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ABSTRACT

Let (S,m) be an n-dimensional regular local ring essentially of finite type over a field
and let a be an ideal of S. We prove that if depth.S/a > 3, then the cohomological
dimension cd(S,a) of a is less than or equal to n — 3. This settles a conjecture of
Varbaro for such an S. We also show, under the assumption that S has an algebraically
closed residue field of characteristic zero, that if depth/S\/a > 4, then cd(S,a) < n—4if

and only if the local Picard group of the completion S/a is torsion. We give a number
of applications, including a vanishing result on Lyubeznik’s numbers, and sharp bounds
on the cohomological dimension of ideals whose quotients satisfy good depth conditions
such as Serre’s conditions (S5;).

1. Introduction

Local cohomology was introduced by Grothendieck in the early 1960s and has since become a
fundamental tool in commutative algebra and algebraic geometry. It is important to know when
local cohomology vanishes. Let S be a Noetherian local ring and a be an ideal of S. Then the
cohomological dimension cd(S,a) of a in S is defined by

cd(S,a) = sup{i € Zzo | H.(M) # 0 for some S-module M}.

This invariant has been studied by many authors including Hartshorne [Har68], Ogus [Ogu73],
Peskine and Szpiro [PS73], Huneke and Lyubeznik [HL90], Lyubeznik [Lyu93], Varbaro [Varl3],
etc. It follows from a classical vanishing theorem of Grothendieck that cd(S,a) is less than or
equal to the dimension of S. A natural question to ask is under what conditions one can obtain
a better upper bound on c¢d(S,a). In this paper, we assume that S is an n-dimensional regular
local ring containing a field and investigate the relationship between cd(S,a) and the depth of
S/a.

The first result of this type is that if depthS/a > 1, then cd(S,a) < n — 1, which is
an immediate consequence of the Hartshorne-Lichtenbaum vanishing theorem [Har68]. It also
follows from results of Ogus [Ogu73] and Peskine and Szpiro [PS73] (see also [HLI0]) that if
depth S/a > 2, then cd(S, a) < n— 2. In fact, Peskine and Szpiro proved a more general result in
positive characteristic: if S is a regular local ring of characteristic p > 0 and if depth S/a > i, then
cd(S,a) < n — i. One might expect that an analogous result holds in equal characteristic zero,
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DEPTH AND COHOMOLOGICAL DIMENSION

but there exists a class of examples where S is a localization of a polynomial ring over a field of
characteristic zero, depth S/a > 4 and cd(S,a) = n — 3 (see Example 2.11). On the other hand,
Varbaro [Varl3] proved that if b is a homogeneous ideal of a polynomial ring 7' = k[z1,. .., zy]
over a field k and if depth T'/b > 3, then c¢d(T, b) < n—3. He conjectured that a similar statement
holds in a local setting.

CONJECTURE 1.1. Let S be an n-dimensional regular local ring containing a field and let a be
an ideal of S. If depth S/a > 3, then cd(S,a) < n — 3.

Motivated by the above conjecture, we consider a necessary and sufficient condition for
cd(S, a) to be less than n — 2 when S is a regular local ring essentially of finite type over a field
of characteristic zero. The following is our main result.

THEOREM 1.2 (cf. Theorem 2.4). Let (S, m, k) be an n-dimensional regular local ring essentially
of finite type over a field of characteristic zero with residue field k algebraically closed. Let a be
an ideal of S and set R = S/a. Suppose that depth R > 2 and H2(R) is a k-vector space. Then
cd(S,a) < n — 3 if and only if the torsion subgroup of Pic(Spec f%\{mf%}) is finitely generated,
where R is the mR-adic completion of R.

We note that an analogous statement does not hold in positive characteristic (see
Remark 2.5). Also, the assumption on H2(R) cannot be removed (see Example 2.6). As a
corollary of Theorem 1.2, we give an affirmative answer to Conjecture 1.1 when S is essentially
of finite type over a field (Corollary 2.8).

We also study the case where depth S/a > 4. In this case, as mentioned above, c¢d(S, a) is
not necessarily less than n — 3. We give a necessary and sufficient condition for c¢d(S, a) to be
less than n — 3 in a form similar to that of Theorem 1.2.

THEOREM 1.3 (cf. Theorem 2.9). Let the notation be the same as that used in Theorem 1.2,
and suppose that depth R > 4. Then cd(S, a) < n—4 if and only if Pic(Spec R\{mR}) is torsion.

We have several applications of our results. We obtain vanishing results of the Lyubeznik
numbers \; j(R), numerical invariants of a Noetherian local ring R containing a field introduced
by Lyubeznik [Lyu93] (see Definition 3.1). In particular, we prove that if R is a d-dimensional
local ring essentially of finite type over a field satisfying Serre’s condition (S3), then Ag_; 4(R) =0
(Proposition 3.3). We also have an extension of a recent result by Katzman et al. [KLZ14] which
in turn extended the classical result of Hartshorne on connectedness of the punctured spectrum
(Proposition 3.6). Finally, we give sharp bounds on cohomological dimension of ideals whose
quotients satisfy good depth conditions such as Serre’s conditions (S;).

THEOREM 1.4 (=Theorem 3.8). Let S be an n-dimensional regular local ring containing a field
and let a C S be an ideal of height c.

(1) If S/a satisfies Serre’s condition (S2) and dim .S/a > 1, then
n—2

C

cd(S,a) <n—1-—

(2) Suppose that S is essentially of finite type over a field. If S/a satisfies Serre’s condition (.S3)
and dim S/a > 2, then
n—3

cd(S,a) <n—2—
c
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Such results partly answer a question raised in [Hun92, Question 2.5].

In this paper, all rings are Noetherian commutative rings with unity and C is the field of
complex numbers. When discussing the completion of a local ring (R, m), we will mean the
m-adic completion of R. We denote the (ﬁn\mletion of R by R and the completion of the strict

henselization of the completion of R by (ﬁ)Sh.

2. Main results on cohomological dimension

First we recall the notion of local Picard groups.
DEFINITION 2.1. Let (R, m) be a Noetherian local ring. The local Picard group Pic'°°(R) of R
is the Picard group Pic(Spec R\{m}) of the punctured spectrum of R. The étale-local Picard

group Pic®"°°(R) of R is the Picard group Pic(Spec R"\{mR"}) of the punctured spectrum of
the henselization R® of R.

Remark 2.2. If (R, m) is a Noetherian local k-algebra of depth > 2 and with residue field k, then
Picé1°¢(R) is isomorphic to Pic(Spec R\{mR}) by [Bou78, ch. II Corollaire 7.2].

Next we show that ‘Lefschetz principle’ holds for étale-local Picard groups.

LEMMA 2.3. Let L/K be an extension of algebraically closed fields of characteristic zero. Pick
polynomials ¢i1,...,9s € (x1,...,zn)K[z1,...,2,], and denote

(Am7 mAm) = K[.%'l, cee 7$n](x1,...,xn)/(gl> cee 798)7
(Bn,nBy) = Lxq, . .. ,:En](x1 ..... xn)/(gl, ey Gs)-
We suppose that depth A, > 2 and Hi A (Am) is a finite-dimensional K-vector space.
(1) The torsion subgroup of Pic®*1°¢(Ay,) is isomorphic to that of Pic®*1°¢(B,).
(2) If depth Ay > 3, then Pic®1°¢(Ay,) = Pic*1¢(B,).

Proof. Part (2) immediately follows from [Bou78, ch. III Proposition 2.10], so we will only
prove (1). Let A = Klz1,...,24)/(91,...,9s) and B = Lx1,...,2,]/(91,-..,9s). Let =4 €
Spec A (respectively xp € Spec B) be the closed point corresponding to the maximal ideal
m:= (x1,...,Ty) (respectively n := (z1,...,x,)), and denote Usq = Spec A\{za} (respectively
Up = Spec B\{zg}).

CraM. For all integers j and n > 1, there exists a natural isomorphism
H)(Ua ®4 Ay, in) = H (U @5 By, jin),
where Al (respectively BY) is the (strict) henselization of Ay, (respectively By).

Proof of Claim. We may reduce to the case where L is the algebraic closure of a rational function
field K (t1,...,tm) over K. Let C = K[t1,...,tm,z1,...,25]/(91,...,9s) and Uc = A} Xspec K
Uy = Spec C\V (x1,...,2,). We denote by z¢ € Spec C the point corresponding to the prime
ideal (z1,...,z,) and by T¢ the geometric point over z¢ corresponding to L. By the smooth
base change theorem for étale cohomology, one has
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where f : SpecC — Spec A is a natural map and ig : Ug < Spec A (respectively i¢ : Ug —
Spec C) is a natural inclusion. Note that the strict henselization of Spec C' at ZT¢ is isomorphic

to Spec BY and that of Spec A at T¢ — Spec C L Spec A is isomorphic to Spec AL. Thus,
(Rlic [ tn)se = H (Uc ®@c BY, i) = H (U ®p BY, i),
(F*Rlipin)zs = H (Us @4 A% 1),

so we obtain the assertion. O

I

By virtue of [Bou78, ch. IT Théoreme 7.8|, the local Picard scheme Picljl‘f1 K of Ay over K

and the local Picard scheme PiclB?: /1, of By over L exist (see [Bou78, ch. I} for the definition
of local Picard schemes). It then follows from the proof of [Bou78, ch. III Proposition 2.7] that
Picllg: /L = Pic{ff:1 /K OK L. Since L and K are algebraically closed fields, one has a natural

inclusion
Pic®¢(Ay) = Piclf® i (K) = PiciS ) (L) = Pic™%(By).

Applying the above claim to the Kummer sequence, we see that this inclusion of local Picard
groups induces an isomorphism of n-torsion subgroups

nPiCét—IOC(Am) ~ nPiCét—IOC(Bn)

for all integers m > 1, because Pic"°°(Ay) = Pic(Ug ®4 AR) (respectively Pic®™°¢(B,) =
Pic(Up ®p BL)). This means that the torsion subgroup of Pic®"°¢(A,) is isomorphic to that of
Pic®loc(B,). m

Now we state one of the main results of this paper. Example 2.6 demonstrates that the
assumptions of Theorem 2.4 are optimal.

THEOREM 2.4. Let (S,m) be an n-dimensional regular local ring essentially of finite type over a
field of characteristic zero and let a be an ideal of S. Suppose that depth S/a > 2 and H2(S/a) is

L~

an S/m-vector space. Then cd(S, a) < n—3 if and only if the torsion subgroup of Picloc((g/\a)Sh)
is finitely generated.

Proof. Let k be the residue field of S, and denote by k the algebraic closure of k. Fix a nonzero
element f € a N m?. By [Dut00, Theorem 1.3], we can find a regular local ring (Tp, mr,) with
residue field k and an element g € Tj such that: (1) Ty is the localization of a polynomial ring at
a maximal ideal, and (2) Ty C S is a faithfully flat extension which induces an isomorphism
To/(g) = S/(f). Let ¢ : To — Tp/(g9) — S/(f) be a ring homomorphism induced by the
isomorphism in (2) and let az, be the ideal ¢! (aS/(f)) C Ty. Then Ty/az, = S/a. Let (T, m7)
be a faithfully flat extension of T obtained by localizing the polynomial ring k[z1,...,z,] at
a maximal ideal lying over my,, and set ar = ag, 7. Then cd(S,a) = cd(Tp, ar,) = cd(T, ar).
Since the completion of the strict henselization of the completion of S/a is isomorphic to the

—

completion of T'/ar, one has Picloc((g/\a)Sh) >~ Pic®1°¢(T'/ar). Therefore, it is enough to show
that cd(T, ar) < n— 3 if and only if the torsion subgroup of Pic®"1°¢(T'/ar) is finitely generated.
It is easy to see that depthT/ar > 2 and H2_(T/ar) is a T /mp-vector space, so we may assume
that S is the localizatiorﬁf\the polynomial ring k[z1, ..., ,] at the maximal ideal (z1,...,7,).

We remark that Pic'®¢( (S/’/\a)Sh) >~ Pic®*1°¢(S/a) in this case.
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Consider the subfield k' of k obtained by adjoining to Q all the coefficients of a set of
generators fi,..., fr of a. By a standard argument, there exists a subfield of C isomorphic to
k', so the algebraic closure k’ of k’ can be embedded in C. Since the f; are defined over K/,
set (S, my;) = H[ml,...,xn](ml’wmn) and az; = (f1,..., fr)S;. Similarly, set (Sc,mc) =
Clr1, .-, )2y, 00y and ac = (f1,..., fr)Sc. Then cd(Sc,ac) = cd(S%, a57) = cd(S,a) and
depth S¢/ac = depth Si7/ap; = depthS/a > 2. Also, it is easy to check that H2_(Sc/ac) is
a C-vector space. Thus, we can reduce the problem to the case where k = C with the aid of
Lemma 2.3.

From now on, we consider the case where S = Clx1,...,%p](4,,.. 2,)- Since depth S/a > 2, we
know from [Ogu73, Corollary 2.11] that cd(S,a) < n—2. Therefore cd(S,a) <n—3if and only
if H?=2(S) = 0.

CrAM. We claim that H?~2(S) is supported only at the maximal ideal m.

Proof of Claim. We may assume that S is a complete regular local ring for the purpose of
proving the claim. We will show that H;gj 2(Sp) = 0 for all prime ideals p of height n — 1. By the

second vanishing theorem [Ogu73, Corollary 2.11], it is enough to show that depth S,/aS, > 2
for all prime ideals p of height n — 1 containing a. Since H2(S/a) is an S/m-vector space,

Ext™ 2(S/a, S) is also an S/m-vector space by local duality. Similarly, since depth S/a > 2, we
see by local duality that Ext's™ 1(S/a, S) = 0. Thus, Ext” 2(Sp/aSy, Sp) = Ext” 1(Sp/aSp, Sp) =0

for all prime ideals p of height n — 1. Applying local duahty again, one has that Hp S, (Sp/aSy) =

Let f1,...,fr € (z1,...,2,)Clx1,...,2,] be a set of generators of a and X be the closed
subscheme of C" defined by the f;. If x € X denotes the origin of C", then Ox , = S/a. It follows
from [Ogu73, Theorem 2.8] and the above claim that the vanishing of Hy'™ 2(9) is equivalent to the
vanishing of the local de Rham cohomology H? (=}, ar (Spec 0 X,z), Where O X,z is the completion of
Ox ;. This local de Rham cohomology is isomorphic to the relative singular cohomology H?(Xan,
(X\{x})an; C) by [Har75, ch. III Proposition 3.1, ch. IV Theorem 1.1]. Since the homology groups
of a complex quasi-projective scheme (with coefficients in Z) are all finitely generated by [Dim92,
ch. 1, (6.10)], the relative homology H;(Xan, (X\{z})an;Z) is also finitely generated for all . It
then follows from the universal coefficient theorem that

HQ(Xanv (X\{7})an; C) = HQ(Xana (X\{7})an; Z) ® C.

Thus, H?~2(S) = 0 if and only if H?(Xan, (X\{7})an;Z) is torsion. We will show that H?(Xan,
(X\{2})an; Z) is torsion if and only if the torsion subgroup of Pict*'°¢(S/a) is finitely generated.
Let U C X be a contractible Stein open neighborhood of x. It follows from the excision
theorem [BS76, ch. IT Lemma 1.1] that for each i € N,
H™ (Xan, (X\{2})ans Z) = H (U, U\{2}; 2) = H'(U\{z},2),

Hify (Xan, Ox,,) = H{f (U, Op) = H'(U\{z}, Oy).

First we consider the commutative diagram

HO(Ua Oé) HO(UvoU)

PE,U\{z}l lvaU\{z}

HY(U\{z}, 0p) —= H(U\{z}, Ov)
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where the vertical maps are the restriction maps of sections and the horizontal maps are injections
induced by the inclusion of sheaves O}; < Op. Note that the restriction map PUU\{z} 1s surjective
by [BS76, ch. II Theorem 3.6], because depth Oy, > 2. Let s € HO(U\{z},O5) € HY(U\{z},
Ov). Since py (o) 18 surjective, there exists an extension 5 € HO(U,0p) of s that does not
vanish on U\{z}. If 5 is not in H(U,O}), then 5(z) = 0, which implies that dim, U < 1.
This contradicts the assumption that depth Oy, > 2. Thus, 5 € HO(X, 0%), that is, pcx,’U\{x} is
surjective.

Next we consider the following commutative diagram with exact rows, induced by the
exponential sequence.!

HO(UvoU) HO(U?O;;) Hl(UaZ)

ip(LU\{m} J/p;}’U\{x} l

HY(U\{z}, Oy) —= H(U\{z}, Op) —= H'(U\{a},Z) —= H'(U\{z}, Ov)

Since U is contractible, the map H°(U, Oy) — H°(U, O}) is surjective. Combining with the
surjectivity of plX]’U\{x}, we see that HO(U\{z}, Oy) - HO(U\{z}, O}) is also surjective, which
is equivalent to saying that H'(U\{x},Z) — HY(U\{x}, Oy) is injective. Therefore, we obtain
the following exact sequence from the exponential sequence

0— H'(U\{z},Z) > H'(U\{z},Oy) - H' (U\{z},O0}) - H*(U\{z},Z).

We then use the fact that the étale-local Picard group Pic®*°¢(S/a) is isomorphic to the direct
limit of Pic(U\{z},O[) as U C X runs through all analytic open neighborhoods of z, which
follows from [Bou78, ch. III Proposition 3.2] and the proof of [Bou78, ch. III Proposition 3.6].
Taking the direct limit of the above exact sequence, we have the exact sequence

0 — H*(Xan, (X\{2})an; Z) > H},y(Xan, Ox,,) = Pic™°(S/a) = H*(Xon, (X\{2})an; Z).

Note that Hfm}(Xan,(’)Xan) is a C-vector space. If H?(Xan, (X\{z})an;Z) is not torsion, then
Pic®1°¢(S/a) contains Q/Z, an infinitely generated torsion group. Conversely, if H?(Xan,
(X\{2})an;Z) is torsion, then it has to be zero, and the torsion subgroup of Pic¢*1°¢(S/a)
is isomorphic to a subgroup of H?(Xan, (X\{7})an;Z), which is finitely generated. Thus, we

complete the proof of Theorem 2.4. O

Remark 2.5. An analogous statement to Theorem 2.4 does not hold in positive characteristic. For
example, let E be a supersingular elliptic curve in the projective plane P? over an algebraically
closed field k of characteristic p > 0 and let (R, m) be the localization of the affine cone over
F x E at the unique homogeneous maximal ideal. We easily see that depth R = 2 and the natural
Frobenius action on HZ2(R) is nilpotent, because E is a supersingular elliptic curve. Since R has

embedding dimension 9, let S = k[z1,...,Z9](y, ... 2,) and a be the kernel of the natural surjection
1 . X2/ —1 e X . .
The exponential sequence 0 - Z ———— Ox — O% — 1 exists on any (even non-reduced) complex analytic

space X, where e is defined as follows: if f € Ox is locally represented as the restriction of a holomorphic function

J?on a complex manifold M, then e(f) = e2mV=If |x. It is easy to check its well-definedness and the exactness of
the exponential sequence.
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S — R. Since H2(R) = HL(R) = 0 and the Frobenius action on H2(R) is nilpotent, it follows
from [Lyu06, Corollary 3.2] that H(S) = H$(S) = H](S) = 0, that is, cd(S, a) = 6, as the height
of a is equal to 6.

On the other hand, since R is a normal isolated singularity, one has an inclusion

Pic(E x E)/Z = CI(R) = CI(R) = Pic°(R),

where the last isomorphism follows from [Fos73, Proposition 18.10]. Thus, the torsion subgroup of

o —

Picloc((g/\a)Sh) = Picle (ﬁ) is not finitely generated, because the torsion subgroup of the Picard
group of the abelian variety F x E is not finitely generated.

Ezample 2.6. In Theorem 2.4, the assumption on HZ(R) cannot be removed. Let S = Clz,
Y, U, 0, W) (5 wvw) and (R,m) = S/a where a = (z,y) N (u,v). Then depth R = 2 but Hz(R)
does not have finite length. If it did, then local duality would imply that depth R, > 2, where
p = (z,y,u,v). Since R, has disconnected punctured spectrum, this is a contradiction. On the

other hand, Picloc((g/\a)s}l) = Pic!°°(R) = Z (the proof is the same as that of [Kol14, Examples
28 and 29], or see [Har94, Example 5.3]). However, since a is a square-free monomial ideal,
cd(S,a) = pdg R = 5 — 2. Thus, the conclusion of Theorem 2.4 does not hold if we remove the
condition that H2(R) has finite length.

PROPOSITION 2.7 (cf. [Koll13, Lemma 8]). Let (S,m) be an n-dimensional regular local ring
essentially of finite type over a field of characteristic zero and let a be an ideal of S. If

depth S/a > 3, then Picloc((g/\a)Sh) is finitely generated.
Proof. We use the same strategy as the proof of Theorem 2.4. We may assume that S = C[zy,

o3 Tn)(g,.2n)- Let z € X be a closed point of an affine scheme X of finite type over C such
that Ox , = S/a. The exponential sequence then induces the exact sequence

HQ(Xanv (X\{z})an; Z) — H{2z}(Xana Ox..) =~ Picloc(%) - Hs(Xan’ (X\{z})an; Z).

If depth S/a > 3, then we see that H fx} (Xan, Ox,,) vanishes and then Picloc(g/\a) is isomorphic
to a subgroup of H3(Xan, (X\{2})an; Z). Thus, PiclOC(S/’-/\a) is finitely generated. O

COROLLARY 2.8. Let (S, m) be an n-dimensional regular local ring essentially of finite type over
a field. If a is an ideal of S such that depth S/a > 3, then cd(S,a) < n — 3.

Proof. The positive characteristic case follows from a result of Peskine and Szpiro [PS73] and
the characteristic zero case follows from Theorem 2.4 and Proposition 2.7. O

When depth S/a > 4, the cohomological dimension c¢d(S, a) is not necessarily less than n — 3
(see Example 2.11). Next, we give a necessary and sufficient condition for cd(S,a) to be less
than n — 3 in terms of the local Picard group of the completion of the strict henselization of the
completion of S/a.

THEOREM 2.9. Let (S,m) be an n-dimensional regular local ring essentially of finite type over a
field of characteristic zero and let a be an ideal of S such that depth S/a > 4. Then c¢d(S, a) < n—4

—

if and only if Picloc((g/\a)Sh) is torsion.
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Proof. We use the same strategy as the proof of Theorem 2.4 again. We may assume that
S = Clz1,. .., Tn)(zy,..2,)- Note that Hi(S) = 0 for all i > n — 2 by Corollary 2.8. We also
see from an argument analogous to the claim in the proof of Theorem 2.4 that H? 3(S) is
supported only at the maximal ideal m. Let z € X be a closed point of an affine scheme X of
finite type over C such that Ox , = S/a. The vanishing of H?~3(S) is equivalent to saying that
the relative singular cohomology H?(Xan, (X \{2})an; Z) is torsion. We will show that H3(X,y,
(X\{2})an; Z) = Pic®*°(S/a).

Let U C X be a contractible Stein open neighborhood of x. It follows from the excision
theorem and the contractibility of U that

H*(Xon, (X\{2})an; Z) = H*(U,U\{2}; Z) = H*(U\{z},Z).

Also, since depth Oy, > 4 and U is Stein, one has H(U\{z}, Oy) = HE;]}(U, Oy)=0fori=1,2.

Then the exponential sequence induces the following exact sequence.
0=H'(U\{z},00) - H'(U\{z},0p) - H*(U\{z},Z) — H*(U\{z},Op) = 0.
In other words, H'(U\{z}, O};) & H?*(U\{z},Z). Thus, we can conclude that

Pict1o(S/a) 2 lim H(U\{x},OF) = lim HA(U\{2},Z) = H*(Xan, (X\[eDaniZ). O
Usz Usz

The following corollary is immediate from Corollary 2.8 and Theorem 2.9.

COROLLARY 2.10. Let (S,m) be an n-dimensional regular local ring essentially of finite type
over a field of characteristic zero and let a be an ideal of S such that depthS/a > 4. Then

—

cd(S,a) =n — 3 if and only if Picloc((g/\a)Sh) is not torsion.

Example 2.11. Let A and B be standard graded Cohen—Macaulay normal domains over an
algebraically closed field of characteristic zero. Suppose that dim A > 3, dim B > 2, and the
a-invariants of A and B are both negative. Let R = A#B be the Segre product of A and B. We
write R = T'/a using the standard embedding, where T is a standard graded polynomial ring
with unique homogeneous maximal ideal m. Let S = Ty,. Then cd(S,a) = dim S — 3.

To prove this, we just need to verify the conditions of Corollary 2.10. We know that dim R =
dim A+dim B—1 >4 and R is a Cohen-Macaulay normal domain (see [GW78, Theorem 4.2.3]).
Let U = Proj A, V = Proj B and X = Proj R. Then Pic(X) = Pic(U) x Pic(V) has rank at least 2.
For this we need the assumption that A has depth at least 3 [Har77, Exercise I11.12.6]. Since R
is normal, there exists the exact sequence (see [Har77, Exercise 11.6.3])

0 > Z — Cl(X) — Cl(Spec R\{mR}) — 0,
which induces an exact sequence of Picard groups

0 - Z — Pic(X) — Pic(Spec R\{mR}) — 0.

It then follows that Picloc((g/\a)Sh) = Picloc(g/\a) has positive rank. Thus cd(S,a) = dim S — 3.

For instance, when A and B are polynomial rings of dimension m,n, respectively, we see
that a is generated by 2 x 2 minors of the m X n matrix of indeterminates, and it is well known
that in such a case c¢d(S, a) = mn — 3 (see for example [BV88, Remark 7.12]).
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3. Applications

In this section, we give a number of applications of the results in § 2. First, we recall the definition
of Lyubeznik numbers.

DEFINITION 3.1 [Lyu93, Definition 4.1]. Let R be a Noetherian local ring that admits a
surjection from an n-dimensional regular local ring (S, m) of equal characteristic. Let a C S be
the kernel of the surjection and let & = S/m be the residue field of S. Then for each 0 < i,j < n,
the Lyubeznik number X\; j(R) is defined by

Aij(R) = dimy,(Exts(k, H{ ™ (S))).
It is known that the A; j(R) are all finite and independent of the choice of the surjection S — R.

As an application of Corollary 2.8, we obtain vanishing results of Lyubeznik numbers.

PROPOSITION 3.2. Let R be a local ring essentially of finite type over a field. Then for all
7 < depth R, one has
Aj—2,j(R) = Aj—1,5(R) = Aj;(R) = 0.

Proof. Let S be an n-dimensional regular local ring essentially of finite type over a field and a be
an ideal of S such that S/a = R. Since the injective dimension of Hg 7 (S) is less than or equal
to the dimension of the support of Hy 7 (S) by [Lyu93, Corollary 3.6(b)], we will show that

dim Supp(Hy™7(5)) <j -3

for all 0 < j < depth S/a (here we use the convention that the dimension of the empty set is
—00). To check this, it is enough to show that H:gpj (Sp) =0 for all 0 < j < depth S/a and for all
prime ideals p of height h < n—j+2. If j =0, then H'(S) = 0 by the Lichtenbaum-Hartshorne
vanishing theorem [Har68]. If j = 1, then H?~!(S) = 0 by the second vanishing theorem [Ogu73,
PS73]. Thus, we may assume that j > 2 and h =n — j + 2.

Since depth S/a > j > 2, we have H}(S/a) = Hi '(S/a) = Hi *(S/a) = 0. Local duality
over S yields that Extgfj(S’A/a, S) = Extgfjﬂ(S/a, S) = ExtgﬁH(S/a, S) = 0. In particular,
Extg 7 (Sp/aSy, Sp) = Extg;]Jrl(Sp/aSp, Sp) = Extg;ﬁz(Sp/aSp, Sp) = 0. Then local duality over
the (n — j + 2)-dimensional regular local ring S, yields that

Hpg, (Sp/aSy) = Hyg, (Sp/aSy) = Hyg, (Sp/aSy) = 0,
that is, depth Sy /aS, > 3. We therefore conclude from Corollary 2.8 that H:S_pj(Sp) =0. O

The following proposition comes from a discussion with Matteo Varbaro, whom we thank.

PRroPOSITION 3.3. Let R be a d-dimensional local ring essentially of finite type over a field. If
R satisfies Serre’s condition (S3), then Aj_1 4(R) = 0.

Proof. Let (S, m) be an n-dimensional regular local ring essentially of finite type over a field and
a be an ideal of S such that S/a = R. We use the Grothendieck spectral sequence

EfT = HE(HY(S)) — EP1 = HEFI(S).

Since E;l b= g an injective S-module by [Lyu93, Corollary 3.6(a)], it is isomorphic to the direct

sum of A\g_1 4(R) copies of the injective hull Eg(S/m) of the residue field of S. In particular, the

vanishing of Ag_1 4(R) is equivalent to saying that Egil’nfd =0.
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CrAaIM. We claim that E;lir*l’nfdwfl =0 forallr > 2.

Proof of Claim. We may assume that d > 3 and r < d 4+ 1. Since the injective dimension of
HP=447=1(8) is less than or equal to the dimension of the support of H?~4t"~1(S) by [Lyu93,
Corollary 3.6(b)], it suffices to show that

dim Supp(HZ " 1(S)) < d —r —2.

In other words, we will show that H Zﬁg_,, dr=1(5,) = 0 for all prime ideals p of height h < n—d+r+41.

Note that H?(S) = H?1(S) = 0 by the Lichtenbaum-Hartshorne vanishing theorem [Har68]
and the second vanishing theorem [Ogu73, PS73]. Therefore, we only consider the case where
r<d—-1and h =n—d+ r+ 1. In this case, depthS,/aS, > 3 by assumption. Applying
Corollary 2.8 to the (n —d+r+ 1)-dimensional local ring Sy, we see that H;‘S_derr_l(Sp) =0. O

On the other hand, it is easy to see that E‘;Jﬂﬂ_l’n_d—rJrl = 0 for all r > 2. Combining this
with the above claim, we conclude that

E;l—l,n—d o~ Eg—l,n—d ~ Lo Ego—l,n—d — 07
where the last equality follows from the fact that E"~! = H2~1(S) = 0. O

Remark 3.4. Let R be an excellent local ring containing a field (but not necessarily essentially of
finite type over a field). If R is an isolated singularity, then making use of Artin’s algebraization
theorem [Art69, Theorem 3.8], we still have the same vanishing results as Propositions 3.2 and 3.3.

Next, we prove an extension of a recent result by Katzman et al. [KLZ14] which in turn
extended the classical result of Hartshorne on connectedness of the punctured spectrum.

DEFINITION 3.5 [KLZ14, Definition 1.1]. Let (R, m) be a Noetherian local ring and let p1, ..., pm,
be the minimal primes of R. The simplicial complex A(R) associated to R is a simplicial complex
on the vertices 1,...,m such that a simplex {ip,...,is} is included in A(R) if and only if
Pig + - -+ + p;, is not m-primary.

PROPOSITION 3.6. Let (R, m, k) be a local ring essentially of finite type over a field with residue
field k separably closed. If depth R > 3, then

Ho(A(R):k) = Hi(A(R):k) = 0.
where the Hy(A(R); k) are the reduced singular homology of A(R).

Proof. Tt follows from a very similar argument to the proof of [KLZ14, Theorem 1.2], together
with Corollary 2.8. O

Finally, we note some consequences of our results combined with the key induction
theorem [HL90, Theorem 2.5]. We start with a reinterpretation of this theorem which is more
convenient for our use.

THEOREM 3.7 (Huneke and Lyubeznik). Let (S,m) be a d-dimensional regular local ring

containing a field and let a C S be an ideal of pure height c. Let f : N — N be a non-decreasing
function. Assume there exist integers I’ > | > ¢ such that:
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(1) f) = ¢

(2) cd(Sp,ap) < f(I'+1) —c+ 1 for all prime ideals p D a with htp <1 —1;
(3) cd(Sp,ap) < f(htp) for all prime ideals p D a with I < htp <U;

(4) >s>1.

f(r—s—1)< f(r) —s for every r > I' + 1 and every ¢ — 1
Then cd(S,a) < f(d) ifd > 1.

Proof. We apply [HL90, Theorem 2.5] with M = A= B =5, =aand n= f(d) + 1. We check
all the conditions of [HL90, Theorem 2.5]. First, we need to show n > c¢. However, since f is
non-decreasing and d > [, it follows from (1) that n — 1 = f(d) > f(I) > ¢. The condition (3)
allows us to assume d > I’ + 1 (otherwise we take p = m to conclude).

Next, let s be an integer such that 1 < s < ¢—1. In order to verify the two conditions (i) and
(ii) in [HL90, Theorem 2.5], by [HL90, Lemma 2.4], it is enough to show the following claim.

CramM. We claim that cd(Sy,ap) < n — s — 1 for all prime ideals p O a with dim S/p > s+ 1.

Sinced > 1"+ 1, we have that n —s — 1= f(d)—s> f(l' +1)—s> f(I' +1) —c+1, so
(2) proves the claim if htp <! — 1. If htp > [, then by (3) and induction on d, we know that
cd(Sy, ap) < f(htp). However, since htp < d — s — 1, it follows from (4) that

ftp) < f(d—s—1)< f(d)—s=n—s—1. O

THEOREM 3.8. Let S be an n-dimensional regular local ring containing a field and let a C S be
an ideal of height c.

(1) If S/a satisfies Serre’s condition (S2) and dim S/a > 1, then

ed(S, a) < n_1_{”_2f

Cc

(2) Suppose that S is essentially of finite type over a field. If S/a satisfies Serre’s condition
(S3) and dim S/a > 2, then

cd(S, a) < n—Q—{n_3J

c

Proof. First note that a is of pure height ¢ because S/a satisfies (S2). For the statement (1), we
use Theorem 3.7 with f(m)=m —1—|(m—2)/c|],l =c+ 1 and I’ = 2¢ + 1. For (2), we use
f(m)=m—2—|(m—3)/c],l =c+2and ' = 2¢+2. To verify the condition (3) of Theorem 3.7,
we need to invoke Corollary 2.8 as follows. If htp = | = ¢ + 2, then it follows from (1) that
cd(Sp,ap) < c = f(htp). If c+3 < htp <" =2c+ 2, then f(htp) = htp — 3. However, since
depth Sp/aS, > 3 in this case, it follows from Corollary 2.8 that cd(Sy,ap) < htp — 3. O

Remark 3.9. There have been many results in the literature which give similar bounds when the
strict henselization of R is a domain or has a small number of minimal primes. For example,
[Lyu07, Corollary 1.2] gives the same bound as that of Theorem 3.8(1) under the assumption that
the number of minimal primes is less than n/c. Of course, there are a lot of examples of ideals with
good depth and many minimal primes. A very elementary example is the complete intersection
I=(z1,...,Zn,Y1,--Yn) Ck[[T1,.. ., Tn, Y1, .., Yn)], which has n? minimal primes {(z;,y;)}.

886

https://doi.org/10.1112/50010437X15007678 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X15007678

DEPTH AND COHOMOLOGICAL DIMENSION

There are many examples where the bounds in Theorem 3.8 are sharp. For example, one can
use the Segre product of two polynomial rings of dimension 2 and d with d > 3, as explained in
Example 2.11. However, those examples have c relatively big compared to n. We suspect that in
general one can do a little better, for instance, as follows.

Question 3.10. Let S be an excellent regular local ring that contains a field. Let n = dim S, and
a C S be an ideal of height c. If S/a satisfies Serre’s condition (S2), then is it always true that

n n—1
cd(S,a) <n L—FlJ {c—li

Under some extra assumptions, for example if S/a is normal, the answer is yes by [HL90,
Theorem 3.9]. If the answer to the above question is affirmative, then one can show that the
bound is sharp for most n and c. We give a class of examples in the case when ¢ is odd using
square-free monomial ideals.

Ezample 3.11. Let ¢ = 2l — 1, 1 > 1 and suppose n = gl. Let S = k[z1,...,z,], m = (z1,...,
x,) and Ji be the monomial ideal (z1,..., 2, Ti41, -+, %205 -+ T(g—1)i415 - - - » Tqt)- Let Ja be the
square-free part of Jym/~!. Then Jy is an ideal with linear presentation and all the generators
are in degree 2/ — 1 = c. The regularity reg Jo of Js is equal to

neontens 5] [ e [ - [55)

On the other hand, if a is the Alexander dual of Ja, then S/a satisfies (S2), ht a = ¢ and

cd(S,a) = pd S/a =reg Ja

(see for example [DHS13]).

ACKNOWLEDGEMENTS

The authors would like to thank Matteo Varbaro for inspirations on this work and generously
sharing his unpublished notes and many useful comments. We are also indebted to Bhargav
Bhatt for helpful discussions and pointing out a mistake in a previous version of this work. We
are grateful to Brian Conrad, Craig Huneke, Atsushi Ito and Yusuke Nakamura for valuable
conversations. The first author was partially supported by NSF grant DMS 1104017. The second
author was partially supported by Grant-in-Aid for Scientific Research (C) No. 26400039 from
JSPS.

REFERENCES
Art69 M. Artin, Algebraic approrimation of structures over complete local rings, Publ. Math. Inst. Hautes
Etudes Sci. 36 (1969), 23-58.

BS76 C. Banica and O. Stanasila, Algebraic methods in the global theory of complex spaces (Editura
Academiei, Bucharest and John Wiley & Sons, London—New York-Sydney, 1976).

Bou78 J.-F. Boutot, Schéma de Picard local, Lecture Notes in Mathematics, vol. 632 (Springer, Berlin,
1978).

BV88 W. Bruns and U. Vetter, Determinantal rings, Lecture Notes in Mathematics, vol. 1327 (Springer,
Berlin, 1988).

887

https://doi.org/10.1112/50010437X15007678 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X15007678

DHS13

Dim92
Dut00

Fos73

GWT78
Har68

Har75
Har77
Har94
Hun92
HL90
KLZ14
Kol13

Koll4
Lyu93
Lyu06

Lyu07
Ogu73
PS73

Varl3

DEPTH AND COHOMOLOGICAL DIMENSION

H. Dao, C. Huneke and J. Schweig, Bounds on the reqularity and projective dimension of ideals
associated to graphs, J. Algebraic Combin. 38(1) (2013), 37-55.

A. Dimca, Singularities and topology of hypersurfaces, Universitext (Springer, New York, 1992).

S. P. Dutta, A theorem on smoothness—Bass-Quillen, Chow groups and intersection multiplicity
of Serre, Trans. Amer. Math. Soc. 352 (2000), 1635-1645.

R. M. Fossum, The divisor class group of a Krull domain, Ergebnisse der Mathematik und ihrer
Grenzgebiete, Band 74 (Springer, 1973).

S. Goto and K. Watanabe, On graded rings I, J. Math. Soc. Japan 30 (1978), 179-213.

R. Hartshorne, Cohomological dimension of algebraic varieties, Ann. of Math. (2) 88 (1968),
403-450.

R. Hartshorne, On the de Rham cohomology of algebraic varieties, Publ. Math. Inst. Hautes
Etudes Sci. 45 (1975), 5-99.

R. Hartshorne, Algebraic geometry, Graduate Texts in Mathematics, vol. 52 (Springer, New York,
Heidelberg, Berlin, 1977).

R. Hartshorne, Generalized divisors on Gorenstein schemes, K-Theory 8 (1994), 287-339.

C. Huneke, Problems in local cohomology, in Free resolutions in commutative algebra and algebraic
geometry (Sundance 90), Research Notes in Mathematics, vol. 2 (Jones and Barlett, Burlington,
MA; 1992), 93-108.

C. Huneke and G. Lyubeznik, On the vanishing of local cohomology modules, Invent. Math. 102
(1990), 73-93.

M. Katzman, G. Lyubeznik and W. Zhang, An extension of a theorem of Hartshorne, Proc. Amer.
Math. Soc., to appear, arXiv:1408.0858.

J. Kollar, Grothendieck—Lefschetz type theorems for the local Picard group, J. Ramanujan Math.
Soc. 28A (2013), 267-285.

J. Kollar, Maps between local Picard groups, Preprint (2014), arXiv:1407.5108.
G. Lyubeznik, Finiteness properties of local cohomology modules, Invent. Math. 113 (1993), 41-55.

G. Lyubeznik, On the vanishing of local cohomology in characteristic p > 0, Compositio Math.
142 (2006), 207-221.

G. Lyubeznik, On some local cohomology modules, Adv. Math. 213 (2007), 621-643.
A. Ogus, Local cohomological dimension, Ann. of Math. (2) 98 (1973), 327-365.

C. Peskine and L. Szpiro, Dimension projective finie et cohomologie locale, Publ. Math. Inst.
Hautes Efudes Sci. 42 (1973), 47-119.

M. Varbaro, Cohomological and projective dimensions, Compositio Math. 149 (2013), 1203-1210.

Hailong Dao hdao®@ku.edu
Department of Mathematics, University of Kansas, Lawrence, KS 66045-7523, USA

Shunsuke Takagi stakagi@ms.u-tokyo.ac.jp

Graduate School of Mathematical Sciences, University of Tokyo, 3-8-1 Komaba, Meguro-ku,
Tokyo 153-8914, Japan

888

https://doi.org/10.1112/50010437X15007678 Published online by Cambridge University Press


http://www.arxiv.org/abs/1408.0858
http://www.arxiv.org/abs/1408.0858
http://www.arxiv.org/abs/1408.0858
http://www.arxiv.org/abs/1408.0858
http://www.arxiv.org/abs/1408.0858
http://www.arxiv.org/abs/1408.0858
http://www.arxiv.org/abs/1408.0858
http://www.arxiv.org/abs/1408.0858
http://www.arxiv.org/abs/1408.0858
http://www.arxiv.org/abs/1408.0858
http://www.arxiv.org/abs/1408.0858
http://www.arxiv.org/abs/1408.0858
http://www.arxiv.org/abs/1408.0858
http://www.arxiv.org/abs/1408.0858
http://www.arxiv.org/abs/1408.0858
http://www.arxiv.org/abs/1407.5108
http://www.arxiv.org/abs/1407.5108
http://www.arxiv.org/abs/1407.5108
http://www.arxiv.org/abs/1407.5108
http://www.arxiv.org/abs/1407.5108
http://www.arxiv.org/abs/1407.5108
http://www.arxiv.org/abs/1407.5108
http://www.arxiv.org/abs/1407.5108
http://www.arxiv.org/abs/1407.5108
http://www.arxiv.org/abs/1407.5108
http://www.arxiv.org/abs/1407.5108
http://www.arxiv.org/abs/1407.5108
http://www.arxiv.org/abs/1407.5108
http://www.arxiv.org/abs/1407.5108
http://www.arxiv.org/abs/1407.5108
https://doi.org/10.1112/S0010437X15007678

	1 Introduction
	2 Main results on cohomological dimension
	3 Applications
	Acknowledgements
	References



