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Abstract

In this paper, we study asymmetric Ramsey properties of the random graph G,,. Letr € Nand H,, . . ., H,
be graphs. We write G,, — (H,, . . ., H,) to denote the property that whenever we colour the edges of G,,
with colours from the set [r] := {1,. .., r} there exists i € [r] and a copy of H; in G,, monochromatic in
colour i. There has been much interest in determining the asymptotic threshold function for this property.
In several papers, Rodl and Rucinski determined a threshold function for the general symmetric case; that
is, when H, = - - - = H,. A conjecture of Kohayakawa and Kreuter from 1997, if true, would fully resolve
the asymmetric problem. Recently, the 1-statement of this conjecture was confirmed by Mousset, Nenadov
and Samotij.

Building on work of Marciniszyn, Skokan, Spohel and Steger from 2009, we reduce the 0-statement of
Kohayakawa and Kreuter’s conjecture to a certain deterministic subproblem. To demonstrate the potential
of this approach, we show this subproblem can be resolved for almost all pairs of regular graphs. This
therefore resolves the 0-statement for all such pairs of graphs.
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2020 MSC Codes: Primary: 05C55, 05C80; Secondary: 05C85

1. Introduction

Ramsey theory is one of the most studied areas in modern combinatorics. Let r € N and let
G, Hy, ..., H, be graphs. We write G — (Hj, . . ., H,) to denote the property that whenever we
colour the edges of G with colours from the set [r] :={1,...,r} there exists i € [r] and a copy
of H; in G monochromatic in colour i. Thus, in this notation, the classical result of Ramsey [18]
asserts that for n sufficiently large K,, — (Hj, . . . , H;). One may posit that this is only true because
K, is very dense, but Folkman [2], and in a more general setting Nesetfil and Rédl [17], proved
that for any graph H there are locally sparse graphs G = G(H) such that G — (Hj, . . ., H;) when
Hy=---=H,=H.

1.1 Symmetric Ramsey properties: Rodl and Rucinski’s theorem

If we transfer our study of the Ramsey property to the random setting, we discover that such
graphs G are in fact very common. Let G, be the binomial random graph with n vertices and
edge probability p. Improving on earlier work of Frankl and Rédl [3], Luczak, Rucinski and Voigt
[13] proved that p = n~1/2 is a threshold for the property G, — (K3, K3). Following this, Rodl
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and Rucinski [19-21] determined a threshold for the general symmetric case. For a graph H, we

define
(eg—1)/(vg —2) if H is non-empty with v(H) > 3,
dy(H) == {1/2 if H= K,
0 otherwise

and the 2-density of H to be
my(H) := max{d(J):] € H}.

We say that a graph H is 2-balanced if d,(H) = my(H), and strictly 2-balanced if for all proper
subgraphs ] C H, we have d(J) < my(H).

Theorem 1.1. (Rédl and Rucinski [21]) Let r > 2 and let H be a non-empty graph such that at least
one component of H is not a star. If r = 2, then in addition restrict H to having no component which
is a path on 3 edges. Then there exist positive constants b, B > 0 such that

0 if p < bn~1/ma),
lim P[G,,— (H,...,H)]=
n—00 ——

r times

1 ifp> Bn~1/m(),
The statement for p < bn~1/m2(H) i Theorem 1.1 is known as a O-statement and the statement
forp > Bn~Y/m(H) s known as a 1-statement.

The assumption on the structure of H in Theorem 1.1 is necessary. If every component of H
is a star then G, , — (H, ..., H) as soon as sufficiently many vertices of degree r(A(H) — 1) + 1
appear in G, . A threshold for this property in G,,p isp = n~ 1=/ HAE =D+ byt my (H) = 1. For
the case when r = 2 and at least one component of H is a path on 3 edges while the others are stars,
the 0-statement of Theorem 1.1 becomes false. Indeed, one can show that, if p = cn~1/ma(P3) —
cn™! for some ¢ > 0, then the probability that G,,, contains a cycle of length 5 with an edge pend-
ing at every vertex is bounded from below by a positive constant d = d(c). One can check that
every colouring of the edges of this augmented 5-cycle with 2 colours yields a monochromatic
path of length 3. This special case was missed in [21], and was eventually observed by Friedgut and
Krivelevich [4], who corrected the 0-statement to have the assumption p = o(n~1/m2H)) jnstead.
Note that Nenadov and Steger [16] produced a short proof of Theorem 1.1 using the hypergraph
container method.

The intuition behind the threshold in Theorem 1.1 is as follows: Firstly, assume H is 2-balanced.
The expected number of copies of a graph H in Gy, is O(n"HpetD) and the expected number
of edges is @(nzp). Forp= n~1/m(H) (the threshold in Theorem 1.1), these two expectations are
of the same order since H is 2-balanced. That is to say, if the expected number of copies of H at
a fixed edge is smaller than some small constant ¢, then we can hope to colour without creating
a monochromatic copy of H: very roughly speaking, each copy will likely contain an edge not
belonging to any other copy of H, so by colouring these edges with one colour and all other edges
with a different colour we avoid creating monochromatic copies of H. If the expected number of
copies of H at a fixed edge is larger than some large constant C then a monochromatic copy of H
may appear in any r-colouring since the copies of H most likely overlap heavily.

Sharp thresholds for G, — (H, H) have also been obtained when H is a tree [4], a triangle [5]
or, more generally, a strictly 2-balanced graph that can be made bipartite by the removal of some
edge [22].

Theorem 1.2. ([4, 5, 22]) Suppose that H is either (i) a tree that is not a star or the path
of length three or (ii) a strictly 2-balanced graph with e(H) > 2 that can be made bipartite
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by the removal of some edge. Then there exist constants ¢y, c1, and a function ¢:N — [co, ¢1],
such that

ifp < (1 —e)c(nyn=1/mH),

lim P[G,, — (H,H)] =
17— 00 np 1 ifp>(1+ S)C(H)nfl/mz(H)

for every positive constant ¢.

1.2 Asymmetric Ramsey properties: The Kohayakawa-Kreuter Conjecture

In this paper, we are interested in asymmetric Ramsey properties of G, p, that is, finding a thresh-
old for when G, — (Hy ..., H;) and Hy, . . ., H, are not all the same graph. In classical Ramsey
theory, the study of asymmetric Ramsey properties sparked off many interesting routes of research
(see, e.g. [1]), including the seminal work of Kim [9] on establishing an asymptotically sharp
lower bound on the Ramsey number R(3, ). In G, asymmetric Ramsey properties were first
considered by Kohayakawa and Kreuter [10]. For graphs H; and H, with my(H;) > my(H>),
we define

e(Hy)
1
dy(Hy, Hy) = v(IHD) =2+ 5oy

if H is non-empty and v(H;) > 2,

0 otherwise

and the asymmetric 2-density of the pair (H,, H) to be
my(Hy, Hy) := max{dy(J, Hy):] S H } .

We say that H is balanced with respect to dy(-, Hy) if we have dy(Hy, H2) = my(H;, Hy) and
strictly balanced with respect to dy(-, Hy) if for all proper subgraphs ] C H; we have d»(J, Hy) <
my(Hi, Hy). Note that m,(H;) > my(Hy, Hy) = my(H,) (see Proposition 1.7).

Kohayakawa and Kreuter [10] conjectured the following generalisation of Theorem 1.1. (We
give here a slight rephrasing of the conjecture: we consider r colours (instead of 2) and add the
assumption of Kohayakawa, Schacht and Spéhel [11] that H; and H, are not forests.!)

Conjecture 1.3. (Kohayakawa and Kreuter [10]) Let r> 2 and suppose that Hy,...,H, are
non-empty graphs such that my(Hy) > - - - > my(H,) and my(H,) > 1. Then there exist constants
b, B > 0 such that

0  ifp<bnt/mHiH),
lim P[Gyy— (Hi, ..., H,)] =
A 1 ifp > Bu Vi),

Observe that we would always need m,(H>) > 1 as an assumption, otherwise my(H;) =1/2
(that is, H is the union of a matching and some isolated vertices) and we would have that
my(Hy, Hy) = ey /vy for some non-empty subgraph ] C H;. For any constant B > 0, the probability
that G, with p = Bn~1/m(HLH) contains no copy of Hy exceeds a positive constant C = C(B);
see, for example [8]. We include the assumption of Kohayakawa, Schacht and Spohel [11], that
my(H) > 1, to avoid possible complications arising from H, (and/or H;) being certain forests,
such as those excluded in the statement of Theorem 1.1.

The intuition behind the threshold in Conjecture 1.3 is most readily explained in the case
of r =3, H, = H3 and when my(H;) > my(Hj, H). (The following explanation is adapted from
[6].) Firstly, observe that we can assign colour 1 to every edge that does not lie in a copy of Hj.
Since my(H1) > my(H1, Hy), we expect that the copies of H; in G, with p = O(n~1/m(HiH2)Y g

IThis version of the conjecture is the same as that given in [15].
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not overlap much (by similar reasoning as in the intuition for the threshold in Theorem 1.1).
Hence the number of edges left to be coloured is of the same order as the number of copies
of Hy, which is @(n"(Hl)pe(Hl)). If we further assume that these edges are randomly distributed
(which is not correct, but gives good intuition) then we get a random graph G* with edge prob-
ability p* = @(n"HD=2petH)) Now we colour G* with colours 2 and 3, and apply the intuition
from the symmetric case (as H, = H3): if the copies of H; are heavily overlapping then we can-
not hope to colour without getting a monochromatic copy of Hj, but if not then we should
be able to colour. As observed before, a threshold for this property is p* = n~1/"2(H2) Solving
n"HD=2pe(Hh) — y=1/ma(H2) for p then yields p = n~1/"2(H1H2) the conjectured threshold.

After earlier work (see e.g. [6, 7, 10, 11, 14]), the 1-statement of Conjecture 1.3 was proven by
Mousset, Nenadov and Samotij [15].

1.3 The 0-statement of the Kohayakawa-Kreuter Conjecture

In this paper, we are interested in the 0-statement of Conjecture 1.3, which has so far only been
proven when H; and H; are both cycles [10], both cliques [14] and, recently, when H is a clique
and H; is a cycle [12]. We also note that the authors of [6] prove, under certain balancedness
conditions, the 0-statement of a generalised version of Conjecture 1.3 which allows Hy, . . ., H, to
be uniform hypergraphs.

Definition 1.4. Let H; and H, be non-empty graphs. We say that a graph G has a valid edge-
colouring for H; and H; if there exists a red/blue colouring of the edges of G that does not produce
ared copy of H; or a blue copy of H;.

To prove the 0-statement of Conjecture 1.3, one only needs to show that G = Gy, has a valid
edge-colouring for H; and H, asymptotically almost surely (a.a.s.) (that is, we ignore Hs, . .., H,
and colours 3, . . ., r). Further, when m;(H;) > my(H;) we can assume when trying to prove the 0-
statement of Conjecture 1.3 that H; is strictly 2-balanced and H; is strictly balanced with respect to
dy (-, Hy). Indeed, if either of these assumptions do not hold then one can replace H; and H; with
subgraphs H; € H; and Hj € H; such that H) is strictly 2-balanced and Hj is strictly balanced
with respect to dy (-, H,). Then we would aim to show that G has a valid edge-colouring for H}
and H, a.a.s. Similarly, when m,(H;) = m,(H,), we can assume when proving the 0-statement of
Conjecture 1.3 that both H; and H; are strictly 2-balanced.

In past work on attacking O-statements of Ramsey problems (e.g. Conjecture 1.3 and
Theorem 1.1), researchers have applied variants of a standard and natural approach (see e.g. [10,
12, 14, 19]). The main contribution of this paper is to prove that every step of this approach,
except one, holds with respect to Conjecture 1.3. That is, we reduce Conjecture 1.3 to a single
subproblem. To state this subproblem we require a number of definitions adapted from [14].

Definition 1.5. For any graph G we define the families
Rg:={RCG:R=H }and L5:={L S G:L=H,}
of all copies of Hy and H; in G, respectively. Furthermore, we define
c={LeLs:VYec E(L) IR R¢ s.t. E(L) N E(R) = {e}} C Lg,

the family of copies L of H, in G with the property that for every edge e in L there exists a copy R
of Hj such that the edge sets of L and R intersect uniquely at e;

C=C(Hy, Hy):={G=(V,E):Vee EI(L,R) € L x R s.t. (L) N ERR) = {e}},

2Which would immediately imply that G has a valid edge-colouring for H; and H».
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H1 € H2

Figure 1. A copy of H; intersecting a copy of H, at an edge e where H; = Ki, H, = C4 and e is yet to be coloured.

Figure 2. Acopy L of H, suchthatl e EZ, where H; = K4, H, = C4 and the edges of L are yet to be coloured.

the family of graphs G where every edge is the unique edge-intersection of some copy L of H, and
some copy R of H}; and

C*=C*(Hy, Hy):={G=(V,E):Vec ELe L st.ec E(L)},

the family of graphs G where every edge is contained in a copy L of H, which has at each edge e
some copy R of Hj attached such that E(L) N E(R) = {e}.

Note that C*(H;, H2) € C(Hj, Hy). Also, it is important to note that for L € L., the vertex sets
of copies of H; appended at edges of L may overlap with each other and/or intersect with more
than 2 vertices of L (that is, more than the 2 vertices of the edge of L they are appended at).

Let us now discuss the relevance of these sets of graphs to proving the 0-statement of
Conjecture 1.3. Recall that we aim to show that G = G, has a valid edge-colouring for H; and
H,. Now, certain obstacles relating to C, L, and C* may appear while we are constructing such a
valid edge-colouring. For instance, say there exists a subgraph G’ C G such that G’ € C. Then each
edge e € E(G') has a copy R of H; and a copy L of H, in G that uniquely edge-intersect in that edge.
Say during the construction of our colouring we come to a point where every edge of E(R) \ {e} is
coloured red, every edge of E(L) \ {e} is coloured blue and e is yet to be coloured (see Figure 1).
Then however we colour the edge e, we have a red copy of H; or a blue copy of H,. Hence one
must be careful when constructing a valid edge-colouring in graphs from C.

Now say there exists a subgraph G' € G such that G' € C*. Then each edge e € E(G') is con-
tained in some copy L of Hj such that L € L, that is, L has a different copy R, of H; appended at
each edge ¢ € E(L) such that E(L) N E(Ry) = {e}. Similarly as before, say during the construction
of our colouring we come to a point where every edge of E(R,) \ {€'} is red (see Figure 2).

However we colour the edges of L, we will produce a red copy of H; or a blue copy of
H,. Observe that the structure in Figure 2 is essentially a generalisation of the structure in
Figure 1. Indeed, C* € C. Hence graphs in C* are also possibly difficult to construct a valid
edge-colouring in.
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For the next section we need also the following definition. For a graph H, we define
d(H) := ey /vy if v(H) > 1 and d(H) := 0 otherwise. Also, define m(H) := max{d(J):] C H}.

1.4 The family of graphs A(H,, Ha, ¢)

Throughout the rest of this section, assume that # is sufficiently large and for some constant b > 0
that p = bn=1/"™MHLH) We now define a very important family of graphs which we will need
to state our reduction of Conjecture 1.3. These graphs present potentially significant obstacles
to constructing a valid edge-colouring in G, a.a.s. After defining this family of graphs we will
explain the thinking behind each part of the definition.

Definition 1.6. Let H; and H, be non-empty graphs such that my(H;) > my(H;) > 1. Let
& :=¢(Hy, Hy) > 0 be a constant. Define A = A(H;, Hy, €) to be
{A € C*(Hy, Hy) : m(A) < my(Hy, Hy) + € A A is 2-connected} if my(Hy) > my(Hy),

{A € C(Hy, Hy) : m(A) < my(Hy, Hy) + € A A is 2-connected} if my(Hy) = my(Hy).

1.4.1 Why do we have m(A) < m,(H1, Hy) +&?
We require the following definition: For any graph F, let

The definition of A(F) is motivated by the fact that the expected number of copies of F in G, has
order of magnitude

1" peE) — pelE) ph(B),

LetA € A(Hl, H,, ¢) for some pair of graphs H; and H; with m,(H;) > my(H;) > 1 and a constant
¢ := ¢(Hy, Hy) > 0. Now, assuming m(A) = d(A) (= |E(A)|/|V(A)]), observe that the following
inequalities are equivalent.
m(A) < my(Hy, Hy)
|E(A)]
my(Hy, Hz)
0< A(A).

< [V(A4)]

Thus, if m(A) < my(Hy, Hz), then the expected number of copies of A in G, has order of
magnitude w(1). Thus such graphs A can be expected to be found in G, a.a.s.

Now consider if instead we had m(A) > m(Hj, H) + €. Then the following inequalities are
equivalent.

m(A) > my(Hy, Hy) + ¢

[V(A)le

MA) < = By

Thus the expected number of copies of A in G, has order of magnitude o(1), that is, there are no
copies of A in G, a.as.
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Hence graphs A € A have sufficiently low density to plausibly exist in Gyp. Note that we stip-
ulate m(A) < my(Hy, Hy) + & rather than m(A) < my(Hy, Hy) so that later we can argue® that

2-connected graphs A € C*(H;, H,) that do not belong to A have m(A) > my(Hy, Hy) + &, and
$0, as just noted, do not appear in G, a.a.s.

1.42 WhyisAeCorC*?
As discussed at the end of Section 1.3, graphs in C and C* contain certain structures which could
be obstacles to constructing a valid edge-colouring.

1.4.3 Why is whether A € C* or A € C dependent on m,(H;) and m,(H,)?

Now let us consider why in the definition of A we have that A € C*(H,, Hy) when my(Hy) >
my(H;) but A € C(Hy, Hy) when my(H;) = my(Hy). In short, the defining structure of graphs in
C*(Hy, H) - that of a copy of H, with appended copies of H; at its edges (see Figure 2 e.g.)
- is ‘meaningful’ when my(H,) > my(H;) but not when my(H;) = my(H;). The following result
will aid us in elaborating on this remark. It illuminates the relationship between the one and two
argument m; measures and can be readily proven using elementary arguments.

Proposition 1.7. Suppose that H, and H, are non-empty graphs with my(H,) > my(Hy). Then we
have

my(Hy) > my(Hy, Hy) > my(Hy).
Moreover,
my(Hy) > my(Hy, Hy) > my(H,) whenever my(Hy) > my(Hy).

Recall from earlier that we can assume when proving the 0-statement of Conjecture 1.3
that my(H;) > my(H,) > 1, H; is strictly 2-balanced, and H; is strictly balanced with respect to
dy(-, Hp) if my(Hy) > my(H,) and strictly 2-balanced if m,(H;) = my(H3). Assuming these den-
sity conditions, one can view the values of my(H}), my(Hi, Hz) and my(H3) in a particular way
which will be relevant across this paper. Take a copy of H; and attach a copy of H; to get the same
structure as in Figure 1. Then, if we take the number of edges we added to the copy of H; and
divide it by the number of vertices we added, this is precisely

|E(Hz)| — 1

_— = H,).

Vi) —2 "
Similarly, if one takes a copy of H; and attaches a copy of H, with |E(H;)| — 1 appended copies of

Hj at each of its edges precisely as in Figure 2, then the number of edges added to the copy of H;
over the number of vertices added is

[EHDI(E(H2)| — 1) _ |E(H)I
(IVHD) = 2)(IEH) - D+ (V(H)| =2)  |V(H)| -2+ %
|E(HY)|

= = my(Hy, Hy),
1
|V(H1)| - 2 + mz(Hz)

where in the my(H;) = my(H,) case the final equality follows from H; being strictly 2-balanced
and Proposition 1.7.4 Also, if we attach a copy of H; to a copy of Hj or Hj in a similar manner
to the structure in Figure 1 (at a single edge with no additional vertices or edges overlapping)

3For instance, in the proof of Claim 6.1.
“That is, H; is balanced with respect to d, (-, H,) when my(H;) = my(H,) and Hj is strictly 2-balanced.
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and H, is strictly 2-balanced, then the number of edges added over the number of vertices added
is my(H;). For brevity, let F; be the graph in Figure 1 and F, be the graph in Figure 2, ignor-
ing the colouring of the edges. If my(H;) = my(H3), then my(H,) = my(Hy, Hy) = my(H,) by
Proposition 1.7 and one can calculate that A(H;) = A(H,) = A(F;) = A(F,), that is, the expected
numbers of these graphs in G, , are approximately the same; they have the same orders of magni-
tude. Moreover, if we appended less than |E(H,)| — 1 copies of Hj to the copy of H,> - call such
a graph F, - then we would still have A(F}) = A(H}). However, when m;(Hy) > m3(H;) we have
my(Hy) > my(Hy, Hy) > my(H,) by Proposition 1.7, and one can calculate that A(H;) = A(F»),
but A(H1) < A(F1). Thus, speaking broadly, F; is more likely to appear in G, than H;. In fact,
A(Hp) < M(F,), irrelevant of the position and number of the appended copies of H; in F}.

Thus when my(H;) =my(H,), Az is not a particularly meaningful construction, but when
my(Hy) > my(H,) we see that A, makes more sense to consider. One can observe that this
accords with Proposition 1.7, in that either my(H;) = my(H,, Hy) = my(H3), and so my(Hy, Hz)
does not have a distinct value, or my(Hy) > my(Hy, Hz) > ma(Hz) and my(Hy, Hz) does have a
distinct value. See Section 9 for additional discussion on why for A € A we take A € C when
my(Hy) = my(Ha).

1.4.4 Why is A a 2-connected graph?

Let G = G, and consider the collection of F(G) of maximally 2-connected subgraphs A of G.®
Thus E(G) can be partitioned into F,(G) and a forest F1(G). Later, we will prove that the density
conditions we can assume for H; and H, when proving the 0-statement of Conjecture 1.3 imply
that H; and H, are 2-connected (see Lemma 4.2). Thus, assuming these density conditions, no
copy of Hy or Hj has edges that lie in two different graphs in F»(G). Importantly, this means that
if each graph in F,(G) has a valid edge-colouring for H; and H>, then there exists a valid edge-
colouring covering every graph in F,(G). Further, the edges of the forest F1(G) belong to no copies
of H; and H; in G, thus we can colour them any way we want. So with regard to finding a valid
edge-colouring of G, we can reduce to looking at 2-connected graphs. Hence we reduce to looking

at 2-connected graphs for A.

1.5 Reduction of Conjecture 1.3
We now state the subproblem we reduce Conjecture 1.3 to as the following conjecture.

Conjecture 1.8. Let H; and H, be non-empty graphs such that Hy # Hy and my(Hy) > my(H>).
Assume H, is strictly 2-balanced. Moreover, assume H, is strictly balanced with respect to da(-, Hy)
if my(Hy) > my(Hy) and strictly 2-balanced if my(Hy) = my(Hy). Then there exists a constant
g :=¢&(Hy, Hy) > 0 such that the set A is finite and every graph in A has a valid edge-colouring
for Hy and H,.

Notice that we can assume H; # H, as the H; = H, case of Conjecture 1.3 is handled by
Theorem 1.1.

To be clear, the main purpose of this paper is to show that if Conjecture 1.8 holds then the rest
of a variant of a standard approach for attacking the 0-statement of Conjecture 1.3 falls into place.
That is, Conjecture 1.8 is a natural subproblem of Conjecture 1.3. Thus we prove the following
theorem.

Theorem 1.9. If Conjecture 1.8 is true then the 0-statement of Conjecture 1.3 is true.

5In the same manner as F; - attaching the copies at single edges and not overlapping additionally with any other vertices or
edges of the copy of H or any of the other copies of H;.
®That is, if e € A for some graph A in F,(G), then there does not exist some A’ C G such that A C A" and A’ is 2-connected.
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We prove Conjecture 1.8 for almost every pair of regular graphs, which, by Theorem 1.9,
significantly extends the class of graphs for which the 0-statement of Conjecture 1.3 is resolved.

Theorem 1.10. Let H, and H, meet the criteria in Conjecture 1.8. In addition, let Hy and H; be
regular graphs, excluding the cases when (i) Hy and H, are a clique and a cycle, (ii) Hy is a cycle and
|V(Hy)| = |V(Hy)| or (iii) (H1, H2) = (K3, K3 3). Then Conjecture 1.8 is true for Hy and H.

As a natural subproblem of the 0-statement of Conjecture 1.3, we believe that Conjecture 1.8
is a considerably more approachable problem than the 0-statement of Conjecture 1.3. Indeed, the
techniques used in the proof of Theorem 1.10 are elementary and uncomplicated. Thus, we hope
that a full resolution of Conjecture 1.3 can be achieved via Theorem 1.9.

2. Overview of the proof of Theorem 1.9

As mentioned earlier, to prove Theorem 1.9 we will employ a variant of a standard approach for
attacking 0-statements of Ramsey problems. For attacking the 0-statement of Conjecture 1.8, this
standard approach is as follows:

+ For G= Gy, assume G — (Hy, Hy);

« Use structural properties of G (resulting from this assumption) to show that G contains at
least one of a sufficiently small collection of non-isomorphic graphs F;

« Show that there exists a constant b > 0 such that for p < bn~1/m2(HuH2) ywe have that G
contains no graph in F a.a.s;

+ Conclude, by contradiction, that G 4 (H;, H) a.a.s.

The variant of this approach we will use is due to Marciniszyn, Skokan, Spohel and Steger [14],
who proved Conjecture 1.3 for cliques. In [14], for r > £ > 3, they employ an algorithm called
Asym-Edge-Col which either produces a valid edge-colouring for K; and Ky of G (showing that
G 4 (K;, Ky)) or encounters an error. Instead of assuming G — (K, K¢), they assume algorithm
Asym-Edge-Col encounters an error, and proceed with the standard approach from there. One
of the advantages of this approach is that it provides an algorithm for constructing a valid edge-
colouring for K, and Ky, rather than just proving the existence of such a colouring.

2.1 On Conjecture 1.8

As mentioned earlier, we provide all but one step, Conjecture 1.8, of this approach. Let us con-
sider how Conjecture 1.8 relates to previous work on the 0-statement of Conjecture 1.3. Firstly,
Conjecture 1.8 was implicitly proven for pairs of cliques in [14] and pairs of a clique and a cycle
in [12]. More specifically, when H; and H, are both cliques (except when H; = H, = K3)”, the
authors of [14] prove a slightly more general version of Conjecture 1.8 (Lemma 8 in [14]) where

fl(H 1, Ha, €) is replaced with the set
A(Hy, Hy) :=1{A € C(Hy, Hy) : m(A) < my(Hy, Hy) + 0.01 A A is 2-connected}.
Note that the proof of Lemma 8 in [14] shows that A(H;, H2) # ¢ for certain pairs of cliques H;

and H,. When H; is a clique, H; is a cycle and H; # H; (that is, excluding again the case when
H; = H) = K3), the proof of Lemma 3.3 in [12] implies that there exists a constant & > 0 such that

A(Hl, H2, 8) =0.
For reference, we note here the places in our proof of Theorem 1.9 where we specifically need
Conjecture 1.8 to hold:
o the proof of Lemma 5.3;

7The case H; = H, of Conjecture 1.3 is, of course, covered by Theorem 1.1.
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o the proofs of Claims 6.6 and 7.6;
o the definition of y = y(Hj, H,) in Section 6.

2.2 Proof sketch of Theorem 1.9

Let us now proceed with describing the proof of Theorem 1.9 in detail. In what follows, we write
(Result A; Result B) to mean that ‘Result B in [14] fulfils the same role (in [14]) as Result A does
in our proof of Theorem 1.9. This is to illustrate how we indeed provide every step bar one
(Conjecture 1.8) of a proof of the 0-statement of Conjecture 1.3.

Firstly, as in [14], we give an algorithm Asym-Edge-Col that, assuming Conjecture 1.8 holds,
produces a valid edge-colouring for Hy and H, of G = Gy, , provided it does not encounter an error
(Lemma 5.4; Lemma 11). Our aim then is to prove that Asym-Edge-Col does not encounter an
error a.a.s. (Lemma 5.5; Lemma 12), that is, G / (H;, Hz) a.a.s. We split our proof of Lemma 5.5
into two cases: when m;,(Hy) > my(H;) and when m,(H;) = my(H,).

Suppose for a contradiction that Asym-Edge-Col encounters an error. Let G’ C G be the graph
that Asym-Edge-Col got stuck on when it encountered this error. In the m,(H;) > my(H>) case,
we input G’ into an auxiliary algorithm Grow which always outputs a subgraph F C G’ (Claim 6.1;
Claim 13) belonging to a sufficiently small collection of non-isomorphic graphs F. The definition
of 7 will be such that with high probability no copy of any F € F will be present in G, 5, provided
that | F| is sufficiently small.

In order to show |F] is sufficiently small, we carefully analyse the possible outputs of Grow.
Assuming Conjecture 1.8 holds, we show that only a constant number of graphs can be produced
by Grow if one of two special cases occurs. If neither of these special cases occur, then, starting
from a copy of Hj, in each step of Grow our subgraph F is constructed iteratively by either (i)
appending a copy of H; to F or (ii) appending a ‘flower-like’ structure to F, consisting of a cen-
tral copy of H, with ‘petals’ that are appended copies of H;. We say an iteration is degenerate if
it is of type (i) or, loosely speaking, of type (ii) where ‘the flower is folded in on itself or into F.
Otherwise an iteration is called non-degenerate. Denote by A(F) the order of magnitude of the
expected number of copies of F in Gy, with p = bn~1/ ma(HiH2) Key to showing | F| is sufficiently
small is proving that A(F) stays the same after a non-degenerate iteration (Claim 6.2; Claim 14)
and decreases by a constant amount after a degenerate iteration (Claim 6.3; Claim 15). Indeed, one
of the termination conditions for Grow is that A(F) < —y (where y = y (H1, Hp, €) > 0 is defined
later in Section 6, given ¢ = ¢(Hy, H) > 0, the constant acquired from assuming Conjecture 1.8
holds), that is, only a constant number of such degenerate steps occur before Grow terminates
(Claim 6.4; Claim 16). Proving Claim 6.3 is the main work of this paper. An important step in
proving it is showing that if an iteration of type (ii) occurs where, loosely speaking, ‘the flower is
folded in on itself, we get a helpful inequality comparing this iteration with a non-degenerate
iteration (Lemma 6.8; Lemma 21). Indeed, the most novel work of this paper is the proof of
Lemma 6.8.

The proof of Lemma 5.5 in the my(H;) = m(H) case is both similar and significantly simpler.
Notably, we use a different algorithm, Grow-Alt, to grow our subgraph F C G'. Our analysis of
Grow-Alt is much quicker than that of Grow, allowing us to easily prove a result analogous to
Claim 6.3.

2.3 Differences between our work and [14]

As mentioned earlier, our approach to proving Theorem 1.9 builds on the work of Marciniszyn,
Skokan, Spohel and Steger in [14]. For readers familiar with [14], we include the following list of
differences between this paper and [14] (some of which we have already noted):
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« We prove and employ a new result (Lemma 4.2) concerning types of balancedness and
2-connectivity;

o When my(H;) > my(H;), we refine the proof in [14] to consider /Al(Hl, H>, &) instead of
A(Hy, Hp)s

o We generalise from considering triangle-sparse graphs to considering (H;, H,)-sparse
graphs (see Section 5);

o Lemma 6.8 and its setup (see Sections 6.2 and 6.3) are quite different to Lemma 21 and its
setup in [14];

« Although Claim 6.9 is analogous to Claim 19 in [14], its proof is quite different, utilising
the balancedness properties of H; and H;

+ Although Claim 6.10 is analogous to Claim 22 in [14], our proof is slightly different, swap-
ping the latter two steps of the proof of Claim 22 in order to apply our Lemma 6.8 in place
of Lemma 21;

« To account for H; and H, possibly having less structure than cycles or cliques®, the
statement of Claim 6.5 and the proofs of Claims 6.5 and 6.6 differ somewhat from their
counterparts (Claims 17 and 18) in [14];

o When m,(H;) = my(H>), we use a slightly different algorithm Grow-Alt (see Section 7) to
algorithm Grow.

3. Organisation of paper

The paper is organised as follows. In Section 4, we collect together notation, density measures
and several useful results we will need. In Section 5, we give our algorithm Asym-Edge-Col for
producing a valid edge-colouring for H; and H; of G = Gy, provided it does not encounter an
error (and Conjecture 1.8 holds for Hy and H>). In Sections 6-6.3, we prove that Asym-Edge-Col
does not encounter an error a.a.s. (Lemma 5.5) in the case when m,(H;) > m,(H>). In Section 7,
we prove Lemma 5.5 in the case when my(H;) = my(H>). In Section 8, we prove Theorem 1.10,
before providing some concluding remarks in Section 9.

4. Notation, density measures and useful results

As far as possible we keep to the notation used in [14]. Also, we repeat several definitions used
earlier for ease of reference.

Let G=(V,E) be a graph. We denote the number of vertices in G by v(G) =vg:=|V(G)|
and the number of edges in G by e(G) = e := |E(G)|. Moreover, for graphs H; and H, we let
vy :=|V(Hy)|, ey := |[E(H1)l|, v2 := |V(H2)| and e; := |E(H3)|.

Let H be a graph. The most well-known density measure is

ey/vy ifv(H) > 1,
d(H):=
0 otherwise.
Taking the maximum value of d over all subgraphs ] C H, we have the following measure
m(H) := max{d(J) :] < H}.
(We say that a graph H is balanced with respect to d, or just balanced, if we have d(H) = m(H).
Moreover, we say H is strictly balanced if for every proper subgraph J C H, we have d(J) < m(H).)

81n particular, for i € {1, 2}, H; may not have the property that when one removes any single edge (and no vertices) from H;
one gets the same isomorphic graph, irrespective of which edge is removed.
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In [19], R6dl and Rucinski introduced the following so-called 2-density measure.
(eg —1)/(vg —2) if H is non-empty with v(H) > 3,
dy(H):= {1/2 ifH=K,,
0 otherwise.

As with d, we have an associated measure based on maximising d, over subgraphs of H:
my(H) := max{dz(]) :JC H} .

Analogously to the notion of balancedness, we say that a graph H is 2-balanced if d,(H) =
my(H), and strictly 2-balanced if for all proper subgraphs ] C H, we have dy(J) < my(H).

Regarding asymmetric Ramsey properties, in [10], Kohayakawa and Kreuter introduced the
following generalisation of d,. Let H; and H; be any graphs, and define

el

-2
dy(Hy, Hy):= {7 @)

0 otherwise.

if H is non-empty and v; > 2,

Similarly to before, we have the following measure based on maximising d, over all subgraphs
J € Hi.

my(Hy, Hy) := max{dy(J, Hy):] S Hi } .

We say that H; is balanced with respect to dy(-, Hy) if we have dy(Hy, Hy) = my(H;, Hy) and
strictly balanced with respect to dy(-, Hy) if for all proper subgraphs J C H; we have d»(J, Hy) <
my(Hy, H).

Observe that m;(-, -) is not symmetric in both arguments. Recall Proposition 1.7.

Proposition 1.7. Suppose that H, and H, are non-empty graphs with my(H;) > my(H3). Then
we have

my(Hy) > my(Hy, Hy) > my(Hy).
Moreover,
my(Hy) > my(Hy, Hy) > my(H,) whenever my(Hy) > my(H,).

Note that if my(H;) = my(H,) and H; and H; are non-empty graphs, then H; cannot be strictly
balanced with respect to d (-, Hz) unless H; = K. Indeed, otherwise, by Proposition 1.7 we would
then have that

my(Ha) = my(Hy, Hy) > da (K, Hp) = my(Hy).
The following fact will be useful in the proofs of Lemmas 4.2 and 6.8.
Fact4.1. Fora,c,Ce R and b,d > 0, we have

a c a—+c
) —<C A -=<C
W 5=Crg=C= 13

and similarly, if also b > d,

< Cand (i) gch 2 >C = ZI

o

>C

QU

Gi) 2<cnfsc= 2" <Cand i) 2>cr S <c= 2" >
111 b_ d_ b—d_ an 14% b_ d_ b—d_ .

The following result will be very useful for us, creating an important connection between types
of balancedness and 2-connectivity.

Lemma 4.2. Let Hy and Hj be graphs such that either (i) my(H;) > my(Hz) > 1, Hy is strictly 2-
balanced and H; is strictly balanced with respect to da (-, Ha); or (ii) my(H;) = my(H,) > 1 and H,
and H; are both strictly 2-balanced. Then H, and H, are both 2-connected.
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Proof. By [16, Lemma 3.3], strictly 2-balanced graphs are 2-connected, hence (ii) holds and H,
is 2-connected in case (7). We now use a very similar method to that of the proof of Lemma 3.3
to show that H; is 2-connected in case (). Since H is strictly balanced with respect to da (-, Hz),
we have that H; is connected. Indeed, assume not. Let H; have k > 2 components and denote the

number of vertices and edges in each component by u, . . ., ux and dy, . . ., di, respectively. Then
since H is strictly balanced with respect to d> (-, H;), we must have that
k
Shdo

k 1 1
Zi:l Ui — 2+ my (Hy) U — 2 + my(Hp)
and
k k
Zi:l di < Zi:z di
k 1 k 1
Dz 4i— 2 ma(Hz) Dimp i =2 ma(Hz)
Since my(H;) > 1, by Fact 4.1(i) we get that

k k k
Zizl d; > Zi:l di > Zi:l di
k 1 — <k 2 k 10
Yiciti =2+ gy L i~ 4ty Lo i 2 oy

a contradiction.

Assume Hj is not 2-connected. Then there exists a cut vertex’ v € V(H;). Further, using
Proposition 1.7 alongside that H; is strictly balanced with respect to dx(-, H) and my(H;) >
my(H;) > 1, we can show that H; does not contain any vertex of degree 1. Indeed, otherwise

e ‘L —— =my(H;, Ha), contradicting that H; is strictly balanced with respect
v173+m v172+m2(H2)

to da (-, Hy). Thus there exist subgraphs J; and J, of H; such that |E(J1)], |[E(J2)| > 1,1 U, = H;
and V(J1) N V(J) = {v}. Using Fact 4.1(i) and that H is strictly balanced with respect to ds(-, Hz),
we have that

1 1
er=ej, +e, < mz(Hl,H2)<v -2+ +v, —24+ )
]1 ]2 ]1 mZ(HZ) ]2 mZ(HZ)

2
_ mz(Hl,Hz>(V1 -3+ mz(Hz)) '

However, since mj(H,) > 1 we also have that
el (4]

— > — =mz(Hi, Hy),
vi—3+ ma(Hp) vi—2+ my(H>)

contradicting the inequality above. Hence H is 2-connected. u

5. Algorithm for computing valid edge-colourings: Asym-Edge-Col

To prove Theorem 1.9, we can clearly assume H; and H, are non-empty graphs satisfying
the criteria of Conjecture 1.8 and that Conjecture 1.8 itself holds. Suppose G =G, and p <
bn~1/m(HLH2) ywhere b will be a small constant defined later. As noted earlier, to prove Conjecture
1.3 we can show that a.a.s. G has a valid edge-colouring for H; and H,. We construct our valid
edge-colouring using an algorithm Asym-Edge-Col (see Figure 3). In order to state the algorithm
succinctly, we need to define a considerable amount of notation, almost all of which we keep very
similar to that in [14].

9That is, removing v and its incident edges from H; produces a disconnected graph.
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1:
2
3
4
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:

procedure AsyM-EDGE-CoOL(G = (V, E))

s <= EMPTY-STACK()
E'+ FE
L+ ﬁG
while G/ = (V, E’) is not (Hy, Hy)-sparse or not an A-graph do
if 3e€ ' st. B(L,R) € L x Rer : BE(L) N E(R) = {e} then
forall Le L:ec E(L) do
s.PUSH(L)
L.REMOVE(L)
end for
s.PUSH(e)
E’ REMOVE(e)
else
ifILe L£: Jec E(L) st. AR € R with E(L) N E(R) = {e} then
s.PUSH(L)
L.REMOVE(L)
else
error “stuck”
end if
end if
end while
A-coLour(G' = (V, E"))
while s # () do
if s.TopP() is an edge then
e < s.POP()
E’.ApD(e)
€.SET-COLOUR(blue)
else
L + s.poP()
if L is entirely blue then
f+anye€ E(L)st. BRE Re : E(L)NE(R) = {e}
f.SET-COLOUR(red)
end if
end if
end while

36: end procedure

Figure 3. The implementation of algorithm Asym-Edge-Col.

Recall Definition 1.5. In particular, recall that for any graph G we define the families

RG:={RCG:R=H;}and LG:={LC G:L=H>}

of all copies of Hy and H; in G, respectively. Also, recall the family

“:={LeLg:Vee E(L) IR € R¢ s.t. E(L) N E(R) = {e}}.

We highlight here that if E(L) N E(R) = {e} for some L € L and R € R then it is still possible
that |[V(L) N V(R)| > 2. .

Recall Definition 1.6. Intuitively, the graphs in A are the building blocks of the graphs G which
may remain after the edge deletion process in Asym-Edge-Col (described later).

For any graph G, define

S ={SCG:SZAc ANPS DSwithS CG, S =A e A,
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that is, the family Sg contains all maximal subgraphs of G isomorphic to a member of .A. Hence,
there are no two members S;, S; € Sg such that S; C S,. For any edge e € E(G), let

Sgle) :={Se Sg:ecES)}.

Definition 5.1. We call G an /Al—graph if, for all e € E(G), we have
|S(e)| =1.

In particular, an A-graph is an edge-disjoint union of graphs from A. In an A-graph G, a copy
of H; or H, can be a subgraph of G in two particular ways: either it is a subgraph of an S € Sg or it
is a subgraph with edges in at least two different graphs from Sg. The former we call trivial copies
of H; and H,, and we define

To={TCSG:(T=H VI=ZH)A| | ] Sole)|>2
ecE(T)

to be the family of all non-trivial copies of H; and H; in G.
Definition 5.2. We say that a graph G is (H;, Hy)-sparse if Tg = .

Our next lemma asserts that (H,, H,)-sparse A-graphs are easily colourable, provided
Conjecture 1.8 holds.

Lemma 5.3. There exists a procedure A-Colour that returns for any (Hy, Hy)-sparse A-graph G a
valid edge-colouring for Hy and H,.

Proof. By Conjecture 1.8, there exists a valid edge-colouring for H; and H; of every A € A.
Using this we define a procedure A-Colour(G) as follows: Assign a valid edge-colouring for
H; and H, to every subgraph S € Sg locally, that is, regardless of the structure of G. Since
G is an (Hj, H)-sparse ft—graph, we assign a colour to each edge of G without producing a
red copy of H; or a blue copy of Hj, and the resulting colouring is a valid edge-colouring for
H; and H; of G. g

Note that we did not use that A is finite, as given by Conjecture 1.8, in our proof of Lemma 5.3,
only that ‘every graph in A has a valid edge-colouring for H; and H,’. The finiteness of A will be
essential later for the proofs of Claims 6.6 and 7.6.

Now let us describe the algorithm Asym-Edge-Col which if successful outputs a valid edge-
colouring of G. In Asym-Edge-Col, edges are removed from and then inserted back into a working
copy G' = (V, E') of G. Each edge is removed in the first while-loop only when it is not the unique
intersection of the edge sets of some copy of H; and some copy of H, in G’ (line 6). It is then
‘pushed’'? onto a stack s such that when we reinsert edges (in reverse order) in the second while-
loop we can colour them to construct a valid edge-colouring for H; and H; of G; if at any point G
is an (H,, H)-sparse A-graph, then we combine the colouring of these edges with a valid edge-
colouring for H; and H; of G’ provided by A-Colour. We also keep track of the copies of H, in G
and push abstract representations of some of them (or all of them if G’ is never an (H;, H,)-sparse
A-graph during Asym-Edge-Col) onto s (lines 8 and 15) to be used later in the colour swapping
stage of the second while-loop (lines 30-32).

Let us consider algorithm Asym-Edge-Col in detail. In line 5, we check whether G’ is an
(Hy, Hy)-sparse fl—graph or not. If not, then we enter the first while-loop. In line 6, we choose
an edge e which is not the unique intersection of the edge sets of some copy of H; and some copy

0For clarity, by ‘push’ we mean that the object is placed on the top of the stacks.
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of Hy in G’ (if such an edge e exists). Then in lines 7-12 we push each copy of H; in G’ that con-
tains e onto s before pushing e onto s as well. Now, if every edge e € E’ is the unique intersection
of the edge sets of some copy of H; and some copy of H; in G/, then we push onto s a copy L
of H, in G’ which contains an edge that is not the unique intersection of the edge set of L and
the edge set of some copy of H; in G'. If no such copies L of H; exist, then the algorithm has an
error in line 18. If Asym-Edge-Col does not run into an error, then we enter the second while-loop
with input G'. Observe that G’ is either the empty graph on vertex set V or some (Hy, H)-sparse
fl-graph. By Lemma 5.3, G’ has a valid edge-colouring for H; and H;. The second while-loop
successively removes edges (line 25) and copies of L (line 29) from s in the reverse order in which
they were added onto s, with the edges added back into E’. Each time an edge is added back it is
coloured blue, and if a monochromatic blue copy L of H; is constructed, we make one of the edges
of L red (lines 30-32). This colouring process is then repeated until we have a valid edge-colouring
for H; and H; of G.

The following lemma confirms that our colouring process in the second while-loop produces a
valid edge-colouring for H; and H, of G.

Lemma 5.4. Algorithm Asym-Edge-Col either terminates with an error in line 18 or finds a valid
edge-colouring for Hy and H; of G.

Proof. Our proof is almost identical to the proof of Lemma 11 in [14]. We include it here for
completeness.

Let G* denote the argument in the call to A-Colour in line 22. By Lemma 5.3, there is a valid
edge-colouring for H; and H; of G*. It remains to show that no forbidden monochromatic copies
of Hy or H; are created when this colouring is extended to a colouring of G in lines 23-35.

Firstly, we argue that the algorithm never creates a blue copy of H,. Observe that every copy
of H, that does not lie entirely in G* is pushed on the stack in the first while-loop (lines 5-21).
Therefore, in the execution of the second loop, the algorithm checks the colouring of every such
copy. By the order of the elements on the stack, each such test is performed only after all edges
of the corresponding copy of H, were inserted and coloured. For every blue copy of Hj, one
particular edge f (see line 31) is recoloured to red. Since red edges are never flipped back to blue,
no blue copy of H, can occur.

We need to show that the edge f in line 31 always exists. Since the second loop inserts edges
into G’ in the reverse order in which they were deleted during the first loop, when we select f in
line 31, G’ has the same structure as at the time when L was pushed on the stack. This happened
either in line 8 when there exists no copy of H; in G’ whose edge set intersects with L on some
particular edge e € E(L), or in line 15 when L is not in EZ, due to the if-clause in line 14. In both
cases we have L ¢ L, and hence there exists an edge e € E(L) such that the edge sets of all copies
of H in G’ do not intersect with L exactly in e.

It remains to prove that changing the colour of some edges from blue to red by the algorithm
never creates an entirely red copy of H;. By the condition on f in line 31 of the algorithm, at the
moment f is recoloured there exists no copy of H; in G’ whose edge set intersects L exactly in f.
So there is either no copy of H; containing f at all, or every such copy contains also another edge
from L. In the latter case, those copies cannot become entirely red since L is entirely blue. U

To prove Theorem 1.9, it now suffices to prove the following lemma.

Lemma 5.5. There exists a constant b= b(Hy, Hy) > 0 such that for p < bn=1/m2(HuH) gleorithm
Asym-Edge-Col terminates on G, p without error a.a.s.

We split our proof of Lemma 5.5 into two cases: (1) when my(H;) > my(H>) and (2) when
my(Hy) = my(H). Notice that this accords with our definition of A.
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6. Case 1: my(H;) > my(H3).

We will prove Case 1 of Lemma 5.5 using an auxiliary algorithm Grow (see Figure 4). If
Asym-Edge-Col has an error, then Grow computes a subgraph F C G which is either too large
in size or too dense to appear in G, a.a.s. (with p as in Lemma 5.5). Indeed, letting F be the class
of all graphs that can possibly be returned by Grow, we will show that the expected number of
copies of graphs from F contained in G, is o(1), which with Markov’s inequality implies that
Gpp a.a.s. contains no graph from F. This in turn implies Lemma 5.5 by contradiction. Note that
algorithm Grow is only used for proving Lemma 5.5 and hence does not add anything on to the
run-time of Asym-Edge-Col.

1: procedure GROW(G’' = (V, E))
2 if Ve € E: |S¢/(e)] =1 then
3 T <+ any member of T¢r

4 return {J ¢ gy Scr(€)

5: end if

6 if de € E: |S¢r(e)| > 2 then
7 S, Sy « any two distinct members of Sgr(e)
8 return S; U Sy

9: end if

10: e<anye€ E:|Sg(e)=0
11: Fy+ any Re Ry ZBEE(R)

12: 10

13: while (i < In(n)) A (VE C F; : A(F) > —v) do
14: if AR € R \RE : |V(R) NV (F;)| > 2 then
15: Fiy1+ F;UR

16: else

17: e < ELIGIBLE-EDGE(F;)

18: F;41 + EXTEND-L(Fj, e, G')

19: end if

20: 1+ i+1

21: end while

22: if ¢ > In(n) then

23: return F;

24: else

25: return MINIMISING-SUBGRAPH(F;)

26: end if

27: end procedure

1: procedure EXTEND-L(F,e, G')

2: L+ any LeL{: ec E(L)

3: Fr+ FUL

4: for all ¢’ € E(L) \ E(F) do

5: Ry + any ReE R : E(L)NE(R) = {el}
6: F'«+ F'URy

7 end for

8: return F’

9:

end procedure

Figure 4. The implementation of algorithm Grow.

To state Grow we require the following definitions. Let
1 1

=y(Hy, Hy) = - >
ey my(Hy, Hy)  my(Hy, Hy) + ¢(Hy, Hy)

0, 1)
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where ¢(H1, Hz) is the constant in Conjecture 1.8. Recall that for any graph F, we have
e(F)
 my(Hy, Hy)
and that this definition is motivated by the fact that the expected number of copies of F in G,
with p = bn~1/m™HLH2) has order of magnitude

) peF) — ) (P,

A(F) := v(F)

Also, recall that

To={TCSG(T=H VI=ZH)A| | Sole)|=2
ecE(T)

For any graph F and edge e € E(F), we say that e is eligible for extension in Grow if it satisfies
BLe LEst ecE(L),

and observe that F is in C* (see Definition 1.5) if and only if it contains no edge that is eligible for
extension in Grow.

Algorithm Grow has as input the graph G’ C G that Asym-Edge-Col got stuck on. Let us con-
sider the properties of G’ when Asym-Edge-Col got stuck. Because the condition in line 6 of
Asym-Edge-Col fails, G’ is in the family C, where we recall

C=C(Hy,Hy):={G=(V,E):Vec EA(L,R) € L; x Rg s.t. E(L) N E(R) = {e}}.

In particular, every edge of G’ is contained in a copy L € L of Hy, and, because the condition
in line 14 fails, we can assume in addition that L belongs to L,. Hence, G’ is actually in the family
C* = C*(Hy, Hy) where we recall

C*=C*(H\,Hy):={G=(V,E):Ve€ EJL € L, s.t. e € E(L)}.

Lastly, G is not (Hy, Hy)-sparse or not an A-graph because Asym-Edge-Col ended with an
error.

We now outline algorithm Grow. Firstly, Grow checks whether either of two special cases occur
(lines 2-9). The first case corresponds to when G’ is an A—graph, which is not (Hj, Hy)-sparse as
it is a graph that Asym-Edge-Col got stuck on. The second case happens if there are 2 graphs in
Sc (e) that overlap in (at least) the edge e. The outputs of these two special cases are graphs which
the while-loop of Grow could get stuck on. Indeed, if neither of these cases happen, then in line
10 we can choose an edge e that does not belong to any graph in Sg. Crucially, algorithm Grow
chooses a graph R € R which contains such an edge e and makes it the seed Fy for a growing
procedure (line 11). This choice of Fy will allow us to conclude later that there always exists an
edge eligible for extension in Grow (see the proof of Claim 6.1), that is, the while-loop of Grow
operates as desired and doesn’t get stuck.

In each iteration i of the while-loop, the growing procedure extends F; to Fi;1 in one of two
ways. The first (lines 14-15) is by attaching a copy of H; in G that intersects F; in at least two
vertices but is not contained in F;. The second is more involved and begins with calling a function
Eligible-Edge which maps F; to an edge e € E(F;) which is eligible for extension in Grow (we will
show that such an edge always exists). Importantly, Eligible-Edge selects this edge e to be unique up
to isomorphism of Fj, that is, for any two isomorphic graphs F and F/, there exists an isomorphism
¢ with ¢(F) = F’ such that

¢ (ELIGIBLE-EDGE(F)) = ELIGIBLE-EDGE(F').

In particular, our choice of e depends only on F; and not on the surrounding graph G’ or
any previous graph F; with j <i (indeed, there may be many ways that Grow could construct
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a graph isomorphic to F;). One could implement Eligible-Edge by having an enormous table of
representatives for all isomorphism classes of graphs with up to # vertices. Since we do not care
about complexity here, and only want to show the existence of certain structures in G, the time
Eligible-Edge would take to be implemented is unimportant. What is important is that Eligible-
Edge does not itself increase the number of graphs F that Grow can output.

Once we have our edge e € E(F;) eligible for extension in Grow, we apply a procedure called
Extend-L which attaches a graph L € L7, that contains e to F; (line 18). We then attach to each
new edge ¢’ € E(L) \ E(F;) a graph Ry € R such that E(L) N E(R,) = {¢'} (lines 4-6 of Extend-L).
(We will show later that such a graph L and graphs R, exist and that E(L) \ E(F;) is non- empty. )
The algorithm comes to an end when either i > In(n) or A(F) < —y for some subgraph FCF,.
In the former, the algorithm returns F; (line 23); in the latter, the algorithm returns a subgraph
F C F; that minimises A(F) (line 25). For each graph F, the function Minimising Subgraph(F)
returns such a minimising subgraph that is unique up to isomorphism. Once again, this is to ensure
that Minimising Subgraph(F) does not itself artificially increase the number of graphs that Grow
can output. As with function Eligible-Edge, one could implement Minimising Subgraph using an
enormous look-up table.

We will now argue that Grow terminates without error, that is, Eligible-Edge always finds an
edge eligible for extension in Grow and all ‘any’-assignments in Grow and Extend-L are always
successful.

Claim 6.1. Algorithm Grow terminates without error on any input graph G' € C* that is not

(Hy, Hy)-sparse or not an A-graph."' Moreover, for every iteration i of the while-loop, we have
e(Fit1) > e(F).

Proof. Our proof is very similar to the proof of Claim 13 in [14].

We first show that the special cases in lines 2-9 always function as desired. The first case occurs
if and only if G’ is an .A-graph. By assumption, G’ is not (Hy, Hy)-sparse, hence the family 7¢ is
not empty. Hence the assignment in line 3 is successful. Clearly, the assignment in line 7 is always
successful due to the if-condition in line 6.

One can also easily see that the assignments in lines 10 and 11 are successful. Indeed, neither
of the two special cases occur so we must have an edge e € E that is not contained in any S € Sg'.
Also, there must exist a member of R that contains e because G’ is a member of C* C C.

Next, we show that the call to Eligible-Edge in line 17 is always successful. Recall (1) on page 16.
Indeed, suppose for a contradiction that no edge in F; is eligible for extension in Grow for some i >
0. Then every edge e € E(F;) is in some L € E* , by definition. Hence F € C*. Recall that H; and H
satisfy the criteria of Conjecture 1.8. Hence H, is strictly 2-balanced, Hj is strictly balanced with
respect to dy (-, Hy)) and my(Hy) > my(H;) > 1. Then, by Lemma 4.2, H; and H; are 2-connected,
hence F; is 2-connected by construction. However, our choice of Fj in line 11 guarantees that F; is
not in A. Indeed, the edge e selected in line 10 satisfying |Sg/(e)| = 0 is an edge of Fy and Fy C F; €
G'. Thus, by the definition of A and that my(Hy) > my(H,), we have that m(F;) > my(Hy, Hy) + .
Thus, there exists a non-empty graph F C F; with d(F) = m(F;) such that

. e(F)
my(Hy, Hy)

- 1 1
=(b) <m(Fi) B m2(Hl)H2)>

~ 1 1
=eb) (mz(Hl,Hz) te mz(Hth))
=—ye(F) <—y.

USee Definitions 5.1 and 5.2.

https://doi.org/10.1017/50963548322000219 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548322000219

244 Joseph Hyde

Thus Grow terminates in line 13 without calling Eligible-Edge, and so every call to Eligible-
Edge is successful and returns an edge e. Since G’ € C*, the call to Extend-L(F;, e, G') is also
successful and thus there exist suitable graphs L € L%, with e € E(L) and Ry for each ¢’ € E(L) \
E(F).

It remains to show that for every iteration i of the while-loop, we have e(F;y;) > e(F;). Since a
copy R of H found in line 14 is a copy of H; in G’ but not in F; (and H; is connected), we must
have that F;;; = F; U R contains at least one more edge than F;.

So assume lines 17 and 18 are called in iteration i and let e be the edge chosen in line 17
and L the subgraph selected in line 2 of Extend-L(F;, e, G'). By the definition of L"&,, for each
¢’ € E(L) there exists Ry € R such that E(L) N E(Ry) = {€}. If |E(L) \ E(F;)| > 0, then e(Fj11) >
e(F; UL) > e(F;). Otherwise, L C F;. But since e is eligible for extension in Grow, we must have
L¢ E}i. Thus there exists ¢’ € L such that Ry € R \ Rf, and |V(Ry) N V(F;)| > 2, contradicting
that lines 17 and 18 are called in iteration i. U

6.1 Proof of Lemma 5.5

We consider the evolution of F; now in more detail. We call iteration i of the while-loop in
algorithm Grow non-degenerate (See Figure 5) if all of the following hold:

o The condition in line 14 evaluates to false (and Extend-L is called);
« Inline 3 of Extend-L, we have V(F) N V(L) = ¢;
o In every execution of line 6 of Extend-L, we have V(F) N V(Ry) =¢.

Figure 5. A graph F, resulting from two non-degenerate iterations for H; = K4 and H, = C4. The two central copies of H, are
shaded.

Otherwise, we call iteration i degenerate. Note that, in non-degenerate iterations, there are only
a constant number of graphs F; that can result from any given F; since Eligible-Edge determines
the exact position where to attach the copy L of H, V(F;) N V(L) = e and for every execution of
line 6 of Extend-L we have V(F') N V(Ry) = ¢ (recall that the edge e found by Eligible-Edge(F;) is
unique up to isomorphism of F;).

Claim 6.2. If iteration i of the while-loop in procedure Grow is non-degenerate, we have

AMFiy1) = M(E)).
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Proof. Inanon-degenerate iteration we add v, — 2 vertices and e, — 1 edges for the copy of H
and then (e; — 1)(v; — 2) new vertices and (e; — 1)(e; — 1) new edges to complete the copies of
H;. This gives

AFip1) —AF)=v2 =2+ (e2— (1 —2) — rr(lezz(I;l)PZ)
=1, —2+ (62 - 1)(V1 - 2) - (62 - 1) ('Vl —2+ m2(1H2)>

=0,

where we have used in the penultimate equality that H; is (strictly) balanced with respect to
d»(-, H>) and in the final inequality that H) is (strictly) 2-balanced.

When we have a degenerate iteration i, the structure of F;; may vary considerably and also
depend on the structure of G'. Indeed, if F; is extended by a copy R of H) in line 15, then R
could intersect F; in a multitude of ways. Moreover, there may be several copies of H that satisfy
the condition in line 14. The same is true for graphs added in lines 3 and 6 of Extend-L. Thus,
degenerate iterations cause us difficulties since they enlarge the family of graphs algorithm Grow
can return. However, we will show that at most a constant number of degenerate iterations can
happen before algorithm Grow terminates, allowing us to bound from above sufficiently well the
number of non-isomorphic graphs Grow can return. Pivotal in proving this is the following claim.

Claim 6.3. There exists a constant k = «(Hy, Hy) > 0 such that if iteration i of the while-loop in
procedure Grow is degenerate then we have

MFiy1) < AMF;) — k.
We prove Claim 6.3 in Section 6.2. Together, Claims 6.2 and 6.3 yield the following claim.

Claim 6.4. There exists a constant q1 = q1(Hy, Hy) such that algorithm Grow performs at most q
degenerate iterations before it terminates, regardless of the input instance G'.

Proof. By Claim 6.2, the value of the function A remains the same in every non-degenerate
iteration of the while-loop of algorithm Grow. However, Claim 6.3 yields a constant «, which
depends solely on H; and H>, such that

AMFi1) S A(F;) —«

for every degenerate iteration i.
Hence, after at most

AMFo) +vy
q = e
degenerate iterations, we have A(F;) < —y, and algorithm Grow terminates. O

For 0 <d <t < [In(n)], let F(t,d) denote a family of representatives for the isomorphism
classes of all graphs F; that algorithm Grow can possibly generate after exactly ¢ iterations of the
while-loop with exactly d of those t iterations being degenerate. Let f(t, d) := | F (¢, d)|.

Claim 6.5. There exist constants Co = Co(H1, Hy) and A = A(H,, H) such that
£(t,d) < In(n)]G+Dd . 4t=d
for n sufficiently large.

Proof. By Claim 6.1, in every iteration i of the while-loop of Grow, we add new edges onto F;.
These new edges span a graph on at most

K:=vy+(e2 —1)(v1 —2)
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vertices. Thus v(F) < v; + Kt. Let Gk denote the set of all graphs on at most K vertices. In iteration
i of the while-loop, Fiy is uniquely defined if one specifies the graph G € Gk with edges E(Fiy1) \
E(F;), the number y of vertices in which G intersects F;, and two ordered lists of vertices from G
and F; respectively of length y, which specify the mapping of the intersection vertices from G onto
F;. Thus, the number of ways that F; can be extended to F;1; is bounded from above by

v(G)
S S WGYHEY <10x] - K - KX vy + K < ln(n)] @,
GeGg y=2

where Cy depends only on vy, v, and ey, and # is sufficiently large. The last inequality follows from
the fact that ¢ < In(n) as otherwise the while-loop would have already ended.

Recall that, since Eligible-Edge determines the exact position where to attach the copy of Hy,
in non-degenerate iterations i there are at most

262(261)62_1 =A

ways to extend F; to Fiy1, where the coefficients of 2 correspond with the orientations of the edge
of the copy of H, we attach to F; and the edges of the copies of H; we attach to said copy of Hy.
Hence, for 0 <d <t < [In(n)],

f(td) < (;)([ln(nﬂCO)d A < [In(n))CotDd . gt—d

where the binomial coefficient corresponds to the choice of when in the ¢ iterations the d
degenerate iterations happen. U

A reader of [14] may observe that Claim 6.5 is not analogous to Claim 17 in [14]. Indeed, since
we have a constant number of non-degenerate iterations, instead of a unique non-degenerate iter-
ation as in [14], we truncated the proof of Claim 17 in order to have the appropriate bound to
prove the following claim. Let F = F(H;, H, n) be a family of representatives for the isomor-
phism classes of all graphs that can be outputted by Grow (whether Grow enters the while-loop
or not). Note that the proof of the following claim requires Conjecture 1.8 to be true; in particular,

we need that A(H,, H,, €) is finite when my(H;) > ma(Ha).

Claim 6.6. There exists a constant b= b(H,, Hy) > 0 such that for all p < bn~1/m2(HLH) Gy,p does
not contain any graph from F(H1, Hy, n) a.a.s.

Proof. We first consider the two special cases in lines 2-9 of Grow. Let Fo = Fo(H;, Hy) © F
denote the class of graphs that can be outputted by Grow if one of these two cases happens. We
can see that any F € Fy is either of the form

F= | Sa(),
ecE(T)
for some graph T € 7, or of the form
F=8§US,,

for some edge-intersecting S1, Sz € S¢. Whichever of these forms F has, since every element of
S¢ is 2-connected and in C*, and T is 2-connected!?, we have that F is 2-connected and in C*. On
the other hand, F C G’ is not in S¢ and thus not isomorphic to a graph in .A. Indeed, otherwise
the graphs S forming F would not be in S¢' due to the maximality condition in the definition of
S . It follows that m(F) > my(H,, Hy) + €(Hy, Hz). Since we assumed Conjecture 1.8 holds, the
family Fy is finite. Hence Markov’s inequality yields that G, contains no graph from Fj a.a.s.

128ince T = H; or T = H, and Lemma 4.2 holds.
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Let F = F(Hy, Hy, n) denote a family of representatives for the isomorphism classes of all
graphs that can be the output of Grow with parameters n and y (H;, H,) on any input instance
G for which it enters the while-loop. Observe that F = Fo U F. Let F; and F, denote the classes
of graphs that algorithm Grow can output in lines 23 and 25, respectively. For each F € Fi, we
have that e(F) > In(n), as F was generated in [In(n)] iterations, each of which introduces at least
one new edge by Claim 6.1. Moreover, Claims 6.2 and 6.3 imply that A(F;) is non-increasing. Thus,
we have that L(F) < A(Fy) for all F € F;. For all F € F,, we have that L(F) < —y due to the condi-
tion in line 13 of Grow. Let A := A(H;, H;) be the constant found in the proof of Claim 6.5. Since
we have chosen Fy = H; as the seed of the growing procedure, it follows that for

b= (Ae) MY <1,
the expected number of copies of graphs from F in Gpp withp < bn~1/m2(HuH2) js bounded by

Z n'(Bpe® < Z pe(F) M (F)

FeF FeF

< Z (eA)(HF0)=y) In(m) 2 (Fo) | Z pe(E) v
Fer FeF,

= Y ACHE Ny § ey, 2)
FeF FeF,

Observe that, since m;,(F;) > 1, we have that

€1
HEo)=vi= my(Fi, Fy) - my(F2) =1 @)
By Claims 6.1, 6.4 and 6.5, and (3), we have that
min{t,q:}

Z AAFo)=y) In(n) ,—y < Z f([n(n)7, d)A(—X(Fo)—V)ln(n)n—V
FeFy d=0

< (q1 + D[In(n)] (Co+D)qr , Aln(m)] 4 (=A(Fo)—y)In(n),,—y

< (In(n))X @0y, @)

Observe that, by Claim 6.1, if some graph F € 7, is the output of Grow after precisely ¢
iterations of the while-loop then e(F) > ¢. Since b < 1, this implies

A i (5)
for such a graph F. Using (5) and Claims 6.1, 6.4 and 6.5, we have that

[n(n)] minf{t,q;}

D Pn < 3 3" ft,dbtn?

FeF, t=0  d=0

[n(n)] min{t,q:}
<3 Y [n(m)]CorD . 4td(ag)HE)ty Y
t=0 d:O

< (Mn(n)] + 1)(g1 + 1)[In(n))CoFDa =Y
< (In(n)) XtV =7, ©)

Thus, by (2), (4) and (6), we have that ZFE 7 n'F )pe(F ) =o(1). Consequently, Markov’s

inequality implies that G, 5 a.a.s. contains no graph from F.
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Combined with the earlier observation that G, a.a.s. contains no graph from ¥y, we have that
Gy,p a.a.s. contains no graph from F = Fo U F. U

Proof of Lemma 5.5: Case 1. Suppose that the call to Asym-Edge-Col(G) gets stuck for some
graph G, and consider G’ C G at this moment. Then Grow(G') returns a copy of a graph F €
F(Hy, Hy, n) that is contained in G’ € G. Provided Claim 6.3 holds, by Claim 6.6 this event a.a.s.
does not occur in G = G, with p as claimed. Thus Asym-Edge-Col does not get stuck a.a.s. and,

by Lemma 5.4, finds a valid colouring for H; and H; of G, with p < bn~1/m(HuH:) 4 5 6. O

6.2 Proof of Claim 6.3

Our strategy for proving Claim 6.3 revolves around comparing our degenerate iteration i of the
while-loop of algorithm Grow with any non-degenerate iteration which could have occurred
instead. In accordance with this strategy, we have the following technical lemma which will be
crucial in proving Claim 6.3.!3 The lemma will play the same role as Lemma 21 does in [14], but
is considerably different. In order to state our technical lemma, we define the following families
of graphs.

Definition 6.7. Let F, H; and H; be graphs and e € E(F). We define H(F, ¢, H;, H>) to be the
family of graphs constructed from F in the following way: Attach a copy H; of H, to F such that
E(Hy) N E(F) = {e} and V(H;) N V(F) = e. Then, for each edge f € E(H;) \ {e}, attach a copy Hy of
H; to FU H; such that E(F U Hy) N E(Hy) = {f}and (V(F)\ &) N V(Hy) = 0.

Notice that, during construction of a graph J € H(F, ¢, H;, H,), the edge of H; intersecting at
¢ and the edge of each copy Hy of H; intersecting at an edge f € E(H;) \ {e} are not stipulated.
That is, we may end up with different graphs after the construction process if we choose different
edges of H; to intersect F at ¢ and different edges of the copies Hy of H; to intersect the edges in
E(H;) \ {e}. Observe that although E(F U Hp) N E(Hy) = {f} and (V(F) \ &) N V(Hy) = @ for each
f € E(H;) — {&}, the construction may result in one or more graphs Hy intersecting H; in more
than two vertices, including possibly in vertices of é (e.g. Hy, in Figure 6). Also, the graphs Hy may
intersect with each other in vertices and/or edges (e.g. Hy; and Hy, in Figure 6).

Borrowing notation and language from [14], for any J € H(F, e, H;, Hy) we call V;:= V(H;) \ e
the inner vertices of ] and Ej := E(H;) \ {e} the inner edges of J. Let Hé be the inner graph on vertex

set V; U ¢ and edge set E;, and observe that this graph Hg is isomorphic to a copy of H, minus
some edge. Further, for each copy Hy of Hy, we define Uj(f) := V(Hy) \ f and Dy(f) := E(Hy) \ {f}

and call
U= |J uh,
feg;
the set of outer vertices of | and
D= | J Dy(f)
feg;

the set of outer edges of J. Observe that the sets Uj( f) may overlap with each other and, as noted

earlier, with V(Hg ). However, the sets D;j(f) may overlap only with each other. Further, define
H*(F,e,Hy, H;) C H(F, e, H, Hy) such that for any J* € H*(F, ¢, H;, H,) we have Up(f1) N

Up(f2) = and Dy+(f;) N Dy+(f2) = @ for all fi, fo € Eye, fi #fo» and Up=(f) NV (Hg*) — {f for
all f € Ej+; that is, the copies of H; are, in some sense, pairwise disjoint. Note that each J* €
H*(F, e, Hy, Hy) corresponds with a non-degenerate iteration i of the while-loop of algorithm

13 More specifically, in proving Claim 6.10, stated later.
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Figure 6. AgraphJe H(F,é,Cs, Cs) \ H*(F, &, Cs, Ce).

Grow when F = F;, J* = Fiy) and é is the edge chosen by Eligible-Edge(F;). This observation will
be very helpful several times later. For any J € H(F, e, H;, H»), define

vi() = V() \ V(F)| =v(J) — (F),
and

" ()= E() \ E(F)| = e(J) — e(F),
and call f;jrgg the F-external density of J. The following lemma relates the F-external density of
any J* € H*(F, ¢, Hy, Hy) to that of any ] € H(F, ¢, H, Hy) \ H*(F, e, Hy, Hy).

Lemma 6.8. Let F be a graph and e € E(F). Then for any ] € H(F, e, Hy, Hy) \ H*(F, &, Hy, H,) and
any J* € H*(F, ¢, Hy, Hy), we have

et () . et (J*)

vi()  vtor)

We prove Lemma 6.8 in Section 6.3.

Claim 6.3 will follow from the next two claims. We say that algorithm Grow encounters a
degeneracy of type 1 in iteration i of the while-loop if line 14 returns true, that is, IRe R¢ \
RrE; :|V(R) N V(F;)| > 2. Note that the following claim requires that my(H;) > ma(Hy).

Claim 6.9. There exists a constant k1 = k1 (Hy, Hz) > 0 such that if procedure Grow encounters a
degeneracy of type 1 in iteration i of the while-loop, we have

MFip1) < A(F;) — k1.

Proof. Let F:=F; be the graph before the operation in line 15 is carried out (that is, before
Fiy1 < F;i UR), let R be the copy of H; merged with F in line 15 and let F' := F;1; be the output
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from line 15. We aim to show there exists a constant k1 = k1 (Hj, H,) > 0 such that
e(F) — e(F'
AF) — MF)=v(F) — v(F') — M > k1.
my(Hy, Hy)

Choose any edge ¢ € E(F) (the edge ¢ need not be in the intersection of R and F). Choose any
F* € H*(F, &, Hy, H). Our strategy is to compare our degenerate outcome F’ with F*. As noted
earlier, F* corresponds to a non-degenerate iteration of the while-loop of algorithm Grow (if e
was the edge chosen by Eligible-Edge). Then Claim 6.2 gives us that A(F) = A(F*). Then

e(F*) — e(F)
my(Hi, Hy)
Hence we aim to show that there exists k1 = k1 (H;, Hz) > 0 such that
e(F*) — e(F))
——— > KI. (7)
my(Hy, Hy)
Define R’ to be the graph with vertex set V' := V(R) N V(F) and edge set E' := E(R) N E(F), and
let v :=|V’| and ¢ := |E'|. Observe that R C R. Since F* corresponds with a non-degenerate iter-

ation of the while-loop of algorithm Grow, H is (strictly) 2-balanced and H; is (strictly) balanced
with respect to d, (-, H), we have

e(F*) — e(F")
my(Hy, Hy)

MEF) — AM(F) = A(F*) = MF) = v(F*) — v(F') —

v(F*) — v(F) —

V(F) —v(F') — =(e-DWnm -2+ -2)-mn-")

_(e2—De;—(e1—¢)
my(Hy, Hy)
=(—Dv —=2)+ (1 —2)

1
_ (62 — 1) ('Vl —2+ mz(H2)>

e —¢é

+———(n—)
my(Hy, Hy) !
e1 —¢é
=———(n—V)
my(Hy, Hy)
e/
=y -2+ (8)

my(Hy)  my(Hy, Hy)'

Also, since Grow encountered a degeneracy of type 1, we must have v/ > 2. Hence, if ¢/ = 0 and
v/ > 2, then

¢ 1
— Z >
my(Hy)  my(Hy, Hy) = my(Ha)
If ¢ > 1, then since R is a copy of Hi, H is strictly balanced with respect to d, (-, H,) and R' C R
with |[E(R")| = ¢ > 1, we have that 0 < d>(R’, Hy) < my(H;, H,), and so
1 1
— > — 7 .
my(Hy, Hy) d(R', Hy)

Then by (8) and (9), we have that

V=24 0.

)

e(F*) — e(F' 1 e
my(Hy, Hy) my(Hy)  my(Hy, Hy)
, 1 e
>y —2+ =0,

my(Hy)  dy(R, Hy)
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using the definition of d(R’, H). Thus (7) holds for

~ mi / ¢ }
“ ;I’lgzlz: my(H,)’ vt my(Hy)  my(Hi, Ha) | 0

We say that algorithm Grow encounters a degeneracy of type 2 in iteration i of the while-loop
if, when we call Extend-L(F;, e, G'), the graph L found in line 2 overlaps with F; in more than
2 vertices, or if there exists some edge ¢ € E(L) \ E(F;) such that the graph R, found in line 5
overlaps in more than 2 vertices with F. The following result corresponds to Claim 22 in [14]. As
in the proof of Claim 22 in [14], we transform F’ into the output of a non-degenerate iteration F*
in three steps. However, we swap the order of the latter two steps in our proof. More precisely,
we transform F’ into a graph F? € H(F;, e, Hy, Hy) in the first two steps, then transform F? into a
graph F3:= F* € H*(F;, e, Hy, Hy). In this last step we require Lemma 6.8.

Claim 6.10. There exists a constant k = k2(Hy, Hz) > 0 such that if procedure Grow encounters a
degeneracy of type 2 in iteration i of the while-loop, we have
A(Fit1) < MF;) — k.

Proof. Let F:=F; be the graph passed to Extend-L and let F':= F;1; be its output. We aim to
show that there exists a constant x; = k»(Hy, Hz) > 0 such that
e(F) — e(F)
— >
my(Hy, Hz)

Recall that F’ would be one of a constant number of graphs if iteration i was non-degenerate.
Our strategy is to transform F’ into the output of such a non-degenerate iteration F* in three steps

MF) = A(F") = v(F) — v(F) — (10)

FepQp@pes o

with each step carefully resolving a different facet of a degeneracy of type 2. By Claim 6.2, we have
M(F) = A(F*), hence we have that

3
A(F) = MF) = AMF*) — M(F) = Z (M(F) — A(F 1))

j=1

. -
=3 (v - - L),
;(V( ) E) my(Hy, Hy)

We shall show that there exists «k, = k,(H;, H>) > 0 such that

e(F) — e(Fj_l)) .
— | 2 k2,

11
my(Hy, Hy) (11

(V(Fj )= (P -
for each j € {1,2,3}, whenever F/ and F/~! are not isomorphic. In each step we will look at a
different structural property of F’ that may result from a degeneracy of type 2. We do not know
the exact structure of F', and so, for each j, step j may not necessarily modify F/~!. However, since
F' is not isomorphic to F*, as F' resulted from a degeneracy of type 2, we know that for at least one
j that F/ is not isomorphic to F/~!. This will allow us to conclude (10) from (11).

We will now analyse the graph that Extend-L attaches to F when a degeneracy of type 2 occurs.
First of all, Extend-L attaches a graph L = H, to F such that L e L%,. Let x be the number of
new vertices that are added onto F when L is attached, that is, x = | V(L) \ (V(F) N V(L))|. Since
L overlaps with the edge e determined by Eligible-Edge in line 17 of Grow, we must have that
x <wvp — 2. Further, as L € L, every edge of L is covered by a copy of H;. Thus, since the
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condition in line 14 of Grow came out as false in iteration i, we must have that
forall u,v e V(F)N V(L), if uv € E(L) then uv € E(F). (12)

(By Claim 6.1, (12) implies that x > 1 since F must be extended by at least one edge.)

Let L’ C L denote the subgraph of L obtained by removing every edge in E(F) N E(L). Observe
that |[V(L')| = |V(L)| = v, and |E(L)| > 1 (see the remark above). Extend-L attaches to each edge
¢ € E(L") a copy Ry of Hj in line 6 such that E(L") N E(Ry) = {€}. As the condition in line 14 of
Grow came out as false, each graph Ry intersects F in at most one vertex and, hence, zero edges.
Let

L' =r'U (] Re.
¢ eB(L))
Then F’ is the same as FU Lg’, and since every graph R, contains at most one vertex of F, we

have that E(F') = E(F) U E(LR’). Therefore,

e(F') — e(F) = e(Lp).
Observe that [V(F) N V(L')| = v, — x and so

v(F') = v(F) =v(Ly) — |V(F) N V(L)
=v(Lg) — (v2 —x) — [V(F) N (V(Lp) \ V(L)I.

Transformation (i): F° — F'. If |[V(F) N (V(LR) \ V(L))| = 1, then we apply transformation (i),
mapping F° to F': For each vertex v € V(F) N (V(Ly) \ V(L')), transformation (i) introduces a
new vertex v'. Every edge incident to v in E(F) remains connected to v and all those edges incident
to v in E(L}) are redirected to v'. In L}, we replace the vertices in V(F) N (V(Ly) \ V(L") with the
new vertices. So now we have |V(F) N (V(Ly) \ V(L"))| = 0. Since E(F) N E(Ly) = ¥, the output of
this transformation is uniquely defined. Moreover, the structure of Ly is completely unchanged.
Hence, since |V(F) N (V(Ly) \ V(L))| = 1, and |E(F')| = |E(F) U E(Ly)| remained the same after
transformation (i), we have that

e(F1) — e(F%)
my(Hy, Hy)

Transformation (ii): F* — F2. Recall the definition of H(F, e, H, Hy). If x < v, — 3, then we
apply transformation (ii), mapping F! to F? by replacing L}, with a graph L} such that FU L} €
H(F, e, Hl, Hz).

If x = v, — 2, observe that already F U Lﬁz € H(F, e, Hy, H) and we continue to transformation
(iii). So assume x < v, — 3. Consider the proper subgraph L := L[V(F) N V(L)] C L obtained by
removing all x vertices in V(L) \ V(F) and their incident edges from L. Observe that v(Lg) = v, —
x> 3 and also that Lr € F by (12). Assign labels to V(Lr) so that V(Lg) = {y, z, w1, . . ., Wy,—(x+2)}
where e={y,z} and wy,...,w,,_(x+2) are arbitrarily assigned. At the start of transforma-

tion (ii), we create v, — (x + 2) new vertices w},.. ., w/vz_(x +2) and also new edges such that

{y, W s W/vz—(x+2)] induces a copyip of Lp,and foralli,j € {1,...,va — (x+2)}, i #J,

v(F') — v(F°) — =|V(F)N (V(LR) \ V(L)) > 1.

if wyw; € E(Lf) then wgwj{ e E(Lp);
if wiy € E(Lp) then wly € E(Lp);
if wiz € E(Lp) then wiz € E(Lp);

ande=yz e E(I:p).

We also transform L. For each edge in E(Ly) incident to a vertex w; in L, redirect the edge
to w}, and remove wi, ..., Wy,_(x+2) from V(Ly). Hence the structure of Ly remains the same
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F w3

Figure 7. An example of transformation (ii) where H; = K3 and H, = Cg. Observe that edges aw; and bw; are replaced by
edges aw} and bw].

except for the vertices wi, . . ., Wy, (x+2) that we removed. Define L' := L}, U Lr and observe that
VIL'YNV(F)=e. A
Continuing transformation (ii), for each ¢’ € E(LF) \ {e}, attach a copy Ry of H; to L' such that
E(Ry)NE(L"UF)={¢'} and V(Ry) N V(L UF) =¢'. That is, all these new copies Ry of Hj are,
in some sense, pairwise disjoint. Observe that E(L") N E(F) = {e} and define
Ly=L"U |J Re
¢ eE(Lr)\fe)
Then FULy € H(F, e, Hy, H>). (See Figure 7 for an example of transformation (ii).) Let
F?:=FUL}. Then,
e(F?) — e(F!
v(FZ) _ v(Fl) _ M
my(Hy, Hy)

= (@lhr) ~ D D)+ u(kr) —2 - D=

my(Hy, Hy)
- (e(Lp) — 1)
—y(fg) 2 BT
Wls) =2 my(Hy) )
 (E) —2) (ma(H) - G5
B my(Ha)
> 81

for some §; = 81 (H;, Hy) > 0, where the second equality follows from H; being (strictly) balanced
with respect to d, (-, Hy), the third equality follows from v(ip) =v(LF) > 3 and the last inequality
follows from Lr being a copy of Lr C L= H, and H, being strictly 2-balanced.

Transformation (iii): F? — F°. Recall that for any ] € H(F, &, Hy, Hy), we define v (J) := |V (]) \
V(F)| =v(J) — v(F) and et (J) := [E(J) \ E(F)| = e(J) — e(F). Remove the edge e from E(L") (and
E(Ly)) to give E(L") N E(F) = @. Then

e (FULY) = e(L}),
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and
vI(FULR) =w(Ly) — 2.

If F>=FUL} € H*(F,e,Hy,H>), then transformation (iii) sets F°:=F?. Otherwise we
have that FU Ly € H(F, e, Hi, Hy) \ H*(F, e, Hi, H,). Let F3:=J* where J* is any member of
‘H*(F, e, Hy, Hy) and recall that, indeed, J* is a possible output of a non-degenerate iteration of
the while-loop of Grow.

Then, in transformation (iii), we replace FU Ly with the graph J*. Since H, is (strictly)
2-balanced and H; is (strictly) balanced with respect to d, (-, Hz), we have that

el ei(e; — 1) et

my(Hy, Hp) = = = .
v —2+4 m (1 =2)e2=1)+v2—2 vH(J*)

(13)
Using (13) and Lemma 6.8, and that H is (strictly) 2-balanced and H is (strictly) balanced with
respect to dy (-, H), we have that

3 2
v(F3) —v(Fz)— M

mz(Hi, H>) .,
— ) - wEu Ly - AU ) %2;;1(1: - )iR
vy —vhruLy - <Y rr)zZZI;l,(II{::)J L)
* xy (vHEULY)
FE g — v U LY) - i )_mjgl ,)ISZ)V+(I*)R )
= (vt — v (FULY) (1 - W(]*)e;if(szz))
=0.

Since v (J*), vF (FULY), e" (J*), e" (F U L) and m,(H;, H>) only rely on Hy and H, there exists
8» = 6>(Hy, Hy) > 0 such that

3 2
W) v - S
Taking
Ky := min{l, 81, 82},
we see that (11) holds. O

As stated earlier, Claim 6.3 follows from Claims 6.9 and 6.10. All that remains to prove Case 1
of Lemma 5.5 is to prove Lemma 6.8.

6.3 Proof of Lemma 6.8
Let J € H(F, e, Hy, Hy) \ H*(F, e, Hy, H). We choose the graph J* € H*(F, e, Hy, H) with the
following properties.

1) The edge of the copy H; of H, in J attached at e and its orientation when attached are the
same as the edge of the copy H} of Hy in J* attached at ¢ and its orientation when attached;
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2) for each f € Ej, the edge of the copy Hy of H; in ] attached at f and its orientation when
attached are the same as the edge of the copy H}" of Hy in J* attached at f and its orientation

when attached.

Then, recalling definitions from the beginning of Section 6.2, we have that V; = Vj« and
Ey = Ej+; that is, Hé =H§. From now on, let V:=Vj, E:=Ej and Hy = Hg. Observe for all
J € H*(F, e, Hy, H), that

et (J) _ er(ez—1) . (14)
vi() (n=2)(ea—1)+v2 -2
Hence, to prove Lemma 6.8 it suffices to show
et() - et
vi() vt

As in [14], the intuition behind our proof is that J* can be transformed into J by successively

merging the copies H;‘ of H; in J* with each other and vertices in H; . We do this in e; — 1 steps,

fixing carefully a total ordering of the inner edges E. For every edge f € E, we merge the attached
outer copy ij of H; in J* with copies of H; (attached to edges preceding f in our ordering) and
vertices of H, . Throughout, we keep track of the number of edges A.(f) and the number of ver-
tices A, (f) vanishing in this process. One could hope that the F-external density of ] increases in
every step of this process, or, even slightly stronger, that A.(f)/A,(f) < e™(J*)/vT(J*). This does
not necessarily hold, but we will show that there exists a collection of edge-disjoint subgraphs A;
of H; such that, for each i, the edges of E(A;) are ‘collectively good’ for this process and every
edge not belonging to one of these A; is also ‘good’ for this process.

Recalling definitions from the beginning of Section 6.2, let H; := (U;(f) U f, D;(f)) denote
the subgraph obtained by removing the edge f from the copy Hy of Hy in J.

Later, we will carefully define a (total) ordering < on the inner edges E.!* For such an ordering
< and each f € E, define

Ap(H)=DiHn | J D) |
f<f

and
AviH=umOn | | Ju) uva;) |,
/<f

and set A (f) :=|Ag(f)| and A, (f) :=|Av(f)|. We emphasise here that the definition of A,(f)
takes into account how vertices of outer vertex sets can intersect with the inner graph H; . One
can see that A.( f) (A,(f)) is the number of edges (vertices) vanishing from H}“ when it is merged

with preceding attached copies of H and V(H;)).
By our choice of J*, one can quickly see that

efN=e"*) =Y Auf), (15)
feE
and
v =vET") =) Al (16)
feE

YFor clarity, for any f € E, f /4 f in this ordering <.
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By (15) and (16), we have

() €U = Yper Aelf)
vED)  vEO®) = Yger Av(f)

Then, by Fact 4.1, to show that
et() et UM

v Vo)

it suffices to prove that

ZfeE Ae(f) €+(]*) 15
S res Aol ) VG 47

To show (17), we will now carefully order the edges of E using an algorithm Order-Edges
(Figure 8). The algorithm takes as input the graph H; = (V U & E) and outputs a stack s con-
taining every edge from E and a collection of edge-disjoint edge sets E; in E and (not necessarily
disjoint) vertex sets V; in V' U &. We take our total ordering < of E to be that induced by the order
in which edges of E were placed onto the stack s (that is, f < f” if and only if f was placed onto the
stack s before f). Also, for each i, we define A; := (V;, E;) to be the graph on vertex set V; and edge
set E; and observe that A; C H,. We will utilise this ordering and our choice of E; and V; for each
i, alongside that H; is (strictly) 2-balanced and Hj is strictly balanced with respect to dy(-, Hy), in
order to conclude (17).

Let us describe algorithm Order-Edges (Figure 8) in detail. In lines 2-8, we initialise several
parameters: a stack s, which we will place edges of E on during our algorithm; sets E; and V; for
each i € [|ez/2]],' which we will add edges of E and vertices of V U ¢ into, respectively; an index
J» which will correspond to whichever graph A; we consider constructing next; a set E’, which will
keep track of those edges of E we have not yet placed onto the stack s. Line 9 ensures the algorithm
continues until £’ = @, that is, until all the edges of E have been placed onto s.

In line 10, we begin constructing A; by finding a pair of distinct edges in E’ whose outer edge
sets (in J) intersect. In lines 11-14, we place one of these edges, f, onto s, into E; and remove it
from E'. We also set V; to be the two vertices in f alongside any vertices in the outer vertex set
Uj(f) that intersect V(H,).

In lines 15-20, we iteratively add onto s, into E; and remove from E" any edge uw € E’ which
either connects two vertices previously added to V; or has an outer edge set Dj(uw) that intersects
the collection of outer edge sets of edges previously added to Ej. We also update V; in each step of
this process.

In line 21, we increment j in preparation for the next check at line 10 (if we still have E' # ).
If the condition in line 10 fails then in lines 23-26 we arbitrarily place the remaining edges of E’
onto the stack s. In line 29, we output the stack s and in lines 30-32 we output each non-empty E;
and V;.

We will now argue that each proper subgraph A; = (V;, E;) of H, and each edge placed onto s
in line 24 are ‘good’, in some sense, for us to conclude (17).

For each f € E, define the graph

T(f):=(Av(f) VS, As(f) € Hf S H.

Observe that one or both vertices of f may be isolated in T( f). This observation will be very
useful later.

15Note that ZfeE Ay(f) =1 as otherwise ] = J*.
16Order—Edges can output at most | e, /2] pairs of sets E; and V;.
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1: procedure ORDER-EDGES(H,; = (V U ¢, E))
2 s <= EMPTY-STACK()
3 for all i € [|e2/2]] do
4 Ei+0
5: Vi 0
6 end for
7 j+1
8 E + FE
9: while E' # () do
10: if 3f, ff € E' s.t. (f # fYN(Dy(f)NDy(f") # 0) then
11: s.PUSH(f)
12: E; pusH(f)
13: E’ REMOVE(f)
14: Vi fUU;(/)NV(H))
15: while 3 uw € E' s.t. (u,w € V;)V (D,](uw) N UfeE] Dy(f) # (Z)) do
16: $.PUSH (uw)
17: E;.PUSH(uw)
18: E’ REMOVE(uw)
19 V;  Upep, (FU WU(F) NV (HS)
20: end while
21: j—j+1
22: else
23: for all f € F' do
24: s.PUSH(f)
25: E’ REMOVE(f)
26: end for
27: end if
28: end while
29: return s
30: for all i € [|e2/2]] s.t. E; # 0 do
31: return F;
32: return V;
33: end for

34: end procedure

Figure 8. The implementation of algorithm Order-Edges.

For each i and f € E;, define

WVHE))=vHE)NT\ | Yl U (vENTM) | | S Avh,
f/EEi: f/EE,':
f'<f f'<f
since (V(Hé_))f is a subset of V(Hé_) N Up( f). One can see that (V(Hé_))f consists of those vertices
of V(H, ) which are new to V; at the point when f is added to E; but are not contained in f.

Importantly for our purposes, every vertex in (V(H?:))f is isolated in T(f). Indeed, otherwise
there exists k < i and f” € Ey such that D;(f) N D;(f"') # ¥ and f would have been previously
added to Ej in line 17.

Foreachf € E, let T'( f) be the graph obtained from T( f) by removing all isolated vertices from
V(T(f)). Crucially for our proof, since vertices of f may be isolated in T'( f), one or more of them
may not belong to V(T'(f)). Further, no vertex of (V(H, ))r is contained in V(T'(f)).
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For all f € E with A.(f)>1, since T'(f) C H; and H, is strictly balanced with respect to
dy (-, Hy), we have that

[E(T"())]

H)H d T/ ;H = .
my(Hy, Hy) > da(T'(f), Ha) |V(T/(f))|_2+m

(18)

Recall (13), that is,
)
vt(J®)
We now make the key observation of our proof: Since vertices of f may be isolated in T( f), and
so not contained in V(T'(f)), and no vertex of (V(H, ))y is contained in V(T'( f)), we have that

V(T (< Av(f) + IF N VT (] = I(V(H))yl- (19)
Hence, from (18) and (19) we have that
A(f) = [E(T' ()
< ma(Hy, H) (m(f) — @ F VTN — I(VH )yl + mz(le)) . o)

my(Hy, Hy) =

Edges f such that |[f N V(T'(f))| =2 will be, in some sense, ‘bad’ for us when trying to con-

clude (17). Indeed, if |(V(H; )| = 0 then we may have that 25 > m(Hy, Ha) = £03, by (13).

However, edges f such that |f N V(T'(f))| € {0, 1} will be, in some sense, ‘good’ for us when trying

to conclude (17). Indeed, since m,(H;) > 1, we have for such edges f that iegg <my(Hy, Hy) =
et )
viU*)”

We show in the following claim that our choice of ordering <, our choice of each A; and the
fact that H; is (strictly) 2-balanced ensure that for each i there are enough ‘good” edges in A; to
compensate for any ‘bad’ edges that may appear in A;.

Claim 6.11. For each i,

D Af) <ma(Hi, Hy) Y Ay(f).

feEE; f€E;

Proof. Fix i. Firstly, as observed before, each A; is a non-empty subgraph of H,. Moreover,
|Ei| > 2 (by the condition in line 10). Since H; is (strictly) 2-balanced, we have that
|Ei| — 1
Vil =2
Now let us consider A,( f) for each f € E;. For the edge f added in line 12, observe that A.( f) =0.
Indeed, otherwise A.(f) > 1, and there exists k < i such that Dy(f) N (Uf/eEk D](f’)) # (. That

is, f would have been added to Ej in line 17 previously in the algorithm. Since (V(H; )y € Av(f),
we have that

my(Hy) > dy(Aj) = (21)

Ao(f)=0<my(Hy, Ha) (Ay(f) — I(V(H;))l) - (22)
Now, for each edge added in line 17, either v, w € V; when uw was added to E;, or we had
Dj(uw) N Uf’eE-: Dy(f') | #9, thatis, A (uw) > 1, and at least one of u, w did not belong to

f/<uw

Vi when uw was added to E;. In the former case, if A,(uw) > 1, then by (20) and that —(2 — |f N
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V(T'(f))]) <0, we have that

Ae(uw) < my(Hy, Hy) <Av(uW)—I(V(H§))uWI+ : ) (23)
my(Ha)

Observe that (23) also holds when A.(uw) = 0. In the latter case, observe that for all k < i, we
must have Dj(uw) N (Ufe g Di(f )) = (. Indeed, otherwise uw would have been added to some
Ej in line 17. Combining this with knowing that at least one of u, w did not belong to V; before
uw was added to E;, we must have that one or both of u, w are isolated in T(uw). That is, one or
both do not belong to T'(uw), and so |uw N V(T'(uw))| € {0, 1}. Thus, since A (uw) > 1, by (20)
we have that

Ac(uw) < ma(Hy, Hy) (Av(uw>—1—|(V(H@)>uw|+ . ) (24)
my(Hy)

if |uw N V(T (uw))| = 1, and

Acluw) < ma(Hy, Hy) (Av(uw>—z—|(V(Hg))uw|+ . ) (25)
my(Ha)

if |uw N V(T (uw))| = 0.

In conclusion, except for the two vertices in the edge added in line 12, every time a new vertex
x was added to V; when some edge f was added to E;, either x € (V(Hé_))f, or x € f and (24) or
(25) held, dependent on whether one or both of the vertices in f were new to V;. Indeed, x was
isolated in T( f). Moreover, after the two vertices in the edge added in line 12 there are |V;| — 2
vertices added to V;.

Hence, by (22)-(25), we have that

|E;| — 1
ZAe(f)<m2(H1>H2) Zm(f)—aw -0+ s |- (26)
f€EE; cE;
By (21),
—(|Vi| —2)+ |Eil — 1 <0 27)
l my(Hy) —
Thus, by (26) and (27), we have that
D Adf) <ma(Hi, Hy) > Ay(f),
feEE; fEE;
as desired. O

Claim 6.12. For each edge f placed onto s in line 24, we have A.(f) = 0.

Proof. Assume not. Then A.(f) > 1 for some edge f placed onto s in line 24. Observe that
Di(f)N (Uf”eE- D](f”)) = () for any i, otherwise f would have been added to some E; in line 17

previously.

Thus we must have that Dj(f) N Dy(f") # @ for some edge f’ # f where f" was placed onto s
also in line 24. But then f and f’ satisfy the condition in line 10 and would both be contained in
some E;, contradicting that f was placed onto s in line 24. O
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Since ] € H(F, e, Hy, Hy) \ H*(F, ¢, Hy, Hz), we must have that A,(f) > 1 for some f € E. Thus,
if A.(f) =0forall f € E then (17) holds trivially. If A.(f) > 1 for some f € E, then E; #  and A;
is a non-empty subgraph of H; . Then, by (13) and Claims 6.11 and 6.12, we have that

> per Ae(f) _ > i 2per; De(f) + X repup De(f)
Yorer Av(f) > pes Av(f)
my(Hy, H2) 325 rep, Av(f)
2 e Av(f)
= my(H1, H)
_etgn

vE(*)

<

Thus (17) holds and we are done.

7. Case 2: my(H1, H2) = my(H,).

In this section we prove Lemma 5.5 when m,(H;) = my(H,). Our proof follows that of Case 1
significantly, but uses a different algorithm Grow-Alt. All definitions and notation are the same as
previously unless otherwise stated.

For any graph F and edge e € E(F), we say that e is eligible for extension in Grow-Alt if it
satisfies

AL e Lr, R e Res.t. E(L) NE(R) = {e}.

We note here that this is substantially different to Case 1; indeed, the set C* will not feature in
what follows. Algorithm Grow-Alt is shown in Figure 9. As with Grow, it has input G’ C G, the
graph that Asym-Edge-Col got stuck on. Grow-Alt operates in a similar way to Grow. In line 14,
the function Eligible-Edge-Alt is called which maps F; to an edge e € E(F;) which is eligible for
extension in Grow-Alt. As with Eligible-Edge in Case 1, this edge e is selected to be unique up to
isomorphism. We then apply a new procedure Extend which attaches either a graph L € L or a
graph R € R that contains e to F;. As in Case 1, because the condition in line 6 of Asym-Edge-Col
fails, G’ € C.1”

We now show that the number of edges of F; increases by at least one and that Grow-Alt
operates as desired with a result analogous to Claim 6.1.

Claim 7.1. Algorithm Grow-Alt terminates without error on any input graph G' € C that is not

(Hy, Hy)-sparse or not an A-graph.'8 Moreover, for every iteration i of the while-loop, we have
e(Fit1) > e(F).

Proof. The special cases in lines 2-9 and the assignments in lines 10 and 11 operate successfully
for the exact same reasons as given in the proof of Claim 6.1.

Next, we show that the call to Eligible-Edge-Alt in line 14 is always successful. Indeed, sup-
pose for a contradiction that no edge in F; is eligible for extension in Grow-Alt for some i > 0.
Then for every edge e € E(F;) there exist L € Lf, and R € R, s.t. E(L) N E(R) = {e}, by definition.
Hence F € C. Recall that H; and H, satisfy the criteria of Conjecture 1.8. Hence H; and H, are
strictly 2-balanced and my(H;) = my(H;) > 1. Then, by Lemma 4.2, we have that H; and H, are
both 2-connected. Hence F; is 2-connected by construction. However, our choice of Fy in line 11
guarantees that F; is not in A. Indeed, the edge e selected in line 10 satisfying |Sg (e)| =0 is an

17Note that we could also conclude G’ € C*, however this will not be necessary as noted earlier. Also, see Section 9 for
discussion on why we use Grow-Alt instead of Grow when m,(H;) = m(H,).
8See Definitions 5.1 and 5.2.
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1: procedure GROW-ALT(G' = (V, E))
2 if Ve € E: |S¢/(e)| = 1 then

3 T <+ any member of g

4 return {J ¢ g Scr(€)

5: end if

6 if e € E: |Sg(e)| > 2 then

7 51,89 +— any two distinct members of Sg(e)
8 return S U So

9: end if

10: e« anye€ FE:[Sg(e) =0

11: Fy+any Re Rg :e € E(R)

12: 140

13 while (i <In(n)) A (YF C F; : \(F) > —) do
14: e < ELIGIBLE-EDGE-ALT(F})

15: Fi11 + EXTEND(F}, e, G)

16: 14 1+1

17: end while

18: if ¢ > In(n) then

19: return F;

20: else

21: return MINIMISING-SUBGRAPH(F;)

22: end if
23: end procedure

: procedure EXTEND(F, ¢, G')
{L,R} < any pair {L, R} such that L € Lo/, R € R and E(L)NE(R) =e¢
if L ¢ F then
Fle FUL
else
F'« FUR
end if
return F’
end procedure

ey

© XN o

Figure 9. The implementation of algorithm Grow-Alt.

edge of Fy and Fy C F; C G'. Thus, by the definition of A and that my(Hy) = my(H,), we have that
m(F;) > my(Hy, Hy) + €. 3 y
Thus, there exists a non-empty graph F C F; with d(F) = m(F;) such that

o eF) a1 !
M(F) = v(F) — o (Hy Hy) e(F) (m(Fi) - rnz(Hl:Hz))

~ 1 1 }
=®) (mz(Hl,Hz) +e mz(Hl,H2)> =—ye(F) <—vy.

Thus Grow terminates in line 13 without calling Eligible-Edge-Alt. Thus every call that
is made to Eligible-Edge-Alt is successful and returns an edge e. Since G’ €C, the call to
Extend(F;, e, G') is also successful and thus there exist suitable graphs L € L and R € R such
that E(L) N E(R) = {e}, that is, line 2 is successful.

It remains to show that for every iteration i of the while-loop, we have e(F;y;) > e(F;). Since e
is eligible for extension in Grow-Alt for F; and E(L) N E(R) = {e}, we must have that either L ¢ F;
or R ¢ F;. Hence Extend outputs F':= F U L such that e(Fj;1) = e(F’) > e(F;) or F':= FUR such
that e(F;y1) = e(F') > e(F;). O
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We consider the evolution of F; now in more detail. We call iteration i of the while-loop in
algorithm Grow-Alt non-degenerate (See Figure 10) if the following hold:

o IfL Q F; (that is, line 3 is true), then in line 4 we have V(F;) N V(L) = ¢;
o If L C F; (that is, line 3 is false), then in line 6 we have V(F;) N V(R) =e.

Figure 10. A graph F3 resulting from three non-degenerate iterations for Hy = K3 and H, = K3 3.

Otherwise, we call iteration i degenerate. Note that, in non-degenerate iterations i, there are
only a constant number of graphs that Fi1; can be for any given F;; indeed, Eligible-Edge-Alt
determines the exact position where to attach L or R (recall that the edge e found by Eligible-
Edge-Alt(F;) is unique up to isomorphism of F;).

We now prove a result analogous to Claim 6.2 for Grow-Alt.

Claim 7.2. Ifiteration i of the while-loop in procedure Grow-Alt is non-degenerate, we have
A(Fi1) = M(F)).

Proof. In a non-degenerate iteration, we either add v, — 2 vertices and e; — 1 edges for the
copy L of H to F; or add v; — 2 vertices and e; — 1 edges for the copy R of H; to F;. In the former

case,
ey —1
A(F; —AMF)=v, —2—
( z+1) ( 1) 2 mz(Hl,Hz)
() —1
=vy—2—
my(Ha)
=0,

where the second equality follows from my(H;, Hy) = my(H,) (see Proposition 1.7) and the last
equality follows from H) being (strictly) 2-balanced.
In the latter case,

€1 —1
A(F; —AMF)=v—2— ——
( 1+1) ( 1) 1 mz(H1,H2)
2 €1 —1
:Vl —_ —_
my(H)
=0.

where the second equality follows from mj(Hi, Hy) = my(H;) (see Proposition 1.7) and the last
equality follows from H; being (strictly) 2-balanced. O
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As in Case 1, when we have a degenerate iteration i, the structure of Fi;; depends not just on
F; but also on the structure of G'. Indeed, if F; is extended by a copy L of H; in line 4 of Extend,
then L could intersect F; in a multitude of ways. Moreover, there may be several copies of H, that
satisfy the condition in line 2 of Extend. One could say the same for graphs added in line 6 of
Extend. Thus, as in Case 1, degenerate iterations cause us difficulties since they enlarge the family
of graphs algorithm Grow-Alt can return. However, we will show that at most a constant number
of degenerate iterations can happen before algorithm Grow-Alt terminates, allowing us to bound
from above sufficiently well the number of non-isomorphic graphs Grow-Alt can return. Pivotal
in proving this is the following claim, analogous to Claim 6.3.

Claim 7.3. There exists a constant k = k (Hy, Hy) > 0 such that if iteration i of the while-loop in
procedure Grow is degenerate then we have

A(Fip1) < A(Fj) — k.
Compared to the proof of Claim 6.3, the proof of Claim 7.3 is relatively straightforward.

Proof. Let F := F; be the graph before the operation in line 15 (of Grow-Alt) is carried out and
let F' := F;;1 be the output from line 15. We aim to show there exists a constant « = « (Hy, Hy) > 0
such that
e(F) — e(F')

—_— >k

my(Hy, Hy)

whether Extend attached a graph L € L or R € R to F. We need only consider the case when
Le L is the graph added by Extend in this non-degenerate iteration i of the while-loop, as
the proof of the R € R case is identical. Let V= V(F)N V(L) and E = E(F)N E(L) and set
vy =1Vl and e :=|E /| Let L’ be the graph on vertex set Vs and edge set E;/. By Claim 7.1,
we have e(F') > e(F), hence L' is a proper subgraph of H,. Also, observe that since iteration i was
degenerate, we must have that v/ > 3. Let F; be the graph produced by a non-degenerate iteration
at e with a copy L of H,, that is, F; :=FU Land V(F)N V(L) =e. Our strategy is to compare F/
with F; . By Claim 7.2, A(F) = A(F; ). Thus, since m,(Hy, Hy) = my(H;), we have

M(F) — AMF") = A(F;) — A(F)

AMF) — MF')=v(F) — wW(F') —

(2—1) —(e2—¢}1)

=v2—2—(V2—V/)—

L my(Hy, Hy)
5 e — 1 (28)
=v,—2— —=—\
L my(Hy, Hz)
If e =1, then since v >3 we have A(F) — A(F’) > 1. So assume e, > 2. Since H; is strictly

2-balanced and L' is a proper subgraph of H; with e,/ > 2 (that is, L’ is not an edge), we have that

vy — 2 1
> . (29)
e — 1 my(Hy)
Using (28), (29) and that er>2 and my(Hy, Hy) = m,(H), we have
AF) = A(F)= (e, —1) (L2 ! 0
— =(e,s — — > 0.
v e — 1 my(Hy)
4 /—2
Letting § := % min{(eL/ -1 ({/—1 — m) 1L C Hy, e > 2}, we take
k := min{1, §}. 0O
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Together, Claims 7.2 and 7.3 yield the following claim (analogous to Claim 6.4).

Claim 7.4. There exists a constant g, = q2(H1, H) such that algorithm Grow-Alt performs at most
q2 degenerate iterations before it terminates, regardless of the input instance G'.

Proof. Analogous to the proof of Claim 6.4. U

For 0 <d <t < [In(n)], let Farr(t, d) denote a family of representatives for the isomorphism
classes of all graphs F; that algorithm Grow-Alt can possibly generate after exactly ¢ iterations of
the while-loop with exactly d of those ¢ iterations being degenerate. Let far(t, d) := | Farr(t, d)|.

Claim 7.5. There exist constants Co = Co(H), Hy) and A = A(Hy, Hy) such that
farr(t, d) < [In(n)](C+Dd . gt=d

for n sufficiently large.
Proof. Analogous to the proof of Claim 6.5. U

Let Farr = Farr(Hi, Hz, n) be a family of representatives for the isomorphism classes of all
graphs that can be outputted by Grow-Alt (whether Grow-Alt enters the while-loop or not). Note
that the proof of the following claim requires Conjecture 1.8 to be true; in particular, we need that

A is finite when my(Hy) = my(H).

Claim 7.6. There exists a constant b= b(Hy, Hz) > 0 such that for all p < bn—1/m2(HLH2)| Gy p does
not contain any graph from Farr(Hi, Ha, n) a.a.s.

Proof. Analogous to the proof of Claim 6.6. u

Proof of Lemma 5.5: Case 2. Suppose that the call to Asym-Edge-Col(G) gets stuck for some
graph G, and consider G’ C G at this moment. Then Grow-Alt(G’) returns a copy of a graph F €
Farr(Hy, Hy, n) that is contained in G' € G. By Claim 7.6, this event a.a.s. does not occur in G =
Gpp with p as claimed. Thus Asym-Edge-Col does not get stuck a.a.s. and, by Lemma 5.3, finds a

—1/my(H1,H>)

valid edge-colouring for H; and H; of G, with p < bn a.a.s.

8. Proof of Theorem 1.10

Since H; and H, are regular graphs, let £; be the degree of every vertex in H; and ¢, be the
degree of every vertex in H,. We begin using an approach employed in [10] and [14]. Let A be a
2-connected graph such that A € C*(H,, Hy) if my(Hy) > my(H) and A € C(Hy, Hy) if ma(Hy) =
my(H>). In both cases, A € C(Hy, Hz). Then, since every vertex is contained in a copy of H; and
a copy of H, whose edge sets intersect in exactly one edge, we must have that §(A) > €; + ¢, — 1.
Hence

ea Kl +0,—1

d(A) = a — (30)

We aim to show d(A) > my(Hy, Hy) + ¢ for some ¢ =¢&(Hy, Hy) > 0. Indeed, if there
exists € = e(Hy, Hy) > 0 such that for all such graphs A we have d(A) > my(H;, H2) + ¢ then
A(Hy, H, ¢) =¥, and so Conjecture 1.8 holds trivially for H; and H>.

Since my(H;) > my(H;) > 1, we have that H; and H; cannot be matchings. Hence £1, £, > 2.
Also, observe that

e % vy
my(Hy, Hy) = R =3 =R (31)
V1 my(Hp) + "232 vi—4+ voly— 2
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Furthermore,
l1+4,—1
— my(Hy, Hy)
V1V2K1£2 — 21/121
2vivaly — 4valy — 4vy + 4v)
2V1V2£1€2 - 4V1K1
2v1vply — 4valy — 4vy 4+ 4y,
0 <vivala(ly — 1) — 2v1(€y — 1) — 21201 (€3 — 1) — 215 (€5 — 1)?

= 0 < vivaly — 2v1 — 2vp81 — 2valy + 2va, (32)

= lh+H—-1>

—l+lH—1>

where in the last implication we used that £, > 2.
Let f(v1,v2, €1, £2) :==v1valy — 2v) — 2v2€1 — 2v2€5 + 2v;. Observe that ¢; <v; — 1. Hence
—2vp€1 > —2v1v, + 2v, and we have

S, v2, €1, £2) = viva(ly — 2) — 2v1 + 4vy — 21245,

Let g(v1, v2, £2) :=v1v2(€y — 2) — 2v; + 4vy — 2v245 s0 f(v1, v2, €1, £2) > g(v1, v2, £2). Observe
that, since £, £, > 2, we have that v;, v, > 3. If £, =2, then g(v;, v2,2) = —2v; < 0. However, if
£, > 3, then since v;, v, > 3, we have that

d

—g=V2(£2—2)—2>0;

dVl

dg

- =V1(E2 —2)+4—2£2=(V1 —2)([2 —2) > 0;
dV2

d

d—é’; =vvy — 21, =1(v1 —2) > 0.

Further,
g(4,5,3)=20—8+4+20—-30=2>0.
Thus, for all v > 4, v, > 5, £, > 3, we have that
f1,va, €1, £2) > g(vi, v, £2) > g(4,5,3) =2 > 0.
Hence, by (30)-(32), we have that there exists a constant ¢ := £(Hj, H,) > 0 such that
d(A) > my(Hy, Hy) + &.

Thus we only have left the cases when v; =3, v, <4 or{; =2.
Casel. ¢, =2. O

Then H, is a cycle and

fv1,v2,€1,2) =2vivy — 2v; — 21281 — 2,

Observe that £; <v; — 2, as otherwise H; is a clique, contradicting that (H;, H») is not a pair
of a clique and a cycle. Thus —¢; > —(v; — 2). Then, since we excluded considering when H, is a
cycle and H; is a graph with v; = |V(H,)| > |V(H3)| = v2, we have that v, > v;, and so

f(VI) V2, Z1)2) 2 2(V2 - Vl) Z 2>0.

Hence by (30)-(32), we have that there exists a constant ¢ := ¢(H;, Hy) > 0 such that d(A) >
my(Hy, Hy) + &.
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Case 2. v = 3.
Then H; = K3 and £; = 2. Thus
f(3> V2, 2) 62) = VZ(EZ - 2) — 6.

We can assume £, > 3, as otherwise we are in Case 1. Observe that we cannot have that v, =6
and ¢, > 3. Indeed, when £, = 3, one can check that the only strictly 2-balanced 3-regular graph
on 6 vertices is K3 3. But then (H;, Hy) = (K3, K3 3), which is a pair of graphs we excluded from
consideration.

When ¢, > 4, we have that m,(H,) > my(H,), contradicting that our choice of H; and H, meet
the criteria in Conjecture 1.8. If v5 <5, then since also £, > 3 we must have that H; is a copy of K4
or Ks.12 But then my(H,) > my(Hy).

Hence v, > 7 and £, > 3. Thus f(3, v2, 2, £2) > 0 and, as before, we conclude that there exists a
constant ¢ := g(Hy, Hy) > 0 such that d(A) > my(Hy, Hy) + €.

Case 3. v, < 4.
Still assuming £, > 3, we have that Hy = Ky, v =4 and £, = 3. If v; > £; + 2, then
f(vl, 4,01,3)=10v; — 8(€; +2)>2(£; +2) > 0.

If vi = ¢; + 1, then H, is a clique. Since H; and H; meet the criteria in Conjecture 1.8, we must
have that v; > 5. Therefore

f(V1,4,£1, 3)=10v; —8(41 +2)=2v1 —8>2>0.

Then, as before, there exists a constant ¢ := ¢(H;, Hy) > 0 such that d(A) > my(H;, Hy) + ¢, as
desired.

9. Concluding remarks

In [14], the value of & was set at 0.01 for every pair of cliques, that is, the value of ¢ did not depend
explicitly on the graphs H; and H,. It would be interesting to know if there exists a single value of
¢ satisfying Conjecture 1.8 for all suitable pairs of graphs H; and H;.

Let us discuss why we use Grow-Alt when m,(H;) = my(H;) instead of Grow. The main reason
is that when attaching a copy of H precisely at an edge?® of F; to create F;; | - for some iteration
i during Grow or Grow-Alt - we have A(F;) = A(Fiy1) if my(H;) = my(Hz) and A(F;) > A(Fiy1)
if my(Hy) > my(H,). We would say that iteration i was a non-degenerate iteration if m(H;) =
my(H,) and a degenerate iteration if my(H;) > my(Hz). That is, if we were to use Grow instead of
Grow-Alt then the number of possible non-degenerate iterations would depend on the size of F;
and grow too quickly.

Connected to this observation is why for A € A we take A € C when my(Hy) = my(H,), rather
than A € C*.2! In the proof of Claim 7.1, we need to conclude that F; is not in A in order to
conclude Eligible-Edge-Alt is always successful. As part of concluding this, we need that F; € C,
which we get by assuming for a contradiction that there is no edge in F; eligible for extension
in Grow-Alt. Hence, if for all A € A one sets A € C* when my(H;) = my(H,), then one needs to
conclude that F; € C*. This means that we must assume for a contradiction that for every edge
e € E(F;) there exists L € L}; such that e € E(L). Such an argument then requires us to change from
using Eligible-Edge-Alt to Ehglble Edge in Grow-Alt in order to arrive at the correct contradiction
in the proof. But now Extend(F;, e, G') in Grow-Alt may fail to add an edge as it is possible that
every L € L, containing e has its copies of H; and H, intersecting at e both contained fully in F;,

YThere exists no graph with both odd regularity and odd order.
20That is, e; — 1 edges and v; — 2 vertices are added.
21 As mentioned at the end of Section 1.4.3.
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that is, we cannot guarantee that in every iteration i of the while-loop of Grow-Alt that e(F;;1) >
e(F,').

In order to overcome this we would need to replace procedure Extend with a procedure similar
to procedure Extend-L, which is used in Grow. If we used Extend-L, then the copy L of H; could
be fully contained in F; and one of its copies R' of H, appended to it could contain precisely one
edge of F; and two vertices of F;, with every other appended copy of H; fully contained in F;. This
would then have to be considered a non-degenerate iteration for Grow-Alt as A(F;) = A(Fit1).
But, importantly, Extend-L(F;, e, G') depends on the structure of G/, not on the structure of F;.
Thus R’ could be attached at a number of edges of F;. This would increase the number of possible
non-degenerate iterations too much.

What procedure similar to Extend-L do we choose then? One possibility would be to attach
a copy L of H, with copies of H; appended to every one of its edges ¢/, but this procedure runs
into the same problem as Extend-L. Overall, this discussion shows how difficult - and maybe
impossible - it would be to prove the my(H;) = my(H;) case of Lemma 5.5 while stipulating that

when A € A we have A € C*.
Also, in [14], Marciniszyn, Skokan, Spohel and Steger note that they do not know whether
C*(Hy, H,) = C(H1, Hy) or not for any pair of cliques. The author is unaware if this has been

resolved for any pair of graphs. According with the definition of A, perhaps it is the case that
C*(H;, Hy) = C(Hy, Hy) whenever my(H;) = my(H3)?

Note that our method in this paper does not completely extend to when 1, (H;) = 1. Indeed, in
this case H is a forest and so not 2-connected, a property which is specifically used in the proofs of
Claims 6.1, 6.6, 7.1 and 7.6. In the proofs of Claims 6.1 and 7.1 we require that F; is 2-connected for
each i > 0. However, if the last iteration of the while-loop of either Grow or Grow-Alt was non-
degenerate when constructing F;, then F; is certainly not 2-connected if H; is a tree. A similar
problem occurs at the beginning of the proofs of Claims 6.6 and 7.6 if T = H,.
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