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On common fixed points

for a family of mappings

S.A. Husain and V.M. Sehgal

The purpose of this paper is to obtain some common fixed point

theorems for a family of mappings in a complete metric space.

The results herein improve some of the recent theorems of

Kiyoshi Iseki (Bull. Austral. Math. Soo. 10 (197U), 365-370).

1 .

In a recent paper [ ? ] , Iseki has given some sufficient conditions for

the existence of a common fixed point for a sequence of self mappings of a

complete metric space. The purpose of th i s paper i s to obtain some common

fixed point theorems for a family of mappings under conditions that are

considerably weaker than considered in [7 ] . The resul ts herein improve the

resul t s in [ ' ] and several other known resul ts ( [ 2 ] , [ 3 ] , [4] , [5 ] ) .

Throughout t h i s paper, l e t (X, d) be a complete metric space and R

the nonnegative r ea l s . Let i|J denote a family of mappings such that each

<j>€t|>, § : {R ) ->•/? , and <(> is continuous and nondecreasing in each

coordinate variable.

THEOREM 1. Let f, g be self mappings of X . Suppose there exists

a 4> (• 4> such that for all x, y € X ,

(1) difx, gy) 5 <\>{d(x, fx), d(y, gy), d(x, gy), d(y, fx), d(x, y)) ,

where $ satisfies the condition: for any t > 0 ,

(2) <j>(t, t, a±t, a2t, t) < t , ai f { l , 2} with a± + a2 = 2 .
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Then there exists a u Z X such that

(a) fu = gu = u and

(b) u is the unique fixed point of each f and g .

Proof. Define a sequence {x } in X as follows. Let x € X ,

x = fx , x = gx , and inductively, for each n (. I (positive

integers),

X2n-1 = fxZn-2 ' X2n = gX2n-l '

Let dn = d{xn, xn+l) . Since d[X?n_v x^J 5 d ^ * d^ , i t follows

ty (1) that, for each n £ I ,

(3) d2n = d{fx2n, gx^) 5 ${d2n, d2n_x, o, d2n_1+d2n, d2nj .

Now, if for some n € I , d > d , then (3) wil l imply that

d2n - ̂ d2n> d2n> °> 2d2n> d 2 J <
 d2n '

a contradiction. Hence d2n 5 d . Similarly, it follows that

dp 5 d for each n (. I . Consequently, \d } is a nonincreasing

sequence in R and hence there is a r d B such that <i •* v . Clearly

r = 0 , for otherwise, by (3),

r 5 <()(i., r, 0, 2r, r) < r ,

a contradiction. Thus

(U) ^ = d(WiJ ^° •

We show that \x } i s a Cauchy sequence in X . In view of (h) i t

suffices to show that the sequence {x^ } i s Cauchy. Suppose that {x }

i s not a Cauchy sequence. Then there i s an e > 0 such that for each even

integer 2k , k € I , there exist integers 2n{k) and 2m{k) with

2k S 2n(fc) < 2m(k) such that

Let, for each integer 2k , k i I , 2m(k) be the least integer
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exceeding 2n{k) s a t i s f y i n g ( 5 ) ; t h a t i s

( 6 ) d(x2n(k)> X2m(k)J ~ £ a n d <x2n(k)' X

Then, for each integer 2k , k (. I ,

d2m(k)-2 + d2m(k)-l '

Therefore, by {h) and (6), we obtain

(T) d( )

It now follows immediately from the triangular inequality that

and

a n d h e n c e , b y ( 6 ) a s fe - * • > » ,

5 d2m{k)-l + d2n(k) '

For simplicity of the notation, l e t , for each k € I ,

A2k) = d{x )

s(2k) = d{x

and

t(2k) = d

Then, since r(2fe) £ d2 n ( f c ) + d{fxZn{k), gx^^^) , i t follows fey ( l )

tha t

A2k) ~ d2n(k) + ^d2n(k)' d2m(k)-l' r{2k)' t ( 2 f e ) ' si2k)^ '

and hence i t follows by (2 ) , ( 7 ) , and (8) t ha t

e £ cf>(0, 0, e, e, e) < £ ,

cont rad ic t ing the existence of an e > 0 . Consequently, {x } i s a

Cauchy sequence and hence, by completeness, there i s a u £ X such t h a t

x •* x • We show that fiu) = g{u) = u . Bow, since x2n = 9^2n-i '
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d{fu, x2n) < <t>{d(u, fu), d2n_±, d[u, x2n), d{x2n_±, fu), d™ , u)) .
*

Therefore, as n -»• °° in the above inequality, we obtain

d(fu, u) 5 $(d(u, fu), 0, 0, d(u, fu), 6] ,

and hence, by the nondecreasing property of <j> , i t follows that fu = u .

A similar argument applied to d[x^ . , gu] yields gu = u . This proves

(a) . To prove (b) suppose there i s a v t u for which gv = v . Let

r = d(u, v) > 0 . Then

r = d(fu, gv) 5 (f>(0, 0, r, r, r) < r ,

contradicting r > 0 . Thus V = u . A similar argument shows that u is

the unique fixed point of / also. This proves (b).

2.

In the following, l e t F denote a family of self mappings of X

and, for each f,g£F, l e t a = a{f, g) indicate that a depends on /

and g .

The following i s an immediate consequence of Theorem 1.

THEOREM 2. Let F satisfy the condition: for each pair f,g(.F,

there exists a if = <\>{f, g) € i|> satisfying ( l ) and ( 2 ) . Then there is a

u £ X such that

(a) fu = U for each f £ F and

(b) u is the unique fixed point for each f £ F .

The following special case of Theorem 2 provides an extension of

Theorem 1 in [ / ] .

COROLLARY 1. Let F satisfy the condition: for each pair f,g£F

there exist noraiegative reals a = a(f, g) , 6 = 8(f, g) , and a

Y = Y(/> g) ui-th 2a + 2g + y < 1 such that for all x, y £ X ,

difx, gy) < a (d (x , fx)+d{y, gy)) + $[d(x, gy)+d(y, fx)) + yd(x, y) .

Then F has a unique common fixed point.

Proof . De f ine <j> = <\>(f, g) : [ R * ] 5 •* R+ by

*(*!• V V v V = a(*i+*2) + e(V*i,) + yt5 •
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Then <}> € \p and s a t i s f i e s ( 2 ) . C lea r ly , each p a i r f,g(.F s a t i s f i e s

( l ) with respect t o <j) = <j>(/> <?) • The conclusion now follows by Theorem

2.

The following r e s u l t conta ins some of the r e s u l t s of Sr ivastava and

Gupta [ 5 ] , Reich [ 2 ] , Sehgal [ 3 , 4 ] , and o t h e r s .

COROLLARY 2. Let F satisfy the condition: for each pair

f,gZF, there exist positive integers m = m(f, g) and n = n(f, g)

and a § = §{f, g) Z \p satisfying (2) such that for all x, y € X ,

(9) d[fx, gny) 5 ${d{x, fx), d[y, gny), d{x, gny), d(y, fx), d(x, y)) .

Then F has a common fixed point which is the unique fixed point of each

f t F .

Proof. Let f1 = f and g = gn . Then the pair f±, g satisfies

the conditions of Theorem 1 and hence there is a u € X with

j u = g u = u and u is the unique fixed point of j and g . Since

/ (fu) = f[fu] = fu , it follows that fu=u and, similarly, gu = u

and u is the unique fixed point of f and g . If h € F , then by the

above argument, the pair /, h has a common fixed point v € X and v

being a fixed point of / , it follows that v = u .

3.

In t h i s section we obtain some generalizations of Theorem 2 and

Theorem 3 in [ / ] .

THEOREM 3. Let g and a sequence [f } be self mappings of X

such that f -*• g uniformly. Suppose for each n 2: 1 , f has a fixed

point x and g satisfies the condition: for all x, y € X ,

(10) d{gx, gy) 5 <$i{d{x, gx), d{y, gy), d{x, gy), d(y, gx), d{x, y)) ,

for some c() € ^ satisfying ( 2 ) . If a; is the fixed point of g and

sup d[xn, xQ) < °° , then xn -»• xQ .

Proof. Note that g has a unique fixed point x by Theorem 1.
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Since f x = x and f -*• g uniformly, i t follows that

difn
x
n> ffx

n) = d{x
n> dx

n) * ° a s « •* °° • Let e = lim sup d(a^, xQj .

Then, since d{gx , xQ) 5 d[gx , x ) + <i(a; , a: ) , i t follows by (10) that

fa: , xJ) < d(x , qx ) + d[qx , qxj\
*• n 0J y n w n' K n a 0 ;

, 0,

(a:n, x 0 ) , d{xn, xQ)) .

This implies that

e £ <j>(0, 0, e, e, e)

and hence e = 0 and, consequently, x ->• a: .

REMARK. If in Theorem 3, condition (10) i s replaced by

d(gx, gy) £ a(d(x, gx)+d(y, gy)) + &{d(x, gy)+d(y, gx)) + yd{x, y) ,

where a, 3, Y are some nonnegative reals with 2a + 2|3 + y < 1 , then i t

i s easy to show [J ] that sup d[x , xS] < °° . Thus Theorem 3 improves

Theorem 2 in [ / ] .

THEOREM 4 . Let {f } be a sequence of self mappings of X

satisfying the condition: there is a <j) € \\> satisfying (2) such that for

all x y € X and n > 1 ,

d{fnx, fny) 5 b[d{x, fnx), d{y, fj), d{x, fny), d{y, fy), d(x, y)) .

Let x be the fixed point of f (given by Theorem 1) and let g : X -* X

such that f •+ g . If xQ is any cluster point of the sequence {x }

then gxQ = xQ .

Proof. Let x •*• x . Since / •* g , t h e r e f o r e d\f xQ, gxA •*• 0 .
n i *• n i '

Furthermore, for each i £ 1 ,

4 x n . ' fn.Xo) ~ ai = d[xn.' xo) + d K ' S*Q) + dlgx , f x\ - d[x gxQ)
K i % ' K i ' *• i '

a n d
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d ' V fnX0\ ~h =

Thus for each i 2 1 ,

1 7

d\fn.
xo' gxo

0 n . * i w- 01 n . (

Therefore , as i -*•<*>,

d{xQ, gxQ) 5 <J)(o, d (x Q , ^x0) , d[xQ, gxQ) , 0, o)

which implies ^x0 = a; .
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