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On common fixed points
for a family of mappings

S.A. Husain and V.M. Sehgal

The purpose of this paper is to obtain some common fixed point
theorems for a family of mappings in a complete metric space.
The results herein improve some of the recent theorems of
Kiyoshi |séki {Bull. Austral. Math. Soc. 10 (197k), 365-370).

1.

In a recent paper [!], |séki has given some sufficient conditions for
the existence of a common fixed point for a sequence of self mappings of a
complete metric space. The purpose of this paper is to obtain some common
fixed point theorems for a family of mappings under conditions that are
considerably weaker than considered in [1]. The results herein improve the

results in [!] and several other known results ([21, [3], [4], [51).

+
Throughout this paper, let (X, d) be a complete metric space and R

the nonnegative reals. Let ¢ denote a family of mappings such that each

+ +
¢ €Y, ¢ : (R )5 ~R , and ¢ 1is continuous and nondecreasing in each

coordinate variable.

THEOREM 1. Let f, g be self mappings of X . Suppose there exists
a ¢ €Y such that for all =z, y € X,

(l) d(fxa gy) = ¢(d(x, fx)’ d(ys gy)’ d(xa gy)’ d(y’ fx)a d(x, y)) 3
where ¢ satisfies the condition: for any t >0 ,

(@) o(ts t, ayt, ayts t) <t , a; € 1,2} with a + a, =2.
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Then there exists a u € X such that
(a) fu=gu=u and
(b) u 1is the unique fiwmed point of each f and g .

Proof. Define a sequence {:z:n} in X as follows. Let x, € X,

0

xl = fxo N x2 = g:x:l , and inductively, for each n € I+ (positive

integers),

Conel = Fono Ty = oy -

Since d[ <d +d._ , it follows

Let d = d(z,, Tpn 17 Tops1) on-1 T Yon

”n xn+1)

by (1) that, for each n € I" R
(3)  dy, = d(fe,,, 975, 1) =6(dy, dyy 05 05 dy 14y s dy )

+
Now, if for some n € I , d , » then (3) will imply that

>
en d2n—

<d

dp, = 0(dpys dyps 05 24, 5 dy ) < dy

< s < . .
a contradiction. Hence d2n = d2n-l . Similarly, it follows that

+
- . . .
d2n+1 = d2n for each 7 € I . C(onsequently, {dn} is a nonincreasing
+ +
sequence in R and hence there isa »r € R such that dn > r , Clearly
r = 0 , for otherwise, by (3),
r5¢(r,r, 0, 2T,I’)<P,

a contradiction. Thus

) d =d(=z

- :Cn+l) >0 .
We show that {xn} is a Cauchy sequence in X . In view of (k) it
suffices to show that the sequence {xQn} is Cauchy. Suppose that {x2n}

is not a Cauchy sequence. Then there is an € > 0 such that for each even

integer 2k , k € It , there exist integers 2n(k) and 2m(k) with
2k =< on(k) < 2m(k) such that

(5) d(x2n(k)’ xzm(k)) > € .

Let, for each integer 2k , k € had , 2m(k) be the least integer
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exceeding 2n(k) satisfying (5); that is

(6) d(x _2) < e and d(x

on(k)® Tom(k) 2n(k)> Tom(k)) 7 €
Then, for each integer 2k , k € I+ s

* (k)1

e < dlzp,(1)* Tam(r)) = I@on(x)> Tom(x)-2) * om(k)-2
Therefore, by (4) and (6), we obtain
) > g as k > o ,

(1) (2, (1) Zom(k)

It now follows immediately from the triangular inequality that

|2 (20, (1) Zom(x)-1) @2 2) > Tom(r)) | = dom(ry 1

and

ld (20,2141 Zom(k)<1) ¢ Eon(x)* Tom(x)) | = Fom(r)-1 * Lon(x) °
and hence, by (6) as %k » = ,
(8) d(xzn(k)’ x2m(k)—l] T e d(xzn(k +1° 2m(k)-l) TE

+
For simplicity of the notation, let, for each k €¢I ,

S(2k) = d(x2n(k), x2m(k)_l) s

and

£(2) = dlop, ()41 om(r)-1)
Then, since r(2k) =d, ) * d(fwen(k)’ gxgm(k)_l) , it follows by (1)
that

»(2%) < d2n(k) + ¢(d2n(k)’ om(k)-1° r(2k), t(2k), s(2k)) ,

and hence it follows by (2), (7), and (8) that

e <¢(0, 0, €, €, €) <€,
contradicting the existence of an € > 0 ., Consequently, {xn} is a
Cauchy sequence and hence, by completeness, there is a u € X such that

x, - We show that f(u) = glu) = u . Now, since Ty, = 9,1 s
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d(fu, xen) < ¢(d(u, fu), d2n—l’ d(u, x2n], d(xzn_l, fu), d(x;n_l, u))
Therefore, as n > ® in the above inequality, we obtain

d(fu, u) < ¢(d(u, fu), 0, 0, dlu, fu), 0) ,

and hence, by the nondecreasing property of ¢ , it follows that fu = u .
A similar argument applied to d(x2n+l’ gu] yields gu = u . This proves

(a). To prove (b) suppose there is a v # u for which gv = v . Let
r = d(u, v) > 0 . Then

r = d(fu, gv) = ¢$(0, 0, 7, P, r) <r ,

contradicting »r» > 0 . Thus » = u . A similar argument shows that u is

the unique fixed point of f also. This proves (b).

2.

In the following, let F denote a family of self mappings of X
and, for each f, g € F , let a = a(f, g) indicate that a depends on f
and g .

The following is an immediate consequence of Theorem 1.

THEOREM 2. Let F satisfy the condition: for each pair f, g € F ,
there exists a ¢ = ¢(f, g) €V satisfying (1) and (2). Then there is a
u € X such that

(a) fu=u for each f€F and
(b) u is the unique fized point for each f € F .

The following special case of Theorem 2 provides an extension of
Theorem 1 in [1].

COROLLARY 1. Let F satisfy the condition: for each pair f, g € F
there exist nomegative reals o = olf, g) , B=8(f, g) , and a
Y = v(f, g) with 2a + 28 + Yy < 1 such that for all =z, y € X ,

d(fx, gy) = o(d(z, fx)+dly, gy)) + B(d(z, gy)+dly, fx)) + vd(z, y) .
Then F has a unique common fixed point.
Proof. Define ¢ = ¢(f, ¢) : (R')° » B* by

¢(tl, tys tas tys ts) = a(tl+t2) + 8(t3+th) * Ytg -
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Then ¢ € ¢ and satisfies (2). Clearly, each pair f, g € F satisfies
(1) with respect to ¢ = ¢(f, g) . The conclusion now follows by Theorem
2.

The following result contains some of the results of Srivastava and
Gupta [5], Reich [2], Sehgal [3, 4], and others.

COROLLARY 2. Let F satisfy the condition: for each pair
fs» g € F, there exist positive integers m = m(f, g) and n = n(f, g)
and a ¢ = ¢(f, g) € U satisfying (2) such that for all =z, y € X ,

(9) d(f"=, ¢"y) = old(es )5 dlys g) s dlzs g'y)> dlys M=), dlz, 1) .

Then F has a common fized point which is the wnique fiwed point of each
feF.

Proof. Let fl = fm and g = gn . Then the pair fl, 91 satisfies

the conditions of Theorem 1 and hence there is a u € X with
n . . . . n .
fmu =gu=u and u 1is the unique fixed point of fm and g . Since

F(fu) = f[fmu] = fu , it follows that fu = u and, similarly, gu = u
and u 1is the unique fixed point of f and g . If h € F , then by the
above argument, the pair f, A has a common fixed point v € X and v

being a fixed point of f , it follows that v = u .

3.

In this section we obtain some generalizations of Theorem 2 and

Theorem 3 in [7].
THEOREM 3. Let g and a sequence {fn} be self mappings of X
such that fn + g wniformly. Suppose for each n =1, fn has a fixed

point x, and g satisfies the condition: for all =z, y € X,

(10) digx, gy) =< ¢(d(x, gx), dly, gy), dl=z, gy), dly, gx), dlz, y)) ,

for some ¢ € Y satisfying (2). If =z, is the fized point of ¢ and

0
sup d(xn, xo) < o, then x, > Ly .

Proof. Note that g has a unique fixed point xo by Theorem 1.
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Since fnxn =, and fn + g uniformly, it follows that
d(fnxn, gxn] = d(:cn, gxn) +0 as n~>®, Let € = lim sup d(xn, xo)

Then, since d(gxn, xo] = d[gxn, :cn) + d(:cn, xo] , it follows by (10) that

dfe,, =) = dlz,, g=) + dlgs,, gz,

1A

d(z,, gz,) + old(z , gz ), 0, d(z , =,), dgz,, =)

+d(xn, xo], d(:cn, xo))
This implies that
e 2 ¢(0, 0, €, €, €)
and hence € = 0 and, consequently, :cn > xo .
REMARK, If in Theorem 3, condition (10) is replaced by
d(gz, gy) =< ald(x, ge)+dly, gy)) + B{d(=z, gy)+dly, gx)) + yd(z, y) ,

where o, B, Y are some nonnegative reals with 2a + 28 + y <1 , then it

is easy to show [1] that sup d(xn, xo] <o , Thus Theorem 3 improves
Theorem 2 in [1].
THEOREM 4. [Let {fn} be a sequence of self mappings of X

satisfying the condition: there is a ¢ € ¢ satisfying (2) such that for
all x y €X and n=1,

a(f,z, fy) = o(dlz, £,x), dly, £p), dl=, £y), dly, £z), dl=, v))
Let =, be the fixed point of f‘n (given by Theorem 1) and let g : X > X

such that fn g . If =z, is any cluster point of the sequence {xn}

0

then gry = x4 -

. i - + 0.
Proof. Let xni >z Since fn g , therefore d[fni:r: s gxo]

Furthermore, for each 7 =1 ,
d[xni’ fnixO] =4y = d[xni’ xO] + d(=gs gzg) + d(ng’ fnixO] > df=gs )

and
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d[mo, fhixO] < bi = d(xo, gxo) + d[gxo, fhixo] > d(xo, gxo)

Thus for each 7 =21 ,

d[xoxn‘] * d[fh.xn., fh.xo] * d[fh.xo, gxo]
7 FAR 7 i

d[xo, xn') + ¢[O, bi’ a;, d[xn., xo], d[xn., xo]]
7 7 A

* dlfh.xo’ 9“0]
17

IA

d(xo, gxo)

1A

Therefore, as 1 > ® ,
d(xo, gxo) = ¢(O, d(xo, gxo), d(xo, gxo), o, O) .

which implies 9Ty = g -
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