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1 In the past the subject of optimal reinsurance has been dealt
with by various authors such as Borch (i), Kahn (2) and Verbeek
(3). Borch tries to look at the problem from the point of view of a
company which acts as both Insurer and Reinsurer whereas the
viewpoint of Kahn and Verbeek is that of a Ceding Company.

2 Let us study the simplest possible market situation of one
Insurance Company C and one Reinsurer R. C writes a portfolio P
and seeks reinsurance protection at R.

In the present note I will start with the viewpoint of optimizing
simultaneously the situation of C and R.

3 For both C and R the variance is used as a measure of risk.
The variance of P is V. C makes an effort to reduce V to a level
Vc by way of a reinsurance treaty T. The corresponding variance
of R is VR.

4 Out of the set of possible reinsurance treaty arrangements {T}
we assume that the parties are first of all interested in such ar-
rangements for which

In other words they will look for solutions which will lead to a
substantial reduction of the variance.

It is possible to think of "nonsense" arrangements where no
substantial reduction is achieved and in the extreme case even of
arrangements for which

VC+VR> V.

In a further paper we might deal with such a case.
5 C's risk aversion is expressed by ac and i?'s by CIR. ac and CLR

have the dimension — 1 . The maximum "price" in the form of a
loading addition to the pure risk premium which C is prepared to
pay to R is

\ac{V—Vc),
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and the minimum "price" which is acceptable for R is

i ®R • VR.

The common mathematical definition of the risk aversion a(K)
as a function of the existing reserves K is

u" (K)

where u is the utility of money.
Under rather general assumptions an addition to the pure risk

premium based on utility theory is approximately

\a .V.

A strict proof of this would necessitate a separate paper.
Among all possible treaties {T} we thus have to concentrate on

those for which

&c[V — Vc) > aRVR.

In this simplified model we neglect the cost for negotiating and
administering the reinsurance.

6 We assert that it is always possible to find a treaty Tiz{T)
such that

ac(V - Vc) > aR • VR.

Proof: This inequality can be written

V — Vc—~ -VR>o.

We can always choose 7\ in such a way that

V —Vc — VR >B > o .

a) Suppose aR < ac- This will be the normal case when the Rein-
surer has stronger inner reserves than the Ceding Company.

We then have

V — Vc — — • VR > V — Vc — VR >B > o.
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156 OPTIMAL REINSURANCE

b) When a small Reinsurer deals with a big and strong Ceding
Company we probably have aR > ac,

and

MR O.R aR #C
V—VC — —-VR>B + VR—— -VR = B— -VR.

ac ac ac

This is obviously positive if we limit the quantity of reinsurance
in such a way that

B-ac
VR< .

O-R — ac

The above means that there will always be an interest for the
two parties to arrange a reinsurance treaty.

7 Suppose for a moment that ac = aR = a.
It then appears as natural to seek a treaty out of {T} such that
V — Vc — VR is a maximum.

To divide this variance reduction evenly between the parties
seems to be fair.

We always have

V—Vc—VR = 2?CR • yvc • VR.

The correlation in results between C and R, PCR, is obviously a
maximum when C cedes a quota share to R.
VVCVR is maximum when the quota share is 50%.

Through the reinsurance arrangement we have annihilated a
variance equal to 0.50 V and divided the remaining variance be-
tween the two parties.

The maximum price is TT max. = (a/2) • (V — Vc) = 1 • 0.375 • V

and

the minimum price is iz min. = (a/2) • VR = a • 0.125 • V

A fair reinsurance "price" is a . 0.25 . V which is equal to double
the minimum price of R and two thirds of the maximum price of C.

8 Suppose that ac ^ aR.

•K max. = \ ac(V — Vc)

•K min. = \ aR • VR.
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It makes sense to seek a reinsurance treaty arrangement which
maximizes the difference D = n max. — 71; min.

The parties agree on a quota share arrangement which they have
already found is optimal in the case of ac = aR.

C retains a share k and cedes 1 — k to R.

D = \ac{V— Vc) — \aRVR = \ac{V — h*V)
= i V[ac — aR + 2kaR — k\ac + aR)]

aR ac k
= O gives k = ; I I — k =

ac + aR

rr = O gives k = ; I I — k = ; ! r =
<)« ac + aR ac + aR 1 — k ac

Thus, not unexpectedly, the shares between Ceding Company and
Reinsurer will be partitioned in inverse proportion to their respect-
ive risk aversion.

[" 2a\
D max. = iV \ar — ap + 7 ;

2 L c R (ac + a

2 a2 "> " 2

; — 2 ' 1 , \ac + aR\ (ac + aR)

The above value of k leads to

TC max. = 1 ac • V{i — k*) = \ acV • 1 — ( — ^ — )
L \ac + aRl J

and

.min . =

The parties will have to find a price between these two extremes.
A "fair" price could be n min. + \ D max.

g When V is used as risk measure it is obvious that quota share
reinsurance has some good characteristics. This is so because of the
fact that a substantial part of the variance disappears due to the
high correlation between the results for C and R. In practice C is
eager to limit his total expenditure for reinsurance, which excludes
a quota share treaty. Let us therefore look into the case when the
parties agree to base their relations on excess of loss reinsurance.
R covers the layer xs a certain retention m > «o up to a certain
limit M\ at aflat rate. The importance of the last condition might be
illustrated in a future paper. Let us assume that losses up to an
amount mo under all circumstances are covered by C and in this
context disregard the variations in results in that interval, whether
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158 OPTIMAL REINSURANCE

their causes be purely stochastic or due to varying basic probabil-
ities. Let us further assume that the number of claims in xs of m0

is Poisson distributed with an expected value n.

The total variance in xs of m0 is F

in layer I i.e. mo —• m it is V\

and

in layer II i.e. m — Mi it is Fn-

Claims in xs of Mi either do not exist or are covered by means
of protection arranged on a national basis and can thus be ignored
in this context.

I II
I 1 1 1
o m0 m Mi

10 Let us study the case when the claims size distribution is
Pareto with an a > 2.

Then we have putting m0 = 1

V= 7 ^ r • 1 — Mf(a"2) (« — 1 — a ~
(<x — i)(a — 2) L 1 \ M1

v 2n \ _ -<«-2> I _ _ a - 2 Y l
1 (a —1) (a—2) " L1 M V 1 m ) \

and

(a — 2)m\(a-2)_M-(a-2) / _ T _

The total variance reduction then is

2w f / 1 \
F — F i — F n = T -. r • Ut-<-a> (a —2) 1 — - —

(a — i)(a — 2) L \ ml

When «c = «i? it is natural to seek a value of m such that the
total variance reduction is a maximum. Also when ac 7^ O-R this
could make sense, at least as long as the size order of ac and UR
is roughly same.
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11 This leads us to differentiate V — Vj — Fn with regard to m

2W I" 1 1 (m — 1) (a — i) l
= a—1 [m*-1 ~~ M p 1 ~~ m? J =

2W Fa

[
a — 2 I

If Mi = 00 -— = o gives m =
om a—2

If Mi < 00 — = 0 gives (a — 1) — w(a — 2) — ^ r r = o

= a d — . m )
a—2 \ a—I M^1/

a— I

In this case we thus have

a— i oc— I
> w >

a— 1

1 —
a—1 M\a - l

a— 2 a— 2

a— I

a— 2
1 — a — 1 M"?o t - 1

If a = 3 and Mi = io this gives

2 > w > 2 • 0.96.

We have thus found that Vc + VR has a minimum for

a— 1
m

a— 2

If Mi < 00 is not small, however, we use in practice m =
a. — 2

instead of the exact value.
The total risk reduction achieved by way of reinsurance, when

related to the risk without reinsurance F, is equal to

V nr I1-1 — (x—i)M1 + a — 2'
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l 6 0 OPTIMAL REINSURANCE

For Mi = oo we obviously have

V—VI—VJX (a —2) (m —i)

a— I
Inserting m = we obtain

V

12 C's risk reduction when R covers Layer II is

2W f / < x — 2 \

oc— I
If we put Mi — oo and insert m = we obtain after some

a— 2
manipulation

(a — 2)a-8

F — F i = 2w • ( a _ i ) g (2GC— 3).

2W
The corresponding value of V is F = [a. i ; \v. A)

By way of reinsurance C thus achieves a relative risk reduction

V-Vx (a-2)-2 , v («-A*-2 / «-2
F - (.-IP* • (2K~3) = U ^ j I1 + a-1

The corresponding value of R's risk relative to V is

F n /oc — 2 V 2

F \oc—1

13 The results of 11 and 12 above can be illustrated by the
tables below for various values of a when Mi = 00:
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C's Relative risk reduction R's relative

a.

2.25
2-5
3
4
5

retention
a— 1
a— 2

5
3
2

i-5
i-33

Total

0.14
0.19
0.25
0.30
0.32

ForC

0.80
0.77

O.75
0.74
0.74

risk

0.67
0.58
0.50
0.44
0.42

Based on the above it appears sensible for the Reinsurer to ask
the Ceding Company to run a higher retention the more dangerous
and skew the claims distribution is (small values of <x).

The more dangerous the claims distribution is, the more efficient
is the excess of loss reinsurance from C's point of view. R, however,
has to take over a high amount of risk—in spite of the fact that C
has to hold a comparatively large amount for its own account. The
total risk reduction, however, is not impressive which leads us to
question XL protection for dangerous portfolios and we ask whether
a proportional arrangement would not be more adequate.

14 The above results refer to the Pareto distribution. Let us
make the corresponding calculations for a distribution which con-
verges more quickly than Pareto.

We thus investigate the model

i—F{x) = H(x) = const. x~{1-b) ^ w ) a ; l

f or o < b < 1

which has been used by us to describe the claims size distribution
in Motor insurance in excess of Swiss Francs 100.000, which amount
is used as a unit.

For this distribution the expected value of the excess loss cost
for the unlimited layer xs x is

E{x) = const. .<,-<«/»**

and the average excess claim is

m(x) = ——.
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l 6 2 OPTIMAL REINSURANCE

When b = i we obtain the exponential distribution as a border-
line case, whereas b = o leads to the Pareto distribution with
« = a + i. (4)

15 Let us limit ourselves to the special case b = 0.5. Then the
variance for the layer 00 xs x is

n ,-
V[x) = 2n\ E(y) dy = E{x) — (1 + za /*).

* a

With the same notation as in 9 above, and putting mo = 1 we get

= — {—£(w) (1 + 2a]/ni) + £(1) (1 + 2«)} — 2{m — i)E(m) • n
a

2]/m
« i ) + ^ +

and

•• n

n

'' ~a?

- J j

We have thus shown that the total variance reduction due to
reinsurance is

2^-
= 2n{m — i)E[m) = 2n(m — 1)

16 -Differentiating this expression with regard to m gives

— (F_ 7l_ Fn) = 2 w 2 r W J! _ _ ( I}̂

When -— = o we get
7>m

Fora = 0,5: m = 5,83.
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Relative to the variance without reinsurance V we get
the total risk reduction

V—VI — Vu _ 2a'{m — i) E{m) _ 2a* (m — i)

V ~~ i + 2a E(i) ~ i + 2a

C's risk reduction is

V-Vj 2(tn-z)a* + 2\/ma + i

V I + 2«

and i?'s risk is

i

V E(i) i + 2a

We have seen that for b = o we get the Pareto distribution,with
a = a — i.

For Pareto the m that maximizes V — V\ — VJX had the prop-
erty:

7m / i N2

~dm

> « - l -' <°-
Now we have the same property for a: —— < o.
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