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ABSTRACT. The expected distribution of planetary nebula nuclei (PNNs) on the
log L-log T plane is calculated based upon modern stellar evolutionary theory, the
initial mass function (IMF'), and various assumptions concerning mass loss during
post-main sequence evolution. The distribution is found to be insensitive to the
assumed range of main-sequence progenitor mass, and to reasonable variations in
the age and the star forming history of the galactic disk. Rather, the distribution
is determined primarily by the heavy dependence of the evolution rate upon core
mass, and secondarily upon the steepness of the IMF and other factors. The
distribution is rather different than any found from observations, and probably
reveals strong observational selection effects.

1. INTRODUCTION

Nearly a quarter-century has passed since the first serious attempts to study the
evolution of the nuclei of planetary nebulae. The observational studies of O’Dell
(1962, 1963), Harman and Seaton (1964), Seaton (1966), Schoénberner (1981),
Kaler (1983), and Heap and Augensen (1987) have traced the evolution of cool,
luminous PNNs surrounded by dense, compact planetary nebulae, to temperatures
exceeding 10° K, followed by sharply declining luminosities as the nebular shells
expand and the stars contract to white dwarf dimensions. On the theoretical side,
Paczynski (1971?, Schonberner (1979), Iben (1982, 1984), and Wood and Faulkner
(1986) have published evolutionary post-asymptotic giant branch (post-AGB) stel-
lar models. They revealed the importance of shell nuclear burning in providing
the source of luminosity and determining the rate of evolution through the PNN
phase, as well as the extraordinary dependence of the evolutionary timescales upon
PNN mass. Together, the observations and theory have established the planetary
nuclei unambiguously as the link between the AGB and the white dwarfs. Iben
and Renzini (1983, hereafter IR83) provide a general review of this subject.
Although our understanding of post-AGB stellar evolution has improved
greatly, our ability to compare observational results with predictions from the-
ory has not kept pace. Indeed, previous observational studies, such as those of
Schonberner (1981), Kaler (1983), and Heap and Augensen (1987), have dealt only
obliquely with the question of, e.g. the distribution of PNNs on the log L-log T
plane that one would expect directly from theory. This paper will derive just such a
theoretically-determined distribution, and compare it with those determined from
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observations. The analysis will closely parallel that in Shaw, Truran, and Kaler
(1984), and Shaw’s (1985) doctoral dissertation.

2. CALCULATION OF THE LOG L-LOG T DISTRIBUTION
2.1. Theoretical Assumptions

The distribution expected from theory is possible to calculate in principle if the
initial mass function (IMF), the relation between initial (main sequence) mass
and post-AGB core mass, and the PNN evolution paths (including timescales) as
a function of mass are all known. The following simplifying assumptions apply to
this distribution calculation:

1. The adopted IMF is from Miller and Scalo (1979), which is well-

known for stars less massive than 10 M. Furthermore, the slope of

the IMF is assumed to be constant, although the effects of a slowly

decreasing star formation rate are considered explicitly.

2. The function relating initial (main sequence) stellar mass to rem-

nant (post-AGB) core mass is given by the nearly linear relation

of Iben and Truran (1978), which is based upon Reimers’ (1975)

empirical formula for single, isolated stars. Here, stars up to 5 Mg

will produce PNNs, although a steeper linear function for stars up to

10 Mg will be considered separately. In both cases it is assumed that

no star less than 0.8 Mg has evolved past the AGB in the lifetime

of the galaxy, although a larger lower-limit will be adopted when a

variation in galactic age is considered.

3. All stars that form degenerate cores less massive than the Chan-

drasekhar limit will illuminate a planetary nebula shell, or at least

the fraction of those that do not does not change with PNN mass.

4. The evolutionary path through the log L-log T plane is uniquely

defined by the PNN mass (see § 2.2 below), and each point in the

log L-log T plane is intersected by one and only one evolution path

(3.e. the evolution paths do not cross).

5. Only those stars that are passing through the PNN domain for

the first time were included: those that suffer a post-AGB helium

gash (see Iben 1984; Wood and Faulkner 1986) will be considered in

4.1.

6. Finally, stars do not lose a significant amount of mass during the

PNN phase, although the effect of the mass-loss process itself upon

the rate of evolution will be discussed in § 4.1.

2.2. Adopted Stellar Models

Three specific post-AGB evolution models were adopted from Schénberner (1983):
they have core masses of 0.546, 0.565, and 0.644 M. Two other models were taken
from Paczyniski (1971): they have core masses of 0.80 and 1.20 M. These models
were chosen largely because they cover virtually the entire range of interest in
mass, and because each investigator has provided a set of internally consistent
evolution tracks that can be compared with the other investigator’s models.
Unfortunately, this comparison reveals a major problem with the Paczyniski
models, namely the post-AGB helium flashes that result from an improper initial
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description of the structure of the AGB star (Schonberner 1981). Fortunately,
as IR83 point out, a model PNN of a given, constant mass will always follow
roughly the same path in the log L-log T plane, and the evolution timescales are
not especially sensitive to details of the models. The discrepancy was resolved
by comparing the 0.60 Mg models and scaling those from Paczynski along the
following guidelines: first, the luminosity of a remnant core that has just evolved
off the AGB is approximately given by the linear relation (Schénberner 1983):
Lpnn = 6.0 x 10%(Mpnn — 0.513); and second, the time required for the PNN
to fade by 2.5 bolometric magnitudes after first ionizing the nebular shell scales
roughly as M8 (IR83). This scaling also agrees well with the more recent models
of Wood and Faulkner (1986) for higher PNN mass. In this same way, using the
mass-radius relation for white dwarfs as an asymptote to the evolution path, the
evolution track of an Chandrasekhar-limited PNN (i.e. at 1.4 M) was estimated.

2.3. The Domain

The calculation of the PNN distribution was done on a grid whose extent on the
log L-log T plane extends over 1.6 < log L/Lp < 4.8, and 4.4 < log Tex < 6.1.
These limits were chosen partly for the availability of evolutionary models, and
partly to correspond roughly to the domain over which the surrounding planetary
nebula (PN) can be observed: the PNNs do not ionize the proto-planetary shell
when they are cooler than log Teg = 4.4; the PNs are too distended to be detected
easily after they expand for more than ~ 30,000 yr, which corresponds to about
log L > 1.6; and the other boundaries are set by the tracks of the most and least
massive PNNs that pass through this domain (see § 2.1 and § 2.2).

The scheme was as follows: the PNNs were assumed to be forming at a
constant rate, and the zero-point of the model timescales was adjusted such that
t = 0 corresponds to the moment that the PNNs reach log T.g = 4.4. The domain
was divided into grid intervals of 0.2 in log L, and 0.1 in log T. The evolution
tracks were used to determine the mass track that passes through each grid point,
and the time it takes a PNN on that track to evolve to that point. Each adjacent
pair of grid points defined a boundary of a cell, within which the number of PNNs
contained was calculated, according to the description of Fig. 1.

Fig. 1. Schematic representation of the
calculation. Integration was performed
over a strip spanning the evolution
tracks M; and M, to yield the total
number of PNNs in that mass interval.
The product of that integral and the dif-
ference between times Ty and T; (when
the PNN leaves and enters the cell, re-
spectively) yields the total number of
PNNs in that strip. The total from each
strip between M; and M, was summed
and normalized such that the total from
all cells in the PNN domain was unity.

Alog L/Lg

rrrrrrr
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3. THE DISTRIBUTIONS

The calculated distributions are listed in Fig. 2a, and shown as a contour plot
in Fig. 2b, for the steady-state case. (A color representation of this distribution
may be found in Kaler 1986.) This calculation, where progenitor masses hetween
0.8 < My/Mpnn < 5 were included, will serve as a benchmark of comparison for
the other calculations. The most striking feature in the figures is the tremendous
range in relative number: about 8 orders of magnitude. This large range results
from the great dependence of the evolution time-scales upon core mass and, hence,
is also the greatest source of uncertainty in the calculations. The contours of
constant PNN density are nearly coincident with lines of constant age (beyond
log Te = 4.4), and show that the vast majority of PNNs should be found along
the lowest-mass evolution tracks, and at relatively low luminosity.

The next illustrative case is considered in Fig. 3, where progenitor stars up
to 10 Mg are assumed to produce PNNs. This change, though drastic in the broad
context of stellar evolution, produces only a small change in the high mass portion
of the log PNN distribution. And yet this subtle difference is not at all surprising
in view of the steepness of the IMF—i.e. the number of stars formed in the 5 to
10 Mg range is a very small fraction of the total number of PNN progenitors. The
finite age of the galactic disk is addressed in the next calculation. Figure 4 shows
the distribution where only those stars that evolve past the AGB within 1.0 x 10'°
years (or My > 1 Mg) are included. The disappearance of PNNs along the lowest-
mass tracks is significant—reflecting the steepness of the IMF—but although the
normalization for the distribution has changed, the relative numbers in each cell
above the adjusted low-mass cut-off have remained constant. The next calculation
includes an exponential decrease in the star formation rate, normalized to be a
factor of 2 lower at present than at the birth of the galactic disk. This effect, shown
in Fig. 5, is the smallest found in this study, and is naturally most pronounced in
the high mass portion of the plane, due to the shorter stellar lifetimes.

4. INTERPRETATION
4.1. Lessons from Theory

Of the several conclusions that can be drawn from the distributions presented
above, the surest is this: There is no hope of divining the range of PNN progenitor
masses purely from considerations of an observed distribution in the log L-log T
plane. Indeed, only ~1600 galactic PNs are known, which is far too few to examine
a distribution which covers 8 orders of magnitude. There are other means of
approaching the problem, however, which include a comparison of nebular He
and CNO element abundances with those predicted by AGB dredge-up theory.
Such a study by Kaler (1983), using the theory of Becker and Iben (1979, 1980),
showed qualitative agreement. Another promising approach would be to use the
abundances derived from stellar emission spectra for those PNNs with winds.
Such an analysis may provide an interesting ez post facto radial probe of the
nuclear burning and mixing processes in AGB stars, since the nebular shell and
the subsequent winds came from different depths within the remnant AGB star.
IR83 note that the rate of evolution through the PNN domain is governed
largely by the rate at which the star’s fuel is depleted, be it through nuclear
burning or mass-loss through a stellar wind. For typical mass-loss rates of 10°
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Fig. 2a. A two-dimensional histogram for the steady-state calculation showing the
log of the relative number of PNNs in each cell on the log L-log T plane. This
calculation includes the contribution from all progenitor stars in the mass range

0.8 < My/Mog < 5.0.

#1402

Fig. 2b. A contour plot of the log distribution presented in Fig. 2a. The intervals
refer to the log of the relative number of PNNs expected to lie within each cell.
Also shown are the adopted PNN evolution tracks (heavy solid curves): the 0.546,
0.565, 0.598 and 0.644 M@ models are from Schonberner (1981), the 0.80, and 1.20
Mg models are from Paczyniski (1971, scaled), and the 1.4 Mg model is from an
estimate for the Chandrasekhar-limited case (see text).
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log Tett

Fig. 3. Same as Fig. 2b, except that Fig. 4. Same as Fig. 2b, except that
stars up to 10 Mg are assumed to pro- only those progenitor stars that have
duce PNNs. produced PNNs within the last 10 bil-

lion years are included.

J
:8‘.3.0
GJD 55 og Ty 50 4;5»«
Fig. 5. Same as Fig. 25, except that Fig. 6. Same as Fig. 2b, except that
the SFR is assumed to have declined the PNNs are assumed to be unde-
exponentially by a factor of 2 during tectable after 30,000 yr.

the life of the galactic disk.
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to 107 Mg yr', and a typical hydrogen envelope mass of ~ 1073 to 10* M: (Then
1984), a stellar wind could speed the PNN evolution by up to a factor of abont 3.
Although the explicit effect on the distribution of some fraction of PNNs (perhaps
50%) possessing winds was not calculated, it must compound the already high
PNN density at low L, particularly for high mass PNNs if they preferentially
engender high-velocity winds (see Wood and Faulkner 1986). On the other hand,
if about 10% of all PNNs produce their luminosity through shell helium burning
(Iben 1984), then somewhat more PNNs would be found at higher L (due to the
slower evolution rate), near the lower-mass evolution tracks.

4.2. Observational Selection Effects

While the observed distributions cannot yield the PNN progenitor mass range
directly, the theoretical distributions can reveal selection effects in the observed
sample. In particular, the observed distributions of Schénberner (1981), Kaler
(1983?, and Heap and Augensen (1987) are not based upon a volume-complete
sample, and do not match the broad features of that expected from theory. Fur-
thermore, no such complete study has been done of those rare PNNs that are both
extremely hot (Teg > 150,000 K) and extremely luminous (L > 10 Lg).

Several effects may be operating to skew the observations. These include
the systematic difficulties with the distance scale for young, optically thick PNs
(Maciel and Pottasch 1980; Daub 1982); systematic contamination of the stellar
continuum by the nebula in compact planetaries (Shaw and Kaler 1985); and the
difficulty of discovering older, low surface brightness PNs due both to the drop in
their emission measure as the shell expands, and to their propensity to lie in the
galactic plane, where they suffer heavy interstellar extinction. The effect of aging
nebular shells fading from view is shown in Fig. 6, where PNs older than 30,000 yr
are assumed to be undetectable and are omitted. Although the contribution of
low-mass PNNs at low L to the distribution is significantly smaller, the qualitative
features are the same as in Fig. 2b, in that this distribution still predicts far more
PNNs at low L than are seen observationally.

5. CONCLUSIONS AND FUTURE WORK

Clearly the theoretical distribution of PNNs on the log L-log T plane differs sub-
stantially from that determined from observations. It is probably also true that
the theory for PNN evolution is far more secure than the observations, although
an observationally complete, volume-limited sample of PNNs should be analyzed
to understand fully the discrepancy. Those PNNs that have suffered a post-AGB
helium shell flash (as is likely the case for A 30 and A 78: see Iben et al. 1983)
must also be identified observationally, both to guide the theorists on the relative
frequency of such events, and to allow for their effect on the observed distribution.
It would be misleading to say that any one of the distributions calculated here on
the basis of simplified stellar evolutionary theory represents the true distribution.
Rather, the broad features of the distribution are presented to illustrate the na-
ture of the discrepancy between observations and theory, and to suggest promising
lines of investigation to resolve them.
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