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Abstract

In this paper, we focus on the multivariate Hausdorff operator of the form

HΦ( f )(x) =

∫
(0,+∞)n

Φ
( x1

t1
, x2

t2
, . . . , xn

tn

)
t1t2 · · · tn

f (t1, t2, . . . , tn) dt,

where dt = dt1 dt2 · · · dtn or dt = dqt1 dqt2 · · · dqtn is the discrete measure in q-analysis. The sharp bounds
for the multivariate Hausdorff operator on spaces Lp with power weights are calculated, where p ∈ R\{0}.
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1. Introduction

The aim of this paper is to study Hausdorff operators in the framework of quantum
calculus (q-calculus). q-calculus, while in a sense dating back to Euler, Jacobi,
and also Jackson more recently (see [10]), is now beginning to be more useful
in quantum mechanics, having an intimate connection with commutativity relations
and Lie algebra. The reader can investigate [2, 4, 6] and [7] to observe numerous
applications in various fields of mathematics. One interesting topic, q-analogues of
the many inequalities derived from classical analysis, has been established. Its use can
be seen in works such as [3, 8, 13, 15, 17]. These integral inequalities can be used for
the study of qualitative and quantitative properties of integrals, see [1, 14, 19].

Let G = (0,+∞)n and let Φ(t1, t2, . . . , tn) be a locally integrable function on G. For
any x = (x1, x2, . . . , xn) ∈ G, the multivariate Hausdorff operator is defined on G by

HΦ f (x) =

∫
G

Φ
( x1

t1
, x2

t2
, . . . , xn

tn

)
t1t2 · · · tn

f (t1, t2, . . . , tn) dt1 dt2 · · · dtn. (1.1)
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Let χE be the characteristic function of a set E. If we take Φ(t1, . . . , tn) =
∏n

j=1

χ[1,+∞)(t j)t−1
j , then the Hausdorff operator HΦ is reduced to the multivariate

Hardy operator Hn which can be found in [16]

Hn f (x) =
1

x1x2 · · · xn

∫ x1

0

∫ x2

0
· · ·

∫ xn

0
f (t1, t2, . . . , tn) dt1 dt2 · · · dtn.

If we take Φ(t1, t2, . . . , tn) =
∏n

j=1 χ(0,1](t j), then the Hausdorff operator HΦ is reduced
to the adjoint of multivariate Hardy operator H∗n

H∗n f (x) =

∫ +∞

x1

∫ +∞

x2

· · ·

∫ +∞

xn

f (t1, t2, . . . , tn)
t1t2 · · · tn

dt1 dt2 · · · dtn.

For any x = (x1, x2, . . . , xn) ∈ G, α = (α1, α2, . . . , αn) with αi ∈ R (1 ≤ i ≤ n), let
xα = xα1

1 xα2
2 · · · x

αn
n and dx = dx1 dx2 · · · dxn. We notice that the Hausdorff operator

and its varieties have attracted a lot of research related to modern harmonic analysis
in the last decade. One can find these facts in recent survey papers [5] and [12].
Among numerous research results in recent publications, one that interests us most
is the work of Wu and Chen [18]. They showed that the operator HΦ is bounded on
power weighted Lebesgue spaces Lp (1 ≤ p ≤ +∞), that is( ∫

G
|HΦ f (x)|pxα dx

)1/p
≤ C0

( ∫
G
| f (x)|pxα dx

)1/p
,

provided that Φ(x) ≥ 0 and C0 =
∫

G Φ(x)
∏n

i=1 x(1+αi)/p−1
i dx < +∞. Moreover, they

proved that the constant C0 is the sharp one. On the other hand, in [13] Maligranda,
Oinarov and Persson derived some q-analysis variants of the classical Hardy inequality
and obtained their corresponding best constants. Motivated by their work, a natural
question raised is whether the q-analogue of a multivariate Hausdorff operator enjoys
the same properties as the classical multivariate Hausdorff operator defined in (1.1).

To this end, we first introduce some basic notations and definitions of q-calculus,
which are necessary for understanding this paper. Fix a positive number q ∈ (0, 1). For
a function f : [0, b)→ R, 0 < b ≤ +∞, the q-integral or the q-Jackson integral of f is
defined by the formula:∫ x

0
f (t) dqt = (1 − q)x

+∞∑
k=0

qk f (qk x), for x ∈ (0, b], (1.2)

and the improper q-integral of a function f : [0,+∞)→ R is defined by the series∫ +∞

0
f (t) dqt = (1 − q)

+∞∑
k=−∞

qk f (qk), (1.3)

provided that the series on the right-hand sides of (1.2) and (1.3) converge absolutely
(see [9] and [11]). In the following, for simplicity of notation, for α ∈ R and p ∈ R\{0},
we will write f ∈ Lp(tα dqt) if f satisfies∫ +∞

0
| f (t)|ptα dqt < +∞,
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and let

‖ f ‖Lp(tα dqt) =

( ∫ +∞

0
| f (t)|ptα dqt

)1/p
.

Also, we write f ∈ Lp(dqt) if α = 0, and write dqx = dqx1 dqx2 · · · dqxn for any x =

(x1, x2, . . . , xn) ∈ G and 0 < q < 1. We now define the q-analogue of multivariate
Hausdorff operator by

HΦ( f )(x) =

∫
G

Φ
( x1

t1
, x2

t2
, . . . , xn

tn

)
t1t2 · · · tn

f (t1, t2, . . . , tn) dqt1 dqt2 · · · dqtn,

the q-analogue of the multivariate Hardy operator by

Hn f (x) =
1

x1x2 · · · xn

∫ x1

0

∫ x2

0
· · ·

∫ xn

0
f (t1, t2, . . . , tn) dqt1 dqt2 · · · dqtn,

and the q-analogue of multivariate adjoint Hardy operator by

H∗n f (x) =

∫ +∞

x1

∫ +∞

x2

· · ·

∫ +∞

xn

f (t1, t2, . . . , tn)
t1t2 · · · tn

dqt1 dqt2 · · · dqtn.

Now let us describe our main results. These results are new even if α = 0.

Theorem 1.1. Let α = (α1, α2, . . . , αn) and αi ∈ R for i = 1, . . . , n. Assume that Φ is a
nonnegative function and f ∈ Lp(xα dqx). If 1 ≤ p < +∞, then the following inequality

‖HΦ f ‖Lp(xα dq x) ≤ C1‖ f ‖Lp(xα dq x), (1.4)

holds, provided that

C1 =

∫
G

Φ(t1, t2, . . . , tn)
n∏

i=1

t(1+αi)/p−1
i dqt1 dqt2 · · · dqtn < +∞. (1.5)

If p < 1 (p , 0), then we have the reverse inequality

‖HΦ f ‖Lp(xα dq x) ≥ C1‖ f ‖Lp(xα dq x),

provided that (1.5) holds. Here we assume f , 0 and Φ > 0 if p < 0. Moreover, for
p ∈ R\{0}, the constant C1 is the best possible one.

When applied, we can easily obtain the following results.

Corollary 1.2. Let α = (α1, α2, . . . , αn) and (1 + αi)/p < 1 for i = 1, . . . , n. Assume
that Φ is a nonnegative function and f ∈ Lp(xα dqx). If 1 ≤ p < +∞, then the following
inequality

‖Hn f ‖Lp(xα dq x) ≤ C2‖ f ‖Lp(xα dq x),

holds with

C2 = (1 − q)n
n∏

i=1

1
1 − q1−1/p−αi/p .
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If p < 1 (p , 0), then the following inequality

‖Hn f ‖Lp(xα dq x) ≥ C2‖ f ‖Lp(xα dq x),

holds. Here we assume that f , 0 if p < 0. Moreover, for p ∈ R\{0}, the constant C2 is
the best possible one.

Corollary 1.3. Let α = (α1, α2, . . . , αn) and (1 + αi)/p > 0 for i = 1, . . . , n. Assume
that Φ is a nonnegative function and f ∈ Lp(xα dqx). If 1 ≤ p < +∞, then the following
inequality

‖H∗n f ‖Lp(xα dq x) ≤ C3‖ f ‖Lp(xα dq x),

holds with

C3 = (1 − q)n
n∏

i=1

1
1 − q(1+αi)/p .

If p < 1 (p , 0), then we have the reverse inequality

‖H∗n f ‖Lp(xα dq x) ≥ C3‖ f ‖Lp(xα dq x).

Here we assume that f , 0 if p < 0. Moreover, for p ∈ R\{0}, the constant C3 is the
best possible one.

It is interesting to see that the constant C1 in Theorem 1.1 and the constant C0

obtained by Wu and Chen [18] are in the same integral form, but with different
measures, one is continuous and the other is discrete. More significantly, we are
able to see that C1 is also the sharp constant in the case of p < 1 (p , 0) with a
reverse inequality for the q-analogue multivariate Hausdorff operator HΦ. With the
same method, in the last section we will show that C0 is also the best constant for the
reverse inequality

‖HΦ f ‖Lp(xα dx) ≥ C0‖ f ‖Lp(xα dx),

in the case of p < 1 (p , 0).
It should be pointed out that from Theorem 1.1 we can obtain Lp(xα dqx)

boundedness for q-analogues of many well-known operators when we take different
functions Φ. These operators include the Cesàro operator, the Hardy–Littlewood–
Pólya operator, the Riemann–Liouville fractional derivatives, and the weighted Hardy
operator, among many others.

2. Proof of Theorem 1.1

Proof. Using the definition given in (1.3),

HΦ f (x) = (1 − q)n
+∞∑

j1=−∞

· · ·

+∞∑
jn=−∞

Φ

( x1

q j1
, . . . ,

xn

q jn

)
f (q j1 , . . . , q jn ),
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where j1, . . . jn are integers. Then for p ∈ R\{0}, by changing variables ki = li − ji for
1 ≤ i ≤ n, we have

‖HΦ f ‖Lp(xα dq x) =

( ∫
G
|HΦ f (x)|pxα dqx

)1/p

= (1 − q)n(1+(1/p))
( +∞∑

l1=−∞

· · ·

+∞∑
ln=−∞

n∏
i=1

qli(1+αi)

×

∣∣∣∣∣ +∞∑
j1=−∞

· · ·

+∞∑
jn=−∞

Φ

( ql1

q j1
, . . . ,

qln

q jn

)
f
(
q j1 , . . . , q jn

)∣∣∣∣∣p)1/p

= (1 − q)n(1+(1/p))
( +∞∑

l1=−∞

· · ·

+∞∑
ln=−∞

n∏
i=1

qli(1+αi)

×

∣∣∣∣∣ +∞∑
k1=−∞

· · ·

+∞∑
kn=−∞

Φ(qk1 , . . . , qkn ) f (ql1−k1 , . . . , qln−kn )
∣∣∣∣∣p)1/p

. (2.1)

We first study the case 1 ≤ p < ∞. Assume that (1.5) holds. Using the above
expression (2.1) and the Minkowski inequality,

‖HΦ f ‖Lp(xα dq x) ≤ (1 − q)n(1+(1/p))
+∞∑

k1=−∞

· · ·

+∞∑
kn=−∞

Φ(qk1 , . . . , qkn )

×

( +∞∑
l1=−∞

· · ·

+∞∑
ln=−∞

n∏
i=1

qli(1+αi)| f (ql1−k1 , . . . , qln−kn )|p
)1/p

.

Changing variables mi = li − ki for 1 ≤ i ≤ n, the above estimate is

(1 − q)n(1+(1/p))
+∞∑

k1=−∞

· · ·

+∞∑
kn=−∞

Φ(qk1 , . . . , qkn )
n∏

i=1

qki(1+αi)/p

×

( +∞∑
m1=−∞

· · ·

+∞∑
mn=−∞

n∏
i=1

qmi(1+αi)| f (qm1 , . . . , qmn )|p
)1/p

=

∫
G

Φ(t1, . . . , tn)
n∏

i=1

t(1+αi)/p−1
i dqt1 · · · dqtn ‖ f ‖Lp(xα dq x),

which implies that the inequality (1.4) holds with the constant (1.5).
We need to show that the constant (1.5) is the best one in (1.4). Suppose N ∈ Z+

and 0 < θ < 1. Let y = (y1, y2, . . . , yn) ∈ G, and

fθ,N(y) =

n∏
j=1

y j
−(1+α j)/pχ[qN(1+θ), q−N(1+θ)](y j).
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Denote ]I by the number of integers in the interval I. A straightforward calculation
shows that

‖ fθ,N‖
p
Lp(xα dq x) = (1 − q)n

+∞∑
j1=−∞

. . .

+∞∑
jn=−∞

n∏
i=1

χ[qN(1+θ), q−N(1+θ)](q ji )

= (1 − q)n(][−N(1 + θ),N(1 + θ)])n

= (1 − q)n(2[N(1 + θ)] + 1)n,

where [N(1 + θ)] denotes the integral part of the real number N(1 + θ). Then,

‖HΦ fθ,N‖
p
Lp(xα dq x)

=

∫
G
|HΦ fθ,N(x)|pxα dqx

= (1 − q)n(p+1)
+∞∑

l1=−∞

· · ·

+∞∑
ln=−∞

n∏
i=1

qli(1+αi)

×

∣∣∣∣∣ +∞∑
k1=−∞

· · ·

+∞∑
kn=−∞

Φ(qk1 , . . . , qkn ) fθ,N(ql1−k1 , . . . , qln−kn )
∣∣∣∣∣p

= (1 − q)n(p+1)
+∞∑

l1=−∞

· · ·

+∞∑
ln=−∞

( +∞∑
k1=−∞

· · ·

+∞∑
kn=−∞

Φ(qk1 , . . . , qkn )

×

n∏
i=1

(
qki((1+αi)/p)χ[qN(1+θ), q−N(1+θ)](qli−ki )

))p

≥ (1 − q)n(p+1)
+∞∑

l1=−∞

· · ·

+∞∑
ln=−∞

n∏
j=1

χ[qN , q−N ](ql j )

×

( +∞∑
k1=−∞

· · ·

+∞∑
kn=−∞

Φ(qk1 , . . . , qkn )

×

n∏
i=1

(qki((1+αi)/p)χ[qN(1+θ), q−N(1+θ)](qli−ki )χ[qθN , q−θN ](qki ))
)p

≥ (1 − q)n(p+1)
N∑

l1=−N

· · ·

N∑
ln=−N

( +∞∑
k1=−∞

· · ·

+∞∑
kn=−∞

Φ(qk1 , . . . , qkn )

×

n∏
i=1

(
qki(1+αi)/pχ[qθN , q−θN ](qki )

))p

= (1 − q)n(p+1)(2N + 1)n
( +∞∑

k1=−∞

· · ·

+∞∑
kn=−∞

Φ(qk1 , . . . , qkn )

×

n∏
i=1

(
qki(1+αi)/pχ[qθN , q−θN ](qki )

))p
.
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Thus,

‖HΦ fθ,N‖
p
Lp(xα dq x)

‖ fθ,N‖
p
Lp(xα dq x)

≥
(2N + 1)n(1 − q)np

(2[N(1 + θ)] + 1)n

( +∞∑
k1=−∞

· · ·

+∞∑
kn=−∞

Φ(qk1 , . . . , qkn )

×

n∏
i=1

(qki(1+αi)/pχ[qθN , q−θN ](qki )
))p

≥
(2N + 1)n(1 − q)np

(2N(1 + θ) + 1)n

( +∞∑
k1=−∞

· · ·

+∞∑
kn=−∞

Φ(qk1 , . . . , qkn )

×

n∏
i=1

(
qki(1+αi)/pχ[qθN , q−θN ](qki )

))p
.

Now we fix the θ and let N → +∞. This yields the following result.

lim
N→+∞

‖HΦ fθ,N‖
p
Lp(xα dq x)

‖ fθ,N‖
p
Lp(xα dq x)

≥

( 2
2(1 + θ)

)n(
(1 − q)n

+∞∑
k1=−∞

· · ·

+∞∑
kn=−∞

Φ(qk1 , . . . , qkn )
n∏

i=1

qki(1+αi)/p
)p
.

By letting θ→ 0+, we conclude that

lim
θ→0+

lim
N→+∞

‖HΦ fθ,N‖Lp(xα dq x)

‖ fθ,N‖Lp(xα dq x)
≥ (1 − q)n

+∞∑
k1=−∞

· · ·

+∞∑
kn=−∞

Φ(qk1 , . . . , qkn )
n∏

i=1

qki(1+αi)/p.

Hence, we finish the proof of the case 1 ≤ p < +∞.
When p < 1 and p , 0, we use the Minkowski inequality to conclude that

‖HΦ f ‖Lp(xα dq x) ≥ (1 − q)n(1+1/p)
+∞∑

k1=−∞

· · ·

+∞∑
kn=−∞

Φ(qk1 , . . . , qkn )

×

( +∞∑
l1=−∞

· · ·

+∞∑
ln=−∞

n∏
i=1

qli(1+αi)| f (ql1−k1 , . . . , qln−kn )|p
)1/p

=

∫
G

Φ(t1, . . . , tn)
n∏

i=1

t(1+αi)/p−1
i dqt1 · · · dqtn ‖ f ‖Lp(xα dq x).

To show that the constant C1 is sharp, we need to choose two classes of suitable
functions according to the values of p. Thus, we divide p into two cases: 0 < p < 1
and p < 0.

(i) 0 < p < 1. For N ∈ Z+, letting y = (y1, y2, . . . , yn) ∈ G , we take

fN(y) =

n∏
j=1

y j
−(1+α j)/pχ[qN , q−N ](y j).
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A direct calculation shows that∫
G
| fN(y)|pyα dqy = (1 − q)n(2N + 1)n.

Then, also
‖HΦ fN‖

p
Lp(xα dq x)

=

∫
G
|HΦ fN(x)|pxα dqx

= (1 − q)n(p+1)
+∞∑

l1=−∞

· · ·

+∞∑
ln=−∞

n∏
i=1

qli(1+αi)

×

( +∞∑
k1=−∞

· · ·

+∞∑
kn=−∞

Φ(qk1 , . . . , qkn )
n∏

i=1

(
q(ki−li)(1+αi)/pχ[qN , q−N ](qli−ki )

))p

= (1 − q)n(p+1)
+∞∑

l1=−∞

· · ·

+∞∑
ln=−∞( +∞∑

k1=−∞

· · ·

+∞∑
kn=−∞

Φ(qk1 , . . . , qkn )
n∏

i=1

(qki(1+αi)/pχ[qN , q−N ](qli−ki ))
)p

= (1 − q)n(p+1)
+∞∑

l1=−∞

· · ·

+∞∑
ln=−∞

( l1+N∑
k1=l1−N

· · ·

ln+N∑
kn=ln−N

Φ(qk1 , . . . , qkn )
n∏

i=1

qki(1+αi)/p
)p
.

It follows from Hölder’s inequality that
N∑

l1=−N

· · ·

N∑
ln=−N

( l1+N∑
k1=l1−N

· · ·

ln+N∑
kn=ln−N

Φ(qk1 , . . . , qkn )
n∏

i=1

qki(1+αi)/p
)p

≤

( N∑
l1=−N

· · ·

N∑
ln=−N

( l1+N∑
k1=l1−N

· · ·

ln+N∑
kn=ln−N

Φ(qk1 , . . . , qkn )
n∏

i=1

qki(1+αi)/p
))p

×

( N∑
l1=−N

· · ·

N∑
ln=−N

1
)1−p

≤ (2N + 1)n
( 2N∑

k1=−2N

· · ·

2N∑
kn=−2N

Φ(qk1 , . . . , qkn )
n∏

i=1

qki(1+αi)/p
)p
.

We now complete the proof of the case 0 < p < 1, since

lim
N→+∞

‖HΦ fN‖Lp(xα dq x)

‖ fN‖Lp(xα dq x)
≤ lim

N→+∞
(1 − q)n

2N∑
k1=−2N

· · ·

2N∑
kn=−2N

Φ(qk1 , . . . , qkn )
n∏

i=1

qki(1+αi)/p

= (1 − q)n
+∞∑

k1=−∞

· · ·

∞∑
kn=−∞

Φ(qk1 , . . . , qkn )
n∏

i=1

qki(1+αi)/p.
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(ii) p < 0. Assume y = (y1, . . . , yn) ∈ G. For ε > 0 , let

fε(y) =

n∏
j=1

y−(1+α j+ε)/p
j χ[1,+∞)(y j).

Then, ∫
G
| fε(y)|pyα dqy =

( 1 − q
1 − qε

)n
,

and

‖HΦ fε‖
p
Lp(xα dq x) = (1 − q)n(p+1)

+∞∑
l1=−∞

· · ·

+∞∑
ln=−∞

n∏
i=1

qli(1+αi)

×

∣∣∣∣∣ +∞∑
k1=−∞

· · ·

+∞∑
kn=−∞

Φ(qk1 , . . . , qkn ) fε(ql1−k1 , . . . , qln−kn )
∣∣∣∣∣p

= (1 − q)n(p+1)
+∞∑

l1=−∞

· · ·

+∞∑
ln=−∞

n∏
i=1

q−liε

×

( +∞∑
k1=−∞

· · ·

+∞∑
kn=−∞

Φ(qk1 , . . . , qkn )
n∏

i=1

(
qki(1+αi+ε)/pχ[1,+∞)(qli−ki )

))p

≥ (1 − q)n(p+1)
0∑

l1=−∞

· · ·

0∑
ln=−∞

n∏
i=1

q−liε

×

( +∞∑
k1=l1

· · ·

+∞∑
kn=ln

Φ(qk1 , . . . , qkn )
n∏

i=1

qki(1+αi+ε)/p
)p

≥ (1 − q)n(p+1)
0∑

l1=−∞

· · ·

0∑
ln=−∞

n∏
i=1

q−liε

×

( +∞∑
k1=−∞

· · ·

+∞∑
kn=−∞

Φ(qk1 , . . . , qkn )
n∏

i=1

qki(1+αi+ε)/p
)p

=

( 1 − q
1 − qε

)n(
(1 − q)n

+∞∑
k1=−∞

· · ·

+∞∑
kn=−∞

Φ(qk1 , . . . , qkn )
n∏

i=1

qki(1+αi+ε)/p
)p
,

where we have used p < 0 and Φ > 0. Letting ε→ 0+, then

lim
ε→0+

‖HΦ fε‖Lp(xα dq x)

‖ fε‖Lp(xα dq x)
≤ (1 − q)n

+∞∑
k1=−∞

· · ·

∞∑
kn=−∞

Φ(qk1 , . . . , qkn )
n∏

i=1

qki(1+αi)/p.

Combining all the estimates, we show that the constant C1 is sharp and therefore
finish the proof of the theorem. �
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3. A final remark

In this section, we can modify the previous argument to yield the best constant for
the Hausdorff operator HΦ given by (1.1) in the Lp spaces with p < 1 (p , 0), ignoring
whether these spaces make sense. The following result can be regarded as fixing the
gap present in Wu and Chen’s result, found in [18]. Using similar notation as before,
we let t = (t1, t2, . . . , tn) ∈ G and dt = dt1 dt2 . . . dtn.

Theorem 3.1. Let α = (α1, α2, . . . , αn) and αi ∈ R for i = 1, . . . , n. Assume that Φ is
a nonnegative function and f ∈ Lp(xα dx). If p < 1 (p , 0), then we have the reverse
inequality

‖HΦ f ‖Lp(xα dx) ≥ C0‖ f ‖Lp(xα dx),

provided that

C0 =

∫
G

Φ(t)
n∏

i=1

t(1+αi)/p−1
i dt < +∞. (3.1)

Here we assume f , 0 and Φ > 0 if p < 0. Moreover, for p < 1 (p , 0), the constant
C0 is the best possible one.

Proof. By changing variables,

HΦ f (x) =

∫
G

Φ
( x1

t1
, . . . , xn

tn

)
t1 · · · tn

f (t1, . . . , tn) dt =

∫
G

Φ(t1, . . . , tn)
t1 · · · tn

f
( x1

t1
, . . . ,

xn

tn

)
dt. (3.2)

Assume that (3.1) holds. Using the equality (3.2) and the Minkowski inequality for
the case p < 1 (p , 0),

‖HΦ f ‖Lp(xα dx) =

( ∫
G
|HΦ f (x)|pxα dx

)1/p

=

( ∫
G

( ∫
G

Φ(t)
t1 · · · tn

f
( x1

t1
, . . . ,

xn

tn

)
dt

)p
xα dx

)1/p

≥

∫
G

Φ(t)
t1 · · · tn

( ∫
G

f p
( x1

t1
, . . . ,

xn

tn

)
xα dx

)1/p
dt

=

∫
G

Φ(t)
n∏

i=1

t(1+αi)/p−1
i dt ‖ f ‖Lp(xα dx).

The next step is to show that the constant C0 is sharp. Similar to the proof of
Theorem 1.1, we need to construct two classes of functions with different p.

Case 1. 0 < p < 1. For any fixed real number r satisfying 0 < r < 1, letting N ∈ Z+,
we take

fN(x) =

n∏
i=1

x−(1+αi)/p
i χ[rN ,r−N ](xi), for x = (x1, . . . , xn) ∈ G.
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Let us observe that
‖ fN‖

p
Lp(xα dx) = (2N)n(ln(r−1))n.

Also,

‖HΦ fN‖
p
Lp(xα dx) =

( ∫
G

( ∫
G

Φ(t)
t1 · · · tn

fN

( x1

t1
, . . . ,

xn

tn

)
dt

)p
xα dx

)1/p

=

( ∫
G

( ∫
G

Φ(t)
t1 · · · tn

n∏
i=1

( ti
xi

)(1+αi)/p
χ[rN ,r−N ]

( xi

ti

)
dt

)p
xα dx

)1/p

=

( ∫
G

( ∫ x1r−N

x1rN
· · ·

∫ xnr−N

xnrN
Φ(t)

n∏
i=1

ti(1+αi)/p−1 dt
)p n∏

i=1

x−1
i dx

)1/p
.

Considering the last term, we see that( ∫ r−N

rN
· · ·

∫ r−N

rN

( ∫ x1r−N

x1rN
· · ·

∫ xnr−N

xnrN
Φ(t)

n∏
i=1

ti(1+αi)/p−1 dt
)p n∏

i=1

x−1
i dx

)1/p

≤

( ∫ r−N

rN
· · ·

∫ r−N

rN

( ∫ r−2N

r2N
· · ·

∫ r−2N

r2N
Φ(t)

n∏
i=1

ti(1+αi)/p−1 dt
)p n∏

i=1

x−1
i dx

)1/p

=

∫ r−2N

r2N
· · ·

∫ r−2N

r2N
Φ(t)

n∏
i=1

ti(1+αi)/p−1 dt ‖ fN‖Lp(xα dx).

Letting N → +∞, gives

lim
N→+∞

‖HΦ fN‖Lp(xα dx)

‖ fN‖Lp(xα dx)
≤ lim

N→+∞

∫ r−2N

r2N
· · ·

∫ r−2N

r2N
Φ(t)

n∏
i=1

ti(1+αi)/p−1 dt

=

∫
G

Φ(t)
n∏

i=1

ti(1+αi)/p−1 dt.

Case 2. p < 0. For ε > 0, we let

fε(x) =

n∏
i=1

x−(1+αi+ε)/p
i χ[1,+∞)(xi), for x = (x1, . . . , xn) ∈ G.

It is easy to see that
‖ fε‖

p
Lp(xα dx) = ε−n.

Also

‖HΦ fε‖
p
Lp(xα dq x) =

∫
G

( ∫
G

Φ(t)
t1 · · · tn

fε
( x1

t1
, . . . ,

xn

tn

)
dt

)p
xα dx

=

∫
G

( ∫
G

Φ(t)
t1 · · · tn

n∏
i=1

( ti
xi

)(1+αi+ε)/p
χ[1,+∞)

( xi

ti

)
dt

)p
xα dx
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=

∫
G

( ∫ x1

0
· · ·

∫ xn

0
Φ(t)

n∏
i=1

ti(1+αi+ε)/p−1 dt
)p n∏

i=1

x−1−ε
i dx

≥

∫ +∞

1
· · ·

∫ +∞

1

( ∫ x1

0
· · ·

∫ xn

0
Φ(t)

n∏
i=1

ti(1+αi+ε)/p−1 dt
)p n∏

i=1

x−1−ε
i dx.

Since Φ(t) > 0 and p < 0, the last term is greater than or equal to∫ +∞

1
· · ·

∫ +∞

1

( ∫ +∞

0
· · ·

∫ +∞

0
Φ(t)

n∏
i=1

ti(1+αi+ε)/p−1 dt
)p n∏

i=1

x−1−ε
i dx

= ε−n
( ∫

G
Φ(t)

n∏
i=1

ti(1+αi+ε)/p−1 dt
)p
.

Letting ε→ 0+, we see that

lim
ε→0+

‖HΦ fε‖Lp(xα dx)

‖ fε‖Lp(xα dx)
≤ lim

ε→0+

∫
G

Φ(t)
n∏

i=1

ti(1+αi+ε)/p−1 dt =

∫
G

Φ(t)
n∏

i=1

ti(1+αi)/p−1 dt.

This proves the theorem. �
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