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Abstract

For each central essential hyperplane arrangement .4 over an algebraically closed field, let
Zﬁ(T) denote the Denef-Loeser motivic zeta function of .A. We prove a formula expressing
Zﬁ(T) in terms of the Milnor fibers of related hyperplane arrangements. This formula shows
that, in a precise sense, the degree to which fol(T) fails to be a combinatorial invariant

is completely controlled by these Milnor fibers. As one application, we use this formula to
show that the map taking each complex arrangement A to the Hodge-Deligne specialization
of Zi(T) is locally constant on the realization space of any loop-free matroid. We also prove
a combinatorial formula expressing the motivic Igusa zeta function of A in terms of the
characteristic polynomials of related arrangements.

2020 Mathematics Subject Classification: 14E18, 14N20, 32S55 (Primary); 14T20, 05E14,
32522 (Secondary)

1. Introduction

We study hyperplane arrangements and the motivic zeta functions of Denef and Loeser.
Let k be an algebraically closed field, and let Hy, . . . , H, be a central essential arrangement
of hyperplanes in Af. Iff1,....f, are linear forms defining Hy, . . . , H,, respectively, then we

can consider the Denef-Loeser motivic zeta function Zf“ (T) of f =f1 - - - f, and the motivic

Igusa zeta function Z]‘)ai"e(T) of f.

Inspired by Kontsevich’s theory of motivic integration [Kon95], Denef and Loeser
defined zeta functions [DL.98, DL01, DL02] that are power series with coefficients in a
Grothendieck ring of varieties. These zeta functions are related to multiple well-known
invariants in singularity theory and birational geometry, and they have implications for
Igusa’s monodromy conjecture, a longstanding conjecture concerning the poles of Igusa’s
local zeta function. There has been interest in understanding these motivic zeta func-
tions, and the closely related topological zeta function, in the case of polynomials defining
hyperplane arrangements [BSY11, BMT11, vdV18].
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In this paper, we prove Theorem 1-3, which provides a formula for ZJfL (T) in terms of the
classes of Milnor fibers of certain related hyperplane arrangements. We use Theorem 1 3 and
a result in [KU22] to show Corollary 1-7, which states that certain specialisations of ij (D),
including the Hodge—Deligne specialisation, remain constant as we vary the arrangement
Hy, ..., H, within the same connected component of a matroid’s realization space. Thus
when k = C, the Hodge—Deligne specialisation of the Denef—Loeser motivic zeta function
is a lattice-isotopy invariant, in the sense of e.g. [Ran89, Ran97].

There has been much interest in understanding how invariants of hyperplane arrange-
ments, particularly those invariants arising in singularity theory, vary as the arrangements
vary with fixed combinatorial type. For example, a major open conjecture predicts that when
k = C, the Betti numbers of a hyperplane arrangement’s Milnor fiber depend only on com-
binatorial type, i.e., they depend only on the matroid. Budur and Saito proved that a related
invariant, the Hodge spectrum, depends only on the combinatorial type [BS10]. Randell
proved that the diffeomorphism type, and thus Betti numbers, of the Milnor fiber is a lattice-
isotopy invariant [Ran97]. See [Sucl7] for a survey on such questions. Our perspective on
Corollary 1-7 is in the context of that literature, and we hope it illustrates the utility of the
formula in Theorem 1-3 as a tool for answering related questions.

Our methods also provide a combinatorial formula for Zf‘?aive(T) in terms of the character-
istic polynomials of certain related matroids. See Theorem 1-10 below.

Remark 1-1. We note that the right-hand side of the formulas in Theorem 1-10 make
sense even for non-realisable matroids. In a paper with Jensen [JKU21], we use this to
define motivic zeta functions for not-necessarily-realisable matroids. In that paper, we show
how Poincaré duality for Chow rings of matroids, in the sense of Adiprasito-Huh—Katz
[AHK18], implies that these matroid zeta functions satisfy a certain functional equation.

1-1. Statements of main results

Throughout this paper, k£ will be an algebraically closed field. Before we state our results,
we set some notation.

For each n € Z-, let u, C k™ be the group of n-th roots of unity, let Kg "(Vary) be the -
equivariant Grothendieck ring of k-varieties, let I € K(’; "(Vary) be the class of A}( with the
trivial w,-action, and let //l;:” = Kg” (Vary) [IL_I]. Let ///If = h_r)nn ///,:”, and let L € ///;j
be the image of L € //l;: " for any n.

Let d,n € Z¢, and let Grg, be the Grassmannian of d-dimensional linear subspaces in
A} = Spec(klxi, . .., x,]). For each A € Gry,(k),let X4 C Az denote the corresponding lin-
ear subspace, let F 4 be the scheme theoretic intersection of X 4 with the closed subscheme
of A} defined by (x; - - - x, — 1), and endow F 4 with the restriction of the j,-action on A}

where each & € i, acts by scalar multiplication. Let Zﬁl (D)€ ///,: [T] be the Denef-Loeser
motivic zeta function of (x1 ---x,)|x,, and let Zﬁl,o(T) € M,ﬁ [T] be the Denef-Loeser
motivic zeta function of (x; - - - x,,)|x , at the origin of A}.

If X 4 is not contained in a coordinate hyperplane of A7, then the restrictions of the coor-
dinates x; define a central essential hyperplane arrangement in X 4. The Milnor fiber of that

hyperplane arrangement is F 4, the ,-action on F 4 is the monodromy action, and fol (D)

and Zﬁlo(T) are the Denef-Loeser motivic zeta functions associated to that arrangement.
Note that we are using a definition of the Milnor fiber that takes advantage of the fact
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that a hyperplane arrangement is defined by a homogeneous polynomial. This definition
is common in the hyperplane arrangement literature, and it allows us to consider the Milnor
fiber F 4 as a variety.

Remark 1-2. If Hy, . .., H, is a central essential hyperplane arrangement in A¢, then any
choice of linear forms defining Hi, ..., H, gives a linear embedding of Ai into A¥, and
Hy, ..., Hyis the arrangement associated to the resulting subspace of A}. Therefore, we lose
no generality by considering the arrangements associated to d-dimensional linear subspaces
in A},

Let M be a rank d loop-free matroid on {1, ..., n}, let Trop(M) C R" be the Bergman
fan of M, and let Graq C Grg,, be the locus parametrising linear subspaces whose asso-
ciated hyperplane arrangements have combinatorial type M. For any w € Trop(M), there
exists a rank d loop-free matroid M, on {1, ..., n} such that for all A € Gr4(k), the initial
degeneration in,, (X4 NG ,) is equal to X 4, NG/, , for some unique A,, € Gray, (k). We
refer to Section 2-4 for the deﬁmtlon of M,,. Let B(./\/l) be the set of bases in M, and set

wip R — R:(wy,...,w,)— max wi.
M ( ) BEB(M)Z i

In this paper, we will prove the following formulas that express the motivic zeta functions
74 ,(T) and Z'; ,(T) in terms of classes of the Milnor fibers F 4,,.

THEOREM 1-3. Let A € Graq(k). Then

Zh (D) = > [F A, QL™ (T T e AT,
weTrop(M)N(Z2\(0))

and

Zi= 3 [Fa. AL, T e AT,

weTrop(M)NZL

Remark 1-4. Theorem 1-3 tells us that, in a precise sense, all of the “non-combinatorial”

information seen by Zﬁ . and Zﬁ o is determined by Milnor fibers of the arrangements A,,.
See Corollary 1-7 and Remark 1-9 below for more on the utility of this perspective.

In the course of proving Theorem 1-3, we prove Theorem 5-2 and Corollary 5-4, which
give formulas for motivic zeta functions when certain tropical hypotheses are satisfied. We
think of Theorem 5-2 and Corollary 5-4 as being in the spirit of the formulas for zeta func-
tions of so-called Newton non-degenerate hypersurfaces [DH01, Gui02, BV16, BN16]. To
prove Theorem 5-2 and Corollary 5-4, we use certain k[ ]]-schemes whose special fibers are
the initial degenerations that arise in tropical geometry. These k[ ]-schemes have played an
essential role in much of tropical geometry. See for example [Gub13]. We also use Sebag’s
[Seb04] theory of motivic integration for Greenberg schemes, which are non-constant coeffi-
cient versions of arc schemes. For our proofs to account for the fi-action, we use Hartmann’s
[Har15] equivariant version of Sebag’s motivic integration.

Theorem 1-3 allows us to use results about additive invariants of the Milnor fibers F 4,
to obtain results about specializations of the Denef—Loeser motivic zeta functions. To state
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such an application, we first define some terminology that can apply to additive invariants.

Let Z[L] be the polynomial ring over the symbol L, and endow //4: with the Z[LL]-algebra
structure given by L — L.

Definition 1-5. Let P be a Z[IL]-module, and let v : ///,: — P be a Z[LL]-module mor-
phism. We say that v is constant on smooth projective families with p,-action if the
following always holds.

If S is a connected separated finite type k-scheme with trivial p,-action and X — S is
a up-equivariant smooth projective morphism from a scheme X with p,-action, then
the map S(k) - P:s+> v[X;, 1] is constant, where X denotes the fiber of X — §
over s.

Remark 1-6. If k=C and HD : ////j — Z[uil , vil] is the morphism that sends the class
of each variety to its Hodge—Deligne polynomial, then HD is constant on smooth projective
families with u,-action.

Note that if w € Trop(M) and A1, A; € Graq(k) are in the same connected component
of Gry, then (Aj)y, (A2)w € Grag, (k) are in the same connected component of Gr . See
for example [KU22, lemma 2-4]. Therefore the following corollary is a direct consequence
of Theorem 1-3 and [KU22, theorem 1-4].

COROLLARY 1-7. Let P be a torsion-free Z[IL]-module, let v : ///Ij — P be a Z[IL]-module
morphism that is constant on smooth projective families with (,-action, and assume that the
characteristic of k does not divide n.

If A1, Ay € Graq(k) are in the same connected component of Gr a4, then

v (fo‘hk(T)> = (Zfiz’k(T)> e P[TI,
and

v (zfjh ’O(T)) =1 (Zﬁz’o(T)> e P[T].

Remark 1-8. In the statement of Corollary 1-7, by v applied to a power series, we mean
the power series obtained by applying v to each coefficient.

In particular, Corollary 1-7 implies that the Hodge—Deligne specialisation of the Denef-
Loeser motivic zeta function remains constant as we vary the linear subspace within the
same connected component of Gr 4.

Remark 1-9. It is natural to ask if the Hodge—Deligne specialisation of the Denef—Loeser
motivic zeta function is furthermore a combinatorial invariant. Theorem 1-3 tells us that,
to verify this, it would be sufficient to show that the Hodge—Deligne polynomial of the
Milnor fiber is a combinatorial invariant. More generally, Theorem 1-3 shows that for any
combinatorial invariant obtained by applying an additive invariant v (that respects multipli-
cation by IL) to the class [F 4, fi], we automatically obtain another combinatorial invariant
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by applying v to Zﬁ’k(T) or Zf}l,o(T)' For example, when x'°P is the topological Euler char-
acteristic, we obtain that x'°P (fot,k(T)> and x'°P (ZZ’O(T)) are combinatorial invariants.

Note that x©P (fol k(T)) and x'°P (fo\ 0(T)) can also be seen to be combinatorial by their

relationship with the so-called monodromy zeta functions (see [DL02, theorem 1-1] for this
relationship, and, e.g., the proof of Lemma 2-3 in [BMT11] for the fact that the monodromy
zeta function is a combinatorial invariant).

Our final main result consists of combinatorial formulas for the motivic Igusa zeta func-
tions of a hyperplane arrangement. It is well known that the motivic Igusa zeta functions are
combinatorial invariants. For example, one can see this by using De Concini and Procesi’s
wonderful models [DCP95] and Denef and Loeser’s formula for the motivic Igusa zeta
function in terms of a log resolution [DL.01, corollary 3-3-2]. Regardless, it is worth stating
Theorem 1-10 below, as it follows from the methods of this paper with little extra effort, and
because we are not aware of these particular formulas having appeared in the literature. The
formulas in Theorem 1-10 also provide the inspiration for an upcoming paper with Jensen,
in which we define motivic zeta functions for matroids.

Let Ko(Vary) be the Grothendieck ring of k-varieties, let I € Ko(Vary) be the class of Al
and let .#} = Ko(Vary) []L_l]. For each A € Grg,,(k), let Zf‘kaE(T) € #,[T] be the motivic

naive

Igusa zeta function of (xj - - - xn)|x 4, and let Z%7*(T) € M [T] be the motivic Igusa zeta
function of (x; - - - x,,)|x 4 at the origin of A}.

THEOREM 1-10. Let A € Gra (k). Then

Zgemn =Y WL T e 41T
weTrop(M)NZE
and
2R M= Y o QLT T e AT
weTrop(M)NZ,

where xm,, (L) € My is the characteristic polynomial of M,, evaluated at L.

We now outline the structure of this paper.

(1) In Section 2, we set notation and recall some facts that will be used throughout this
paper.

(i1) In Section 3, we describe one way of expressing the Denef—Loeser motivic zeta func-
tion in terms of Hartmann’s equivariant motivic integration. The results in this section
are unsurprising and likely well-known, but as we are unaware of these results hav-
ing appeared in the literature, we include this section for completeness and readers’
convenience.

(iii) In Section 4, we consider certain group actions on subvarieties of an algebraic torus.
In the course of proving Theorem 1-3, the results in this section are used to manipulate
classes in the equivariant Grothendieck ring of varieties.
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(iv) In Section 5, we prove formulas for motivic zeta functions in a setting involving vari-
eties with smooth initial degenerations. We do this by computing the motivic volumes
of the fibers of a certain tropicalisation map.

(v) We end the paper with Section 6, where we use the results of previous sections to
prove our main results.

2. Preliminaries

In this section, we set some notation and recall facts about the equivariant Grothendieck
ring of varieties, the motivic zeta functions of Denef and Loeser, Hartmann’s equivariant
motivic integration, and linear subspaces and matroids.

2-1. The equivariant Grothendieck ring of varieties

Suppose X is a separated finite type scheme over k. We let Ko(Vary) denote the
Grothendieck ring of varieties over X, we let L € Ko(Vary) denote the class of A}( X X,
and for each separated finite type X-scheme Y, we let [Y/X] € Ko(Vary) denote the class of
Y. We will let .#x denote the ring obtained by inverting I in Ko(Vary), and by slight abuse
of notation, we write IL, [Y/X] € .#x to denote the images of L, [Y/X], respectively, in .Zx.

We will let Ko(Vary) and .7 denote Ko(Varspecx)) and .#spec(r), respectively, and for
each separated finite type k-scheme Y, we will write [Y] = [Y/Spec(k)] in both Ky(Vary)
and %k-

Suppose G is a finite abelian group. An action of G on a scheme is said to be good if
each orbit is contained in an affine open subscheme. For example, any G-action on any
quasiprojective k-scheme is good. If the separated finite type k-scheme X is endowed with
a good G-action, then we will let Kg (Vary) denote the G-equivariant Grothendieck ring
of varieties over X. For the precise definition of Kg (Vary), we refer to [Har15, definition
4-11. We will let L € Kg (Vary) denote the class of A}( Xk X with the action induced by the
trivial G-action on A}( and the given G-action on X, and for each separated finite type X-
scheme Y with good G-action making the structure morphism G-equivariant, we will let
[Y/X,G] e KOG (Vary) denote the class of Y with its given G-action. We will let //4 denote
the ring obtained by inverting L in Kg (Vary), and by slight abuse of notation, we will let
L,[Y/X,G] e //4 denote the images of L, [Y /X, G], respectively, in //lg .

If X is a separated finite type k-scheme with no specified G-action and we refer to
KOG (Vary) or .#<, then we are considering X with the trivial G-action. We will let Ké; (Vary)
and //lkG denote KOG (Varspec(x)) and ’%(S;pec( 1> Tespectively, and for each separated finite type
k-scheme Y with good G-action making the structure morphism G-equivariant, we will let
[Y, G] =[Y/Spec(k), G] in both K()G(Vark) and .

For ¢ € Z~o, we will let uy C k™ denote the group of £th roots of unity.

Remark 2-1. We will only consider w, as a finite group, so when the characteristic of k
divides £, we will not consider the non-reduced scheme structure of (.

For each £, m € Z, there is a morphism pg,; — e : & — E™. Suppose that X is a sep-
arated finite type scheme over k. Then the morphism p¢,; — ¢ induces ring morphisms

K" (Vary) — K" (Vary) and .#\' — #". We will let K(’)l (Vary) =lim, K}*(Vary)
and //l)’? =lim, M We let L e Kg (Yarx) denote the image of L € K{/*(Vary) for any
€ € Z-y, and similarly we let L € ./} denote the image of L € ./ for any ¢ € Z-.
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For each separated finite type X-scheme Y with good pg¢-action making the structure
morphism u¢-equivariant, we let [Y/X, ] € Kg (Vary) denote the image of [Y/X, u¢] €
K{*(Vary), and we similarly let [Y/X, /1] € .#/ denote the image of [Y/X, (] € 44"

We will let Kg (Vary) and //l;: denote Kg“ (Varspecr)) and '///jgpec(k)’ respectively, and for
each £ € Z- o and each separated finite type k-scheme Y with good pe-action making the
structure morphism j¢-equivaraint, we will let [Y, ft] = [Y/Spec(k), i1] in both Kg (Vary)

and //lfj

2-2. The motivic zeta functions of Denef and Loeser

Let X be a smooth, pure dimensional, separated, finite type k-scheme. For each £ € Zx,
we will let .Z;(X) denote £-th jet scheme of X, and for each m > £, we will let 0" : LX) —
Zy(X) denote the truncation morphism. We will let AX)=lim ’ £ (X) denote the arc
scheme of X, and for each £ € Z>, we will let 6, : AX) — géi_(X) denote the canonical

morphism. The following is a special case of a theorem of Bhatt’s [Bhal6, theorem 1-1].

THEOREM 2-2 (Bhatt). The k-scheme “AX) represents the functor taking each k-algebra
A to Homg(Spec(All 1), X), and under this identification, each morphism 6; : AX) —
Zy(X) is the truncation morphism.

A subset of “AX) is called a cylinder if it is the preimage, under 6y, of a constructible
subset of .Z;(X) for some ¢ € Z>¢. We will let iy denote the motivic measure on AX),
which assigns a motivic volume in .#x to each cylinder.

Suppose f is a regular function on X. If x € AX) has residue field k(x), then it corresponds
to a k-morphism 1, : Spec(k(x)[]) — X, and we will let f(x) denote f () € k(x)[x]. For
each x € AX), the order of f at x will refer to the order of 7 in the power series f(x), and
the angular component of f at x will refer to the leading coefficient of the power series f(x).
We will let ordy : AX) — Z=o U {oo} denote the function taking each x € A(X) to the order
of f at x. We will let Z}‘aive(T) € Mx[T] denote the motivic Igusa zeta function of f. Then

ey =y MX(ordf_l(Z)) T¢ e M[TI.

KEZZ()

Remark 2-3. In the literature, the motivic Igusa zeta function is sometimes referred to as
the naive zeta function of Denef and Loeser.

We will let Zﬁ () e //l)%[[T 1 denote the Denef-Loeser motivic zeta function of f. We

briefly recall the definition of Zf} (T). The constant term of Z]’} (T) is equal to 0. Let £ €

Z-o, and let Yy | be the closed subscheme of .Z;(X) where f is equal to 7t. For any k-
algebra A, there is a p¢-action on A[[r ], where & € u, acts by 7 +— &7, and these actions
induce a p¢-action on .Z%(X) making Yy | invariant. Note also that the truncation morphism
965 1 L (X) — X restricts to a ug-equivariant morphism Y, | — X. Then the coefficient of Tt

in Z}l(T) is defined to be equal to [V 1/X, L~ (¢+DdimX ¢ //l”X

Remark 2-4. Denef and Loeser defined versions of these zeta functions with coefficients
in ./ and ///,f [DL98, DL02], and Looijenga introduced versions with coefficients in the

relative Grothendieck rings .#x and //l“x [Loo02]. See [DLO01] for the definitions we are

https://doi.org/10.1017/S0305004123000099 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004123000099

194 MAX KUTLER AND JEREMY USATINE

using for Z}‘aive(T) and Z}1 (T), but note that compared to those definitions, ours differ by a

normalisation factor of I~ 4imX

2-3. Hartmann’s equivariant motivic integration.

For the remainder of this paper, let R = k[ ], the ring of power series over k. We will
set up some notation and recall facts for Greenberg schemes and Hartmann’s equivariant
motivic integration [Har15], which is an equivariant version of Sebag’s motivic integra-
tion for formal schemes [Seb04]. For the non-equivariant version of this theory, we also
recommend the book [CNS18].

Remark 2-5. In [Harl15], Hartmann uses formal R-schemes. The analogous theory for
algebraic R-schemes, as stated here, directly follows by taking m-adic completion.

Let X be a smooth, pure relative dimensional, separated, finite type R-scheme. We will
let Xo denote the special fiber of X. For each € € Z>o, we will let ¥;(X) denote the
£-th Greenberg scheme of X. Thus ¥;(X) represents the functor taking each k-algebra A
to Homg (Spec (A[n]/ (nZH)) , %) For each m > ¢, we will let 6} : 4,,(X) — %,(X) denote
the truncation morphism. We will let 4X) = Lln ‘ %,(X) denote the Greenberg scheme of
X, and for each ¢ € Z>, we will let 6y : AX) — ¥4,(X) denote the canonical morphism. As
for arc schemes, the following is a special case of [Bhal6, theorem 1-1]. See for example
[CNS18, chapter 4, proposition 3-1-7].

THEOREM 2-6 (Bhatt). The k-scheme ‘A X) represents the functor taking each k-algebra
A to Hompg(Spec(Al[lx 1), X), and under this identification, each morphism 0y : LX) —
“,(X) is the truncation morphism.

A subset of LX) is called a cylinder if it is the preimage, under 6;, of a constructible
subset of ¥,(X) for some ¢ € Z>o. We will let ux denote the motivic measure on 4 X),
which assigns a motivic volume in .#x, to each cylinder.

Suppose f is a regular function on X. If x € 4 X) has residue field k(x), then it corresponds
to an R-morphism v, : Spec(k(x)[7]) — X, and we will let f(x) denote f(¥y) € k(x)[r]. As
for arc schemes, this is used to define the order and angular component of f at x and the
order function ordy : AX) — Zx( U {oo}.

Now suppose G is a finite abelian group acting on R, and suppose that each element of
G acts on R by a m-adically continuous k-algebra morphism. Endow X with a good G-
action making the structure morphism G-equivariant, and endow X( with the restriction of
the G-action on X. The G-action on X induces good G-actions on 4 X) and each ¥;(X).
We refer to [Har1$5, section 3-2] for the construction and properties of these G-actions on
the Greenberg schemes. We will let ug denote the G-equivariant motivic measure on 4 X),
which assigns a motivic volume in //l%) to each G-invariant cylinder in 4 X). We refer to

[Har15, section 4-2] for the definition of Mg
If AC4X) is a G-invariant cylinder and «:A — Z is a function whose fibers are
G-invariant cylinders, then the integral of « is defined to be

/A ]L_"‘dug = Z va (a_1(£)> L~ ‘e %o

LEZ
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Remark2-7. By the quasi-compactness of the construcible topology, « takes finitely many
values, so the above sum is well defined. See [CNS18, chaper 6, section 1-2].

We now state the equivariant version of the motivic change of variables formula [Har15,
theorem 4-18]. If £:Q) — X is a morphism of R-schemes, then we let ordjacy, : 49)) —
Z=¢ U {oo} denote the order function of the jacobian ideal of A.

THEOREM 2-8 (Hartmann). Suppose #G is not divisible by the characteristic of k. Let
X, Q) be smooth, pure relative dimensional, separated, finite type R-schemes with good G-
action making the structure morphisms equivariant, and let h: %)) — X be a G-equivariant
morphism that induces an open immersion on generic fibers. Let A,B be G-invariant cylin-
ders in LX), 49), respectively, such that h induces a bijection B(k') — A(K') for all
extensions k' of k.

If @:A—7Z is a function whose fibers are G-invariant cylinders, then o o4h)—
ordjacy, : B — Z is a function whose fibers are G-invariant cylinders, and

—-aq,, G _ —(ao4h)+ordjacy) q,,G
/AIL dux_/B]L Vdug) € M3,

Remark 2-9. Hartmann stated the formula when A = 4X) and B = %)), but the same
proof works when replacing 4 X) and 4(2)) with G-invariant cylinders. See for example the
proof of the non-equivariant version in [CNS18].

We note that for all £ € Z-, the characteristic of k never divides #u;.

2-4. Linear subspaces and matroids

Let d,neZ-o. We will let Grg, denote the Grassmannian of d-dimensional linear
subspaces in A} = Spec(k[xy, ..., x,]). We will let G;’Lk = Spec(k[xfl, o ,x,jfl]) C A}
denote the complement of the coordinate hyperplanes, and we will let V(x| ---x, — 1)
denote the closed subscheme of A7 defined by (xi - - - x, — 1). For each A € Gry,(k), we
will let X4 < A} denote the corresponding linear subspace. If X4 is not contained in
a coordinate hyperplane of A7, then the restrictions to X4 of the coordinates x; define
a central essential hyperplane arrangement in X 4. We let Uy =X4N Gz’k and Fq=
XA NV(xy---x, — 1) denote this arrangement’s complement and Milnor fiber, respectively,
and we endow F 4 with the restriction of the i ,-action on A} where each & € 11, acts by
scalar multiplication. In the context of tropical geometry, we will consider both U 4 and
F 4 as closed subschemes of the algebraic torus G’,;l’k. We will let fol(T) € //l”x n [T] and
Zi}five(T) € Mx ,[T] denote the Denef-Loeser motivic zeta function and the motivic Igusa
zeta function, respectively, of the restriction of the monomial x; - - - x,, to X 4. We will let
ZZ\, (1) € ///,: [r (resp. Z%i,fve(T) € ///k[[T]]) denote the power series obtained by pushing
forward each coefficient of ZZ(T) (resp. Zi‘five(T)) along the structure morphism of X 4. We
will let Zﬁl,o(T) e MNTI (resp. Z%B’e(T) € MT1) denote the power series obtained by

pulling back each coefficient of ZZ(T) (resp. Zi‘fi"e(T)) along the inclusion of the origin
into X 4.

Let M be a rank d loop-free matroid on {1, . . ., n}. We will let x A((L) € .#}. denote the
characteristic polynomial of M evaluated at L, so
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my= Y LM e,

where 1k is the rank function of M applied to 1. We will let B(M) denote the set

of bases of M, and we will let wtys:R" — R denote the function (wq,...,w,)
maxgeB(M) D _jep Wi- Foreach w=(wy,...,w,) e R", we let
B(M,,) = {B eBM) | Y wi= th(w)}
ieB

be the set of all bases with maximal w-weight. The set B(M,,) is the set of the bases of
a rank d matroid on {1, ..., n}, and we will let M,, denote that matroid. We let Trop(M)
denote the Bergman fan of M, so

Trop(M) = {w € R" | M, is loop-free}.

We will let Graq C Gry,, denote the locus parametrising linear subspaces whose associated
hyperplane arrangements have combinatorial type M. For all A € Graq(k), the fact that
M is loop-free implies that X 4 is not contained in a coordinate hyperplane. Note that if
A € Grpq(k), then [U 4] = xm(L) € A, and

Trop(U4) = {w € R" | in,, U 4 # @} = Trop(M).

For each A € Grq(k) and each w € Trop(M), we will let A,, € Gray,, (k) denote the unique
point such thatin,, U4 =Uy4,, .

Before concluding the preliminaries, we recall two propositions proved in [KU22] that
will be used in Section 6. If Be B(M) and i € {1,...,n}\ B, then we will let C(M, i, B)
denote the fundamental circuit in M of B with respect to i, so C(M, i, B) is the unique
circuit in M contained in B U {i}. For each circuit C in M and each A € Grp(k), we will
let L“C4 € klxy,...,x,] denote a linear form in the ideal defining X4 in A} such that the
coefficient of x; in L“C4 is nonzero if and only if i € C. Such an L“C4 exists and is unique up to
scaling by a unit in k. Once and for all, we fix such an L“C4 for all C and A.

PROPOSITION 2-10 ([KU22, proposition 3-5]). Let A € Graq(k), let w € R", and let B €
B(M,,). Then

{Lg‘(MJ.,B) lie(l,....n) \B} C X1, X
generates the ideal of X 4 in AY, and
{inw LA vumliell,....n) \B} CR[xE, . xE]
generates the ideal of in,, Uy in G, ,.

PROPOSITION 2-11 ([KU22, proposition 3-2]). Let w=(wy,...,wy) €R", let Be
B(M,,), andletic{1,...,n}\ B. Then

min _ w; =w;.
jeC(M.,i,B)
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For additional information on matroids and the tropical geometry of linear subspaces, we
refer to [MS15, chapter 4].

3. Egquivariant motivic integration and the motivic zeta function

Let £ € Z- ¢, and throughout this section, endow R = k[t ]] with the p,-action where each
£ € ¢ acts on R by the r-adically continuous k-morphism 7 — &~ 17,

Let X be a smooth, pure dimensional, finite type, separated scheme over k. We will endow
AX) and each .%,(X) with pg-actions that make the truncation morphisms u¢-equivariant
as follows. Let & € g, let A be a k-algebra, let &4 : Spec(A[[ ]) — Spec(A[l]) be the
morphism whose pullback is the -adically continuous A-algebra morphism 7 — £ lxr,
and let &, /1y - Spec(Alm]/ (")) — Spec(A[x]/ (")) be the morphism whose
pullback is the A-algebra morphism 7 > £ ' 7.

If x € AX)(A) corresponds to a k-morphism

Yy : Spec(Allz]) — X,
then let & - x € AX)(A) correspond to the k-morphism
Yy o gA—[[;]] :Spec(Af[7]) — X.

This action is clearly functorial in A, so it defines a u¢-action on “AX). Similarly, if x €
%1 (X)(A) corresponds to a k-morphism

Yy Spec(A[n]/ (nm“)) — X,

then let & - x € .Z,(X)(A) correspond to the k-morphism

Yy 0 EA_[ylz]/(an) : Spec(A[JT]/ (an)) — X.

This action is also functorial in A, so it defines a p¢-action on .%,,(X). We also see that these
We-actions make the truncation morphisms p¢-equivariant.

PROPOSITION 3-1. Let f be a regular function on X. Then f has constant order on any
we-orbit of LAX). Furthermore, f has constant angular component on any jig-orbit of AX)
on which f has order £.

Proof. Let & € py, let Exqx) : AX) — AX) be its action on AX), let x e AX)(K)
for some extension k' of k, let R" =K'[x], and let &g : Spec(R") — Spec(R’) be the mor-
phism whose pullback is the 7-adically continuous k’-algebra morphism 7 +— £ ~!7. Then
x corresponds to a k-morphism

Yy : Spec(R') — X,
and & #x)(x) € AX)(k) corresponds to the k-morphism
Yy 0&y' 1 Spec(R) — X.
Write

fO=fW)=) an'cR,

i>0
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where each a; € k’. Then

fEmoen =f(doty') =D ai'n' eR.
i~0
Thus the order of f(x) is equal to the order of f(§ «x)(x)), and if f(x) has order ¢, then the fact
that £¢ = 1 implies that the angular component of f(x) is equal to the angular component of
f(E.4x)(x)). Thus we are done.

Let X =X x Spec(R) and endow X with the p¢-action induced by the p-action on R
and the trivial u,-action on X. Note that any open affine cover of X induces an open cover
of X by pu¢-invariant affines, so the py-action on X is good. Composition with the projection
X — X induces isomorphisms XA X) — “AX) and %,,(X) — £,,(X) that commute with the
truncation morphisms.

Remark 3-2. The motivic zeta function of X can be defined using only the arc scheme
AX). We pass to the constant family X and the Greenberg scheme 4(X) because our
computations will utilise comparisons to R-schemes that are not constant families (see
Section 5).

Because we are using Greenberg schemes, our techniques naturally generalize to the case
where X is a degenerating family of linear subspaces. In this case, one would need to replace
matroids with valuated matroids. For expositional simplicity, we restrict our attention to the
constant coefficient case.

PROPOSITION 3-3. The isomorphisms LX) — AX) and 9,(X) — Lu(X) are -
equivariant.

Proof. Let m € Z>. It will be sufficient to show that the isomorphism ¥,,(X) — .£,,(X)
is p¢-equivariant, as we get the remainder of the proposition by taking inverse limit.

Let £ € ug, let £x : X — X be its action on X, and let &y (x): Gu(X) = 9,(X) be its
action on 4,,(X).

Let x € 4,,(X)(A) for some k-algebra A, and let

EA[ﬂ]/(ﬂmH) :Spec(A[rr]/ (nm+1>> — Spec<A[n]/ (n’”H))

be the morphism whose pullback is the A-algebra morphism 7 — & ~!77. Then x corresponds
to an R-morphism

Yy Spec(A[n]/ (n’"“)) - X,
and &y, (x)(x) € 9, (X)(A) corresponds to the R-morphism
Ex oYy o A_[711]/(n”’+1) :Spec(A[n]/ (71’"“)) — X.

Because £x is trivial on the factor X, we get that the composition of the above morphism
with the projection X — X is equal to the composition of

Yy o A_[ylr]/(nm‘H) :Spec(A[n]/ (an)) X

with the projection X — X. Thus the proposition follows by our definition of the p¢-action

on %, (X).
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PROPOSITION 3-4. Let f be a regular function on X obtained by pulling back a regular
function on X along the projection X — X. Then f has constant order on any ¢-orbit of
HAX). Furthermore, f has constant angular component on any g-orbit of 4 X) on which f
has order £.

Proof . Let g be aregular function on X that pulls back to f. Then the isomorphism 4 X) —
AX) identifies the order function of g with the order function of f. By Proposition 3-3, the
pe-orbits are identified as well. Therefore the result follows from the analogous result on
AX), i.e., Proposition 3-1.

Let f be a regular function on X, let Zﬁ (1) e ///;[[T]] denote the Denef—Loeser motivic

zeta function of f, and let Z}’aive(T) € Mx[T] denote the motivic Igusa zeta function of f.
By slight abuse of notation, we will also let f denote the regular function on X obtained by
pulling back f along the projection X — X.

PROPOSITION 3-5. Let Ay C X X) be the subset of arcs where f has order £ and angular
component 1. Then Ay | is a p¢-invariant cylinder, and the coefficient of T in Zj‘f (T) is equal

to the image ofugg (A1) in //4%

Proof . Let By,1 C “AX) be the subset of arcs where f has order £ and angular component 1,
and let Y, | be the closed subscheme of .£%(X) consisting of jets where f is equal to mt. Then
0¢(Bg.1) = Yp,1. By Proposition 3-1, By; is a p¢-invariant subset of AX), so because 6; is
We-equiviariant, we have that Yy | is a p¢-invariant subset of .£%(X). Thus we may endow
Yy,1 with the pg-action given by restriction of the pg-action on % (X). By the definition of

Zf“ (T) and the pg-action on Yy 1, the coefficient of T¢ in Zf“ (T) is equal to

[Ye.1/X, AIL-CHDAmX ¢ g0

But by the pg-equivariant isomorphisms XA X) — “AX) and 4;(X) — £ (X), the fact that
the image of A, ; under A X) — AX) is equal to By 1, and the fact that G[I(Yg,l) =By, we
have that Ay 1 is a pe-invariant cylinder and

A (A1) = [Ye1 /X, ™D ImX e 00,
and we are done.

PROPOSITION 3-6. Let Ay C 4 X) be the sqbset of arcs where f has order order €. Then
Ay is a cylinder and the coefficient of T in Z;}awe(T) is equal to 1x(Agp).

Proof. This proposition follows from the definition of anaive(T) and the fact that the
isomorphism ¥ X) — “AX) is cylinder and volume preserving.

4. Actions of the roots of unity on an algebraic torus

Let T be an algebraic torus over k with character lattice M and co-character lattice N =
Hom(M, Z). For each u € M, let x* € k[M] denote the corresponding character on 7. In this
section, we establish some notation and facts regarding certain actions, by the roots of unity,
on the closed subschemes of 7. In particular, we prove Proposition 4-6, which will allow us
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to show that the equivariant classes appearing in the statement of Theorem 1-3 involve the
desired jt¢-action.

Definition 4-1. Let{ € Z~o. Letw € N, and G,,, x — T be the corresponding co-character.
Then we define the (¢, w)-action to be the pe-action on 7 induced by the group
homomorphism py — Gpx — T.

For each closed subscheme U of T that is invariant under the (1¢, w)-action, we will let U’
denote the scheme U endowed with the p¢-action given by restriction of the (¢, w)-action.

Remark 4-2. Under the (u¢, w)-action, each & € u, acts on T with pullback

Xu — s(u,w)xu.

PROPOSITION 4-3. Let £ € Z~q, let w e N, and let U be a closed subscheme of T. Then
the initial degeneration in,, U is a closed subscheme of T that is invariant under the ({Lg, w)-
action.

Proof. Let & € uy, and let &7 : T — T be its action on 7. It will be sufficient to show that
for all f € k[M], the pullback &7(in,, f) is contained in the ideal of k[M] generated by in,, f.
By definition,

supp(iny, f) = {u € supp(f) | {u, w) = trop(f)(w)},
so by Remark 4-2
&7(iny, f) ="M i, £,

and we are done.

PROPOSITION 4-4. Let w e N, let u € M such that {(u,w) > 0, and let V(x" — 1) be the
closed subscheme of T defined by x" — 1€ k[M]. Then V(x" — 1) is invariant under the
(M (u,w)> W)-action.

Proof. Let & € (), and let &7 : T — T be its action on 7. Then by Remark 4-2

EX(x" — D ="M — )= x" 1,

and we are done.

PROPOSITION 4-5. Let U be a closed subscheme of T, let £ € Z~q, let w € N, and let
u € M be such that {u, w) > 0.

Then U is invariant under the ({4, w), w)-action if and only if U is invariant under the
(M@ ew)» Ew)-action.

Furthermore, if U is invariant under the (W (,,w), w)-action, then

[U{Z,W ,ll] = [U{:wa ﬁ] € K}/ (Vary).

Proof . Under the (f4(,,), w)-action, each & € () acts on T with pullback

/

Xu — S(u ,w)Xu )
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The homomorphism (. ew) = tiuw) : & = &% and the (M (u,w)» w)-action induce a [ ow)-
action on T such that each & €y, ¢w) acts on 7 with pullback

/ (u' .w) ’ ’ /
Xu s <%.€> Xu :%‘W ,Kw)Xu )

We see that this action is equal to the (1(,,¢wy, £w)-action. Then the surjectivity of i, ewy —
Wuwy implies that U is invariant under the (ft(,,u), w)-action if and only if it is invariant
under the (4, ewy, £w)-action. The remainder of the proposition follows from the definition
of the map Kg “") (Vary) — Kg ) (Vary).

We will devote the remainder of this section to proving the following proposition.

PROPOSITION 4-6. Let U be a closed subscheme of T, let ue M, let V(x* — 1) be the
closed subscheme of T defined by x" — 1 € k[M], let w € u~ NN, and let v € N be such that
£ = (u,v) > 0 and such that in,, U is invariant under the (¢, v)-action.

Then iny, U is invariant under the (¢, v — w)-action, and

v

[(V (" = 1) Ming O) we] = [ (V" = 1) Niny U), e | € K (Var).

Remark 4-7. In the statement of Proposition 4-6, because £ = (u,v)= (u,v—w),
Proposition 4-4 implies that V(x"* — 1) is invariant under the (u¢, v)-action and the (u¢, v —
w)-action, so the classes in the statement are well defined.

4-1. Proof of Proposition 4-6

Let U be a closed subscheme of T, let u € M, let V(x* — 1) be the closed subscheme of T
defined by x“ — 1 e k[M], letw € ut NN, and let v € N be such that £ = (u, v) > 0 and such
that in,, U is invariant under the (u¢, v)-action. Proposition 4-6 is clear when w =0, so we
assume that w # 0.

Let O, = Spec(k[wL nM ) and let T — O,, be the algebraic group homomorphism
induced by the inclusion k[w— N M] — k[M].

LEMMA 4-8. Letf € k{M). Then there exists u' € M such that in,, ()(”/f> € k[wJ- ﬂM].

Proof. By definition,

supp(in,, f) = {u’ € supp(f) | (', w) = trop(f)(w)}.

If f =0, the statement is obvious. Thus we may assume that there exists ' € M such that
—u’ € supp(in,, f). Then we have that

in,, (X"’f) — x"in, f € k[wl mM] .

PROPOSITION 4-9. There exist closed subschemes Y and Z of O,, such that in,, U is equal
to the pre-image of Y under the morphism T — O,, and V(x" — 1) Nin,, U is equal to the
pre-image of Z under the morphism T — O,,.

Proof. Let f1, . ..,fm € k[M] be such that in,, fi,...,in, f;; € k[M] generate the ideal
defining in,, U in 7. By Lemma 4-8, we can assume that in,, fi,...,iny, fi; € k[wL ﬂM].
Because w € ut, we have that x* € k[wL N M].
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Thus we may let Y be the closed subscheme of O,, defined by the ideal generated by
iny, f1,...,10, fin € k[wJ- NnM ], and we may let Z be the closed subscheme of O,, defined
by the ideal generated by iny, fi, ..., in, fin, x*— 1€ k[wj- n M], and we are done.

LEMMA 4-10. The composition of the co-character Gy, — T corresponding to v
with the morphism T — O,, is equal to the composition of the co-character Gy — T
corresponding to v — w with the morphism T — O,,

Proof. The composition of the co-character G,,x — T corresponding to v with the

morphism T — O,, corresponds to the map of lattices w "M < M ALY Z, and the com-

position of the co-character G,, x — T corresponding to v — w with the morphism 7 — O,,

<'7V

corresponds to the map of lattices w-NM < M __l"l) Z. These are clearly the same

lattice maps, so we are done.

Let T,, = Spec(k[(Rw N N)V]). Any splitting of 0 > RwNN — N — N/(RwNN)— 0
induces an isomorphism of algebraic groups T = T, x; O,, such that T — O,, corresponds
to the projection T, x; O,, — O,,.

Let ¢1:u¢— T (resp. ¢2: ¢ — T) be the composition of g — G, with the co-
character G, x — T corresponding to v (resp. v — w).

Let ¢ : ug — O,, (resp. ¢z : g — O,,) be the composition of ¢ (resp. ¢o) with T — O,,..

LEMMA 4-11 We have that ¢1 = ¢».
Proof. This follows directly from Lemma 4-10.

Let ¥ : we — Ty, (resp. Y2 :ue — 1)) be the composition of ¢; (resp. ¢o) with the
projection T = T, x; O,, = T

Remark 4-12. 'We see that under the identification T = T,, x; O,,, the (u¢, v)-action (resp.
(pe, v — w)-action) is the diagonal action defined by the action on O,, induced by ¢; (resp.
¢2) and the action on T, induced by | (resp. ¥2).

We now prove the first part of Proposition 4-6.
PROPOSITION 4-13. We have that in,, U is invariant under the (j1¢, v — w)-action.

Proof . By Proposition 49, there exists a closed subscheme Y of O,, such that in,, U is
equal to the pre-image of Y under the morphism 7T — O,,. Then under the identification
T=T, xi O,, we have that

in, U=T,, x Y.

Because in,, U is invariant under the (u¢, v)-action, Remark 4-12 implies that Y is invariant
under the w¢-action on O,, induced by ¢;. By Lemma 4-11, Y is invariant under the p¢-
action on O,, induced by ¢,, and by Remark 4-12, this implies that in,, U is invariant under
the (e, v — w)-action.

Before we complete the proof of Proposition 4-6, we make the following observation,
which follows from [KU22, lemma 7-1] and the fact that dim 7;, = 1.
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Remark 4-14. The class in K(’)L ‘(Vary) of T,, with the j¢-action induced by V| (resp. ¥2)
isequaltoL — 1.

We now complete the proof of Proposition 4-6.

PROPOSITION 4-15. We have that
(Ve = 1) Nimy U); ] = [ (V= 1) Nimy 0); 7 e | € KE (V).

Proof.. By Proposition 4-9, there exists a closed subscheme Z of O,, such that V(x" —
1)Nin, U is equal to the pre-image of Z under the morphism 7 — O,,. Then under the
identification T = T, xx O,,, we have that

Vix"—DnNin, U=T,, x; Z.

Because V(x“ — 1) Nin,, U is invariant under the (u¢, v)-action, Remark 4-12 implies that
Z is invariant under the u¢-action on O,, induced by ¢;.

Now endow Z with the w,-action given by restriction of the u¢-action on O,, induced by
¢1, which by Lemma 4-11 is the same as the p¢-action given by restriction of the p¢-action
on O,, induced by ¢;. Then by Remarks 4-12 and 4-14,

[(V(x"“—1) Niny, U), o] = (L = DIZ, e
— [(V(X” — 1) Nin,, U);_W , /,Lg] .

5. Motivic zeta functions and smooth initial degenerations

The purpose of this section is to prove Corollary 5-4, which provides formulas for
the motivic zeta functions that will specialise, in the case where X is a linear space, to
Theorem 1-3. Because the proof is long and technical, we provide here a brief outline of our
approach.

We begin, in subsection 5-1, by showing that Corollary 5-4 follows from Proposition 5-1
and Theorem 5-2. In subsection 5-2, we identify certain motivic volumes, the computation
of which will give Theorem 5-2. The remaining subsections are devoted to computing these
volumes via the change of variables formula. Specifically, in subsection 5-3, we construct the
maps to which we will apply the change of variables formula. The main result of subsection
5-4 is a technical computation of a jacobian ideal. Finally, in subsection 5-5, we assemble
these results to prove Proposition 5-1 and Theorem 5-2.

Let n € Z~o, let A} =Spec(k[xi, ..., xy]), and let G, , = Spec(k[xlil, - ,xfl]) Let
X be a smooth pure dimension d closed subscheme of A} such that U=X ﬂG”m’k is
nonempty and such that for all w € Trop(U) N ZZ ,, the initial degeneration in,, U is smooth
and there exist fi,...,fi—d € k[x1,...,x,] that generate the ideal of X in AZ such that

iny f1,...,in f—g € k[xicl, . ,xnil] generate the ideal of in,, U in Gﬁlk.
Let ueZ?, let Z)’?u(T) € ///)%[[T]] be the Denef-Loeser motivic zeta function of the

restriction (xq, ..., x,)"|x, and let Z)I}a;VC(T) € Mx[T] be the motivic Tgusa zeta function
of (x1,...,x)"Ix.

PROPOSITION 5-1. Letw = (wiy,...,w,) € Trop(U) N Z’éo, and let ¢ : GZ,k — AY be the
morphism whose pullback is given by x; — 0"ix;. Then the restriction of ¢ to in,, U factors

https://doi.org/10.1017/S0305004123000099 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004123000099

204 MAX KUTLER AND JEREMY USATINE

through X, and if w # O, the induced map (in,, U)), — X is py,.-equivariant with respect
to the trivial [4,.,,-action on X.

Proposition 5-1 allows us to state the following theorem.

THEOREM 5-2. Let V, be the subscheme of G,  defined by (xi, ..., xn)" — 1. For any
w € Trop(U) N ZZ,, endow the initial degeneration in,, U and the intersection V;, Nin,, U
with the X-scheme structure given by Proposition 5-1.

Then there exists a function ordjac : Trop(U) N ZZ , — Z that satisfies the following.

(@) If w=w1,...,wy) € Trop(U)N Z;O and f1, . .. fn—a € klx1, ..., x,] are a generat-

ing set for the ideal of X such that in,, fi,...,iny, fu—g € k[xfl, .. ,x,jfl] generate

the ideal of in,, U, then
ordjac(w) =wy + - - - + wy, — (trop(f1)(w) + - - - + trop(f—a)(w)) € Z.
(b) We have that

7L (D)= 3 [(Vi Nin,, U, /X, p] L-d-ordiacon
weTrop(U)N (Z"ZO\{O})
and

Z;?Lve(T) — Z [inw U/X]Lfdfordjac(w)Tu'w.
weTrop(U)ﬂZ'éO

Remark 5-3. The classes above are well defined by Propositions 4-3, 4-4 and 5-1.

Let Zg,u’k(T) € ///,j [7] be the power series obtained by pushing forward each coefficient
of ZX’Q’M(T) along the structure morphism of X, and if the origin of Aj is contained in X, let

ZQ’M’O(T) € ///,f [7] be the power series obtained by pulling back each coefficient of ZQ’M(T)
along the inclusion of the origin into X.

COROLLARY 5-4. Again let Vy, be the subscheme of G,  defined by (xi,...,xn)" — 1.
Suppose there exists v € Z" such that u - v > 0 and such that for all w € 7",

iny, U =1iny4, U.

Then for all w € Trop(U) N (Z’;O \ {0}), we have that V,,Nin,, U is invariant under the
(Kyv, v)-action, and there exists a function ordjac : Trop(U) N Z’éo — 7 that satisfies the

following.
(a) Ifw=(w1,...,wy) € Trop(U)N Z’éo and fi, ... ,fn—a € klx1,...,x,] are a generat-
ing set for the ideal of X such that in,, fi,...,in,, f—q € k[xfl, e ,x,jfl] generate

the ideal of in,, U, then

ordjac(w) =wy + - - - + wy,, — (trop(fi)(w) + - - - + trop(fu—q)(W)) € Z.
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(b) We have that
Z;(l,u,k(T) — Z [(Vu Nin,, U)Z-v’ ll] L—d—ordjac(w)Tu.w.
weTrop(U)ﬂ(Z’éO\{O}>
(¢) If the origin of A} is contained in X, then

ZXﬁ,u,O(T) — Z [(Vu N inW U);.V, I:L]L—d—ordjac(w)Tu‘w‘
weTrop(U)NZL,

5-1. Proof of Corollary 5-4
The following proposition will be used for Corollary 5-4(c). Its purpose is to show that
Z;é,u,o is computed by summing over lattice points in Trop(U) with strictly positive entries.

PROPOSITION 5-5. Let w € Trop(U) N ZZ ,, suppose that the origin of Aj is contained in
X, and endow in,, U with the X-scheme structure given by Proposition 5-1. Then:

(a) ifweZ, the fiber of in,, U over the origin of A} is equal to in,, U,

(b) and ifw ¢ 7 ), the fiber of in,, U over the origin of A} is empty.

>0

Proof . This is a direct consequence of the X-scheme structure of in,, U.

Now, using the notation in the theorem’s statement, Theorem 5-2 implies
ZeuM= 3 [Wuning O, p] Lo,
weTrop(U)N (Zgo\{O})

and if in addition, the origin of AJ is contained in X, Proposition 5-5 and Theorem 5-2
imply

Zo@= 3 [(Vanin, UYL, 4] 4oz,
weTrop(U)NZY

Thus Corollary 5-4 follows from Theorem 5-2 and the following proposition.

PROPOSITION 5-6. Suppose there exists v € Z* such that u-v > 0 and such that for all
weZ,

illw U= inw+v U.

Let w e Trop(U)N <Z’;0 \ {O}), and let 'V, be the subscheme of G, , defined by
x1,...,x)* — 1. Then V,,Nin,, U is invariant under the (.., v)-action and

[(Vu Niny, U);V.Hp ,lAl,] =[(Vy Nin,, U);.w ale Kg(Val‘k)-

Proof . Because u - w > 0, there exist £, ¢’ € Z~¢ and w' € Z" such that u - w' = 0 and

w=20v+w.
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By Proposition 4-5, V,, Nin,, U is invariant under the (iy.¢y,, £w)-action and
(Vi Vi, U0 2] = [ (Vi Ming, U)L%,0 2] € KE (Varp).
By the hypotheses on v, we have that
in,y U=iny, U,

so by Proposition 4-3, in,, U is invariant under the (u.¢y,£fw)-action. Then by
Proposition 4-6, in,, U is invariant under the (it,.¢,, £'v)-action, and noting that u - fw =
u-£v,

[(Vu N inw/ U)ﬁ‘."éws lLu-EW] = [(Vu N inw’ U)f;/;/w Mwﬁ’v] € Kg”‘l/v(val‘kl
Again by Proposition 4-5, V,, Nin,, U is invariant under the (u,., v)-action and
|(Vuning O3, 2] = [V Ning O),,. 1] € K] (Varp).
All together, noting that in,, U =iny, U =in,, U,

[(Vu Niny, U)LV.W’ /,:L]

(Vi Oviny, O, 2]

[
FVH Nin,, U)% ]

u-bw>

(Va Vinys D)L, 2]

[(Vu Niny,y U);.v, ll
[(Vu Niny, U);.v, ll] .

5-2. Fibers of tropicalisation

For the remainder of Section 5, fix £ € Z.o and endow R with the u¢-action where
each £ € iy acts on R by the m-adically continuous k-morphism 7 — &~ !, Let A% =
Spec(R[x1, . . ., x,]), let X =X x; Spec(R) C A, and endow A (resp. X) with the p¢-action
induced by the p¢-action on R and the trivial 1¢-action on A} (resp. X).

Let Ay C 4X) be the subset of arcs where (xy, . . ., x,)"|x has order £, and let A, ;| C LX)
be the subset of arcs where (x1, . . . , x,)"|x has order £ and angular component 1.

Let trop : 4X) — (Z=o U {oo0})" be the function (ordy,|y,...,ordy, ). Any arc that
tropicalises to a point in ZZ ;, has generic point in U x; Spec(R), so

trop(4X)) N ZZ, C Trop(U).
Also because u € Z" ; and € # 0,
trop(A¢) C trop(4(X)) N (Z2 \ {0}) C Trop(U) N (ZZ,\ {0}) .
Thus

Ap= U trop_l(w).

weTrop(U)N (ano\{()})
u-w=~
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This union is disjoint, and because u € Z ,, it is also finite. By Proposition 3-4, for each w €
Z;o’ we have that the fiber trop_l(w) and the intersection trop_l(w) N Ay, are pg-invariant
cylinders in 4 X). We have thus proved the following.

PROPOSITION 5-7. We have that

ph A ) = Z b <trop_1(w) DA[J) ,
weTrop(U)N (Z"ZO\{O})
u-w=>~(
and
pxo= Y px(wopT'on).
weTrop(U)m(Zgo\{O})
u-w=¢{

5-3. Morphisms for computing volumes

Throughout subsection 5-3, we will fix some w = (wy, ..., w,) € Trop(U) N (Z;o \ {0})

such that u - w = £. We will construct a smooth, pure relative dimension d, finite type, sep-
arated R-scheme X" with good p¢-action making the structure morphism equivariant, and
we will construct a pg-equivariant morphism v, : X" — X that will eventually be used to
compute the motivic volumes of trop_1 (w)NAg,1 and trop_] (w).

Let (G%’R = Spec (R [xfl, o ,xfID = Gﬁﬁk Xk Spec(R), and endow it with the p¢-action
induced by the u¢-action on Spec(R) and the (u¢, w)-action on qu’k. Let ¢y, : GZL r— Aj
be the R-scheme morphism corresponding to the R-algebra morphism

@ Spec(R[x1, . . ., xy]) > Spec(R[xfl, .. ,x,jle cxi > Vixg.

PROPOSITION 5-8. The morphism ¢, : G n — Aj is p¢-equivariant.

Proof. Let &epuy, and let Sl:RxT—Ll,...,x;—Ll]—)Rxfl,...,x,jfl] and

& :Rlxy,...,x,] — R[x1,...,x,] beits actions. We will show that
Elogy =g, 0&.

Because the structure morphisms of G;jl r and A}é are [L¢-equivariant, it is sufficient to show
thatif i € {1,...,n}, then

&1 (oh(xi) = gh (&),
which holds because
&1 (opp(x)) = &1 (7"x;)
= (%‘_177)le E"ix;
=a"ix;
= @)
= g (62(x)).
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Now let X, be the generic fiber of X, let gy, : G}, x — A be the base change of ¢, to the
fraction ﬁeld K of R, let X}/ C G}, x be the pre-image of X, under ¢y, », and let X" C G, ¢
be the unique closed subscheme of G,y x that is flat over R and has generic fiber XV, se e
for example [Gub13, section 4]. By construction, the generic fiber of X" is 1som0rphlc
to U x Spec(K), and its special fiber is equal to in,, U C G}, & which is smooth by the
hypotheses on X. Thus X" is smooth and pure relative dimension d over R. Note that by
uniqueness, X" is equal to the closed subscheme of ¢,; (%) defined by its R-torsion ideal.
Thus we have a morphism v, : X — X induced from ¢,, by restriction.

Remark 5-9. Note that if ¥, : X)) — X, is the base change of v, to K, we have that
Y,y 1s isomorphic to the open immersion U x Spec(K) — X x Spec(K). In particular, v,
induces an open immersion on generic fibers.

To obtain a generating set for the ideal defining X" in G”m’R, we first need to prove the
following lemma.

LEMMA 5-10. Let 9) be a finite type R-scheme, and let )" be the closed subscheme of )
defined by its R-torsion ideal. If as closed subschemes of ), the special fiber of 9)° is equal
to the special fiber of ), then ) is a flat R-scheme.

Proof. We may assume ) = Spec(2() for some finite type R-algebra 2. Let I C 2 be the
m-torsion ideal of 2. Because / is finitely generated, there exists m € Zxq such that 7/ = 0.
By the hypotheses,

ICcr
Let f € I. Then there exists g € U such that f = 7 g. But 7 g € [ implies that g € I. Thus
I=nl=7"1=0.
Therefore 2 is 7 -torsion free, so it is flat over R.
We can now prove the following two propositions.

PROPOSITION 5-11. Letfi,...,fm € klx1, ..., X,] be a generating set for the ideal defin-
ing X in A} such thatin, fi, ... ,iny fi, € k[xfl, ... ,x,jf] ]form a generating set for the ideal
ofin, U in G . Then

7 —trop(fi)(w) OX(f), —trop(fn)(w) O (o )eR[xl L xil]

stn
form a generating set for the ideal defining X" in G, p.
Proof . Let ) be the closed subscheme of GZLR defined by the ideal generated by

7tr0p(fl )(w)(p* (fl) trop(f,,,)(w) * (f )
W Y

Then by construction, the generic fiber of ) is equal to %;V and X" is equal to the closed
subscheme of ) defined by its R-torsion ideal. The special fiber of ) is the closed subscheme
of G” defined by iny, f1, .. .,1in,, f;; and thus is equal to in,, U, which is also the special
fiber of X". Therefore by Lemma 5-10, 9) is flat over R, so X" is equal to %).
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PROPOSITION 5-12. The closed subscheme X" C G},  is w¢-invariant.

Proof. By the hypotheses on X, we know there exist fi,...,f,—q € k[x1, ..., x,] that
generate the ideal of X such that iny, f1,...,in, f,—q generate the ideal of in,, U, so by
Proposition 5-11,

7o ORI £y —rop(u-)W ¥ () e R[ N x,jfl]
generate the ideal defining X" in G/},

Thus it will be sufficient to show that if fek[x,...,x;], &€pe, and
& R[ ;—Ll,..., il] —>R[xf1,...,x,jfl] is its action, then Sl(n’tr"p(f)(w)wv’;(f)) is in
the ideal of R [xl e ,xnil] generated by Jr_tmp(f)(W)go;';(f). Write

!
f: Z au/(xls---’xn)u,

u/GZ'éO
where each a,y € k. Then
! !
g PIMGEy = N w TP (xy, xS
u’EZ’éO
o)

u' -w—trop(f)(w) / /
s Oy = Y (677) @@, )"

u EZ;O
X Lo X ,
— Strop(f)(w) Z W trop(f)(w)au/(xl’ o ’xn)u
u/EZ"
— Etrop(f)(w) trop(f)(w) * (f)
We now endow X" with the restriction of the w¢-action on GZL r- Because X" is affine,

this pe-action is good, and by construction, this p¢-action makes the structure morphism
equivariant. By Proposition 5-8, we have that the morphism v, : X" — X is u¢-equivariant.

Remark 5-13. By construction, the special fiber of X" with its induced p¢-action is equal
to (iny, U))}.

5-4. Preparing for the change of variables formula

We establish some results which will be used in the application of Theorem 2-8.
For the remainder of Section 5, let V, be the subscheme of G’,;l’k defined by

(1, x)" — 1, and if w e Trop(U) N (Z’;O \ {0}) is such that u-w=¢, let X and
Yy 1 X — X be as constructed in subsection 5-3.

PROPOSITION 5-14. Let w € Trop(U) N (Z %o\ {0}) be such that u-w = {. Noting that

VuNiny, U Ciny, U= Xy, the subset 0(; (V, Niny, U) CHAXY) is a jue-invariant cylinder,
and

s (65 (Vi Dimy U)) = [(Vi iy, U)} /8, ] L™ € .
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Proof. By Proposition 4-4 and Remark 5-13, we have that V,, Nin,, U is a u-invariant
subscheme of Xj, and with the restriction of this ¢-action, it is equal to (V,, Nin,, U)}". The
proposition then follows from the fact that the truncation morphism 6y : AX") — % (X") =
X|) is pe-equivariant and the definition of the ¢-equivariant motivic measure.

LEMMA 5:15. Letw € Trop(U) N (222 \ (0}) be such that u- w =€, let ¢, : G, g — A

be as in subsection 5-3, and let k' be an extension of k. Then @,, induces a bijection

GGy g) (K) = {x e Y(AR) (K) | w = (ordy, (x), . .., ordy,(x))} .

Proof. Let R =k'[7], and let K’ be its field of fractions. Because ¢,, induces an open
immersion on generic fibers, it induces an injection G”m’ r(K) — AR(K’). Because G”m, R 18
separated, this implies that ¢, induces an injection (G, z) (k) — %(A}) (k). We thus
only need to show that the image of this injection is {x € Y(A}) ()| w= (ordy, (x), ...,
ordy, (x))}.

Lety: Spec(R") — G, . Then foreachi € {1,.. ., n}, we have that x;(y) is a unit in R', so
by construction,

() € {xe YAR) k') |w= (ordy, (), . .., ordy,(x))} .

Write w = (wi,...,w,), and let x: Spec(R’) — AJ be such that ordy,(x) =w; for each
i€{l,...,n}. Thenforeachie{l,...,n}, wehave that 7 ~"ix;(x) is a unit in R, so we may
sety: Spec(R) — G}, g to be the morphism whose pullback is given by x; —> 7 ~"x;(x) € R.
By construction ¢,,(y) = x, and we are done.

PROPOSITION 5-16. Let weTrop(U)m<Zgo\{0}) be such that w-w=2¢. Then

V1 XY — X induces bijections YX")(k') — trop~'(w)(k') and 6y v, Nin, U) ) —
('[rop_1 w)N Ag,l) (k) for all extensions k' of k.

Proof. Fix an extension k' of k. Because ,, induces an open immersion on generic
fibers and because X" is separated, we have that ¢,, induces an injection from KAX")(k')
to 4 X)(k'). Thus we need to show that the image of A X")(k’) is trop~' (w)(k’) and that the
image of GO_I(VM Nin,, U)(K) is (trop~1(w) N Ag1)(K).

Let y e 4X")(K) C 4G}, z) (K). By Lemma 5-15, ,(y) € trop~ ! (w)(K'). Let xe
trop~ ! (w)(k') C {x' € Y(A}) (k) | w = (ordy, (x'), . .., ordy,())}. By Lemma 5-15, x is in
the image of ¢,,, where ¢,, is as in Subsection 5-3. Because X" is the closed subscheme
of ¢, (%) defined by its R-torsion ideal, this implies that x is in the image v,,. Thus v,
induces a bijection X" )(k") — trop~ L (w)(K)).

Let y € 4X")(k"). We only need to show that v,,(y) € A¢,1 (k') if and only if 6y(y) € (V, N
iny, U)(kK"). Write w = (w1, ..., wy,), and let R' = k'[7]. Then

V() €A 1(K) &= (x1,.. ., x0)" (Ww(y)) = 7t(1 4 7r) for some r € R’
= @"xyp, ..., 7" )" @) =7"" (1 + 7 r) for some r € R’
= (x1,...,x%)"(y) =1+ 7r for some r € R’
= (01,5 x0)" = D(BO(G)) =0
< Op(y) € (V, Nin,, U)K).
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PROPOSITION 5-17. Let w € Trop(U) N (Zgo\{0}> be such that u-w=~, and let
fiso o sfu—a €Klx1, ..., xn] be a generating set for the ideal defining X in Aj such that

iny f1,...,10 fr—g € k[xfl, ce xfl] form a generating set for the ideal of in,, U in G, ,.
Then the jacobian ideal of \,, is generated by

W1 W = (Op( )W)+ Hrop(fu- )W)

Proof. Let ¢y, : G%’R — A% be as in Subsection 5-3, and for any f € R[xy, . . ., x,], we will
set

= n_tmp(f)(w)(p:;(f) € R[xlil, .. ,x;—Ll] )

Then by Proposition 5-11, the ideal defining X" is generated by f\",...,f" ;. Let 2, =

R [xlil, .. ,x,fl] / (flw N M d) be the coordinate ring of X". Then we have the diagram

0

e

Q/JZ)Qx/R —_— wa/R —> wa/x — 0

| 1

AL AL

T

Ay AL —— Ap?

where the right vertical sequence is the presentation for the differentials module Qxw/g
induced by our presentation for 2l,,, the top horizontal sequence is the standard presentation
for the relative differentials module Q2xw,x, and the top left vertical arrow picks out the
generators of 7 Qx g induced by the coordinates of A%. The diagonal sequence gives a
presentation for Qxw,x with matrix whose entries are the images in %1,, of the entries in the
matrix

" ofy"/dxy of”_ 4/ 9x1

VA aflw/axn afy:‘id/axn
Foreachie{l,...,n}andje{l,...,n—d},

n

dg(f/oxi=Y_ (ol (3fi/0xr)) (99} (xir) /0x;) = "o} (3f;/0)

i'=1

SO

Of [9x; = P (3f; /o) .
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Foreachme {0,1,...,n—d} and size m subsets I C {1,...,n}and J C{l,...,n—d}, let
A{ be the determinant of the size m minor of the matrix (df;/dx;);; given by rows in I and
columns in J. Then the jacobian ideal of y,, is generated by the images in ,, of

{nw1+"'+W"—Zj€J trop(f_})(w)(p;kvA{}

m,l,J '

Because X is smooth and pure relative dimension d over R, the unit ideal of X is generated
by the images in R[x1, ..., x,]1/(f1, - . -, fu—a) Of

so the jacobian ideal of v, contains

W +-+-+wy, —(trop(fi )(w)+~~+tr0p(f,,,d)(w)).

Because w € Z';O and each f; € k[xy, ..., x,], we have that each trop(f;)(w) > 0. Therefore
the jacobian ideal of v, is in fact generated by

T Wi+ +wy —(trop(fi )(w)+---+trop(fy—a)(w)) .

5-5. Proofs of Proposition 5-1 and Theorem 5-2
We first prove Proposition 5-1.

Proof of Proposition 5-1. This is clear if w =20, so we may assume that w € Trop(U) N
<Z’;0 \ {0}) is such that u-w=~¢. In this case, by Remark 5-13, the special fiber of X"

with its induced w¢-action is equal to (in,, U);. The proposition follows by considering
the special fiber of ¥, : X — X, where by construction 1, is the restriction of ¢,, and the
special fiber of ¢,, is precisely the map ¢ from the statement of Proposition 5-1.

Now set ordjac : Trop(U) N (Z~, \ {0}) — Z: w > ordjacy,, (y) for any y € A X"), noting
that by Proposition 5-17, this does not depend on the choice of y. Also set ordjac(0) = 0.

PROPOSITION 5-18. Let w € Trop(U) N (Z;O \ {0}) be such that u -w = £. Then

Mx <tr0p71(w)> = [in,, U/X]]L*dfordjac(w),
and
ey (tropfl(w) ﬂAz,l) =[(VuNiny, UYY,, /X, g ] L™ 0rdiactn,
Proof. By Remark 5-9 and Propositions 5-14 and 5-16, the proposition follows from the
(equivariant) motivic change of variables formula applied to ,,.

Because u € Z7 ), the monomial (x1, . . ., x,)" vanishes on all of X \ U. Thus the constant
naive

term of Zy (T) is equal to

[U/X]L_d =[ing U/X]L—d—ordjac(w).
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Therefore, Theorem 5-2 follows from Proposition 5-17 and the next proposition.

PROPOSITION 5-19. The coefficient of T® in ZQ’M(T) is equal to

Z [(V, Niny, U)Y, /X, f]L—d=ordjactn)
weTrop(U)m(Z'éo\{O})

u-w=¢{

and the coefficient of T in Z;’(”ive(T) is equal to

U

Z [inw U/X]L—d—ordjac(w).

weTrop(U)N (Z’;O\{O})
u-w=~{

Proof . This follows from Propositions 3-5, 3-6, 5-7 and 5-18.

6. Motivic zeta functions of hyperplane arrangements

Let d, n € Z~g, let M be a rank d loop-free matroid on {1, ..., n}, and let A € Gra(k).
We will prove Theorems 1-3 and 1-10. Throughout this section, we will be using the notation
defined in Section 2-4.

LEMMA 6-1. Let w=(wy,...,w,) € R" Then there exist fi,...,fo—a €k[X1,...,Xn]
that generate the ideal of XA in A such that the ideal of in,, Uy in Gz’k is generated
byiny, f1,...,iny, f—g € k[xfl, e ,x,jfl] and such that

wi 4 -+ wy — (trop(fi))(w) + - - - + trop(f—a)(w)) = Wt (w).

Proof . Fix some B € B(M,,). Then by Proposition 2-10,
[ i ie . m\ B chx, o)
generate the ideal of X 4 in A and
{inw L& imliell,..on) \B} CklxE, . xE]
generate the ideal of iny, U4 in G, ;. By Proposition 2-11,

trop (L“C“( M,i,B)) w) =w;

foreachie{l,...,n}\ B. Thus

ie{l,...n}\B i€B
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We now prove Theorem 1-3.

PROPOSITION 6-2. We have that

Z (1) = > [Fa, IL™WMONT, 1) e AT,
weTrop(M)m(Zgo\{O})
and
Zl (1) = > [F A, QLM TYY e AT
weTrop(M)NZZ

Proof. By setting X =X4, u=(1,...,1), and v=(1,...,1), the proposition follows
directly from Corollary 5-4 and Lemma 6-1.
We end this section by proving Theorem 1-10.

PROPOSITION 6-3. We have that

ZE = Y WL T e AT
weTrop(M)NZE o
and
W= Y x WLTWOAT T e 40T,
weTrop(M))NZ"

Proof. By setting X =X4 andu = (1, ..., 1), the proposition follows from Theorem 5-2,
Proposition 5-5, Lemma 6-1, and the fact that for each w € Trop(M), the class [U 4, ] € #
is equal to x g, (IL).

Acknowledgements. We would like to acknowledge useful discussions with Dori
Bejleri, Daniel Corey, Netanel Friedenberg, Dave Jensen, Kalina Mincheva, Sam Payne and
Dhruv Ranganathan. We thank the anonymous referee for their careful reading and helpful
suggestions. The second named author was supported by NSF Grant DMS-1702428 and a
Graduate Research Fellowship from the NSF.

REFERENCES

[AHK18] KARIM ADIPRASITO, JUNE HUH and ERIC KATZ. Hodge theory for combinatorial geome-
tries. Ann. of Math. (2) 188(2) (2018), 381-452.

[Bhalé6] BHARGAV BHATT. Algebraisation and Tannaka duality. Camb. J. Math. 4(4) (2016), 403—461.

[BMT11] NERO BUDUR, MIRCEA MUSTATA and ZACH TEITLER. The monodromy conjecture for
hyperplane arrangements. Geom. Dedicata, 153 (2011), 131-137.

[BN16] EMMANUEL BULTOT and JOHANNES NICAISE. Computing motivic zeta functions on log
smooth models. ArXiv e-prints, October 2016.

[BS10] NERO BUDUR and MORIHIKO SAITO. Jumping coefficients and spectrum of a hyperplane
arrangement. Math. Ann. 347(3) (2010), 545-579.

[BSY11] NERO BUDUR, MORIHIKO SAITO and SERGEY YUZVINSKY. On the local zeta functions and
the b-functions of certain hyperplane arrangements. J. London Math. Soc. (2) 84(3) (2011),
631-648. With an appendix by Willem Veys.

https://doi.org/10.1017/S0305004123000099 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004123000099

[BV16]

[CNS18]
[DCPY5]
[DHO1]
[DL98]

[DLO1]

[DLO2]

[Gubl13]

[Gui02]
[Harl5]
[JKU21]

[Kon95]
[KU22]

[Lo002]
[MS15]
[Ran89]
[Ran97]
[Seb04]
[Sucl7]

[vdV18]

Motivic zeta functions of hyperplane arrangements 215

BART BORIES and WILLEM VEYS. Igusa’s p-adic local zeta function and the monodromy
conjecture for non-degenerate surface singularities. Mem. Amer. Math. Soc. 242(1145) (2016),
vii4131.

ANTOINE CHAMBERT-LOIR, JOHANNES NICAISE and JULIEN SEBAG. Motivic Integration.
Progr. Math. 325 (Birkhauser-Springer, New York, 2018), xx+526.

C. DE CoNCINI and C. PROCESI. Wonderful models of subspace arrangements. Selecta Math.
(N.S.) 1(3) (1995), 459-494.

JAN DENEF and KATHLEEN HOORNAERT. Newton polyhedra and Igusa’s local zeta function.
J. Number Theory 89(1) (2001), 31-64.

JAN DENEF and FRANCOIS LOESER. Motivic Igusa zeta functions. J. Algebraic Geom. 7(3)
(1998), 505-537.

JAN DENEF and FRANCOIS LOESER. Geometry on arc spaces of algebraic varieties. In
European Congress of Mathematics, vol. 1 (Barcelona, 2000) Progr. Math. 201 (Birkhiuser,
Basel, 2001), pp. 327-348.

JAN DENEF and FRANCOIS LOESER. Lefschetz numbers of iterates of the monodromy and
truncated arcs. Topology 41(5) (2002), 1031-1040.

WALTER GUBLER. A guide to tropicalisations. In Algebraic and Combinatorial Aspects of
Tropical Geometry. Contemp. Math. 589 pages 125-189. (Amer. Math. Soc., Providence, RI,
2013), 125-189.

GIL GUIBERT. Espaces d’arcs et invariants d’ Alexander. Comment. Math. Helv. 77(4) (2002),
783-820.

ANNABELLE HARTMANN. Equivariant motivic integration on formal schemes and the motivic
zeta function. ArXiv e-prints, November 2015.

DAVID JENSEN, MAX KUTLER and JEREMY USATINE. The motivic zeta functions of a
matroid. J. Lond. Math. Soc. (2), 103(2) (2021), 604-632.

MAXIM KONTSEVICH. String cohomology, December 1995. Lecture at Orsay.

MAX KUTLER and JEREMY USATINE. Hyperplane arrangements and mixed Hodge numbers
of the Milnor fiber. Int. Math. Res. Not. IMRN (11) (2022), 8644-8684.

EDUARD LOOIJENGA. Motivic measures. Astérisque (276) (2002), 267-297. Séminaire
Bourbaki, vol. 1999/2000.

DIANE MACLAGAN and BERND STURMEFELS. Introduction to tropical geometry. Grad. Stud.
Math. 161 (Amer. Math. Soc. Providence, RI, 2015).

RICHARD RANDELL. Lattice-isotopic arrangements are topologically isomorphic. Proc. Amer.
Math. Soc. 107(2) (1989), 555-559.

RICHARD RANDELL. Milnor fibrations of lattice-isotopic arrangements. Proc. Amer. Math.
Soc. 125(10) (1997), 3003-3009.

JULIEN SEBAG. Intégration motivique sur les schémas formels. Bull. Soc. Math. France 132(1)
(2004), 1-54.

ALEXANDRU 1. SucIu. On the topology of the Milnor fibration of a hyperplane arrangement.
Rev. Roumaine Math. Pures Appl. 62(1) (2017), 191-215.

ROBIN VAN DER VEER. Combinatorial analogs of topological zeta functions. ArXiv e-prints,
March 2018.

https://doi.org/10.1017/S0305004123000099 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004123000099

	Introduction
	Statements of main results

	Preliminaries
	The equivariant Grothendieck ring of varieties
	The motivic zeta functions of Denef and Loeser
	Hartmann"2019`s equivariant motivic integration.
	Linear subspaces and matroids

	Equivariant motivic integration and the motivic zeta function
	Actions of the roots of unity on an algebraic torus
	Proof of Proposition 4.6

	Motivic zeta functions and smooth initial degenerations
	Proof of Corollary 5.4
	Fibers of tropicalisation
	Morphisms for computing volumes
	Preparing for the change of variables formula
	Proofs of Proposition 5.1 and Theorem 5.2

	Motivic zeta functions of hyperplane arrangements

