GENERAL TRANSFORMATIONS OF
BILATERAL COGNATE TRIGONOMETRICAL SERIES
OF ORDINARY HYPERGEOMETRIC TYPE

R. P. AGARWAL

1. Introduction. Whipple [6] was the first to consider transformations
connecting well-poised hypergeometric series as particular cases of relations
between cognate trigonometrical series. He used contour integrals of the
Barnes type to deduce such transformations. Later Sears [3] gave a systematic
theory of general and well-poised transformations of trigonometrical series of
any order which included Whipple's results as particular cases.

The object of this paper is to study general transformations of bilateral
cognate trigonometrical series in analogy with the ordinary bilateral series
introduced by Bailey [1].

Thus, in §2 bilateral trigonometrical series have been defined and later,
with the help of Sear’s known transformations of ordinary trigonometrical series,
a number of transformations connecting general and well-poised series have been
deduced in §§4-9.

In §10 particular cases of these transformations have been considered which
yield the known transformations of Bailey [1], Slater [4; 5], Jackson [2], and
Sears [3].

Lastly, in §11 and onwards I have given direct proofs of the bilateral trans-
formations deduced in §§4-9 by employing contour integrals of the Barnes type
similar to those employed by Slater [5] for deducing Sears’ general transforma-
tions of generalized hypergeometric series.

2. Definitions. If %, denotes the (z 4 1)th term of the series
F(al, A2y . ..y aM—I-l; bly b21 e ey bMv)

then, following Sears’ notation, the series

> (=) uysin (A + 20)8, > unsin (A + 2n)8,
> (=) sy cos (N + 2n)8, >t cos (N + 2n)6

will be denoted by the symbols
S [01, ooy Aarta;, 0] S, [al, ey Qaryay 0]
MM by by N, MAYSM by bar 3 A
C [(Zl, e ooy Qa1 0] C, [(Zl, ooy Qarga, 0}
M bly"’rbﬂf v)\y M b1y~"be ;)\
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respectively. When A\ = a,, the first numerator parameter, it will be omitted
from each symbol, and, following Whipple, series of the type

S[a’ly"'ra’M'i-l;e ]
14a1—as...,14 a1 — ays,

in which X = @, necessarily, will be called well-poised and will be denoted by
am+15ar(a1). We will also denote series of the type

S[2ar—al,anar+az—al,...,ar—i—aml—a1;0]
14+a,—ay,..., 14 a — ay,

by the symbol 5415 (e,) for» > 1; where the numerator parameter (a, + a¢,—a;)
is the first to occur, and the denominator parameter (1 4+ @, — a,) is omitted.
Similar notations are used for the series C, .S/, and C’.

Now we define the bilateral series as follows:

@.1) po[al, e 0] = 3 (2)@)s. . . (@), sin {(x + 2n)0}

(2.2) 2ZpL b1, . oL by N “~  (b)y...(by)s cOS
2.3) pX;[dl,...,Gp;o] = _(@)n_(_% sin{ }
24)  SZpLby .. b A 2 G (B), cos | 1200

where (o), = TI'(a + 7)/T(a).
It is easily seen that

(2.5) 2 X5 [al, ey Ay 0] _ 2419 [1, Qy -« - oy Qp; 0]
(2.6) 2Zp LO1, ..., by A 241Cp biy ..., by A

(1——bl)...(l—bz,)p+lS,,[1,2——bl,...,2-b,,;0 ]
A —=ai)...d —ap) pt1Gy 2—ay,...,2—a,; 2 — A,

where on the right-hand side the positive or negative sign is to be taken
according as the series is of the type ,X, or ,Z,.

=+

Similarly,
2.7 ¢4 [al, ey Oy 0] _ 2115 I:l, A1y« o ey Ay} 0]
(28) pZ,', b], ey bp; A p+1C; bl, e ey bp; A

FA=by... (1—b,,),,+1s;,[1,2—b1,...,2—b,,;e ]
A —=ai)... 0 —ap) G, 2—ay,...,2—0a,;2—2Al,

where on the right-hand side the negative or positive sign is to be taken
according as the series is of the type ,X, or ,Z,.
The convergence factor R(Zb, — Za, — 1) will be henceforth denoted by y.
The series (2.1) and (2.2) converge when either

y>0, —7<20<7
or
—1<y<0, —7<20< .
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The series (2.3) and (2.4) converge when either

y>0) 0<0<7|'
or
-1<y<0, 0<KO6<m

When y > 0 all the series converge uniformly and absolutely-in the variable
6 or in XA but when — 1 < y < 0 the convergence is, in general, conditional.

3. Notation. Let

G(an - .. awiby, ..., by) = {fi r(a,)}{ﬁ I‘(b,)}_l
M M+N
A4 = {H G(a,; b,)}{n G —b,;1— a,)}
2 M+1
A(a) = {ﬁ Gla, — a1; b, — al)}{ﬁNG(l +a1—b;1+4+ a1 — a,)}
2 M+1

-1
X {P(lh - 01)}
M
A(bM+1) = {III G(l + a, — bM+1§ 140, — bM+1)}

M+N -1 -1
X {Al:gc(bM—H. - br; bM+1 - a’r)} {P(bM+1 - (lM+1)}

B = A cosec may1/T(1 — @piny1)
B(a1) = A(a1) G(a1; 1 + a1 — @urin+1) cosec 7(@arp1 — @1)
B(bar1) = — A(bars1) G(barsr — 15 bars1 — @arivyr) coseC w(bartr — aarir)

M+1

P = I‘(al){H Gla,a, — al)}{ IZJIZG(I +a—a,1l— a,)}_1

M+1
Q(a2) = {H’ G(a, — az,a2 + a, — 01)}
2M -1
X {HG(I-}—ag—a,, l—l-al—ag—a,)}
M+2

R =P/G( + a1 — asprs1, 1 — @apryr)
T(a2) = Q(e2)/G(1 + a2 — aspry1, 1 + a1 — a2 — Qoar+1)
M+2 2041 1
U= P(al){n G(a'ﬁ ar — al)}{ H G(l + ay — Qr, 1- ar)}
2 M+3
M+2
V(az) = {H ’G(a, — Q2, A, + as — 04)}

1

2M+1 —1
X {H G(1+az—ar,1+al—az—ar)}
M+3
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X =UG(A 4+ a1 — asprt1, 1 — aonrt1)
Y(a2) = V(az) G(l + a2 — aayq1, 1 + a1 — as — a2M+1).
The primes in the product symbols denote the omission of the gamma func-

tions with zero arguments.

4. The general bilateral transformations. Sears [3] has proved the following
general theorem for ordinary cognate trigonometrical series:

(4'1) BS [a’ly < ooy AaEN+1, 0]

4.2) C

T Sta,14+a1—5by,...,14+a1—bysy ; 6 ]
=+ Bla) C|: 1+a1—as ..., 14+ a1 — aygni; — M+ 2a:(1 — mw/6)

F idem (as; as, . . ., Garg1)

bl,...,bM+N ;>\

+ B )S[l+al—bM+1;'-'yl+aM+N+1—bM+1 ;0
MAV CL2 — barrn, L+ b1 — baggn, « ooy 1 bagyw — Dager;

A+ 2 — 2byra(l — m1r/0):l
+ idem (bars1; Oara2y - - - Oaraw),

valid when either
y>0, @Cn—1r<20< @m+ D7
or
—1<y<0, @nm—17r<20< (2m—+ m,

where m is a positive integer.

In (4.1) and (4.2) let us put dpr41 = @1, -« .+, bpyrany = @y with N = M and
also let azp1 — 1. We find that all the series in (4.1) and (4.2) reduce to series
of the type 3+1Sy (or 34+1Cy) and the series corresponding to the parameter
@41 0n the right combines with the series on the left-hand side to give a bilateral
series of the type X (or xZy). Also, the series corresponding to ¢, combines

with the series corresponding to by, on the right forr = 1,2, ..., M, to give
corresponding bilateral series. '
Finally, writing ¢; for aarye, ¢ for asys, - - ., €ar fOr @oprq1, we get the trans-
formations
(4.3) M uX [:Cl» ey Oy 0]
Ty 1- r b y 1- r
(4.4) [T6G aribnl =) 7 Lbw .. bai A
M
= F @)1 —a)][] Gla, —an 1+ a1 —a,;b,—ay, 1 +a1—c,)
1
XMXM[1+a1—b1,...,1+a1—bM; 6 ]
wlZull+ar—cy,...,14+a— cy; — XN+ 2a:.(1 — m=n/0)

'T' idem (@15 @s, . .., Gx)
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valid when either

y>0, Cm—Dr<20< 2m+ Dr
or

—1<y<0, 2m— Dr<20< (2m+ D

5. Sears has also proved that

(5.1) 5 [al, e Gagant o]

(52) C’ bl, ey bM+N ; A
T Sl[alyl+01—bly---y1+dl—bM+N§ 0
—+B(a1)c, 14+ar—asy...,1+ a1 — ausnsr;

— A + 2&1 b (2m + 1)7!'(11/0]

—T— idem (dl; Agy « o,y (ZM+1)

— B )S,[1+al—bM+1;---11+aM+N+1'—bM+1 ;0
MicrL2 — basr, 1+ b1 — baryr, ooy 14 barsw — barya;

A + 2(1 - bM+1) ‘I" (2m + 1)7l'b1u+1/0]

— idem (bary1; barsa, -+ - 5 bariw).

Using the same substitutions as in §4 we arrive at the following transformations

(53) X o stw[cl,...,cM;o}
(5.4) [[G@n 1 —anibnl—c) ™ |0

M
=+ I'@)r(d —a) ][ Gl —a,1+a1—a;b,—a,1+a1—c)
i

XMXfu[1+a1—b1,...,1+a1—bM; ] ]
wZyLl+ar—cy,...,14+ a1 —cy; — N+ 2a1 — Cm~+1)7wa, /6
F idem (ay; as, . . ., @)

valid under the conditions

y>0, mr<6< (m—+ Or
or

—1<y<K0, mr<0< (m+ Dm.

6. Well-poised trigonometrical transformations. Sears [3] has also proved
the following nine transformation theorems for well-poised trigonometrical

series.
(6-1) Py S,2M—l(a1) + Q(a2) 2MSI2M—1((12) + idem (a2; @z ..., 0y4) =0
(62) P cos %77'01 2MS2M—1(al) + Q(GQ) COs %W(&Zg — al) 2MS2M—1 ((12)

+ idem (as; @3, . .., a341) =0
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(63) P sin %rdl 2MCQM_1(al) + Q(GQ) Sil’l %1!’(2@2 —_ (11) 2MC2M-1(a2)

+ idem (az; a3, ..., au41) =0
(6.4) U sin way 2a041Casr(a1) + V(ag) sin w(2a2 — @1) 23041Cap(@2)

+ idem (ag; a3, ..., Q) =0
(6.5) U cos tmay apri1S 20 (ar) + Vi(as) cos 2w (2as — a1) a5 2 (@2)

+ idem (@25 a@s, ..., Gar42) = 0
(6.6) U sin $ma1 aar1C anr(@1) + V(ay) sin 37(2a2 — a1) 22011C 200 (a2)

+ idem (ag; @3, ..., 0+2) =0

(6-7) U2M+152M((11) + V(az) 2M+152M(02) + idem (d2§ A3y o v ya/M+2) =0

(68) X sin a1 2MC/2MA1((11) + Y(dz) sin 71"(2(12 b al) QMCIQM_l(a2)
+ idem (az; as, ..., ay42) =0

(6-9) R 2M+IS2M(a1) + T(az) 2M+IS2M(a2) + idem (612; A3y o v vy aM-H) =0

The conditions of validity for (6.1), (6.5), (6.6), (6.8) are either y > 0,
0<i<rTor—1<y<0and0 <8<

The results (6.2), (6.3), (6.4), and (6.9) are true for eithery > 0, —7 < 20< 7
orfor —1<y<0and — 7 <20 < 7.

The result (6.7), however, is true for either v > 0, — 37 < 20 < 37 or
—1<y<0and — 37 <20 <37 (260 # £ 7).

7. Transformations of well-poised bilateral series. Consider first the
transformations (6.1), (6.2), and (6.3). In each one of them put M = 2N + 1
(an odd integer) and then let aoyie = 1, 02 = 1 + a1 — a3, ¢4 = 1 4+ a1 — as,
etc., and, in general, aoy = 1 + a1 — @an41. The series then reduce to one of
the type svi1S o, av+152n, and sy 1Coy respectively.

Simplifying the coefficients of the series on the left and, finally, writing a
for ai, by for asyys, bs for asyys, etc. and, in general, boy for aswys; a1 for as,
a, for as, etc. and in general, ay for @¢eyy1, we have, on combining the series in
pairs as in §4, the following three transformations for svX'ow, anXow, and owZow
series, respectively:

(7.1) P oy X'ay(a) = Q' (ar) swX'v(a1) + idem (as; ay, . . ., ay),
(7.2) P’ cos bna swXaw(@) = Q'(@) cos (201 — @) ayXay(ar)

+ idem (al; A2y o ooy aN))
(7.3) P’ sin 3na swZov(a) = Q' (ay) sin §w (201 — @) wZoy(a1)

“+idem (as; as, . . ., ay),
where

P =T()T{1 — a){H G@a,1—an,1+a—a,a — a)}
o 1
X{HG(I'*‘U/""bnl_'br)} ’
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Q@) =T —a)Td +a—a)T(e)TA — a1)
X{ﬁ’G(l—l—a—a1—a,,al—l—ar—a,a,—al,l—l-al —ar)}
X {ﬁ GA+a—bnl+a—a— b,)}_l,

and X (a), X (a,) denote the series

X [blbey---,bM §6]
MEMI 1 4+a—by...,14+a—byal

and
X[a,—l—bl—a,...,a,—I—bM——a;0 ]
MEM 1+ a, — by, ..., 1 +a,—by:2a, —a

respectively, with similar notations for X’, Z, and Z’ series also.
The transformations (7.1), (7.2), and (7.3) are valid under the same conditions
as those required for (6.1), (6.2), and (6.3) respectively.

8. We now pass on to the consideration of (6.4), (6.5), (6.6), and (6.7).
Taking M = 2N (an even integer) and treating them by a method similar to
that of §7, we get the transformations:

(81) P, P(l + a — sz) F(l —_ sz) sin Ta 2N_1Z2N_1(Cl)
= Q(a1) T(1 + a1 — bay) T(1 4+ @ — a1 — bay) sin 7(2a1 — @) sv_1Zon_1(a1)
+ idem (ai;ay, ..., ay),

(8.2) P'T(1 4 a — bay) T(1 — bay) cos 3ma sy—1.X"oy—1(a)
= Q'(ay) T(1 4+ a1 — boy) T(1 + @ — a1 — bay) cos 57(2a1 — @) oy—1.X"2y_1(a1)
+ idem (ai; as, . . ., ay),
(8.3) P' T(1+a — bay) T(1 — bay) sin 3na sy_1Z"ay_1(a)
= Q'(a1) T(1 + a1 — bay) T(1 + a — a1 — bay) sin 37(2a1 — @) v—1Z"sx—1(ar)
+ idem (al; Qg . .. 7aN)7
(84) PPT(1 4+ a — bay) T(1 — bay) an—1Xon—1(a)

= Q(a) T(1 + a1 — bay) T(1 + @ — a1 — bay) w1 Xox-1(ar)
+ idem (a1; as, . . ., an),

respectively. These transformations are valid under the same conditions as
those necessary for (6.4), (6.5), (6.6), and (6.7) respectively.

It may be noted that the transformations (8.1), (8.2), and (8.4) can also be
obtained by putting bey = 3(1 4+ @) in (7.3), (7.1), and (7.2) respectively.

9. Next, in (6.8) take M = 2N and, after reduction as in §7 and §9,
change NV to (N + 1). This gives the transformation

(91) P,F(l +a — aN+1)I‘(aN+1 - a)F(l - aN+1)I‘(aN+1) sin ma QNZ/QN((I)
= Q/(dl) F((Z1 — a + (ZN+1) F(]. + a — ay — aN+1) F((IN+1 —_ (11>
X I‘(l + a; — (lN+1) sin 7r(2(11 —_ G) 2NZ,2N(a1) + idem (al; Aoy . v .y aN+1).
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Lastly, in (6.9), take M = 2N + 1 and as before we obtain the transformation

(9.2) {P'/T(1 4+ a — bays1) T(1 — boyg1)} avt1 X ont1(a)
= {Q(a1)/T(1 4 a1 — bayy1) T(L + a — a1 — boyt1)} w1 Xow1(ar)
+ idem (a;;as, . . ., ay).

10. Special cases. In this section we shall briefly mention some of the
interesting particular cases of the transformations deduced in §§4-9.

If we take 8 = 0 or 47 in all the above transformations we get the transforma-
tions of ordinary bilateral series with arguments +1 or —1, as the case may be.

In particular, § = 37 in (7.1) gives Slater [4, (11)]. Also, § = 0 in (7.3),
(8.1), (8.3), (9.1) gives Slater [4, (11), (14), (13), (12)].

As indicated by Slater [4] her trasnformations include all those of Bailey [1].

We can also by suitable substitutions rediscover Sears’ original theorems on
trigonometric series.

11. Bilateral trigonometrical integrals. We shall now give a direct proof
of the general transformations deduced in §§4-9. Let us first consider the
general transformation (4.3). For simplicity we shall prove it for the case when

m = 0.

Consider the integral
_}___ [a1+57'--yaM+srl_al_Sy--'yl_aM_Sv—sy1+s;]e2;sods
27 d o bi+s,...,0+s,1—c1—s,...,1—cy —s,

where the contour of integration C is a circle of radius R with origin as centre,
and R is so chosen that the circle does not pass through any of the poles of the
integrand. The parameters a, b, and ¢ are supposed real for simplicity’s sake.
0 is necessarily a real quantity. The parameters are such that none of the
members of the two sequences

—1—n,—n—ay,...,—n — Ay
and
nyl—a+mn...,1—ay+n
coincide.
Now the integrand for s > 0 can be written as

T(ci+s)...T(car+s) awsina(ci+s)...sm w(cy + 5) 2158
T+ s)...T(by+s) sin wssin w(a; + s) ...sin 7w(azy + s) e -

Writing s = Re®, —ir < ¢ < 3w, we find that the first fraction in the above
g
product is

0 (RECr—Ebr)

and the second fraction is
(i) bounded for R — « if —7 < 26 < , and
(i) Olexp (—26R sin ¢ — Rx|sin ¢|)] when R — .
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From (i) it follows that the integral round the semicircle on the right of the
imaginary axis tends to zero if

M M
<Zbr_257>>1, —1r<20<1r.
1

1

Again from (ii) it follows with the help of Jordan’s Lemma [7, p. 115, §6.222]
that the integral round the same semicircle tends to zero if

M M
(Zbr—Zcr>>0, -7 <20< T
1 1
Similarly, when s < 0 we write the integrand as

T —by—s)...T(1 — by — s) wsin w(by + 5) .. .sin w{by + 5)  2ig
T(d—c1—s)...T(1 — ¢y —s) sin 7rssin7r(a1—|-s)...sin1r(aM+s)e

and similar remarks follow under the same conditions. Thus we have shown
that the integral round the circle |5] = R tends to zero as R — « under the
above two sets of conditions.

For the sake of brevity let us suppose that

Yo m=0,1,..., M)
are the residues of the integrand at the poles#, 1 — a1+ #,...,1 — ay + n,
and

Rym m=0,1,..., M)
are the residues of the integrand at thepoles — 1 — n, —# — a1, ..., — . — ay.

Then, if >0, — >.c, > 1 and —7 < 26 < , the series of residues

> ram 3o Rom (m=0,1,..., M),
n=0 n=0

converge absolutely and there is no difficulty in letting R — «. Hence, by
Cauchy’s Theorem,

M o) M ©
Z Vn,m + Z Z an = 0.
m=0 n=0 m=0 n=0

Introducing a parameter A by multiplying the above equation by e™? through-
out and equating the real and imaginary parts we obtain, after combining the
series Y 7, s with 3R, , the transformations (4.4) and (4.3) respectively.

In the case when >.b, — X ¢, > 0 and —=r < 20 < 7, the series of residues
are only conditionally convergent, but, with a little labour we can justify the
limiting process of letting R — . The details are similar to those given by
Whipple [6] and hence have been omitted.

In the case when the parameters a, b, and ¢ are complex, we have to replace
the conditions of convergence by their real parts and instead of equating the
real and imaginary parts in the final series of residues we have to add or subtract
the conjugate series.
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In order to obtain the transformations (5.3) and (5.4) we consider the above
integral with e"+20s instead of the exponential factor €?*%* in the integrand,
and proceed in exactly the same manner.

12. Well-poised bilateral trigonometrical integrals. If
Py(s) =
Tle+s)T(@+s)...Tlay+s)TA+ae—ar+s)... T(A4+a—ay+5s)

XT@a—a—s)...Taxy—a—s5s)T(—s) TA+s) T —a —s)
XT{1l—a—s)...T(1 —ay — s)

and
2§ 1
Qu(s) = {I_IIG(1+a — b+, 1~ b,—s)}

then

(12.1) 51;; fc Py (s) Quwn(s) cos (3a + s)me*Hgs,

1 10(2s+a
(122) 5 | 2ol Qunts) e,
(12.3) 5%‘_; fc Py (s) Qun(s) sin (%a + s)m e *9ds,

where C is the same contour as before, give the transformations (7.2), (7.1),
(7.3), respectively. The rest of the transformations can easily be obtained by
obvious modifications of the above integrals.

I am thankful to Professor W. N. Bailey for his kind guidance in the prepara-
tion of this paper.
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