A GENERALIZATION OF THE HARDY SPACES
P. G. ROONEY

1. Introduction. The Hardy spaces for right half-planes, $,(s), ¢ real,
1 < p < =, are defined to consist of all those functions f(s), holomorphic for
Re s > o, for which u,(f, x) exists and is bounded for x > ¢, where

1 (> ) 1
up(f,x)={2—1;f_ |f(x+¢y)|”dy} , 1< p<w,

and
po(f, %) = sup If (x + 3y)].

These spaces have been studied extensively (see, for example, 3, Chapter 8,
and 2, §19.1).

In particular, it is known that if e=7*F () € L,(0, =), 1 < p < 2, and if f
is the Laplace transform of F, then f € 9,(s), where now and henceforth
p7l+4+gt=1,and if f € §,(0), 1 < p < 2, then there is a function F, with
e °tF(t) € L,(0, «), such that f is the Laplace transform of F. These results
are essentially due to Doetsch (1). (Doetsch proved them for ¢ = 0 and
1 < p < 2; the extension to non-zero o, and to p = 1 is easy and we shall take
the results as known.) In an earlier article (5), we generalized the Hardy spaces
somewhat and found corresponding generalizations of Doetsch’s results.

Here we propose further to generalize these spaces and to obtain the corre-
sponding generalizations of Doetsch’s theorems. The generalized Hardy spaces
are defined in §2 and some preliminary lemmas are proved, while the generaliza-
tions of Doetsch’s theorems occupy §3.

As might be expected, the generalization of (o) possesses certain proper-
ties not shared by the other spaces, and consequently we devote §4 to the
elaboration of some of these.

2. Generalized spaces. Let « be a non-constant non-decreasing function
defined on [0, »), with «(0) = 0, and with the property that the integral

|7 e tat) = 60
0
converges for all £ > 0. Let ¢ = c(a) be the first point in [0, »), where «

varies; that is ¢ is the point such that if x > ¢, a(x) > 0, and if a(x) > 0,
X > cC.
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With each such «, and each p, 1 < p < «, we associate a space ,* defined
as follows: f € ©,* if and only if (i) f € $,(s) for each ¢ > ¢/q, and (ii)
[fllap < o, where

© 1/q
fllan = { fc+ (1o (f, 2/9)) dee(x) + szglcw(c-l-)'(up(f,x/q»q} .

The presence of the second term in the definition of the norm may appear a
trifle unnatural, but it can be given a form, which may appear natural, as
follows. Let m be the Lebesgue-Stieltjes measure generated on [0, «) by «,
and if m({c}) # O0—thatisif a(¢c+) # 0—define u,(f, ¢/q) to be the supremum
for x > ¢ of u,(f,x/g) (this is natural for from (i) of our definition, and (2,
Theorem 19.1.4), u,(f, x/q) is a decreasing function of x). Then

llew = { f: (o (f, x/q))"dm(x)}w.

We also define 1 to consist of those functions in 9,(s) for all ¢ > ¢ with
the property that ||f]le,1 < e, where

Hﬂh4==%gawwxﬁx)

The spaces $,(c¢) are special cases of the §,% coming from choosing a(x) =
H(x — ¢), where H is the Heaviside function

0, x <0,
m“={1 £> 0.

Also if a(x) = (x — ©0)®/g\, A > 0, we obtain the spaces $,*(w) that we
discussed in (5). Hence our generalization includes these previous cases, but
of course many more. For example a(x) = [x] leads to quite new spaces.

It should be noted that if a(c+) 5 0, then $,* is a subspace of $,(c/q).
For, if x > ¢,

i‘r(ff x/g) < ”f”am/(a(c'{‘))l/qr 1<p< o,
and

u1(f, %) < [[fllar/e(c4).

If a(c+) = 0, as in the second example above, then $,* need not be a subspace

of ©,(c/q).

The following lemmas are needed in the next section.

Lemma 1. If

S swirora <o,

then e=o'F(t) € L,(0, «) for each ¢ > ¢/p, and for ¢ = ¢/p if a(c+) #= 0.
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Proof. Clearly, if x > 0,

* @) = fm ¢ "da(u) > J: e "da(u) > e ¥ J:da(u) = ¢ “a(x).

0

Hence, if a(ps) > 0,

J:o e F@)|Pdt < (a(pe))™! J;w ¢@)|F@)|Pdt < ,

and e *F(t) € L,(0, »). But a(ps) > 0 if ¢ > ¢/p. Also, letting x — ¢+ in
the inequality ¢ (£) > e~ “a(x), we obtain ¢ (¢) > e~ °‘a(c+), so that if a(c+) > 0,

[T rora < @ern [T swirora <o,
and e~'F(t) € L,(0, ) for o = ¢/p.
LEMMA 2. If ¢ > ¢,
f: (o)) e 4'dt < .
Proof. From (), () > ee+9'a(3(s + 0)), and a(3(s + ) > 0.

3. Generalized theorems. Theorems 1 and 2 correspond respectively
to Theorems 2 and 3 of (1).

TuEOREM 1. If 1 < p < 2, and
[7 swiropa <o,
0

then F has a Laplace transform f, and f € 9, and
© 1/p
[1flla < { fo ¢(t)lF(t)|”dt} .

Proof. By Lemma 1, e?*F(t) € L,(0, ) if ¢ > ¢/p, and hence F has a
Laplace transform f in $,(s) for each ¢ > ¢/p. Further, since for x > ¢/p,

o — iy) = f " e (e (t)dt,

and e ®*'F(t) € L,(0, =), it follows that for each such x, f(x — 7y) is the Fourier
transform of a function in L,(0, ), and hence by (7, Theorem 74), if
1<p<2,

N—

© 1/q
po(fy %) = '1% f_m If(x + z‘y)[“dy}

AL [ e - < [ emroral”
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This inequality also holds for p = 1, for

& + i)l < f " R |,
so that
o (fy %) < f: e Y| F(t)|dt.
Thus
fi (uo(f, %/P)) da(x) < fi fo " T () Pdtdax)

- fo C\FOP fj ¢ “doc(x)dt.

If a(c+) = 0, this last inequality is just the statement

Wflle? < [ s@IF@ P

for
60 = [ da) + aletre
If a(c+) = 0, then
f: e F@) Pt < =,

so that ’
wx/m <) [ e-”)F<t>i"dt}W.
Hence
Ul = [ Galfy /) dals) + sp (aler) - (el /)Y

< f |F@)|” f e “da(x)dt + alc+) f e “'|F(t)|"dt
0 c+ 0
= |7 s0ir@Pa
THEOREM 2. If f € £,% 1 < p < 2, then there is a function F, with

| s0irora <o,

such that

o © 1/q
f(s) = J; e *'F(t)dt, Res > c/q, and{fo ¢(t)iF(t)]”dt} < a2
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Proof. Since f € $,(0) for each ¢ > ¢/q, by (1, Theorem 3), for each such
o there is a function F,, with e=?*F,(¢) € L,(0, =), such that

f(s) = J‘Om ¢ ''F.(t), Res>oa.

But by the uniqueness theorem for Laplace transforms (8, Chapter 2, Corollary
9.3b), if o1 and ¢y are larger than ¢/q, F,, () = F,,(t) almost everywhere. Hence
if Fis one of the F,’s, e ?*F(t) € L,(0, ») if ¢ > ¢/q, and

f(s) = J;w e *'F(t)dt, Res > c/q.

Further, from (1, Theorem 3), for each x > ¢/g,

. . “F'R@),  t>0,
iim (@) [ e 4 inyay = {7 FO 120

T->00

almost everywhere, where lim(g) denotes the limit in mean of order ¢. This
means that for each x > ¢/q, the Fourier transform of f(x -+ 7y), which is in
L,(— =, ») relative to v, is equal a.e. to e™*'F(¢) if ¢ > 0 and to zero if ¢ < 0.
Hence by (7, Theorem 74),if x > ¢/q,

LS emiroraf™ <4 7 ve+ mpa}” = w0,

Thus
J;m Lol fi ¢ da(x) = fi f:, ¢ F ()| ‘dtda(x)

< J7 Gl v/ et
If a(c+) = 0, this says that

[T swirora < (..
If a(c+) # 0, then
sup w(fyx/q) <

and hence from Fatou’s Lemma

[T repa < tim [T e m@ 0 < im0, 2/0)"

Zsct r>ct
= Slip (l‘p(f: x/Q))qy

so that
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fo ’ @) |F(®)|'dt = J;m |F@)|* fc j ¢ “da(x)dt + alc+) f: e | F(t)|%dt

< |, 0n e e + gy ot Gt
= (Hfl la,p)q-

‘The reader has undoubtedly noticed that Theorem 2 does not cover the case
p = 1. Here the results are slightly different. From (8, Chapter 2, Theorem
2.2a) it follows that a(x) = O(e*) for any ¢ > 0. Then clearly

¥(t) = sup ¢ “a(x)
>c
is finite for all positive ¢.

THEOREM 3. If f € D1%, then there is a function F with yF € L (0, =), such
that

f(s) = J;m e *'F(t)dt, Res > ¢, and ess. . sup YOIF®)| < |fllae

Proof. Since f € O1(s) for all ¢ > ¢, then, as in the previous theorem, F
exists with e=*F(¢) € L_(0, ), ¢ > ¢, so that

f(s) = J:O e 'R (p)dt, Res > ¢,

andifx > ¢, t >0,

eT'F(t) = 5= f_ e'"f(x + 1y)dy,

almost everywhere. Hence if x > ¢, then for almost all £ > 0
- 1 ® .
FIFO <o [ U6+ i)y = m )

\

oy ke

a(x

Hence for almost all £ > 0,

a()e* [FO)] < [flle,

so that taking suprema with respect to x, for almost all ¢ > 0,

vOIFO] < [Iflla,
thatis ¢ F € L, and

ess. sup ¥ () F() < 1l

It is worth noting that from (*), ¢ (¢) < ¢(¢) for all &
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4. The case p = 2. Theorems 1 and 2 deal with the same $,* space
only for p = 2. Together they then yield the following theorem.

THEOREM 4. f € . if and only if there is a function F, with
I swirara <o,
such that
fs) = fo CeE(d,  Res > o

However, in the case of $(0), another condition, originally due to Shohat
(6), is known for f to lie in $2(0) and thus to be the Laplace transform of a
function in Ly(0, «). This is that

;) lqniz <,

where
-3 (*) 100
qn = ; (7’) T'f (2)
Shohat’s proof makes use of the Laguerre polynomials
N (n) 1 ,
L = 2 <,> 5 (=0

Here we propose to find a similar condition that f be in 9.2
From Lemma 2 it follows that

f (6()) e Pt <
0

so that the members of the sequence {(¢(¢))~te=2(c+D 4} are in Ly(0, ®). Let

{®,(t)} be the sequence obtained from this sequence by the Gram-Schmidt

process. Clearly {®,(f)} is a complete orthonormal sequence in Ly(0, «) and
®ut) = ($()) 2V P, (1),

where P, (t) is a real polynomial of degree exactly #n, say

n

Pn(t) = Z anr(_t)r, Ay = 0.

=0
Let
v = [ seerroa,
0
the integral existing for Re s > ¢, by Lemma 2.

THEOREM 5. Given a function f(s) holomorphic for Re s > ic, then a necessary
and sufficient condition that a function F exist, with
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7 ewirors <o,
so that
760 = | e FQd,  Res> i
1s that
> lal <=,
where

n = Z:O anrf(r) 3¢+ 3).

==

When this condition holds,
F) = () im @)(60) 3 g Pat)
almost everywhere,
[T sorrora = ¥ 1k
and

¢+ 3).

[N

f(s) = g 0 Yu(s +
Proof of necessity. Suppose
f(s) = J;m e *'F(t)dt, Res> i,
where
[7swirora <o.
Let G() = (¢(t))*F(f). Then G € Ly(0, »), and

G, &,) = fomG(t)@,(t)dt = J;m ¢ HADIp () F(H)dt

7=

n o n
- Z—:0 nr 0 e_%“‘H)l(_t)rF(t)dt = Z anff(')(%c + 3) = tn

Hence from the Parseval equality

"Z:" o= 2 G, 2l = fow G = f: 8| F(&)|%dt.
Also,
($WFQ) = GO) = lim (2) 35 (G, %) (0),
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almost everywhere. In other words
PO = (60)Him @60 3 g Pald)
Further, if Re s > 1,
6= [Terwa= [T e tercom

But from Lemma 2, if Re s > ¢, (¢(t)) %= € Ly(0, ). Hence

o = f° <¢<t>>—%e‘“<lim<2><¢<t>>-%e-%<°“" > Pm<t>>dt

2—>co

lim 3 g f ) (6(1) 7' TR P, (1)dt
0

N0 m=0

= 2_‘,0 ¢¥a(s + 3¢ + 3)-
Proof of sufficiency. Suppose
Z |an2 <.
n=0

Then by the Riesz-Fischer theorem, G exists in L2(0, «) such that

(G, 'I)n) = ({n.
Let F() = (¢(t))~*G(¢), and

Sfi(s) = J; e 'R (¢t)dt, Res > jc.

We shall show that f; = f.
Note that

Z Qpr fl(r)(%c + %) = f e—%(ﬁ-l)t Z am(_t)rF(t)dt
=0 0 =0

fow ($@) 2 H PG ()t = (G, BY) = g,
so that if fo = f — fy,
Z anrf2(r) (Ge+ 3) =0.

But since P,(—1) is a polynomial of degree exactly =, there are numbers b,
such that

= g;‘,o Bum P —1).

This yields

n m n n
"= Z bum Z Amr t = E ¢’ Onm Cmry
m=0 =0 =0 m=r
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and hence
Z bnmamr =0, r<m,
m==T
and
bnn Apn = 1.
Consequently,

0= 2 bm 2 am f7Ge+ 1) = 2 i7Gc+ 1) 2 bunan

m=r
= £+ 1),
and hence f» = 0, and f; = f.
CoROLLARY. A necessary and sufficient condition that a function f, holomorphic
for Re s > ¢, lie in Do s that

o

Z anlz < o,

n=0
where

n
¢n = Z; e fO (e + D).

7=

5. Inversion for p = 2. If f € $:(0), then the function F, of which f is
the Laplace transform, is given by

. 1 *
F@) = lin(2) [T 1686t vas,
where, for x > 0,
Y
By = [ Re oG+ in)ay.
0

This formula is due to Paley and Wiener (4, p. 39). Here we shall generalize
this to a formula appropriate for . under a special condition. This condition
is that there should be a non-decreasing function 8 on (0, »), with 8(0) = 0,
such that

CIONES f: e “dB(x), t>0.

It follows from (8, Chapter 2, Theorem 11.5) that at every point of continuity
of a,

o = [ 66— wastw),

so that B is a square root of « relative to Stieltjes convolution.
Note that ¢’ = ¢(8) > 1c(e). For if ¢/ < 1c(e), and 2¢’ < x < ¢(a), then

(z—c")+

0=at) = [ pw—wisw = [ pe—wisw >o.
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TuroreM 6. If f € Hy?, then the function F whose Laplace transform is f is
given by

PO = (60 Him@) 1 [ S0 Bt 1),
where
Eulstym) = [ B(G = wt, map).
Proof. Let G(t) = (¢(£))*F(¢). Then G € Ly(0, »), and
i6) = [T e ewewa,

Hence, if s > 0,

[ s+ a0 = [Tas) [T o) iewan

fom (6(0)) 2 G (1)dt f:, B ) = fo TG,

provided we justify the interchange of the order of the integrations. For this,
by (8, Chapter 1, Theorem 15c¢), it suffices to show that

S asw [T icoi <o,

But this integral is equal to

ST waortetcwia [T erase = [T 60l <

since G € Ly(0, o).
Hence, by the result of Paley and Wiener quoted above,

GOIFQ) = 60 =@+ [ Bt ) [+ odpads
= tm@ L [ [ Bt 7w+ o)dods(w)

- lin(2) I 7 B = ot vreasase

=1m@ 2 ["56) [ B - w, maswas,

Y- 0
— lim@) L f F(5)Eals, 8, 7)ds,
Y- ™ 0

again provided the interchanges of the order of the integrations are justified.
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For this, we first note that by the Paley and Wiener result above, if g is the
Laplace transform of a function in Ly(0, ), then

J:o |E(st, v)g(s)]|ds < .

Also, as previously,

[ e+ olse < [Tasw [T o) e

= J:o e "'|G(t)|dt = g(a).

Hence

ST EGu1 [+ olaswis < [ 1EG 1g0)ld0 <

and the interchanges are justified.
For example, if a(x) = [x], then an easy calculation shows that

B@) = T g H— (4 )
and
Ealsitor) = Y =2 B (=0 + D)t v).

0<n<s—3 22" (n ‘)
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