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Abstract. Let S be an (ideal) extension of a completely 0-simple semigroup Sy
by a completely 0-simple semigroup S;. Congruences on S can be uniquely repre-
sented in terms of congruences on Sy and S;. In this representation, for a con-
gruence p on S, we express px, o1, X and p’, where these denote the least (greatest)
congruences with the same kernel (trace) as p. Let « be the least completely 0-simple
congruence on S. We provide necessary and sufficient conditions, in terms of the
kernel of «, in order that the relation K be a congruence, and also that C(S)/K be a
modular lattice, where C(S) denotes the congruence lattice of S.

1. Introduction and summary. The study of congruences on a regular semigroup
S is greatly facilitated by the kernel-trace approach which consists in analysing their
kernels and their traces. The kernel and the trace of a congruence p on S are defined
by

kerp={aeS|apeforsomeee ES)}, trp=plgs (1)

where E(S) denotes the set of all idempotents of S. These quantities determine the
congruence uniquely and induce the following relations K and 7" on the congruence
lattice C(S):

AMKp< kerh=kerp, ATp<& tra =trp. 2)

The former is a complete A-congruence and the latter a complete congruence on
C(S). These relations can be successfully used for a detailed study of the structure of
the lattice C(S). In particular, the classes of these relations are intervals in C(S) and
we may thus use the notation

oK = [px. p*]. P =[pr. "] (peC(S)). 3)
In this way, we arrive at the four operators
p—>pk. p—p~ p—pr. p—>p" (peC(S) (4)

which provide further means for a study of the congruence lattice C(S). One may
also consider necessary and sufficient conditions on a special or an arbitrary semi-
group in order that K be a (Vv-) congruence. The general reference for this subject is
[3] and related results may be found in [4].

With this general preamble, we concentrate in the paper on some of the topics
raised above as they apply to the special situation when S is an ideal extension of a
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completely 0-simple semigroup Sy by a completely 0-simple semigroup S;. Reference
[S] is devoted to the congruence lattice on these semigroups from which we shall
draw the form of congruences on S in terms of congruences on Sy and S|, respec-
tively, as well as many of their basic properties. Given a congruence p on .S in such a
representation, we shall find explicitly the form of pg, pr, X and p” as well as
necessary and sufficient conditions on S in order that K be a congruence and also
that C(S)/K be a modular lattice. These achievements complete and supplement
several of the results with modest partial solutions in [5].

As a basis for further consideration, Section 2 contains several elementary
results concerning congruences on completely 0-simple semigroups. The construc-
tion of congruences as well as many of their properties are stated or, if they are new,
also proved in Section 3. The main result in Section 4 provides expressions for pg
and pr, whereas in Section 5 for pX and p” for an arbitrary congruence p on the
cited extension. Necessary and sufficient conditions on S for K to be a congruence
are established in Section 6 and for K to be a congruence and C(S)/K to be modular
in Section 7. The theorems in Sections 6 and 7 have simpler versions for strict
extensions in Section 8.

2. Congruences on completely 0-simple semigroups. Let
S =M, G, A; P)
be a Rees matrix semigroup whose elements we denote by (7, g, A) with multiplication

' ; _ [ G gpsjh, ) if py; #0
G2 o ) = {0 otherwise’

A congruence p on any semigroup is proper if p is not the universal relation. These
congruences on S are described by means of the following device.
Let r be a partition of 7, N be a normal subgroup of G and 7 be a partition of A
satisfying the following conditions:
(i) if irj, then for all A, u € A,
(@) pai 70 & pi; # 0,
(b) pri # 0, pui # 0 = prip, puipy)' € N;
(i) if A7 p, then for all i, j € I,
(@ pri #0 & pui #0,
(b) pri # 0, p2j # 0 = paipy puipy) € N
In such a case (r, N, w) is an admissible triple for S, and we define a relation
o =C(r, N,7) on S by

G gMpG hp)sirj, rmp, pugpuN = pyhpuN

for some [any] v € A, k € I such that p,; # 0, p,x # 0; and 0 p0. Then C(r, N, 7) is a
proper congruence on S, and conversely, every proper congruence on S can be so
written for a unique admissable triple. In addition, for p=C(r, N,7) and
IO/ — C(}’/, ]\7/7 JT/),

pVvp =Crvi,NN,ava), prnpd=CrnNr¥,NON,aNx).

For proofs, see [2, I11.4 and II1.5].
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We shall presently need the following constructs. For a normal subgroup N of
G, we define the relations No on I and NS on A, respectively, by
iNoj < (pri 70 pyy#0 forallx € A,
P # 0.0 #0 = pup, pupy; € N):
ANB U & (pM #0% p #0 forall;iel,
D #0,py #0 = pkip;ilpujp;jl € N).

For partitions r of 7 and 7 of A, let 77 be the normal subgroup of G generated by the set

{PMP,:,»IP/L_/PIJ-I | Pais Puis Puj» Paj 7 0, either irj or A n,u}.

We denote by ¢ and w the equality and the universal relation on any set if there
is no danger of confusion. Recall the definitions contained in (1), (2) and (3).

LEMMA 2.1. Ler S = M°(I, G, A; P) and p = C(r, N, n), o = C(*', N', 7).
(i) kerp={(i.g. 1) € S| pri#0,gpi € N} U{0}.

(i) pKo <& N=N.

(iii) px = C(e, N, ¢), pX = C(Na, N, NB).

(iv) For py; # 0 and p,; # 0,

(i pst W) trp Gop )t ) € irj am

V) pTo &r=r,m=7n.
i) pr=C(@, m, m), pf =C@r, G, 7).

Proof. (1) This is proved in [4, Lemma 3.1].

(i1) This follows easily from part (i).

(iii) The first assertion is obvious. For the second, we observe that the defini-
tions of No and NS mimic the conditions in the definition of an admissible triple so
that admissibility of (r, V, ) can be written as r € Na and w € NS. The maximality
of (Na, N, NB) relative to N is now obvious which yields the second assertion in view
of part (ii).

(iv) Indeed,

G, p3i s Mo (o s 1) € 07 paipy PaiN = pap puiN, A7
& irj, PMP;}PW‘P;_/I eEN, A1
S irj, AT,

since the middle condition follows from irj (also from A 7 w).
(v) Using part (iv), we obtain

pTo < ((i,p;}, A p (i,p;}, u) & (i.py A) P (j,p,j_,l, M) for all py; # 0, pyy # 0)
s ((irjarp) & ((fjirp))or=v,n=nx.
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(vi) The definition of 77 mimics the condition in the definition of an admissible
triple (r, N, w) which is equivalent to the requirement that N D 7w. This obviously
entails the minimality of (r, 77, ) which in view of part (v) implies the first assertion.
The second assertion is obvious because of part (v).

COROLLARY 2.2. For a completely 0-simple semigroup S, in (4), the first and the
Sfourth mappings are homomorphisms, the second is a N\-homomorphism and the third is
a v-homomorphism.

Proof. For p € C(S), by Lemma 2.1(iii), we obtain that px = w if p = w and S
has zero divisors and px = p A H otherwise.Using this, the first assertion follows
easily from Lemma 2.1(iii)(vi). The second claim follows from Lemma 2.1(iii) since
straightforward checking shows that both mappings « and 8 are A-homomorphisms.
The third assertion follows similarly form Lemma 2.1(vi); however, the mapping
o — pris a complete V-homomorphism for arbitrary regular semigroups as proved
in [3, Theorem 4.13].

The following two examples supplement Corollary 2.2.

ExampLE 2.3. Let I={1,2},G =2, x Z;
0,0) (0,0
p_[0D ©.0)
0,00 (1,1)
and S = M°(1, G, I; P). Further let N = Z, x {0}, N' = {0} x Z», p =C(¢, N, ¢) and
0o =C(e, N,¢). Then NN =G so that (NN)a = w,pnpz’llpzzp]’zl =(I,)gNUN
and thus Na = N'a = ¢. Now Lemma 2.1(lii) gives

(o A p)K = (Cle, N, &) v Ce, N, &)= (C(e, NN', £))* = C(w, G, w),
(o5 v p&) = (Cle, N, £))(C(e, N', £))*= Cle, N, &) v C(e, N, ) = C(e, G, ¢).

Therefore the mapping p — pX fails to be a vV-homomorphism.
00
0 1
Further let p = C(e, G, w) and o' = C(w, G, €). Now Lemma 2.1(vi) yields pr = p and
P = p' so that

EXAMPLE 2.4. Let I={1,2},G=2,,P= and S= MU G,I P).

(o~P)r=(Cle, G, e))r=¢, prApr=Ce, G e).
Therefore the mapping p — pr fails to be a A-homomorphism.

The next lemma will be useful later. A semigroup 7 is reductive if for any
a,b € T, whenever either ax = bx for all x € T or xa = xb for all x € T, we have
a=h.

LEMMA 2.5. Let S = M°(I, G, A; P) and p € C(S). Then S/ oKX is reductive.

Proof. If ker p = S, then pX = w and S/pX is trivial, so reductive. Assume that
ker p # S. Then p must be proper and hence p = C(r, N, m) for an admissible triple
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(r, N, ). By Lemma 2.1(iii), pX = C(Na, N, NB). We let (i, g, 1), (, h, n) € S and
assume that

(G, h, Mk, s, 7) o5 (G, by w)(k, s, 7) (5)

for all (k,s,t) € S. For pyx 20, we get i Naj. For py. # 0, poi Z 0, pe Z 0, we get
Puk # 0 from (5) and py; # 0 since i Naj. Hence poigpiwspweN = pojhpuispw N so that
Doi8PcN = pojhp i N.

From (5), we also get pyx # 0 < puir # 0. Now assume that p,x # 0, pie # 0. As
above, we get ppigpaeN = poihpe N where we have also supposed that pg; # 0 so that
poj 7 0. It follows that

(PoigPrPpih™ pg") (Poigpaep i h ' pg) ™ € N

whence pglgpxkpﬂk Pubii€ 'pyt € N and since N is normal, this implies that
pxkpﬂkpﬂgpu' € N. Therefore A NBu, which together with i Naj and pgigpuN =
Dojhp N whenever pg; # 0 and p,\/& £ 0, yields (i, g, ) X (j, h, ).

We have proved that in S/pX, ax = bx for all x implies a = b. A dual proof will
show that also xa = xb for all x implies that @ = b. Therefore S/pX is reductive.

3. Extensions. Throughout the remainder of the paper, we fix the following
notation: S stands for an (ideal) extension of a completely 0-simple semigroup Sy by
a completely 0-simple semigroup S; such that SyS; # {0}. The reason for the last
restriction is that in case SpS; = {0}, S is a primitive regular semigroup which was
treated in [4, (Section 3)] and for which px, pX, pr and p” can be found readily using
Lemma 2.1.

If A is a subset of a semigroup with zero, we write A* = A\{0}. Fori =0, 1, we
denote by ¢; the equality relation on S;, by w; the universal relation on S;, by ¢; the
greatest proper congruence on S;, by C(S;) the lattice of congruences on S; and by
Co(S;) the lattice of proper congruences on S;. Recall that the natural partial order
on a regular semigroup S is defined thus: a < b if a = eb = bf for some e, f € E(S).

From [5] (Section 3 and particulary Lemma 3.5), we extract the following
description of congruences on S.

Let pg € C(Sop) be such that for every a € ST and some [all] b € S§ such that
a > b, we have ax pyg bx and xa py xb for all x € Sy. In such a case, we define a rela-
tion [pg] on S by

Gpob ifa,beST,a>ﬁ>0,b>B>0,
apob ifaeSo,beS’f,b>E>0,
apob ifaeSi,beSy,a>a>0,
appb if a,be Sy,

alpo]l b <

where @ or b can be taken “for all such” or “for some”.
Next let py € C(Sp) and p; € Cy(S;) be such that

a,b e Si,ap1b, xpoy = axpyby, xapyyb.

In such a case, define a relation [pg, p1] on S by
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api1b if a,beSj

alpo. b & {a,oob if a,besSy

Then the relations [pg] and [pg, p1] are congruences on S. Conversely, every
congruence on S can be so represented in a unique way. For an indication of proof,
consult [5, Theorem 3.2].

If 6 is a relation on any semigroup 7, we denote by 6* the congruence on T
generated by 6. The following congruence on S will play an important role in many
of our considerations. Let

k= {(e,f) € E(S) x E(S) | e > f>0}"

and ko = «|s,. Note that k¥ = [ko] and « is the least completely 0-simple congruence on S.
We shall also need the following constructs which extend some of those in
[5, Section 4].
Let po € C(So) be such that py = pls, for some p € C(S). Define a relation pj, on
ST by

apyb < (xpoy = axpoby, xapoyb)

and let 0 p; 0.

We show now that pj is an equivalence relation. First, pj is reflexive since
po = pls, and it is obviously symmetric. Let a, b, ¢ € ST be such that a p;, b and b p; c.
Then for any x pg y, we have

ax po bx po by,  xa poxb po yb

so that a pj c. Therefore p| is transitive.
Let 5y = (,06)0, the greatest congruence on S contained in pj, that is,

apyb < xay pj xby for all x, y € S|.

Note that since {(O, 0)} is a pj-class, the congruence p, is proper.
We shall need a number of properties of congruences introduced in this section.

LemMA 3.1. Let [pg, p1] € C(S).

(i) ker[po, p1] = ker po U (ker p1)*.
(i) Ifa>b > 0anda € ker py, then b € ker py.

Proof. These statements are proved in [S], Lemmas 6.1(ii) and 6.2, respectively.

LeMMA 3.2. Let [po] € C(S) and 6y € C(Sp).
(i) ker[po] =kerpgU{a € Sj|a>b >0 forsomeb e kerpy}.
(i) Ifa> b >0, then alpy]b.
(iil) Ifa> b > 0andb € ker py, then a € ker[py].
(iv) [pol*= [pk].
(V) [6o] € C(S) & ko < bo.

Proof. These statements are proved in [5], Lemmas 6.1(i), 3.4, 6.1(i), Proposition
6.7 and Lemma 3.6(ii), respectively.
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LeEMMA 3.3. Let [Ao], [po] € C(S).

) [2o] S [eo] € 20 < po-

(i) [2o] ® [oo] = [20 @ po] (D € {A, V).
(i)  [ro] K[po] & X0 K po-

Proof. These statements are proved in [5], Lemmas 3.3(i) and 4.1 and Corollary
6.3(1), respectively.

LeMMA 3.4. Let [Ao), [po, p1] € C(S).
@) [Ao] V [po, p1] = [Ao V po].
(i) [Ao] A Lpo, o1] = [Ao A oo, 2o A pi].
(i) [rol K[po, p1] < 2o Ky, (a > b > 0,b € ker py = a € ker p;).

Proof. These statements are proved in [5], Lemma 4.5 and Corollary 6.3(iii),
respectively.

LEMMA 3.5. Let [Ao, 1], [0, p1] € C(S).

(1) [ro, M1 S [po, p1] & 2o € po. A1 € p1.

(i) [ro, M]® [0, o1] = [Ao ® po, A1 ® p1]  (® € {A, V]).
(i) [ro, M1 P[po, p1] & Ao Ppo, M Pp1 (P € {K, T}).

Proof. These statements are proved in [5], Lemmas 3.3(ii), 4.2 and Corollary
6.3(i1), respectively.

LEMMA 3.6. Let py € C(Sy) and p1 € Co(S1) be such that Sy/ py is reductive and for
a, b e S%,

ap1b, x € Sy = ax po bx, xa py xb.
Then [po, p1] € C(S).

Proof. Let a,b € S}, ap1 b, xpyy, u€ Sy. Then ax py bx and
u(ax) po u(bx) = (ub)x po (ub)y = u(by)
and since Sy/pg is reductive, we get ax pg by. One proves dually that xa py yb.

Let [po, p1] € C(S). From the definition of [pg, p1], it follows that if A; € C(S)) is
such that A; C py, then [pg, 2] is defined. If Sy/pg is reductive and Ay € C(Sy) is such
that pyg € A, then Lemma 3.6 implies that [Xg, o] is defined. The former procedure
decreases the upper congruence and the latter increases the lower congruence.

LemmMmAa 3.7.
(i) If [pol € C(S), then [po. By] = [po] A [wo. &1]-
(i) Let po € C(Sop) and py € Co(S1). Then [po, p1] € C(S) if and only if p1 S py.
(iil) If [po] is defined, then p¥ < pk.
(iv) If Ao and py are defined, then do A py S Ao A po.
(V) 1f [rol, [po] € C(S), then 1o APy = ko A po-

Proof. (i) This is proved in [5, Lemma 4.4].
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(i) Necessity. Letting p = [po, p1], we have py = p|s, so that p, is defined. From
the definition of p{ and the fact that p, € p{, we obtain that [po, py] is defined. Let
a, b € S} be such that a p; b and let x pg y. Then ax py by and xa py yb and thus a p b.
Hence p; € pj, whence p; € 5. Therefore [po, o1] € [p0. Po]-

Sufficiency. This follows directly from the definition of p,.

(iii) Let [po] be defined. In view of Lemma 3.2(v), [oX] is also defined. Since
po K p, Lemma 3.3(iii) implies that [po] K[p§]. Hence [wo, £1] A [po] K [wo, £1] A [p
which by part (i) yields [po, 0o] K[}, pK]. Now Lemma 3.5(iii) gives py K pX which
then implies that p§ < oK.

(iv) This follows directly from the definition.

(V) If [xo], [po] € C(S), then by part (i),

[0, 20] A [0, Bo] = [Ao] A [o] A [wo, £11 = [Xo A pol Alwo. $11= [Xo A po, o A po
which by Lemma 3.5(ii) yields g A 5y = Ao A po.

As a consequence of Lemma 3.7(ii), we have that [,00, ﬁo] is the greatest con-
gruence on S of the form [py, p1].

4. A construction of py and py. After a lemma of independent interest, we
establish a theorem which provides a representation of px and pr in the form
described in the preceding section. We also treat a special case in which pk assumes a
simple form.

LEMMA 4.1. For [po] € C(S), the following conditions are equivalent.
(@) [po] K[Ao, M] for some [ro, 11] € C(S).

(i) a>b>0,bckerpy = da*e St

(iii) [po] K [0, 7o ]-

Proof. We assume first that py # wy.

(1) implies (). Let a>b>0 and bekerp,. By Lemma 3.2(i),
a € ker[pg] = ker[Ag, 11] and hence a € (ker A1)*. Since A is proper, a must be con-
tained in a subgroup of S; so @ € St.

(i) implies (iii). By Lemma 3.7(i), we have [pg] A [wo, {11 = [0, Py and hence
(kerpy)* € ker[po] N ST. Conversely, let «a € ker[pg]NSf. By Lemma 3.2(i),
a>b >0 for some b € ker py and hence, by hypothesis, a*> € S;. Thus a’He for
some e € E(S7). Letting A = [po]|n,, We obtain a congruence A on the group H, such
that a A a> and thus a A e. Therefore a[po] e.

Now let x,y €SI, upov. Then (xay)u[po] (xey)v and u(xay)[po] v(xey) so that
(xay)u po (xey)v and u(xay) po v(xey) which shows that xay pj xey and thus ape.
Therefore a € ker p, which proves that ker[pg] N S} C (kerpy)* and equality pre-
vails. Consequently [0o] K [po, ] in view of Lemma 3.2(i)(iii).

(ii1) implies (i). This is trivial.

We now consider the case py=wp. Then [py] =w. If (i) holds, then
ker[Ag, A1] = S implies that S} has no zero divisors and (ii) holds. If (ii) holds, again
S| has no zero divisors so w K[wy, @g] where @y = ¢; and (iii) holds. Trivially (iii)
implies (i).

We are now ready for the first principal result of the paper.
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THEOREM 4.2.
(i) For [po, p1] € C(S) and P € {K, T}, let

(o, p1; Py = N{6y € C(So) | 60 P po; a(p1)pb, x60y = ax 6y by, xabyyb}.  (6)

Then [po, p1lp = [(0, p1: P), (p1)p)-
(ii) For [pg] € C(S), we use the notation
(N)ifa>b>0,b € ker py, then a* € S}.
Then

B [(00. Po; K)., (Po)] if (N) holds,
[polk =

[(Po)k V 0] otherwise,

[oo]r = [(p0)7]-

Proof. (i) Let p = [po, p1]. By Theorem 3.2 of [3], we have
pK:{(a,az)ESxSMpaz}*, (N
pr={(e.f) € E(S) x E(S)| epf}". ®)

First let a, b € S be such that a pp b. Then there exists a sequence

a = X{uy1, Xiviyi = Xo2)2, ..., XpVp¥n =b ©)

for some x;,y; € S',u;pv;, for P =K, either v? =v; or u; =v? and for P=T,
u;, vi € E(S), i =1, 2,...n. Notice that either u; oo v; or u; p;v;,i =1, 2,...,n. Since
aeSi, we have xjujy; € S§ so that xjuy pxiviyr yields xjviy; € §§. Thus
Vi,V € S% and u; p; vi. We may continue this procedure with all the elements of
sequence (9). In view of formulae (7) and (8), we conclude that a(p;)p b. Therefore
prls:  (p1)pls; and the opposite inclusion is trivial. Consequently pp = [0, (01)p]
for some Ao € C(Sp).

Let F be the family of congruences 6 on the right hand side of (6). Since [po, p1]
is defined, we have

apib, xpyy = axpyby, dxapoyb
which evidently implies that
a(p1)pb, x poy = ax po by, xapo yb.

Hence py € F so that F # ¢. Obviously F is closed under arbitrary intersections
which implies that [(po, p1; P), (p1)p] is defined. Also, for every 6 € F, we have
6 P py and thus (po, p1; P) K po. Hence [(po, p1; P). (p1)p] Plpo. p1]. The minimality
of the former is obvious from the definition of {pg, p1; P).

(ii) According to Lemma 4.1, condition (N) is equivalent to [pg] K [0, 7, ]; in
such a case, by part (i), we have

[eolk = [0 Po] = [(p0. Bo: K). (Po)k]-
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Otherwise [po]x = [*o] for some Ag € C(Sp). Hence [po] K[Ao]; by Lemma 3.3(iii) we
have py KAop and thus Xy D (pg)g. Since [Ag] is defined, by Lemma 3.2(v), we get
Ao 2 ko and thus A9 2 (po)g V k0. Now

ker pg = ker A9 2 ker ((po)g V ko) 2 ker (po)x = ker pg

and equality prevails throughout. Therefore py K(po)x Vv k0. By Lemma 3.2(v),
[(P0) V o] is defined and [po] K [(po)x V ko] by Lemma 3.3(iii). If [69] K [po], then by
Lemma 3.3(iii), 6y K pp 80 8y 2 (po)x and since [6p] is defined, we have 6y 2 ko by
Lemma 3.2(v). Thus 6y 2 (po)g V ko whence by Lemma 3.3(), [60] 2 [(p0)x V ko]-

Consequently [oo]c = [(o0)x V o).
The last assertion of the theorem is proved in Proposition 6.9 of [5].

There is a special case when pg assumes a simple form. The first part of the next
result generalizes the first part of Theorem 7.8(1)) of [5].

PrOPOSITION 4.3. Assume that ‘H is a congruence on S. If [po, p1] € C(S), then

(o0, P11k = [(P0)k (0V)k]- 1f [pol € C(S) and condition (N) holds for py, then
[oolk= [(,00)1(’ (EO)K]'

Proof. Let [py, p1] € C(S). For the first assertion, it is evidently sufficient to
prove that [(po)x. (01)g] is defined. Hence let a (py)x b and x (o) y. Then a p; b and
x poy which by hypothesis implies that ax pyg by and xa py yb. Suppose that pg is
proper. By Lemma 2.1(iii), we have (p;)x = p; N'H; for i =0, 1 and thus a’H; b and
xHoy. Hence aHb and xHy in S and the hypothesis implies that axH by and
xaH yb. Therefore ax py A Hy by and xa py A Ho yb. In view of Lemma 2.1(iii), we get

(00 = wy if Sy has zero divisors and py = wy,
POl = po A Hy otherwise.

Thus in any case ax (po)x by and xa(po)x yb, as required. This establishes the first
assertion.

Now assume that [pg] € C(S). By Lemma 4.1 and Theorem 4.2, the validity of (V)
implies that [pg] K [po, 50]. Applying the first statement now gives the second assertion.

5. A construction of pX and p”. The analysis here is quite parallel to that in the
preceding section.

LEMMA 5.1. The following conditions on p = [pg, p1] € C(S) are equivalent.

(1) pK[xro] for some [ro] € C(S).
(ii) KgpoKa>b>0bekerp0:>aekerp1
(i) oK = [pK].

Proof. (1) implies (ii). The hypothesis that p K[1¢] by Lemma 3.4(iii) implies that
po Ko and thus p§ D Ag. Since [A¢] is defined, Lemma 3.2(v) implies that Ay 2 k.
Therefore pg Dkg. Let a>b >0 and b € ker pg. Then b € ker Ay and in view of
Lemma 3.2(iii), we have a € ker[X]. Hence « € ker[pp, p1] so that a € ker p; by
Lemma 3.1(i).
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(i) implies (iii). Since ko € pf, Lemma 3.2(v) implies that [pf | is defined. Note
that plg, = po K p§ = [pf]ls, by Lemma 3.2(i). If a € (ker p;)*, by [5, Lemma 2.2],
there exists b € Sy such that ¢ > b > 0, whence b € ker py by Lemma 3.1(i1) and thus
a € ker [pf] by Lemma 3.2(i). Conversely, if a € ker [pf] N S}, then by Lemma
3.2(i), there exists b € Sy such that ¢ > b > 0, which by llp/pothesis implies that
a € (ker py)*. Therefore p K [pf]. It follows that p¥ = [pf]" and since by Lemma
3.2(iv), [,o{f]k: [of], we obtain p* = [pf].

(iii) implies (i). This is trivial.

We can now prove the second principal result of the paper.

THEOREM 5.2. Let P € {K, T}.

(i) For [po] € C(S), we have [po]"= [pf]-

(i1) For [pg, p1] € C(S), we use the notation
(M) ko € pf;a>b>0,bekerp) = ackerp.

Then [po, p1]¥= [,0(1)(] if (M) holds and

[po. p117= [pé’, pS’Apf]

for P = K when (M) fails or P =T.

Proof. (1) For P = K, this is Lemma 3.2(iv) and for P = T, this is Proposition 6.9
of [5].

(i) If condition (M) holds, the assertion follows from Lemma 5.1. We consider
first the case P = K when (M) fails. Let p = [po, p1] and observe that pX = [Ag, A1]
for some Ag, A;. By Lemma 3.5(iii), we have py K1 so that py € 1y C pOK. Also, by
the definition of [Ag, A1], it holds

ar b, xyy = axryby, xapyyb

which then implies

ar b, xeSy= ax,o(])(bx, xa,o{fyb.

By Lemma 2.5, Sy/p is a reductive semigroup which by Lemma 3.6 implies that
[0, 11] is defined. Again by Lemma 3.5(iii), we have [pf, 1] K p and by Lemma
3.5(1), [ho. 2] S [pK. 2] which by the maximality of [Ag,A;] implies that
[%0, 211 = [p&, 11] whence Ao = pf.

We now have p* = [pf, 1] so that, by Lemma 3.5(iii), we get p; KA, and thus
p1 € A1 € pf. Since [pf, A1] is defined, Lemma 3.7(ii) implies that A; € pf and thus
A1 € pK A pf. Tt follows that

kerA; C ker (p_{f A pf) = kerp—OKﬂ ker ,o{< = ker,o_{)< Nkeri; C ker A
and thus X, K,o_é< A pf. Further
aps A pl b, xpl y = axpy by, xapg yb,

and thus [,o{f, & A pf] is defined. By Lemma 3.5(iii), we have
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(o 1) K o 2 A o]

and by Lemma 3.5(i) that [oX, Ai] C [of, ,o_6</\ oK] since A, € ,0_6< A pK. By the
maximality of [pf, 1], we conclude that [of, Ai]=[of, ,o_é( A pX]. Therefore
A= p_g A pK, as asserted.

We now consider the case P = T. Let [po, p1]7= [0, A1]. By Lemma 3.5(iii), we
have py T Ao and p; TA;. Hence A9 € pl. By ([3], Theorem 3.2), we have

ol = (Lt LT LN RTRTR) (10)
where ()’ means the greatest congruence contained in () and T = trp. Applying this

to pp and letting 19 =trpy, we get that 7y C t and thus pOT c p’. Hence
o8 € pT'ls,= Ao. Therefore 1o = pl.

Now both [pf, A1] and [p, ol] are defined which by Lemma 3.7(ii) gives that
A1 € pl. By Lemma 3.5(iii), we have p; TA; which implies that A; C p{ and thus
A1 € pl A pl. Hence

tra; Ctrpl Ntrpl Ctrpl =trp =triy

and thus i; T pl A p!. By Lemma 3.5(iii), it follows that

[ef. 21 7o 7 o]
where the latter is defined since p_OT npl c ,o_OT Also

(ot 24) < [of 7% 1 1]
which by the maximality of the former yields

(o] = [, 701
Thus A; = ,o_OT A pT, as asserted.

There is a special case when p’ assumes a simple form. The next result gen-
eralizes the second part of ([5], Theorem 7.8(i)).

PROPOSITION 5.3. Assume that 'H is a congruence on S and let [py, p1] € C(S).
Then [po, p1]"= [0, p1]-

Proof. In view of Theorem 5.2(ii), it suffices to prove that [p{, o] is defined.
Hence let a p? b, x pl v, p1 = C(r1, Ny, m1) (see Section 2), a = (i, g, 1), b = (j, h, ),
poi 70 and p,, # 0. Then ir;j and A 7y p. Since

Pei(PE,'IP;ql g N1 = PQ;‘(Pe_ij;ql PN

letting @ = (i, p;'ps, . }) and b = (j, p'pyt. 1), we obtain aHd', bHD, d pib.
Analogously, there exist x', y' such that x H x', yH ', X' po ).
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Since H is a congruence and [py, ;] is defined, we get

axHd'x pob'y Hby

which by Lemma 2.1(vi) implies that ax p{ by. Similarly, we obtain that xa p{ yb.
Consequently o], p]] is defined.

COROLLARY 5.4. Assume that H is a congruence on S. Then the mapping
o — pl(p € C(S)) is a homomorphism.

Proof. This follows easily from [3, Theorem 4.13], Corollary 2.2, Theorem 5.2.(i)
and Proposition 5.3.

6. When is K a congruence? We first prove a proposition which specifies precisely
when there exist no K-related congruences of different “types”. This is followed by
necessary and sufficient conditions on S, in terms of kerk, in order that K be a
congruence on C(S).

PROPOSITION 6.1. The following conditions are equivalent.
(i) For no [Ao], [po, p1] € C(S), do we have [ro] K[po, p1]-
(i) For every [po] € C(S). [polx = [(p0)i]. _
(i) For every [po, p1] € C(S), we have [py, ;11X = [pg, o p{(]
(iv) kg =«.
(v) There exists x € kerk NS} such that x> e Sp.

Proof. Assume that (i) holds. Then for [pg] € C(S), we must have [pg]x = [Ao] for
some Ao and hence Theorem 4.2(ii) implies that [pg]x= [(p0)x]. Also, for
[0, p1] € C(S), we have [pg, p1]¥ = [Ao, 1] for some A, A; and hence by Theorem
5.2(1ii), we get

[0, p1]*= [p{)( J p{(]

Since k = [ko], we have by part (i) that kx = [(ko)x]. Now [(x0)x] being defined by
Lemma 3.2(v) implies that kg € (ko) Whence ko = (ko). But then « = k. Therefore
parts (ii), (iii) and (iv) hold.

Suppose that (i) fails, say [A¢] K[po, p1]. Then [Ao]g € [po, p1] and hence
[Aolx# [(Lo)x] even if the latter is defined. Also [po, p1]% 2 [Ao] so that

[oo, p1]%# [p(’f, P& A pf]

even if the latter is defined. Further « A [A¢] Kk A [p9, p1] Wwhich by Lemma 3.2(v)
yields « K[Ag, A1] for some Ag, A1 and hence kg = [0y, 6;] for some 6, 6;. Therefore
parts (ii), (iii) and (iv) fail.

Assume that (iv) fails. As we have seen above, we must have xx = [0, p1] for
some 0, p1. If now x € ker« N S*, then by Lemmas 3.1(i) and 3.2(i), x € (ker p;)* so
that x*> € S¥ since p; is proper. Hence (v) fails.
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Finally suppose that (iv) holds. By Theorem 4.2(ii), condition (N) fails for « and
hence there exist x > y > 0 such that x*> € Sy and y € kerko. By Lemma 3.2(ii), we
have x«y so that x € kerx N S}. Therefore (v) holds.

The following theorem has as a crude precedent ([S, Theorem 6.4]) and special
cases ([5], Theorems 7.6, 7.9 and 8.2).

THEOREM 6.2. The kernel relation K is a congruence on C(S) if and only if either
S1 has no zero divisors and ST C ker k or there exists x € ker k N ST such that x? e Sy.

Proof. Necessity. Suppose first that S| has no zero divisors. By Theorem 8.2 of
[5] we have 4 C ker k, where

A = {b € S; | there exists a € S} such that a > b}.

Let a € S7. By [5, Lemma 2.2], there exists b € Sy such that a > b > 0. Hence b € A4
so b € ker k and thus, by Lemma 3.2(i)(iii), a € ker . Therefore S} C ker«.

Assume next that S| has zero divisors. We consider two cases.

Case 1: [Ao] K[po, p1] for some [Ao], [p0, p1] € C(S). It follows that

[Mo] V [wo, 11 K[po, p1] V [wo, &1]

which by Lemmas 3.4(i) and 3.5(ii) gives w K [wy, p1] so that (ker p;)* = ST and thus
ker p; = Sj. Since p; is proper, this implies that S has no zero divisors, contrary to
the hypothesis. Therefore this case can not occur.

Case 2: [Ao] K[po, p1] for no [ro], [0o, p1] € C(S). In this case, the assertion fol-
lows from Proposition 6.1.

Sufficiency. If S; has no zero divisors, the argument above shows that 4 C ker«
which by [5, Theorem 8.2] yields that K is a congruence. If S| has zero divisors, then
by Proposition 6.1, we have that [Ay] K[po, o1] never occurs which by Theorem 6.4 of [5]
implies that K is a congruence.

REMARK 6.3. Recall that ¢; denotes the greatest proper congruence on Sj. It is
easily seen that ker ¢; is the union of all (maximal) subgroups of S;. Letting 4 =
(ker ¢))* and B = S} Nkerk, we may paraphrase Theorem 6.2 succinctly as follows.

A € B if S has no zero divisors,

k=K< {B Z A if S; has zero divisors.

7. When is K a congruence and C(.S)/K is modular? A sequence of eight lemmas
leads to necessary and sufficient conditions on S, in terms of ker¢; and kerk, in
order that K be a congruence and C(S)/K be modular.

Our first lemma is of general interest.

LeEmMMmaA 7.1 Let R be a regular semigroup for which K is a congruence. Then
C(R)/K is modular if and only if for any A, p,0 € C(R),

kerA C kerp, ker(AA6)=ker(pA0B), ker(rv6O) =Kker(povV6) (11)

implies ker . = ker p.
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Proof. First
kerdi Ckerp < kerk =ker(AAp) & LKA A p < AK < pK
and relations (11) can be written, since K is a congruence, as
AK < pK, AKAOK=pKAOK, *KVOK=pKVOK

and it is well known that this implies AK = pK if and only if C(R)/K is modular.
Our second lemma pertains to congruences on a completely 0-simple semigroup.

LEMMA 7.2. Let C = M°(I, G, A; P) and for A, p, 6 € C(C) assume relations (11).
Then ker A = ker p.

Proof. If 6 = w, then ker A = ker p directly. If p = w, then ker C ker A and, in
view of [4], Proposition 2.2 and Lemma 3.2, kerAVvkerd=C and thus
ker A = C = ker p.

It remains to consider the case when all three congruences A, p and 6 are proper.
As in Section 2, we have

A=C(r N,m), p=C(,N,7), 6=C¢' ,N' ="

for some admissible triples. Since

ANO=CrnY',NON',7nNa"), AvO=CrVvr , NN gmvn')

and similarly for p A 6 and p Vv 6, in the light of Lemma 2.1(i)(ii), relations (11) imply

NCN, NNN =NNN', NN =NN"

Now modularity of the lattice of normal subgroups of G yields that N = N'. By
Lemma 2.1(ii), we get ker A = ker p.

COROLLARY 7.3. For any completely 0-simple semigroup C, K is a congruence on
C(C) and C(C)/K is a modular lattice.

Proof. The first assertion is the content of [4, Lemma 3.2]. The second assertion
is a consequence of Lemma 7.2.

We now go back to our extension S of completely 0-simple semigroups Sy and
S1. In Lemmas 7.4-7.9, we let A, p, 6 € C(C) with either t = [ty] or T = [10, 71] where
T € {A, p, 0}, k be as before and ¢ be the greatest proper congruence on S;. Note
that (ker ¢;)* is the union of all nonzero (maximal) subgroups of S;.

LemMA 7.4.
(1) ker[iro] € ker[pg] & ker Ay C ker py.
(i1) ker[Ao, A1] S ker[po, p1] < kerA; C ker p;, i =0, 1.
(iii) ker[Ag, ]S ker[po] < (ker Ao Cker po; a € (ker A1)*, a>b>0 = beker py).
(iv) ker[xo] C ker[pg, p1]1< (ker Ay C ker pg; b € ker Ay, a>b>0 = acker py).
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Proof. This follows easily from Lemmas 3.1(i) and 3.2(i).

LEMMA 7.5. For te{A,p, 0}, let ©o=7t|s,. Then relations (11) imply that
ker Ay = ker pg.

Proof. In view of Lemmas 3.1(i) and 3.2(i), relations (11) yield ker 1y C ker py,
ker (Lo A 6y) = ker (pg A 6p), ker (Ao Vv 8y) = ker (pg Vv 6y) which by Lemma 7.2 gives
ker Ay = ker py.

LEMMA 7.6. Assume relations (11) in the following cases:
) 2 =[*], p = [pol, 0 = [60],
(i) A = [Aol, p = [po], 6 = [0, 61],
@iil) A = [Ao, M1, p = [po, p1], 0 = [0, O1].
Then ker A = ker p.

Proof. (i) This follows easily from Lemmas 3.2(i), 3.3(i)(ii), 7.2 and 7.4(i).
(i1) This follows easily from Lemmas 3.1(i), 3.2(i), 3.4(i)(ii), 7.2 and 7.4(i).
(iii) This follows easily from Lemmas 3.2(i), 3.5(i)(ii), 7.2 and 7.4(ii).

LEMMA 7.7. Assume that K is a congruence on C(S) and that relations (11) hold in
the following cases:

(i) A =[x, Ml 0 =1[pol. 0 = [60],
(i) A =T[xo, A1], o = [pol. 0 = [0, O1],
(iii) A =[], o = [p0, p1], 0 = [60],

(iv) A = [Aol, p = [po, p1], 0 = [0, 61].
Then S| has no zero divisors and ker A = Ker p.

Proof. (i) The second relation in (11) yields

ker ([Ao, A1] A [B0]) = ker ([po] A [60])

which by Lemmas 3.3(ii) and 3.4(ii) gives

[)»() A By, A A 50] K[,Oo AN 90].

Now Theorem 6.2 and Proposition 6.1 imply that S| has no zero divisors. Further,
the second relation in (11), by Lemmas 3.1(i) and 3.2(i), yields

ker(/\l/\éo):{aeSl |a>b>0,beker(p0/\90)}. (12)

By Lemma 3.2(v), we have k9 < ppA6 and thus by Lemma 7.4(),
kerx C ker[pg A 6y]. Since K is a congruence and S; has no zero divisors, Theorem
6.2 implies that ST C ker[pg A 6p]. In view of Lemma 3.7(i), we obtain that the right
hand side of (12) equals S;. Now by (12), we have ker(A; A6y) =S, and thus
ker A = S;. By Lemmas 3.1(i)(ii), 3.7(i) and 7.5, we get

ker A = ker Ao U (ker 11)* = ker po U ST = ker p,

as required.
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(i1) Similarly as above, we obtain that S| has no zero divisors and

ker (A1 A 0)) =ker(py A 61), ker(r AB))=S] = kerp,. (13)

From the first and the last equalities in (13), we obtain ker6; C ker A;. By [4]
(Proposition 2.2) and the second equality in (13), we get ker A; Vv ker6; = S| which
together with ker0; C ker A yields ker A; = S;. Now

ker A = ker Ao U ST = ker py U ST = ker p,

as required.
(iii) Similarly as above, we obtain that S; has no zero divisors. The second
relation in (11) implies that ker p; = S} and thus

ker A = ker Ay U ST = ker py U ST = ker p. (14)

(iv) Again, as above it follows that S; has no zero divisors. In addition,
ker p; = ker Ay = S| which as in (14) implies that ker A = ker p.

LEMMA 7.8. Let A = [Ag, AM1], p = [0, p1], 0 = [6o], and relations (11) be satisfied.
(1) Let S| have no zero divisors and K be a congruence on C(S). Then
ker A = ker p.
(i) Let Sy have zero divisors. Then keri; C kerp; and ker(i; A6y) =
ker (,01 A é())

Proof. (i) By Theorem 6.2, we have S} C ker « and by Lemmas 3.2(v) and 7.4(i),
we have kerx C ker[6p] so that S} C ker[6p]. In view of Lemma 3.7(i), we get
S| C ker6, which by the second relation in (11) yields ker A; 0S| = ker p; NS} so
that ker A; = ker p;. Now Lemmas 7.5 and 3.5(iii) imply that ker A = ker p.

(i) By Lemma 7.4(ii), the first relation in (11) yields ker A, C ker p;. In view of
Lemmas 3.4(ii) and 3.5(iii), the second relation in (11) gives ker (i, A6 =
ker (,01 A éo)

LEMMA 7.9. Assume that S| has zero divisors and that K is a congruence on C(S).
Then (ker ¢1)* € St Nkerk if and only if

(O) A=[ros M), p=1I[po,p1], 0=1[6], keri; Ckerp
ker (A A 6p) = ker (p; A Bp) = ker Ay = ker p.

Proof. Necessity. Assume the antecedent of condition (C). By Lemmas 3.7(i),
3.1(1) and 3.2(i), we obtain

ker 6y U (ker 6y)* = (So U (ker ¢1)*) N ker [6y]

whence

(ker By)* = (ker &;)* N ker [A]. (15)

Now
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(ker p1)* = (ker (p1 A £1))* since p1 C &
= (ker p1)* N (ker ¢1)*
= (ker p1)* N (ST Nker) by hypothesis
C (ker py)* Nker[6] by Lemma 3.2(v) and (15)
= (ker p;)* N (ker 6p)* = ker (p; A 6p)
= (ker (A1 A 6))) by hypothesis
C (keray)*

so that ker p; C ker A; which together with the hypothesis implies that ker A; = ker p;.
Therefore (C) holds.
Sufficiency. By contrapositive, suppose that (ker £;)* € ST N ker . Let

A= (Gils: Nkls) U {(0,0)}

so that A; is a proper congruence on S;. Let A = [wy, A1], p = [wy, ¢1] and 6 = k. By
hypothesis, we get (ker A)* C (ker ¢;)* and

(ker (A1 AKp))* = (ker Ap)* N (kerkp)* = (ker ;)" Nker kN (kerip)*
= (ker ¢1)" N (ker&o)" = (ker (¢&1 N&o))

which implies that ker (A; A ko) = ker (¢; A Kp) and (C) fails.
We are finally ready for the theorem of this section.

THEOREM 7.10. The kernel relation K is a congruence on C(S) and C(S)/K is a
modular lattice if and only if either S\ has no zero divisors and S C kerk or S| has
zero divisors and (ker {;)* C ST Nker .

Proof. Necessity. If S; has no zero divisors, then S} C ker« by Theorem 6.2. If
S has zero divisors, then ST Nkerx € (ker ¢;)* by Theorem 6.2, and by Lemmas 7.1,
7.8(ii) and 7.9, we get (ker £;)* € ST Nkerk.

Sufficiency. If S; has no zero divisors, then Theorem 6.2 implies that K is a
congruence. If S} has zero divisors, then S} Nkerx Z (ker¢;)* by Theorem 6.2
implies that K is a congruence. In view of Lemma 7.1, we must verify that relations
(11) imply that ker A = ker p. The cases considered in Lemmas 7.5-7.9 cover all
posibilities for the congruences A, p and 6, as required.

Using the notation introduced in Remark 6.3, we can express the contents of
Theorem 7.10 succinctly as follows.

A € B if S| has no zero divisors,

K=K, C(S)/K is modular < { A c B if S| has zero divisors.

Also note that if S} has no zero divisors and K is a congruence, then C(S)/K is
automatically modular.

8. Strict extensions. In both Theorems 6.2 and 7.10, the conditions are
expressed in terms of kerx which does not seem to lend itself to a simple explicit
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form thereby causing certain difficulty in comprehending what these conditions
really mean. In order to illustrate these conditions, we shall now specialize S to be a
strict extension of Sy by Sj, that is the multiplication is determined by a partial
homomorphism. To this end, we shall need the following construction.

Let

So = My, Go, Ag; P), S1 = M°(I, G1, Ay; Q),
oL = Iy, u: I -» Gy, w: Gy = Go, v: A —> Gy, n: A —> Ay

be functions such that w is a homomorphism, u:i— u;, vi A — v, and py; #0
implies p;;w = v, gy, iu;. Define a function ¢ by

Q: (19 g, )‘) - (l%-a ui(gw)v)w )ﬂl) ((l’ & )‘) € ST) (17)

Then ¢: S7 — S§ is a partial homomorphism and conversely, every partial homo-
morphism S} — S can be so constructed. The semigroup S is a strict extension of
So by 8y if there is a partial homomorphism ¢: ST — S which determines the mul-
tiplication in S in the sense that

ab = (ap)b, ba = b(ap) if a € S},b e Sy,
ab = (ap)(by) ifa,beSi,ab=0inS.

For proofs, see [1] (Theorems 3.14 and 4.19). Throughout this section we assume
that S is a strict extension as constructed above.
According to [5, Proposition 7.1], we have kg = gy and, by [5, Lemma 7.2],

kerk = E(So) U {a € ST | ap € E(S))}.
Now Theorem 6.2 immediately yields [S, Theorem 7.6] which we state as follows.

LEMMA 8.1. The relation K is a congruence on C(S) if and only if either S has no
zero divisors and ¢ : S§ — E(Sy) or there exists x € ST such that x¢ € E(Sy) and
2
X° € S().

The next result takes into account the form of the partial homomorphism ¢. A
homomorphism with range one element semigroup is said to be trivial.

PROPOSITION 8.2. Let S be the strict extension determined by the partial homo-
morphism ¢ in (17). Then K is a congruence on C(S) if and only if either S| has no zero
divisors and w is trivial or S contains an element x such that x > x> > 0.

Proof. First assume that S; has no zero divisors. In view of Lemma 8.1, we must
show that ¢: ST — E(S)) if and only if e is trivial.

Assume that ¢: ST — E(Sp). For any (i, g, A) € S7, in view of (17), we must have
ui(gw)vy, = ¢, » whence g~'w = vigup.iett;. Since the right hand side does not depend
on g, we conclude that w is trivial.

Conversely, suppose that w is trivial. For any (i, g, A) € ST, we have p;; # 0 since S;
has no zero divisors which implies that py;w = v, gy, z1;. Since w is trivial, we get q;nl, e =
u;v;, which together with gw = 1 in (17) yields that (i, g, A)p € E(Sy), as required.
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Suppose now that S; has zero divisors. In view of Lemma 8.1, it suffices to
prove that for x € S, we have x € S%, xp € E(Sy) and x> € Sy if and only if
x > x?> > 0. Note that for any a € S*, b = ag is the unique element with the property
that a > b > 0.

If x € $%, xp = e € E(Sp) and x2 € Sy, then x2 = (x¢)’ = ¢* = ¢ = x¢ and hence
x > xp = x> > 0. Conversely, if x > x> >0, then xp =x*> € S, and there exists

f € E(S) such x> = fx whence
XM= =frx =2 =fx =%
and x¢ € E(Sp).

PROPOSITION 8.3. Let S be the strict extension determined by the partial homo-
morphism ¢ in (17). Then K is a congruence on C(S) and C(S)/K is a modular lattice if
and only if w is trivial and if S| has zero divisors, then there exists x € S such that
x> x>>0.

Proof. Necessity. In view of Proposition 8.2, it remains to prove that when S
has zero divisors, then w is trivial. By Theorem 7.10, we have (ker £;)* € ST N ker «.
From this, the proof that w is trivial is essentially the same as in the second para-
graph of the proof of Proposition 8.2.

Sufficiency. In view of Theorem 7.10, it suffices to show that in the case that S,
has zero divisors, w trivial implies that (ker ¢;)* € ST Nkerx. Now the argument is
essentially the same as in the third paragraph of the proof of Proposition 8.2.

Comparing Propositions 8.2 and 8.3 we see that the conditions in them differ
only when S| has zero divisors in which case the triviality of w must be added.
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