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RATIONAL HOMOTOPY TYPES
WITH THE RATIONAL COHOMOLOGY ALGEBRA
OF STUNTED COMPLEX PROJECTIVE SPACE

GREGORY LUPTON AND RONALD UMBLE

ABSTRACT.  We consider the number of spaces, up to rational homotopy equiva-
lence, which have rational cohomology algebra isomorphic to that of stunted complex
projective space CP" /CPX. Using a classification theory due to Schlessinger and Stash-
eff, we determine the number of rational homotopy types with rational comology alge-
bra isomorphic to H*(CP" /CP*; Q), for any given n and k. The necessary computations
make use of a spectral sequence introduced by the second named author.

1. Introduction and notation. A fundamental problem in homotopy theory is to
classify all homotopy types that realize a given commutative graded algebra H, i.e., that
have cohomology algebra isomorphic to H. A general solution to this problem is un-
known; indeed, it is difficult in general to decide whether or not there is any space that
realizes H. In rational homotopy theory, however, the situation is more straightforward.
Quillen showed, among other things, that rational homotopy types of simply connected
spaces are in bijective correspondence with homotopy types of connected, rational, dif-
ferential graded Lie algebras [Qu]. It follows from this that every one-connected, finite-
type, commutative graded algebra over the rationals is realized by some simply con-
nected space [Qu, p. 206]. Subsequently, Sullivan’s concept of a minimal model was
extended into the differential graded Lie algebra setting by a number of authors [B-L],
[Ne]. A rational homotopy equivalence between two spaces corresponds to an isomor-
phism between the corresponding minimal models, and this makes the classification of
rational homotopy types a more tractable problem. Solutions to the problem of classi-
fying rational homotopy types that realize a given algebra H, using minimal models,
have been given by Félix [Fe], Halperin and Stasheff [H-S], Lemaire and Sigrist [L-S]
and Schlessinger and Stasheff [S-S]. We describe the Schlessinger-Stasheff classification
below (Theorem 1.2).

Each of these solutionsto the rational classification problem is theoretical, in the sense
that direct application is limited by the elaborate calculations required. However, Um-
ble [Um] introduced a spectral sequence that helps perform some of the calculations
necessary for the Schlessinger and Stasheff approach. The basic facts concerning this
spectral sequence are reviewed in Section 2.
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In this paper we use the Schlessinger and Stasheff classification, with the spectral
sequence introduced in [Um] and analyze the family of algebras H = H*(CP"/ CP*; Q);
for each n and k we determine the number of rational homotopy types that realize H. The
spaces CP"/ CP*, known as stunted complex projective spaces, are discussed in Section
2. Our main result is the following:

THEOREM 1.1. H*(CP"/CP*; Q) is realized by
(a) one rational homotopy type if
(i) k=1,
(ii) n = oo,
(iii) n <4k +8, or
(iv) k =2andn = 21,22,23 or 30;
(b) two rational homotopy types if
(i) n=4k+9,
(ii) k =3 andn = 29, or
(iii) k =2 and n = 20;
(c) a countably infinite number of rational homotopy types otherwise.

This result is the composite of Theorems 2.3, 2.6, 2.7, 2.9, 4.1 and 4.2 below.

The paper is organized as follows: In Section 2 we determine certain values » and k
for which H*(CP" /CPX; Q) is realized uniquely. Here we prove part (a) of Theorem 1.1,
and in particular obtain a new proof of the fact that H*(CP>/CP*; Q) is realized by a
unique rational homotopy type for all k—a result due to Tanré [Ta, ]. Other values for n
and k are analyzed in Sections 3 and 4; in these cases we show that H*(CP”/CP"; Q) is
realized by multiple rational homotopy types.

We assume familiarity with basic rational homotopy theory, and in particular ‘pertur-
bation’ techniques relevant to differential graded Lie algebra minimal models. A brief re-
view of these ideas is given below, following some notation. References for basic rational
homotopy theory are [B-G], [D-G-M-S], [G-M], [Ha], [Ne], [Qu] and [Su]. References
for differential graded Lie algebra minimal models and perturbations are [B-L], [Mi],
[N-M], [St]. A treatment of rational homotopy theory from both the differential graded
commutative algebra and differential graded Lie algebra points of view is included in
[Ta,], which is a useful reference.

For basic terminology and notation, see [B-L]. In particular, we adopt the following
notation: The prefix DG means differential graded; algebra means one-connected, com-
mutative, finite type graded algebra over Q; Lie algebra means connected graded Lie
algebra over Q. L(V) denotes the free graded Lie algebra on the graded vector space
V, and (V) denotes the abelian Lie algebra on V. If x is an element of a graded vector
space, |x| denotes the degree of x. A linear map 6 of degree p on a graded Lie algebra
L, is a derivation of degree p if for all x,y € L, 8([x,y]) = [0(x),y] + (—1YM[x, 0(y)].
We will frequently write ad(x)(y) for the Lie bracket [x, y], or more generally ad’(x)(y)
for the bracket [x, [x, RO Y I H with x occurring r times. For an algebra H, the dual
coalgebra will be denoted by H.,.
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Every algebra H is realized by some rational homotopy type; in particular, H is real-
ized by a unique formal rational homotopy type [H-S]. This formal rational homotopy
type should be thought of as the canonical choice of rational homotopy type that realizes
H. According to Quillen [Qu], every rational homotopy type corresponds to some DG
Lie algebra; so for the purposes of rational homotopy theory, spaces can be thought of as
DG Lie algebras and vice-versa. Let s~ H, denote the graded vector space obtained from
H, by setting (s 'H,)p = 0 and (s~ 'H,), = (H,)us1, for n > 1. Here and in the sequel,
the symbol s~! denotes desuspension. Then the multiplication in H induces a quadratic
differential d of degree —1 on L(s"'H,) in a standard way [Qu, p. 287]. The free DG
Lie algebra (I]_(S*'H*), d) is called the Quillen model of H; we denote it by L(s~'H,, d).
Under the bijection between homotopy types of DG Lie algebras and rational homotopy
types of spaces referred to above, the Quillen model of H corresponds to the unique
formal rational homotopy type that realizes H. Furthermore, if X is a formal space that
realizes H, then the Quillen model of H satisfies H([L(s"H*,d)) ~ m.(QX) ® Q, the
rational homotopy Lie algebra of X.

Let H be an algebra, with Quillen model L(s~'H,,d). A perturbation of d is a de-
gree —1 derivation P on L(s ™' H,) such that P extends bracket length by at least two, and
d+P is a differential [N-M]. Given a perturbation P of d, the DG Lie algebra L(s~'H,, d+
P) represents some rational homotopy type that realizes H [Ne, p. 437]. Conversely, ev-
ery rational homotopy type that realizes H can be represented by L(s~'H,,d + P), for
some P [Mi], [B-L]. Whereas many perturbations can represent the same rational ho-
motopy type, the problem of classification up to rational homotopy type corresponds to
identifying isomorphism classes of perturbations.

Occupying a central place in the Schlessinger and Stasheff classification program is a
certain DG Lie algebra of derivations that arises as follows: Given an algebra H, construct
L(s~'H,,d) and re-grade L(s~'H,) so that elements in degree n are now in degree —n.
Denote the re-graded DG Lie algebra by (Ly,d); Ly is negatively graded and d is a
degree +1 differential. This step, while unnecessary, is consistent with [S-S] and aligns
our statements with theirs. Consider the DG Lie algebra (Der Ly, ), where Der Ly is
the graded Lie algebra of graded derivations on Ly and 6 = ad(d) is given by 6(0) =
df — (—1)1%0d for § € Der Ly; ¢ is a degree +1 differential. If x € Ly is homogeneous
with respect to bracket length; define the weight of x by wt(x) = |x| — length(x). If x is
zero, define its weight to be —oo. Furthermore, since Ly is free, every element of Der Ly
can be written as the sum of its bi-homogeneous components, i.e., degree and change in
bracket length; so for a bi-homogeneous derivation 0, say that 6 is weight-decreasing if
wt((}(x)) < wt(x), for all non-zero x € Ly. Since d is quadratic of degree +1, wt(éO(x)) <
wt(@(x)) for § € Der Ly. Thus, if Ly denotes the sub-Lie algebra of Der Ly generated by
weight-decreasing derivations, then 6 restricts to Ly giving a DG Lie algebra (LH,(S),
which is the one that appears in the classification theory.

There is a bijection between rational homotopy types that realize H and isomorphism
classes of DG Lie algebras L(s~'H.,d + P), where P is a perturbation of d [Mi]. The
perturbation P is thought of as representing the corresponding rational homotopy type.
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Now a group of Lie algebra automorphisms of (s~ H,)) induces a group action on the set
of perturbations, i.e., the set V.= {P € L}, | (d+ P)*> = 0}. Thus, perturbations P and Q
represent the same rational homotopy type that realize H if P and Q lie in the same orbit
under such an induced action. There are two such actions, namely, an ‘exponential action
of L))’ and an action induced by Aut H—the algebra automorphisms of H. We refer the
reader to [S-S]for details and state the following fundamental results for reference:

THEOREM 1.2 ([S-S]). Let H be an algebra and let V = {P € L}, | (d + P)* = 0}.
There is a bijection of sets:

Rational Homotopy Types Vv
of Spaces That Realize H exp(ad L) AutH o

If an algebra is realized by only one rational homotopy type, the algebra is called
intrinsically formal. 1t H'(Ly,8) = 0, then it can be shown that V / exp(ad Lf}) = {0}.
This proves:

THEOREM 1.3 ([S-S, 8.0]). IfH'(Ly,8) =0, then H is intrinsically formal.

All intrinsic formality results in this paper are obtained by applying Theorem 1.3.

2. Intrinsic formality and the algebras H*(CP" /CP*; Q). In this section we prove:

THEOREM 2.1.  H*(CP"/CP*; Q) is intrinsically formal if
(i) k=1,

(i) n = oo,

(iii) n <4k +8 or

(iv) k=2andn = 21,22,23 or 30.

The proof of Theorem 2.1 is a composite of Theorems 2.3, 2.6, 2.7 and 2.9 below. In
Sections 3 and 4 we show that Theorem 2.1 is a sharp result. Although the case n = oo,
which is Theorem 2.6 below, was obtained by Tanré [Ta, ], our proof is of independent
interest for two reasons: First, because we use the Schlessinger and Stasheff approach
and second, because the calculations are used subsequently.

Theorem 1.3 asserts that H'(Ly,6) = 0 is a sufficient condition for intrinsic for-
mality. In general, however, direct computation of H'(Ly,6) is a formidable task. One
helpful tool is a spectral sequence, introduced by Umble [Um], which was invented for
the purpose of calculating H*(Ly,0). Since our calculations use the spectral sequence,
we review the basic facts here and refer the reader to [Um] for details.

Given an algebra H with Quillen model L(s™'H,, d), let Ly be the graded Lie algebra
obtained by negatively re-grading L(s~'H.), as in the introduction. Let {;};c; be an
additive basis for s~ 'H,, and let {x;} be the corresponding free Lie algebra basis for Ly;
i.e., |x;| = —|%;|. The basis {x;} is said to have cellular indexing if i < jimplies |%;| < |%;]
or equivalently |x;| > |x;|. It is always possible to choose a basis with cellular indexing,
so assume that {x;} is such a basis.
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Let o, x; € Ly with x; a generator, and let o - dx; denote that derivation sending x; to «,
and other generators of Ly to zero. Similarly, if W is a sub-vector space of Ly, then W-9x,
denotes the vector space of derivations consisting of all derivations w - dx, forw € W.
Since any element of Der Ly can be written as a sum of these so-called basic derivations,
the cellular indexing of the indecomposables induces a decreasing filtration of Der Ly
with F7 = @>p{a - dx; | @ € Ly}. Now Der Ly is bigraded with respect to cellular
index p and derivation degree g; Der”? Ly denotes the (p, g)-component. Furthermore
there are compatible maps é;: Der”? Ly — Der?* 4 [, i = 0,1,2,..., such that § =
ad(d) = ¥;>06; with é; defined as follows: Write the differential in Ly in terms of basic
derivations, d = Y jc; 3j - dx;, and consider an element « - dx, € Der?” Ly. Then éo(a -
0x,) = (da) - 0x, and for i > 0 we have §;(o - dx,) = —(—1)"(0{ . 8x,,([3,,+,-)) - 0xpsi. Thus
the bigraded vector space Der** Ly, with maps §;, is a filtered multi-complex that gives
rise to a spectral sequence {E**, 6, }, with E? = Der” Ly and 8o = 0. The differential
0, on E, is induced by the maps é; for 0 < i < r. In particular, the E|-term satisfies
B = (7r|fp[_q(QX) ® Q) - 0xp, where %, has positive degree and X is the formal space
that realizes H; this latter follows from the fact that H([L(s*'H,H d)) =~ m,(2X) ® Q. The
sequence {E>*,4,} is a spectral sequence of vector spaces; in general, the multiplicative
structure is lost in the limit.

The spectral sequence restricts to the sub-DG Lie algebra Ly C Der Ly. Here, the
E\-term satisfies E} = @SEWZ(W‘M_W(QX) ® Q) - dx, where T, ;(QX) ® Q denotes the
homology generated by cycles of bracket length s in the Quillen model of H. This makes
sense because L(s ' H,, d) has quadratic differential. The nature of the E|-term suggests
that the spectral sequence will be most useful when there is a good description of the
rational homotopy Lie algebra of the formal space that realizes H. We now give such a
description for the algebras H = H*(CP" /CPX; Q).

Let CP™ denote m-dimensional complex projective space. For 1 < k < n < o0,
define CP"/CP* as the cofibre of the natural inclusion map i: CP* — CP". The map i
is a so-called formalisable map and it is well-known that the cofibre of such a map is a
formal space [F-T]. Thus CP" / CPX is formal, and hence is the formal space that realizes
H*(CP”/CP"; Q). Following Tanré [Ta, ], we give the following useful descriptions of
the multiplicative structure of H*(CP> /CP*; Q), and the rational homotopy Lie algebra
of CP™ /CP~.

PROPOSITION 2.2 ([TA|, PROPOSITION 1]).
H*(CP>/CP* Q) > Qlyiss -y )/ R,

where |y;| = 2i and R_is the ideal generated by {yis1+iVie14j = Yir1 Vir14isj } Jor 0 < i4j <
k and {yo11iyieisj — Yigy Vi } fork+ 1 < i+j < 2k L]

Forany i > k+ |, writei = p(k+ 1) +g with0 < g < k, 1 < p; then the elements
V= ,\/,:;,]ymw form a basis for the vector space H*(CP® /CP*; Q).
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THEOREM 2.3. Ifn < 00, then H’*(CP"/CPl ; Q) is intrinsically formal.

PROOE. Ifn < oo, writen+1 = 2p+q withg = O or 1, so that H*(CP”/CP‘;D) =
Qly2.y31/ 0% = Y335 ' vaug). Also, H*(CP® /CP';Q) = Qlys.y31/ (b3 — y3). In either
case, the algebras are the quotient of a free algebra by a regular sequence of relations;
and such algebras are well-known to be intrinsically formal ([Su, p. 317]). n

We include Theorem 2.3 for completeness only; indeed, it is implicit in the work of
Tanré. Henceforth, for the space CP" / CP*, it is assumed that k > 2.

Continuing our description of m(Q(CPO"/CP")) ® Q, given a basis element y; €
H*(CP> / CPk; Q), let y; also denote the corresponding dual basis element in the homol-
ogy coalgebra H,(CP> /CP*; Q). Let ; = s~ 'y; fori > k + 1. Then the Quillen model
of H*(CPO‘)/CP"; Q) is given by L(Xy41, Xks2, - - - 5 d), with

m—(k+1)

d(xm):—§ > (X Xl

i=k+1
for m > 2k + 2, and d(%,) = 0 otherwise. In particular, for k + 1 < i < 2k + 1, the
d-cycles x; each represent distinct classes in H ([L(X,H, s K42y d)). The full Lie algebra
structure of H(L (%1, %2, ... 3 d)) = m, (Q(CP® /CPY)) @ Q is described by:

PROPOSITION 2.4 ([TA;, PROPOSITION 2]). There is a short exact sequence of Lie
algebras

0 — L(Xpa2s X35 - - 5 Xoksl) — W*(Q(CPOO/CP,()) ®@Q— <Xk+l> —0

with the remaining brackets in Tr*(Q(CPO"/CP")) ® Q given by [Xi1,%2] = 0, and
(Berts Bear] = — 3 S0 Raris a1 i) for 3 < r <k + 1. .

NOTATION 2.5. Let H be an algebra and let (Ly, 0) be the DG Lie algebra of weight
decreasing derivations on Ly as constructed above. If H = H*(GP"/CP"; Q), then we
denote Ly by Ly k-

We now prove part (ii) of Theorem 2.1. We remark once more that this is a new proof
of a theorem of Tanré’s. We include all details since the calculations in this proof form a
starting point for the calculations in our subsequent results.

THEOREM 2.6 (|TA;, 3.2]). H*(CPOO/CP"; Q) is intrinsically formal.

PROOF. Consider the E;-term in the spectral sequence described above:

B2 @ (g 0.(QCP?/CPY) 2 Q) - Ay,

§$>q+2

and the differential &;: £ — E{™"! induced by 6,: L[,! |\ — L5900 1f o - O,

e L1 and d is written d = ¥; 3; - dx;, then é; is in turn given by 6,(« - dx,) =

H(oo/k)
((X ’ axp(ﬁpﬂ )) : ax]?‘f']' Now in the Quillen model, dxp+l = ‘% Z{),:kﬁl [XI’X,)H ~il= BIH—l ,
80 - 0x,(Bp+1) = 0 since 3,4 contains no bracket with an entry in x,. Thus é,, and hence
S BN — E"l”""+I is zero. Similarly, §,: E?9*" — EP*1 g zero for all r = 1,...,k;
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thus EfY = EPY and it is necessary to understand &;,: Ef, — E‘Z:f““’”. As a vector
space, B} 2 (x441) @ L(Xgs2s - - - X2xe1). For an element o - dx, € Ly I
Sps1 (@ - 0xp) = (a : axp(ﬂp+k+1)) - OXpikr]
1 )
= *§<0( : axp( Z [xi,xp+k+lfi])) 'axp+k+l

i=k+1

= —(O( . ax,,([xk+1,xp])) : a-xp+k+l9

where this last step follows from the fact that - dx, is zero on all other brackets of 3,4 -
Hence the differential 8y, : Eff — EZ::‘““’“ is induced by

bpe1 (- axp) = —(=Dxps1, Al - a)Cp+l<+l

andifp = k+1, thena % should be placed before the bracket. Thus &, can be understood
in terms of the action of ad(x;,;) on the vector space (xi,1) B L(xk425 - - - » X2x41), and this
is described by Proposition 2.4. For brackets o € L(xx42,---»X2k41)s YRICE 8x,,) =
6() - Oxpik41, Where 0 is a derivation that satisfies

0(xs2) = 0
1
0(xp43) = ‘E[xk+2’xk+2]
L
00k41) = ) D [k X2kl
=0

S
CLAaM. E;, =0.

PROOF OF CLAIM.  Recall that H*(CP*; Q) has Quillen model l]_(s’ 'H.(CP*; Q), dg),
where if {Z };— 4 is achoice of basis for s ™' H,(CP*; Q), then dy(z,) = —% Zf;]' [Ziy Zp—i]
for 2 < p < k, and dy(Z;) = 0. It is well-known that this Quillen model has ho-
mology H([L(s"H*(CP";Q), dg)) ~ (71,n); where 7} € 7 (Q(CP")) ®Q,and 5 €
Tok2 (Q(@P")) @ Q is represented by the homogeneous bracket length two cycle, n =
—% Zf»‘:, [Zi, Zts1—;]. With suitable re-indexing, the brackets and the above differential
0 on L(xis2. ..., Xoe1). can be identified with the Quillen model L (s~'H.(CP*; Q), dy).

Now, since EZ;‘I Y~ B3 <7r(;,,y~l,s(Q(CP°°/CP")) ® Q) - dxp, any element in E will

k+1
have coefficient represented by brackets of length at least three. In particular, any &, -
cocycle in E‘ZJI will have a coefficient that can be identified with a length > 3 cycle of
L(s~'H.(CP*; Q),dy), and hence will be §;,;-exact by a suitable element of £, **1,
Thus H(E};| . 8k1) 2 E;L, = 0.

k+2
END OF PROOF OF CLAIM.
Hence E};}, = E5! = 0, 50 H'(Lyo/1),6) = 0 and the conclusion follows from Theo-
rem 1.3. [
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Recall that a shallow space is one whose cohomological dimension is a small multiple
of its connectivity [S-S, 8.4]. Now HY(CP"/CP*; Q) = 0, so that if n < 4k + 8, then
CP"/CP* is essentially of shallow type and the intrinsic formality of H*(CP" / CP Q)
for n in this range can be obtained by applying any of the standard techniques applicable
to shallow spaces [H-S, 5.16], [S-S, 8.4]. Nevertheless, we give the proof of this result
to demonstrate how easily such results fall out of the spectral sequence machinery.

For the purposes of our analysis, it is sufficient to consider H*(CP"/ CP*; Q) through
degree 2n, and T, (Q(CP"/CP")) ® Q through degree 2n — 1. In this range, the algebras
H*(CP"/CP*; Q) and H*(CP™ /CP*; Q) are isomorphic, as are their respective Quillen
models, and homotopy Lie algebras. Thus, many of the required calculations have al-
ready been done in Theorem 2.6. The notation above will be retained, S0 {X; }¢41<i<n 1S a
basis of s H.(CP" /CP*; Q), and H*(CP" /CP*; Q) has Quillen model L (%41, . . ., %y; d),
where d is as described in the discussion that follows Theorem 2.3.

THEOREM 2.7. Ifn < 4k + 8 then H*(CP"/CP"; Q) is intrinsically formal.

PROOF. We use the spectral sequence to show H' (Ltitn/n»6) = 0. As in the proof
of Theorem 2.6, the differentials §; for | < i < k are all zero and E4 =~ EP. We now
show that E”,:+'2 =0.

To simplify notation we use 7, to denote ﬂ,»»Y(Q(CP”/CPk)) ® Q. Recall that the 1-

line of the spectral sequence is given by Ef"

all generators %; have odd degree, EZ;'I = +G),22 To(p—1)2t 8x,,. As remarked above,
T (Q(CP"/CP")) ®Q is isomorphic with 7, (Q(CPOO/CP")) ©Q in the degrees of inter-
est here, which in turn is isomorphic with (%, ) BL(F42, . - . , ¥ars1) as a vector space. So
the least p for which E’Z;'] could be non-zero satisfies 2(p — 1) = 8k + 14, or p = 4k + 8.
If n < 4k + 8, therefore, then E;(’;ll = 0 for each p, since p < n < 4k + 8, and so each
E?'!, = O also. Likewise, if n = 4k +8 and p < n, then E},, = 0.

The only case remaining is p = n = 4k + 8. In this case we have E,t;', = E;';l] =

| = @3 Tap-1)s - 0X,. However, since

Tgie144 - 0Xp = Q, with basis element 7 = [xk+2» [xk+27 [Xk+2,xk+3]]] - 0x,. Note that

8ks1(n) = O for lacunary reasons.

CLAIM. In the case under consideration, SM : Ezﬁm — E;(’;'I is onto.

PROOF OF CLAIM. E>X70 o~ @s>2 Tok+13.5 - OX3447. In the underlying multi-complex

k+1
the element { = [xk+3, [xk+2,xk+3]} < Ox347 € L;’:;;,?) satisfies

ok (Q) = *[xkn » [Xk+3’ I.xk+2,xk+3]” - 0Xp

= ([an’ [t Doz xia 1| = [P X ), ['Xk+2,xk+3]]> * 0y,

by the Jacobi identity. The bracket structure in E}" gives [Xi,, Xii3] = 7%[Xk+2,Xk+2]
and [x,1,X2] = 0; so using the Jacobi identity, [xk+|,[xk+2,xk+3]} <dx, = 0in E',:;'l.

Consequently b1 (¢) = %[[xk+27xk+2]7 [xk+2,xk+3]] 0Xp = 1).
END OF PROOF OF CLAIM.
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Thus if n = 4k + 8, then Ez;lz = 0. We have shown that if n < 4k + 8, then E,’;'z =0and
hence H' (Lin/1y»0) = 0. The result now follows from Theorem 1.3. L]

We finish this section with a proof of case (iv) of Theorem 2.1. For any k, denote the
spectral sequences for the algebras H*(CP*/CP*; Q) and H*(CP"/CP* Q) by
{(E;)>*,62°} and {(E,)",6"} respectively. As in the proof of Theorem 2.6, 6" = 0 for
1 <r <k, sothat ()" = (EP'?)". We next give a technical result that is the basis for
all further computation. In particular, it shows that in the spectral sequence calculation
of H'(Lyy, 1), 6), the only non-trivial differential is &, .

LEMMA 2.8.  Using the above notation, (2" =~ (Ez;lz)”for eachp andifp < n—k,
then (E0)yn = (EZ;'Z)" = 0. Furthermore, suppose that o - dx, € (E‘Z;L‘l Y withn — k <
p < n. Then o- dx, survives to (Ei‘::,_)”, and thus to (E2))", if and only if63° (- 0x,) # 0.

PROOF. We use the notation and calculations of Theorems 2.6 and 2.7. Since each
generator %, has odd degree, we have E‘Zfl Y @ Tp-1241 - 0%, and E’;:l =
@>2 Ta(p—1),2: - 0xp. Now consider p < n— k — 1. In this range of p, 5;(’“ and 5,‘(’2] can be
identified. As in the proof of the claim in Theorem 2.6, we identify (E,’:;ll )*° and 5,‘(’31 with
terms from the Quillen model of CP*, and conclude that (Ei;oz)o" = 0 and (E‘Z’:2 > =0,
since the only non-exact cycles in the Quillen model of CP* have bracket length 1 or 2.
Thusifp <n—k— l,then(l'i’;:;rl2 "=0andifn —k <p <n,then foreachi > k + 2,
& (BP0 — (EP'Y! is trivial since (7 "%)" = 0. On the other hand, if n —k < p < n,
then &7 (EY "1y" = 0 for i > k + 1, for lacunary reasons. This proves the first assertion.

Now assume that « - dx, € (E’,’Z;rl1 )" withn — k < p < n. By the proof of Theorem
26,6 = 0for1 <i <k, and (E;:;l?_)o" = 0. Hence 6°,(« - dx,) = 0 if and only
if there is some 7 - dx,_4_; € (E’Z;kil‘o)o" such that 62, (n - 9x, 4 1) = « - dx,. But

(B0 M0y = (B2 M0y and 62, (- 0x, 4 1) = 8, (- 0x,—4_1), S0 the result follows.

| |
THEOREM 2.9. Ifn = 21,22,23 or 30, then H*(CP" /CP?; Q) is intrinsically formal.

PROOF. Once more we use the spectral sequence to show that H I(LH(,, /ip0) = 0.
As in the proof of Theorem 2.7, and according to the remarks above Lemma 2.8, it is
sufficient to consider E’;“ S @>p Top—22: - 0x, for n — 2 < p < n. Length 4 brackets in
Ty (Q(CP"/CPZ)) ®Q have degree < 34, with [i5, [J?5, [X4,25]” having maximal degree.
Length 6 brackets have degree > 44, with ad’(%3)(%s) having minimal degree. If n = 21
or 22, the inequalities 34 < 2p — 2 < 44 hold, and so E‘g’l = 0 for p in the range
n—2 < p < n,and hence (E;;})" = 0. If n = 23, then the critical range for p is
21 < p < 23; here E";" = O unless p = 23, and E§3’l has basis consisting of the single
element ad’(x4)(xs) - dx23. By direct calculation, this element vanishes under §3°, so that
(E:!" = 0 by Lemma 2.8. Finally, if n = 30 the argument is similar to the case n = 23
with the single basis element in the critical range being ad’ (x4)(x5) - dx39 € Ego". Thus
in all cases (E%!)" = 0 and the result follows from Theorem 1.3. »
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3. H'(Lyu-0) # 0 and the algebras H*(CP"/CP*; Q). Having determined cer-
tain values of n and k for which H' (Lt /1y, 0) = 0, we now consider the remaining values
for n and k and show that H'(L,.,(,,/k), ) # 0 in all other cases—see Propositions 3.5, 3.6
and 3.9 below. This information is critical in Section 4 where we prove that an algebra
H*(CP"/CP"'; Q) is intrinsically formal if and only if H'(LH(n/k,,é) = (O—a fact that is
not true for all algebras H.

We consider three cases separately: k > 4, k = 3 and k = 2. In each case we identify
particular elements in the spectral sequence that survive to E.,, so that H'(L,8) # 0. If
k > 3, then the following lemma, when combined with Lemma 2.8, provides a useful
criterion in this regard. We use the same notation as in Section 2, with X denoting an
element of L(s~'H,) and x denoting the negatively re-graded element of L.

LEMMA 3.1, Let B € L(%s2. ... . Faa1) C m(Q(CP®/CPY)) ® Q be an element of
the following type:

/8 = [xi] s [-iigw [ LX) [Xli,v,-fi,ﬂ ” o ]
with (i) max{iy,...,i,_1} <i,and (ii) i, < i. Then 5,(3_‘:,([3 - 0x,) # 0.

The proof of Lemma 3.1 is a consequence of the following lemma, which gives a useful
test for linear independence among certain types of elements in a free Lie algebra:

LEMMA 3.2 ([LU,4.7)). Inthefree Lie algebral (x;,,, ..., Xors1 ), let x be an element
X = L2 [x;, Bi); where each B; has the form

&:;m%mﬁwmwmy4

where J = (j1,....j»)., satisfying N = O unless max{i,jy,...,jr—2} < j,and j— < j.
Then x = 0 implies each B; = 0.

PROOF. This is proved by a straightforward argument using the universal enveloping
algebra, which in this case is the tensor algebra T(x,5, . . ., X2141)- [

PROOFOFLEMMA 3.1.  Suppose that6;?, (3-0x,) = 0. Recall from the proof of Theo-
rem 2.6 that 6, (3-9x,) = 0(8)-0Xp4kr1, Where 0(xis2) = 0, 0(x43) = — 3 X2, X2 s
0(xox41) = —% Zf§k+2[x,-,x3k+2__.,~]. Thus, if 622, (3 - 9x,) = 0 with 3 as in the hypotheses,
then 0(3) = 0, which implies that

r—1 .
0= (="l ... [0, [..., [xi,. %, 11+ ]
j=1

+ (D™ L D 100), X,

+ (=D [xi [ [, 00, )11 - ).
If i, < i, then the last term is linearly independent of all the others, since they all
contain an entry x; , of maximal index. Now 6(3) = 0, so in this case §(x;,) = --- =

O(xi,_,) = 0(x;) = 0, by Lemma 3.2. Thus i, = k + 2, contradicting assumption (i)
of the hypotheses. On the other hand, if i, = i,,, then the term written as a sum is
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linearly independent of the last two elements—terms in the sum are brackets with two
entries of maximal index, while the last two terms are brackets with one entry of maximal
index. In this case, 8(3) = 0 implies (—l)’“2[xi], (.o, [xi_,, [0(x;,), %, 1]+ - -] = 0, so that
6(x;) = 0 by Lemma 3.2. But since i, = i,,1, then 6(3) = 0 implies i, = k + 2, again
contradicting assumption (i). Now i, < i,,;, by assumption (ii), so 8(3) # 0 and hence
62°,(B - 0x,) # 0 as claimed. -

A bracket having the form as in the hypotheses of Lemma 3.1 will henceforth be
referred to as a (-type bracker. An element 3 - dx, in the spectral sequence will be of
B-type if the coefficient 3 corresponds—under the re-grading—to a 3-type bracket in
T (Q(CP" / CP")) ®Q. Lemmas 2.8 and 3.1 imply that elements in the spectral sequence
of 3-type survive to (E;;,‘ )* whenever n —k < p < n.Infactif k > 3, then such elements
can be found in this critical range, for all but one value of n. Our proof of this fact follows
from the next two lemmas.

LEMMA 3.3. If2kr+3r+2 <s < 4kr—r+2, then NZ.V(Q(CP"/CP")) ® Q contains
a (3-type bracket of length 2r.

PROOF. If s = 2kr + 3r+ 2, then ad” ?(Fes2 ) ([Fea3, Faz]) € Log(Fasas - - - s Fopat) C
Wz.‘-(Q(CP" / CPk)) ® Q is a B-type bracket of length 2r. For the next k — 2 values of s,
successively replace the right-most entry X34, by Xi43441 for 0 <i < k—2; obtaining a
sequence of brackets ending with adz”"z(xk+2)([ik+3 , Xax+1])- Each replacement increases
degree by two and gives a 3-type bracket of length 2r in , (Q(CP" / CP")) ® Q. For the
next k — 2 values of s, successively replace the second from right-most entry ¥y,3.;, by
Frazsist for 0 < i < k —2, ending with ad” (%2 ([%axe 1, X2xe11). Again, each replace-
ment gives a bracket with the required properties. Now successively replace the right-

most entry in X,y by X3, . . . , X2 ending with ad? 3 ()fkﬂ)( {sz, [Xoks1, Xokel ]J) , and con-
tinue in this manner, working from right to left until the bracket ad> 2 o) ([Zoket» Xoke1 D
in degree 8kr — 2r + 4 is obtained. [

LEMMA 34. If 2r— Dk > 4r+2 forall r > 2; then for all n > 4k + 9, there is
some p in the range n —k < p < n with (E’Z;'[)" containing an element of 3-type.

PROOF. The (3-type element in (E,t'I

»1)°° having coefficient a length four bracket of

least negative degree —(8k+16), is [xk+2, [xk+2, [Xk43> Xea3 ]H - Ox4549. The 3-type element
in (E}:;ll )>* having coefficient a length four bracket of most negative degree —16k, is

[x;;_k, [ka, [X24415 X0k41 ]H - Oxgg+1. Thus, by Lemma 3.3 (E’Z;‘l )*° contains a 3-type element
for each p in the range 4k +9 < p < 8k+ 1. That is, for each n in therange 4k+9 <n <
9k + 1, there exists some p withn —k < p < n and a S-type element in (E’Z;'] )". Similarly,
B3-type elements with length 6 coefficients begin with ad® (e )([Xks35 Xpe3 1) - OXgpar2 1N
minimal cellular degree, and end with ad4(x2k)([x2k+1 ,X21+11) - Ox12; in maximal cellular
degree. Therefore, for each n in the range 6k + 12 < n < 13k, there is some p with
n—k < p <nandag-type element in (Ej(’;'] )". By assumption, » = 2 implies 3k > 10 so
that 6k+12 < 9k+2 < 13k; it follows that a 3-type element with coefficient length 6 can
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be found in the appropriate range, when it is no longer possible to find 3-type elements
with coefficient length 4.

Inductively, given 3-type elements with coefficient length 2r, some » > 2; invoke the
inequality of the hypothesis to show that 3-type elements with coefficient length 2r + 2
can be found to extend the range of n, for which the conclusion holds, when it is no longer
possible to find 3-type elements of coefficient length 2r. (]

PROPOSITION 3.5. [f4k+9 < n < oo andk > 4, then H'( Ly, /1), 6) # 0.

PROOF. Since k > 4, k satisfies the hypothesis of Lemma 3.4 for all » > 2. The
conclusion now follows from Lemmas 2.8 and 3.1. [

PROPOSITION 3.6.  If21 < n < 0o, then H'(Ly, /3),6) # 0.

PROOF. When k = 3, Lemma 3.4 fails. However, if r is required to be at least three,
the conclusion of Lemma 3.4 holds for all n > 30. Thus it is sufficient to consider the
range 21 < n < 29. As inthe proof of Lemma 3.4, 3-type elements of length 4 begin with

[x5, [x5, [x(),x(,]]] -dxy; and end with |:.X(,, {xf,, [x7,x7]ﬂ -0x25. Hence foreach 21 < n < 28,
there is a p withn — 3 < p < n and a (3-type element in (E’Z“)”. For the remaining
case n = 29, let o - 8x2(, = [[x6,x7, ], [X7,X7]] . axZ(). Then SXO(C( . 8x2(,) = 0(()() . 8X3(),
where 0(xg) = A%[xs,xsl and 0(x7) = —[xs, x6] as in the proof of Theorem 2.6. Direct
calculation shows that

6(a - dxzg) = ([[0()((,),)(7], [X7,X7]] + brackets with 2 entries in X7> - dx3g

# 0.
The conclusion follows from Lemma 2.8. .
We conclude this section with a discussion of the case k = 2. Observe that, as

a vector space, w*(Q(CPO"/CPZ)> ® Q = (X3) ® L(x,%s) and so contains exactly
one length 2r, 3-type bracket for each r > 2. These brackets appear in degrees too
sparsely distributed for our purposes. Instead, there is the following: For each r > 2, let
Wy = ad(is)adz”z(h)(ﬁ); the brackets {ad"([h,i,s])(dz,)}jm have the suitable prop-
erties. Henceforth, a bracket in this family will be referred to as a V-type bracket, and
a corresponding element ¥ - dx, in the spectral sequence will be referred to as a 7V-type
element.

LEMMA 3.7. If7-0x, € (Eg”')ao is a Y-type element, then 5}”@ -0xp) # 0.

PROOF.  Recall from the proof of Theorem 2.6 that 63°(-dx,) = 0(«)-0x,,.3, where 0
is induced from ad(x3). Thus, it is sufficient to show that #(Y) # 0 for any V-type bracket.
Let H be a graded Hall basis for (x4, x5) [N-M, 4.5]. Note that 0(x4) = 0 and 0(xs) =
—3lxa,x4], s0 that O(lxs, x5]) = 0. Now O(wn,) = ad(—5lxs,xs])ad” *(xa)(xs) =
— ad”’(x4)(xs), by the Jacobi identity. But ad* (x4)(xs) € H, s0 O(ws,) # 0. Now if
v = ad(Ixs, xs])(way), then 0Y) = ad/([xa, x51)(0(w2r)) = — ad/([x4,x5]) ad® (x4)(xs).
But ad/([x4, x5]) ad* (x4)(xs) € H and it follows that 6(Y) # 0. .
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LEMMA 3.8.  Forn > 38, there exists some p in the range n — 2 < p < n, for which
(Eg’] )* contains a Y-type element.

PROOF. In most cases we can take p equal to n: Since n > 38, writen = 10+ 7r+m
forr > 4and0 < m < 7.1f 2r + 2 — 2m > 0, then consider the Y-type bracket
v = ad™([X4,%5])(@242-2m) in degree 18 + 14r + 2m. This gives a corresponding Y-
type element Y - 0x1047r4m € (3’3")". This leaves the three cases n = 43,44 and 51,
corresponding to (r,m) = (4,5), (4,6) and (5,6) respectively. In these cases, the gamma-
type brackets ad? ([X4, X5])(04), ad4([i4,i5 D(@4) and ad4([x4,x5])(d}5), respectively, give
gamma-type elements in (Eg”z")”. n

PROPOSITION 39. If17 < n < 20,24 < n < 290r31 < n < 09, then
H'(Lyyn/2),6) # 0.

PROOF. Lemmas 2.8, 3.7 and 3.8 give the result for n > 38. The 7-type bracket w,
has degree 32, giving a corresponding y-type element wy - dx;7. Thus, forn = 17, 18 or
19, there exists a Y-type element in (Eg’l )", for some p in the range n —2 < p < n. Also,
we has degree 46 and gives a corresponding element wy - dxz4. Thus for n = 24, 25 or 26,
there exists a v-type element in (E;"l )" for some p in the range n — 2 < p < n. Consider
the v-type brackets ad/([ %y, Xs])(wg—g;) forj = 0, 1,2, 3, which range in even degree from
60 through 66. These give corresponding 7-type elements 7 - dx, for 31 < p < 34. Thus
for n in the range 31 < n < 36, there exists a Y-type element in (Eg”l)” for some p in
the range n — 2 < p < n. The discussion above, together with Lemmas 2.8, 3.7 and
3.8, implies the result for all n in the hypotheses except for n = 20,27,28 and 37. For
these, set u = [Xx4,%5] and v = [Xs5,%5] and define & = [u,v], &, = [v, [u, v]] and
a3 = [v, [u, [u, V]H, in degrees 34, 52 and 68 respectively. These give corresponding
elements « - dxg, @ - dxp7 and a3 - dx3s. Direct calculation shows that 6(«a;) # 0 for
each i; so by Lemma 2.8, «; - dx;g survives to (E!31)" for 18 < n < 20, a; - dx7 survives
to (Eg")” for 27 < n < 29 and a3 - dx3s survives to (Eif;l)" for 35 < n < 37, and this
completes the proof. .

4. Perturbations and the algebras H*(CP" / CP*; Q). This section identifies per-
turbations of d in the Quillen model of H with representatives of classes in H( Ly, /5, 0)-
We apply Theorem 1.2 to obtain our concluding results:

THEOREM 4.1. H*(CP"/ CPX; Q) is realized by two distinct rational homotopy types
(i) n=4k+9;

(ii) k=3 and n = 29; or

(iii) k =2 and n = 20.

THEOREM 4.2. If n and k fail to satisfy the hypotheses of Theorem 2.1 or Theo-
rem 4.1, then H*(CP”/CP"; Q) is realized by a countably infinite number of rational
homotopy types.
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The proofs of Theorems 4.1 and 4.2 appear in 4.17 and 4.18 below. Together with The-
orem 2.1, this completes Theorem 1.1.

The following four lemmas and Corollary 4.7 are technical results that give infor-
mation about H'(Ly, x,6) and the structure of V/ exp(ad L;’,(n/k)). If0 € Ly isa
derivation, then we will denote its homology class in H' (Lin/1>6) by [0].

LEMMA 43. H' (Ltn1»6) is spanned by classes of the form [a - ox,), where
n—k <p<nanda € L(xua,...,Xus1). Furthermore, if Q = 7_ o - dx, with
op € Lxgsa, ..., Xope1), then Q is both a 6-cocycle and a perturbation.

PROOE.  As in the proof of Theorem 2.7, (E%2)" = O forp < n—k. Forn—k < p < n,
consider a basic derivation « - dx, in the multi-complex (Litnjp»6) C (Der Ly /49, 0).
Recall from Section 2 that§ = ;>0 6;. In this range, é(cr - 9x,) = do( - 9x,) = (d) - Oxp,.
Hence representatives a-dx, of non-vanishing classes in (E%) Y are o-cycles that represent
non-vanishing classes in H‘(Lm,,/k),é). Furthermore, any non-zero class in (E’I’")" can
be represented by a §o-cocycle o - dx,, with o € H(Lyyn /5, d), and a of bracket length at
least three. But H(Lyy(, k) d) = (Xks1) © L(Xes2, - - -, Xok41) @S Vector spaces in this range,
so « can be chosen from L(xg,7,. .., X2ks1)-

Now suppose « - dx, € L}I(n/k), withn —k < p < n,and o € L(xps2,...,%2041)-
By considering the connectivity of H*(CP" /CP"; Q), d(x;) contains no entries in x,, with
n—k <p <n,forany k+ 1 < i < n. Hence (o - dx,)(d) = 0. But d(x;) = 0, for
k+1 <i<2k+1,s0d(x-0dx,) = 0 and thus « - dx, is a -cocycle. Now consider
a - ox, € L},("/k), withn —k < g < n,and & € L(xg,...,Xus). Again by the
connectivity of H*(CP"/CP*;Q), o contains no entries in x,, so (a - dx,)(a’ - dx,) =
(o Oxp(a))) - 9xg = 0. For Q = S i @p - Oxp, this implies Q* = 0. But for Q of
this form, Q is a sum of é-cocycles, by the above, and hence is a §-cocycle itself. Thus
(d+Q)? =d*+56Q+ Q% = 0, s0 Qis a perturbation. "

LEMMA 4.4, Let P € Ly, withP =5 o, -9x, and oy € L(xgsa, - Xope)-
Ifne Lg(n/k), then [n, P] = 0.

PROOF. 7 € Lg(" /K is a degree zero derivation of Ly, that increases bracket
length by at least one. In this case, however, each generator of Ly, i, has odd degree
so that 7 increases bracket length by at least two. As in the previous lemma, the con-
nectivity of H*(CP"/CP"; Q) implies that, fork+ 1 < i <nandn—k < p < n, n(x;)
contains no term in x,. Thus f’n = 0. On the other hand, f’(x,-) is a sum of brackets from
L(xps2, - - - 5 Xope1)- Again, connectivity implies that, for k+2 <i <2k + 1, n(x;) = 0 so
that nP = 0 as well and it follows that [1), P] = nP — Py = 0. L]

The next two lemmas relate to the ‘exponential action of L"” on the set of perturba-
tions V = {P | (d + P)*> = 0}. For details of this see [S-S]. This action can be described
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briefly as follows: For § € L% and P € V, send

P—expad)(d+P)—d= > — ad'"(@)(d +P)—

m>0 M

=P+[0,d+Pl+ 5 [9 [0.d+P]]+-

This defines an equivalence relationon Vby Q ~ Pifand only if Q = exp(ad 8)(d+P)—d,
for some 0 € L%; we denote the orbit of P by {P}.

Let V = {f’ | P = Yk Op - dx, with ar, € ﬂ.(xk+2,...,x2k+|)}; by Lemma 4.3
vcv.

LEMMA 4.5. If P € V, then there exists some P € V such that {P} = {P}.

PROOF. Write P = P, + P53 + - - -, where P; extends bracket length by i. We show, by
induction on bracket length, that { P} = {13} for some P = P, + Py +- - - with P; € V for
all i. Assume inductively that {P} = {P<,,, nhand Po, 1y =Py+- 4Py 1+ Py +-
with P € Vfori < m— 1. Since P(,,, 1y is a perturbation, (d+P(,,, 1,) =0, so that
oP, + 5 [Pz, m,l] + - 2[P,,H,Pg] = 0 by equating homogeneous components. But
[P;, P;] = O for each i,j, as in the proof of Lemma 4.3, thus 6P,, = 0. So consider
the class [Py] € H'(Ly4,0). By Lemma 4.3 P, = Py, + 611, for some P, € V

and n,—1 € LH( I Note that 7n,,—; increases bracket length by at least m — 1. Now

(1, P;] = 0for2 <i<m—1,by Lemma 4.4, so
exp(ad Ny 1)(d + Pon_1)) = d + Pty + (N1, d]
+ terms that extend by > m+ 1
=d+Py+---+P, 1 +P,

+ terms that extend by > m+ 1

because P,, — [d, 1] = P,. By the inductive hypothesis {P} = {P,n_1)}, so that

exp(adn)(d + P) = d + P(, 1) for some n € L) | /i Now

exp(ad n,—1) exp(ad n)(d + P) = exp(ad n’)(d + P),

where 1’ is related to 17, and 17 by the Baker-Campbell-Hausdorff formula, " = 1,,_+
n+ %[n,,,_l, n]+ -+ [Ja, p. 174]. Thus putting 13(,,1) = exp(ad npm_1)(d + }A’(m‘l)), we have
{P} = {Pn} and the inductive step is complete. Induction starts with m = 1, where
P = P, and the result follows. L]
LEMMA 4.6. If P € V, then {P} = {0} if and only if [P] = 0 € H'(Lyyy 1), ).

PROOF. If P = én for some n € LH(n/k), then [n, [7, d]] = —[n,P] = 0, by Lemma

4.4, so that exp(ad n)(d + P) =
Conversely, if exp(ad )(d+P) = d for some § € L Hen0? then use the fact that [0, P] =

0, from Lemma 4.4, to re-write this as exp(ad 0)(d) = d — P. Write P = f’z +f’3 +---and
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0 =20,+0,+--- where P; and 0, both extend bracket length by i. Assume inductively
that for some mand all 1 <i < m— 1, there exists 1; € Lg(n/k) withén; = Pi,1, and that

M exp(ad Yim)(d) = d — Py — Py — -+,

where ) € Lg(n /6 extends bracket length by at least m. Write Y(n) = Y + Vs +
.-, so that 8¢, = P, by equating homogeneous components of (). Now apply

exp(ad —p,) to (1) and obtain exp(ad Ym+1))(d) = d — P2 — Pnaz — - - -, Where Y

extends bracket length by at least m + 1, from the Baker-Campbell-Hausdorff formula
and Lemma 4.4. This completes the induction step. Induction starts with m = 1 and
¥y = 0. Thus there exists 7; with én; = P;foralli > 2andso 6y = P withy = T2 My
as desired. n

COROLLARY 4.7. Let P, € V. Then {P} = {Q} if and only if [P] = [Q] in
H'(Lyyin 1), 0).

PROOE. {P} = {0} if and only if exp(ad §)(d + P) — Q = d for some § € Lg(n/k).
By Lemma 4.4, this holds if and only if exp(ad 6)(d+ P — Q) = d. This is true if and only
if P— Q = 6, for some 1 € Lg(n/k), by Lemma 4.6. .

The set V/ exp(ad Lg(n /k)) has a vector space structure which we now describe. If
{P} € V/exp(ad L]}, %
write P = Z;:nfk ap - 0x,, with o, € L(xga, ..., Xok41 ). Define scalar multiplication by
MP} = {\P}, where {\P} = 2p—n_k(Atp) - 0x,. This is well-defined by Corollary 4.7:
If 0 € Visanother class representative, then (P] = [0] by Corollary 4.7, so [AP] = [A\O]
and hence {\P} = {\Q} again by Corollary 4.7.

), use Lemma 4.5 to choose a class representative P € V and

THEOREM 4.8.  There is an isomorphism of vector spaces

14

d: od 0
exp(a H(”/k))

— HI(LH(n/k)’5)~

PROOF. Define ®({P}) = [P], where P is a representative of {P} chosen from V.
This is well-defined by Corollary 4.7 and is easily seen to be an isomorphism of vector
spaces by Lemmas 4.5 and 4.6. u

The final stage of the Schlessinger-Stasheff classification program identifies perturba-
tions that “differ by a change of basis in H”’. More precisely, Aut H—the group of algebra
automorphisms of the algebra H—induces an action on V / exp(ad Lg(n / 1) Whose orbits
consist of perturbations representing the same rational homotopy type. For details see
[S-S]. This action can be described as follows: If ¢ € Aut H, consider the dual coalgebra
automorphism ¢. of H, and desuspend to a vector space automorphism s~ '¢, of s 'H,.
Extend to a free graded Lie algebra automorphism s~ !¢, of L(s~' H,) and negatively re-
grade so that s~ !¢, is an automorphism of L. We will abuse notation and denote s ' ¢,
by .. Then for {P} € V/ exp(ad L), send {P} — {(q&*)P(qS*)"" }
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On the other hand, conjugation also induces an action on H'(Ly,6), given by [P] —
[(¢)P(ds)~']. When H = H*(CP"/CP";Q), the vector space isomorphism of Theo-
rem 4.8 is clearly compatible with these actions. Hence the bijection of Theorem 1.2
reduces to:

COROLLARY 4.9. There is a bijection of sets

Rational Homotopy Types } H'(Lyyn 1y, 6)
That Realize H*(CP" /CP*; Q) Aut H*(CP"/CP*; Q) |~

COROLLARY 4.10. H*(CP"/CP%;Q) is intrinsically formal if and only if
H'(Lyyn /1, 6) = 0.

PROOF. Denote H*(CP" /CP*; Q) by H(n/k). The orbit of [0] in H'( Ly, 4, 6) under
the action induced by Aut H(n/k) is just [0]. Hence H'(LH(n/k),é)/ AutH(n/k) = 0
implies that H' (Ltn/1»0) = 0. The converse is Theorem 1.3. ]

For each n < o0, H*(CP"/CP"; Q) is a finite dimensional vector space over Q. Thus
H'(LH(,,/k),(S) is a countable set since it has finite rank. Hence by Corollary 4.9 there are
a countable number of rational homotopy types that realize H*(CP" /CP*; Q).

REMARK 4.11. If Hisan algebrawithﬂi =0forl <i<k—1andi > 4k—2,then
the sequence of lemmas leading to Corollary 4.9 carry through with much simplification.
This proves the following:

THEOREM 4.12 ([S-S, 8.5]). Let H be an algebra withH' = 0for1 <i <k—1and
i > 4k — 2. There exists a bijection of sets:

Rational Homotopy Types H'(Ly,6)
That Realize H AutH

Corollary 4.9 and Theorem 4.12, whilst independent, are analogous results. Since
[S-S, 8.5] is a statement about shallow spaces, it is reasonable to say that the algebras
H*(CP" /CPX; Q) display shallow-like behaviour.

We conclude with a discussion of the action induced by Aut H*(CP”/CP"; Q) and an
analysis of the cases in Theorem 1.1 that remain.

LEMMA 4.13. Let n > 4k + 1 and let {y}i<icn be the additive basis for
H*(CP"/CP"; Q) introduced after Proposition 2.2. Then ¢ € AutH*(CP"/CP*; Q) if
and only if ¢(y;) = Ny; for some X # 0 € Q.

PROOE. Recall from Proposition 2.2 and as in Theorem 2.3, that H*(CP" / CPk Q)

QlYksts--->Y2ke11/S, where S is the ideal generated by {yir14+i¥ks14j — Yirl YVer14isj } fOT
0 <i+j <k, {Vkr1+iVes14j — Vi, Vit fork+1 < i+j < 2k, and all products y;y; with
i+j>n.Let¢ € AutH*(CP"/CP*; Q) and write ¢(y;) = A;y; for each i. Putj = 1 in
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the first set of relations. If n > 3k + 2, then ¢(Vis14Vke2 — Vie1 Vis2+i) = O implies that
Aeris2 = )\k+i+1()\k+2/)\k+1) for —1 <i <k — 1. Recursive application of this gives

Npun \ i
) Aerin2 = M2 ( /\I:T)
R

for —1 < i <k — 1. On the other hand, by setting i = k and j = k — 1 in the second set
of relations; if n > 4k + 1, then ¢(yors1 Yok — y,%ﬂyz,(_.) = 0 implies that

(&) Aokl - Aok = Ayp - Aaket

Using (1), re-write each factor in (f) in terms of Az, and A, both of which are non-zero
rationals, to obtain Ay = (M4 )fﬁ. Hence, A\, = A for some A € QF, and so for
each i, ¢(y;) = \' as required. .

Recall that each ¢ € AutH induces an action P — (¢,)P(¢,)”' on perturbations.
Since H*%(CP" /CP*; Q) = 0, homogeneous length perturbations always extend bracket
length by an odd number.

PROPOSITION 4.14. Let P, be a perturbation of the Quillen model of
H*(CP"/CP*; Q) that extends bracket length by 2r — 1. If ¢, € AutH is given by
D) = Nyi, then (dr)(Par- 1))~ = X" 1Py .

PROOF. Suppose Py, (X)) = E,a,[iil, [ o (X, ,,i,-m]} . ] Since P;,_ is of de-
gree —1, Y7, ij = i+r—1foreach I = (ii,...,i2). Now (¢.) "' (%) = A", 50
(D) P2 1)(D2) 7' (E) = A (@r)(P2r)(E). But (¢),)(%;) = A%, and so
(2 )(P2r—1) (P2 (&) = N7 Poy 1 (X). .

By Proposition 4.14, Aut H acts linearly on perturbations that extend bracket length
by three, and non-linearly on perturbations that extend bracket length by more than three.
This fact, in light of Corollary 4.9 and subsequent remarks, suggests that for a fixed &,
most of the algebras H*(CP”/CP"; Q) are realized by a countably infinite number of
rational homotopy types. The following technical corollaries make this precise:

COROLLARY 4.15. Let [P>,_] be non-zero in H '(LH(,, /k),é) and suppose Py, ex-
tends bracket length by 2r — 1. If r > 3, then there are a countably infinite number of
rational homotopy types that realize H*(CP" | CPX; Q).

PROOE. Consider ¢, S AutH*(CP”/CP"; Q). By Proposition 4.14
(Aa)P2r—1)(Pre) "1 = N 1[Py,_1] so that for s,t € Q, s[Py,—] and t[P,, ] lie in the
same orbit if and only if s = A"~'z. Thus r > 3 implies H'( Ly, /4, 6) has infinitely many
distinct orbits, and the conclusion follows from Corollary 4.9. [

COROLLARY 4.16. Ifrank(HI (Lein /1y (5)) > 2 as a vector space over Q, then there
exist a countably infinite number of rational homotopy types that realize
H*(CP"/CP%; Q).

PROOF. If [P] and [Q)] are linearly independent in H'(LH(,,/k),(S), use Lemma 4.3 to
choose respective representatives « - dx,, 3 - dx, € V, where o and 3 have homogeneous
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bracket length. If either « or 3 have length 6 or more, the result follows from Corollary
4.15. So suppose that both « and 8 have length 4, and consider a linear combination
s[Pl+1[Q], where s,t € Q.If ¢, € AutH*(CP"/CP*; Q),then (¢y.)(s[PI+[Q]) ()" =
A(s[P] + t[Q]) by Proposition 4.14, and s[P] + ¢[Q] lies in the same orbit as s'[P] + ¢'[Q]
if and only if s’ = As and ' = At. Thus H'(LH(n/k),(S) has infinitely many orbits and the
result follows from Corollary 4.9. (]

4.17 PROOF OF THEOREM 4.1. (i) If n = 4k + 9, the proofs of Propositions 3.5, 3.6
and 3.9 imply that (E’o’o' y* = 0 for p < n, and that (E";!)" contains a non-zero 3-type
element [xk+2, [xk,,z, [xk+3,xk+3]]] - dx,. Denote this element by 3 - dx,. For k = 2, the
Jacobi identity implies (E!)", and hence H'(LH(,,/k),é), has rank 1. For k > 3, (Ez;ll )
is spanned by 3 - dx, and ( - dx,, where ( is the bracket [xk+2, [xk+2, [xk+2,xk+4]]]—again

using the Jacobi identity and degree constraints. Recall the action of §3°, as described in
Theorem 2.6. This gives 62, (3 - 0x, + (- dx,) = 0; so Lemma 2.8 implies (E.)", and
hence H'(Ly, /i»0), has rank 1. In either case, H '(LH(,, /i»0) 1s generated by a single
perturbation that extends bracket length by 3; so Proposition 4.14 implies that Aut H
acts linearly, with the desired conclusion.

(ii) In the proof of Proposition 3.6 it is shown that o - dxz € (E3*")? survives to
(E2612 where « is the bracket [[x6,x7], [x7,x7]]. Furthermore, if 3 - dx, € (E'Y,
for any n, and 3 is a bracket of length 6 or more, then 30 < p < n. So the Jacobi
identity implies (E251)2 has rank 1, and degree constraints imply (E%)%° = 0 for p =
27,28 and 29. Thus (E%;)*, and hence H'(Lyy, /i), 6) has rank 1 and is generated by a
single perturbation that extends bracket length by 3. As before, Proposition 4.14 gives
the desired conclusion.

(iii) In the proof of Proposition 3.9 it is shown that o - dx|g € (E_{g")20 survives to
(E!3120 where « is the bracket {[x4,x5], [x5,x5]]. An argument identical to that for part
(ii) above now completes the proof. (]

4.18 PROOF OF THEOREM 4.2. (i) First, suppose k > 3 and n > 6k + 12. By Lem-
mas 2.8 and 3.1 and Corollary 4.15, it is sufficient to identify a 3-type bracket 3, of
length > 6 such that 2n — 2k — 2 < |B| < 2n — 2. For a given k, the length 6 3-type
bracket having minimal degree 12k + 22 is ad*(%.2)([%s3, Fxs3])- By Lemma 3.3, each
even degree > 12k + 22 contains a $-type bracket of length > 6. Since n > 6k + 12, or
equivalently 2n — 2 > 12k + 22, the result follows.

Now suppose k > 4 and 4k + 10 < n < 6k + 11. By Corollary 4.16 it is sufficient to
show H'! (L /1) 0) has rank at least two. Recall from Section 2 that rank(Hl (Lin iy 6))
= rank((E*O;)' )") = rank(@;;:"_k(E”og,l )”); it is sufficient to show (E% )" # 0 for at least
two values of p in the range n — k < p < n. Now (Ek);ll )" & { @553 Tap—1),s} - Oxp, and
in the range n — k < p < n, 3-type elements 3 - dx, survive to (E%y. By Lemma 3.3
there exist 3-type brackets of length 4 in every even degree from 8k + 16 through 16k.
These give corresponding 3-type elements (3 - dx, € (E’;(’;'] Y fordk+9 <p < 8k+1;
s0 if 4k + 10 < n < 9k, then (E%)) % 0 for two or more values of p. By assumption,
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k > 4 so that 6k + 11 < 9k; thus (E”O’;JI )" # 0 for two or more values of p whenever
4k +10 <n < 6k+11.

(ii) By the first part of (i) above, it is sufficient to consider 22 < n <28.1f22 <n <
27, then an argument identical to that of the first paragraph of (i) above gives the result.
For n = 28, recall that the proof of Proposition 3.6 identified the element « - dxz €
(E3%")?8 surviving to (E%")?, where « is the bracket {[x(),xﬂ, [x7,x7 ]]. Furthermore,
the 3-type element [.Xﬁ, [x(,, [X7,X7]H - dxps survives to (E21)? by Lemmas 3.1 and 2.8.
Hence, as above, (E%!)?® has rank at least two and the result follows from Corollary 4.16.

(iii) As in (i) above, it is sufficient by Corollary 4.15 to identify an element o - dx,
surviving to (Eg;,l )", such that n — 2 < p < nand « has length at least 6. Proposition 3.9
identifies such an element « - dx, for each n > 24, except n = 30. The bracket « in these
cases must have length at least 6 for degree reasons. For the cases n = 18 and 19, recall
the proof of Proposition 3.9 in which elements w4 - dx|7 € (E_L” Y'and oy -dxjg € (E_ix" )"
were identified, both surviving to (E;*')" for n = 18 or 19. Thus H' (Lg(n/2)»6) has rank
at least two in these cases, and the conclusion follows from Corollary 4.16. [
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