P!') as a system

2 4
—A¢+ %Uzo,xmqs:é%w%n( )+ ZCZ FoA
n—2 n 2 - i
Oy + b — DUz A" 2 ¢ = Epa + Moa(9) + D 2y 5
2 2y/n(n —1) =1 ,

where the ¢; are real numbers. Moreover, the error is given by

Ein = —F (Ugo,n) and  &pg := G (Uygy,n)

and the non-linear part is

Nin(9) = = [F (Uzgr + @) = F Uy r) = F Uy n) ¢]
— K [F (Uggr + &) = F (Uzy 2)]

Nod(9) == =[G (Uzor + &) — G (Uzyx) = G (Uzy,x) @]
—eH [G (Uzgx + @) — G (Usy2)])
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Here we set

2 )3 and Gu) = — 2 _p(ut).

Flu)=—1m=y NS

We have the following result:

PROPOSITION 4.5. Fix k> 0. There exists €, > 0 such that or any (xg, A) € Cx
(see (4.5)) there exists a unique ¢ = ¢(, mo, A) € H' (B?) and ¢; € R which solve
(4.7). Moreover, (xqg, A) — ¢(e, zo, A) is a Ct—function and ||¢| < e.

Proof. The proof is standard and relies on a contraction mapping argument
combined with the linear theory developed in proposition 4.4 and the estimates

[ €inll, 2n, @ ~ ¢ and ||5bd||Lw(§1 Se

O

4.2.2. The reduced energy We consider the functional J defined on (3.2). It is
easy to see that its critical points are positive solutions to equation (P!*). Now, we
introduce the reduced energy

T80, A) = T2 (Usyn +0)
where ¢ is given in proposition 4.5. It is quite standard to prove the following result
PROPOSITION 4.6. The following assertions hold true
(1) If (zo, A) is a critical point of J-, then Usox + ¢ is a solution to (P).
(2) Moreover, we have the following expansion
T (20, \) = Epo — el (20, A) + 0(¢)

Cl-uniformly with respect to (zo, \) in compact sets of (0, +00) x R*~1.
Here E,, » is a constant independent on xo and A, given by (5.4), and T is the
function defined on (3.5)

5. Existence of critical points of T

In this section, we are finally able to get critical points of the map (xg, \) —
I'(z0, ), hence solutions to problems (P2), (P™).
We start with the following abstract result about critical points of maps defined

on balls in dependence of the boundary behaviour.

PROPOSITION 5.1. Let f : B" — R be a C' map satisfying, as & goes to S*~1,

10=h () +raga-100n () +ologa-16D).

T€T
for some f;:S"" 1 — R with fo of class C' and some increasing g ¢ : (0, 1) —

Te]
(0, +00) such that 9.& (t) o 0.
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If one of the following holds true:
(1) f1(&) > 0 at any global mazimum & of fo;
(2) f1(€) <0 at any global minimum & of fo;
(3) f1(€) # 0 at any critical point & of fo, fo is Morse and

Z (_l)ind5 V fo ;é 1;

{&:V f0(£)=0, f1(£)>0}

then, f has at least a stable critical point.

Theorems 1.1 and 1.2 will follow without much difficulty from this proposition
and proposition 3.4.

Proof of theorems 1.1 and 1.2. We only consider the case of theorem 1.1, since the
same arguments also work for theorem 1.2.

Thanks to proposition 4.3, we get a solutions to the problem (P2) when-
ever \/% —2#0, that is © # %, and (zo, A) is a stable critical point of I'.
After composing with ., this is equivalent to getting a critical point of the map
f(&) =T (#71(¢)), which is well-defined and smooth in the whole B thanks to
proposition 3.3.

In view of proposition 3.4, f satisfies the assumptions of proposition 5.1 with

t if Vy(§) # 0
fo=v, get) = e o= L v =0

C(—2ndy i Vp(€) £ 0
h=18, itVeE) =0 "

with m = m(&) as in theorem 1.1 (if m(¢) is not well-defined, as for minima of ¥

in case (1) or maxima of ¢ in case (2), one can just set g¢(t) = ¢, f1 = —27Dq).

Here, we used that A\ = ;‘5' + o(1 — [¢€]) and that

1 27
a2,0,0 = 4/ dydys = ——— (’D —V®D2 - 1)
B2 (72 + (y2 +D)2 — 1) 921
D 1 470
bag =4 dg =
TR e P 1T VB

hence the two definitions of ¢ given in theorem 1.1 and proposition 3.4 actually
coincide.

Since —27 < 0, then the assumptions on K, H in theorem 4.3 are equivalent to
the ones in proposition 5.1, hence they ensure existence of solutions. O

To prove proposition 5.1, we will compute the Leray—Schauder degree of the
map f.
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Proof of proposition 5.1. First of all, f can be extended up to S*~! as fy. Since g
vanishes at 0, this extension is continuous.

Assume (1) holds and take an absolute maximum point &, for f on B". To get a
critical point for f on B™ we suffice to show that & ¢ S™~ .

If & € S"1, we would have f;(&) > 0, therefore, for 0 < t << 1 we would have

J((1=1)&) = fo(&o) + g¢0 () f1(€0) + 0(9¢, (£)) > fo(&o),

contradicting the fact that & is a maximum point.

If (2) holds, then the same argument shows that the minimum of f on B” lies in
the interior of B™, therefore it is a critical point of f.

Assume now that (3) holds. We consider the double of B", namely the manifold
obtained by gluing two copies of B" along the boundary: w, where (£, 0) ~
(€, 1) for € € S*~1. This manifold is clearly diffeomorphic to S™, hence we will
identify it as S™.

f can be naturally extended to f:S" — R as f(g, 1) = f(&) for i =0, 1. The
extension is continuous and, after a suitable rescalement of g close to 0, of class
C! (with vanishing normal derivative on the equator). Such a rescalement does not
affect the presence of critical points to f , [ and flsn—1 = fo, which we will now
investigate.

We use the Euler—Poincaré formula to compute the Leray—Schauder degree of f ,
which is a Morse function by assumption:

1+ (-1)" =X (Sn) = Z (_1)ind€ vf + Z (_1)111(15 vf

{eesn—1.V f(€)=0} {egsn—1:V f(§)=0}
_ Z (_1)ind§ vf_|_2 Z (_1)indg A
{gesm—1:V f(§)=0} {eeBm:V£(£)=0}

To deal with the critical points on S*~!, we notice that they are exactly the same
critical points of fj, but their index may change, since each can be either a minimum
or a maximum in the orthogonal direction; precisely:

f1(€) > 0= inde Vf = ind¢ V fo;

fi(6) <0=1ind Vf =inde Vfy + 1

and so

Z (71)ind5 \Ji

{gesn—1:V f(£)=0}

_ Z (_1)ind5 Vo _ Z (_1)ind§ Vo

{&:V£0(£)=0, f1(£)>0} {&:V £o(£)=0, f1(£)<0}
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Therefore, applying again the Euler—Poincaré formula, this time to fy on S*~!, we
get:

L (1) =y (87

_ Z (71)ind5 vV fo

{€esn=1:V fo (£)=0}

_ Z (_1)ind§ V fo + Z (_1)ind5 Vo

{&:V fo(£)=0, f1(£)>0} {&:V fo(£)=0, f1(£)<0}

By summing the previous equalities we get:

Z (71)ind5 Vi _ 1— Z (71)ind5 Vf()'

{£eBm:V f(£)=0} {£€8m~1:V fo (§)=0, f1(£)>0}
The latter quantity is non-zero by assumptions, therefore the set of critical points
of f on B™, on which we are taking the first sum, cannot be empty. O
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Appendix A. Proof of proposition 3.4

By introducing a rotation in B" and moving to R”} via .# we can give an expression
for I which is more convenient for our computation.

LEMMA A.1. Let A:B"™ — B™ be the rotation corresponding, via the %, to the
translation of T : x — x 4+ xo on the half-place, namely A= % oT o F~ . There
holds:

RA()‘Z/)
w2 (19 + (o + )2~ 1)

7Aanlﬂ @/ H4(\y) dy
n n n—1 b
= (gl + 22 -1)

(o, \) = Aj

7 dydys,

whereKA:KOAOJ, Hyi=HoAo 7.
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Proof. By doing a change of variables, we observe that

Ka(2)Ppy A (A2)% — 3,D Ha(2)Ppy A (Az) 2

F(.ﬁo, )\) =
B §n—1

= [ Ka(z)Por(2)? — 3,9 Ha(2)Por(2)"7 .
BTL S’n.fl
Here we are using that A is a rotation and its very definition, and we set K4 =K o A,
Ha = H o A. Finally, changing variables twice and using the definitions in § 2:

Koo N) = AF | Ka@) - dzda,
t (12 + (@ + AD)2 - 22)
n—1 7 7) )\n—1
+An7 3D Ha(@)A —dz
o (jaf + 22 (D2 - 1))
a K
-k L1 N
(19 + (g + D)2 - 1)
Ha(Ay) da O

et /GRIL (\gﬂz D2 1)71_1 ’

Proof of proposition 3.4. We start by estimating the boundary term, where some
cancellations occur due to symmetry. We expand H 4 (\y) in A up to order n — 2:

/ Ha(Mg) a5
n—1
o (Jgf* + 02 1)
~ dg
= HA(O)/ 5 n—1
o (g + 22 1)

y1e%

Aled - _
+ Z W(%QHA(O)/ Y n—ldy
1<lal<n—2 " ORY (\y| +92 — )
~ _ ler]
/ Ha(Ay) — Z\oqgn 2 )‘\al'awaHA( e
+ n—1 dy
o (1o +22 ~1)

=1
di
= H(¢) /3R1 (|17\2 n @j_ 1)n—1

1 -~ g)? -~
+)\2mAHA(O)/ 5 ‘ | nfldy—"_
= (lg* + 22 - 1)
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| (n — 3)”
@l @) (n =3+ 2252 )N

n—2

_A'_)\Q\_HT?? AlL™z

YHA(0)

n—2
2

X/ gt
n 2 n—1
7% (g + D2 - 1)

Ay + I

_HE dg
(@2 _ 1)”771 /aR«"F (|§|2 + 1)n—l

o 1 1 ; 91 i
(D2 — 1) OR™ (l?ﬂ + 1)
n )\2\-71;2 1 _ — ni(Qn - 3)” —
e _ _ 2[77,—2
% ALTQJHA(O>/ Ldg

" 9 n—1
o (19" + 1)
+1,

where we used the formula

. (2)!"(n — 3 4 25)!!

(n—3) (A-1)

and the vanishing, due to symmetry, of integrals of homogeneous polynomials of
odd degree or of degree 25 which are j-harmonic.
Moreover, in view of the conformal properties of the Laplacian, one has

AT HA0) = (1+ &) P ATH(E), (A.2)
hence the j* term in the expansion equals

1 (n =3

A (D2 — 1)% 2HN(2 )M (n+25 —3)!!

R
o (1ol +1)

In the 5™ order expansion, the remainder is actually o (A7) because we get

> _ le]
/ HA()\y) - Z‘(x|<] )‘\a“ araHA( )
n—1
i<t (|g|2 L D2 1)

7 _ lec]
+/ Ha(Ay) — Z|a\<j )\\041 axaHA( )y” dg
n—1
71> (19 +22-1)"
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B / OMP™) 4 +/ OWRt) g
- n—1 n—1
<3 (lgl* +22-1) 5>% (jgl* +22 - 1)

=0 <)\j+1 log i\) +0 (A" ).

In order to deal with higher order terms, we need another argument, since this
would get non-converging integrals.

We split the cases n even and n odd.

If n is even, the main order term in the denominator of I is of odd order, hence
its integral vanishes. Therefore,

cn a0 H ~
I:)\n—1/ Ha(®) = Yjajcn-2 T ! ?( )z
oR™ ( 2 12 @2_1))
H (z) - E|a\<n 2 \a|uawaHA( )z

— Oz Ha(0)Z%x
n— (n—l)! Z|a\7n71 T A |z|<1 _
=A 1/ n 2 n-l dz
oR (12> + 22 (22 - 1))

_— .HA(@) — Z\odgn—l ‘;|!8EQ-HA(O)EQX|$|<1 _
- dz
o 2(n—1)

||

+/0R1 Hala) = 3 e a0

lal<n—1

)\nfl )\nfl
X — dz

n—1 =12(n—1
(12 + 22 (@2 1)) Y

n—2
2

+O | > ATH40)A!

Jj=0

ot [ HA®) ~ Biaienor ppe HaO) a1
- oo 2D ’

A . .
+ nl Z aiaHA(O)/ Yy n—1 |g‘2(n71)

w |a|=n ORY (|y|2 + D2 — 1)
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- Alal -
/ Ha09) = Y 20n Ha(0)5"
OR?

|
e 1o
_|_
1 1
X — = —— dy
(197 +22-1)" b lgPey
=1
n—2

+o | Y AHA0)NY
j=0

_ )\nfl/ Ha(#) = 3 jajcn—1 ﬁafaHA(O)faxlw\<1dj
oR™ |i|2("71)

(n—3)! n o~

1
n 2 3 n
A1) e () Hal0)
1 1
X 9" o = dy
/aRi <(|g|2+1) ' |y|2<”—1>>
+ 140 | Y ATHL0)N |,
j=0

where we used again (A.1); one easily verifies that, due to the behaviours at 0 at
infinity, all the integrals are converging, hence everything is well defined.
After changing variables, the main terms are now

H(2) = Yjaj<n—1 Tan O H(E) (2 = §)*
AL g, n_l/ |a<n—1 Taft %o d
(1+¢&) - 2 — ¢pp(—1) o
1 n — 3)!! n
A" 2712(—1 n)" (A2 H
AT =) g &) (A)FH )
1 1
x 91" T~ ey | W
/am <(|y2 +)" gk ”)
n—2
2 . .
+1 40| Y ANHEN |,
j=0
where we used the fact that ﬁ = Iig‘lz and again (A.2). The small o term contains
some new quantities arising when the terms of order A»~! are transformed into each

other.
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The smallness of the remainder can be shown similarly as before, here and in the
following.

Due to the asymptotic behaviour of both factors, I’ can be dealt with similarly
as I and one can iterate the argument. In particular, using the series expansion

1 > (n+j-2) (92-1)
= —]_ J
) ;O( )

(9P +2 1) =2 [0

we get, for any even m > n, the following m' order term:

(14 )mflngm—_z)! (D ,1)m5n
" (521 (n — 2)!

)\mfl(,l) ol

1 o g
X/S",1 H(z) - Z ?ﬂaﬁaH(g)(z_f) wdz

|z
jal<m—1
mewtt (- 3)N .
AT (D2 1) 2 L+&)™A) 2 H
AN T g ) AT
1 &, il 1
X " = — —1))— — . dy
f " | G 2, W T gy
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U S e a0
oRY laj<m
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1 Z n+j 2! ( _) 4
—2)! |g[*n+i=D)

(|y|2 L2 - 1) e
m—2

> ATH(ONY

=0

In particular, we point out that if n = 2 this is the main order term in the boundary
estimates, and it equals

— AL+ &) (—A) 2 H(E). (A.3)

Let us now consider the case n odd. Here, the first term does not vanish and it
gives rise to a logarithmic term. In fact,

oy [ O Bl IOP,
B n—1
(a2 )
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P07
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X 1 ! dy
=2(n—1) n—1 Y
[g[*tn=1) (|g|2+@2_1>
+o | Y AHL(0)N |;
j=0
iterating, for any odd m > n we get
_ 1 m=n (n—3)! (n+m 72)! m=—n
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The argument to estimate the interior terms is similar. We expand K (A\y) up to
order n — 1, which is the highest power that can be integrated against Pfo A-

/ Ka(\y) dydy
= (19 + (g +D)2 — 1)

= n"A n
w2 (I + (o + D)2 - 1)

+ > &a K4(0)

| T
1<jar@n— 1o
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where we wrote the derivation in  and x,, as

Z Oz, :Z (G — il Z 0, Ox

lel=3 |8l=i

and used again cancellation by symmetry and (A.1). In the last step, we used (A.2)
(in Z) and that

& = (1) (1+&)0,.

In the case n = 2, since fRZ dedyQ =2 (VD2-1-9), putting
together with (A.3) we get the first-order expansion

Do, A) = ¥(&) — 271+ &)X (2~ VD2 —1) 9,K(6) —20(-4) H(9))
+ o).
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whereas when n > 3 the first-order expansion contains only the interior term:
F(.’Eo, )‘) = ¢(5) - an,O,l(]- + gn))\aVK(g)

As for 1", we get local terms involving derivatives of K4 and non-local terms
similarly as before:
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In order to iterate and find the next order terms, we again need a series expansion:
we get

1
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Therefore, for m > n we get:
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. 2i (1 _ |52
[ <K<z>— > x| PSS
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_ Aol - 1
+/Rn (KA(/\y) Z wﬁmaKA(O)y“
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—n 13
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The proof is now complete, since all the quantities are the same as in definition 2.1.
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