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By 3000 BC, there is evidence of the use of divisibility in Egypt and Mesopotamia
(see for example [7]). Divisibility naturally led to the concepts of primality, common
divisors and, eventually, polynomial irreducibility. In this thesis, we explore some
modern results regarding these three concepts.

In the first chapter we explore pairwise coprimality and pairwise noncoprimality.
Given a subset A of the set {1,...,k}*, we say that (aj,...,ax) € 7ZF exhibits pairwise
coprimality over A if gcd(a;, a;) = 1 for all (7, j) € A. When the set A is obvious, we
might just say that (ay, . . ., a) exhibits pairwise coprimality. We say that (ay, ..., ax) is
totally pairwise coprime if gcd(a;,a;) = 1 forall 1 <i < j < k. We say that (ai,...,a)
is pairwise noncoprime if ged(a;, a;) # 1 for all 1 <i < j < k. Pairwise coprimality
has a long history. It is a requirement of the Chinese remainder theorem, whose
proof has been known for at least 750 years (see [7, pages 131-132]). The Chinese
remainder theorem is important in many areas of modern-day mathematics. Some
applications in modular multiplication, bridging computations, coding theory and
cryptography can be found in [3, pages 33-184] and some comments regarding
modular multiplication applications can be found in [8, pages 287-290]. To date,
pairwise coprimality calculations have also been necessary for quantifying k-tuples
that are pairwise noncoprime (see [5, 6] and [10] and further comments by T. Freiberg
[unpublished manuscript].

We give pairwise coprimality results for triples and show that the methods are
not generally suitable for larger tuples. We then use more advanced techniques to
give general results for larger tuples. This leads to results for tuples of polynomials
over finite fields that exhibit pairwise coprimality. We finish the chapter with a
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brief discussion regarding tuples that exhibit both pairwise coprime and pairwise
noncoprime conditions.

In the second chapter we study the greatest common divisor of shifted sets. Our
main result is a dual problem to the approximate common divisor problem, which
has applications in cryptography. Given a set of k positive integers {ay, ..., a;} and an
integer parameter H, we study the greatest common divisor of small additive shifts of
its elements by integers h; with |h;| < H,i=1,..., k. In particular, we show that for any
choice of ay, . .., ay there are shifts of this type for which the greatest common divisor
ofa + hy,...,ax + hy is much larger than H. We end with some related results.

In the third chapter we consider integer coefficient polynomial irreducibility. Some
of the analysis could be the basis for further results for polynomials with rational
coeflicients, due to Gauss’s lemma [4, Article 42]. It is well known that almost all
polynomials in rather general families of Z[x] are irreducible (see [1, 2, 11] and
references therein). There are also known polynomial-time irreducibility tests and
polynomial-time factoring algorithms (see for example [9]). However, it is always
interesting to study large classes of polynomials that are known to be irreducible.

We quantify the number of polynomials of bounded height that are irreducible by
the Eisenstein criterion. Next, we count the number of polynomials of bounded height
that are irreducible by the Eisenstein criterion after the additive shift of a variable. Then
we consider the Dumas criterion—in this context, a generalisation of the Eisenstein
criterion. Our main results in this section are estimates of the number of polynomials
of bounded height that are irreducible due to the Dumas criterion. Finally, we give
various enumerations of the number of irreducible binomials in finite fields.
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