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0. Introduction

Let A and B be function algebras. The well-known Nagasawa theorem [5] states that
A and B are isometric if and only if they are isomorphic in the category of Banach
algebras. In [2] it was shown that this theorem is stable in the sense that if the Banach—
Mazur distance between the underlying Banach spaces of A and B is close to one then
these algebras are almost isomorphic, that is there exists a linear map T from A onto B
such that | T~ Y(Tf Tg)— fg||<e|| f||||g||- On the other hand one can get from Theorems
1 and 3 of [3] that the Nagasawa theorem can be extended to some operator algebras
as follows:

Theorem. Let X,Y be real Banach spaces with the approximation property and such
that X*, X**  Y* Y** are all strictly convex. Assume that T is a linear isometry from
K(X)=X*®X onto K(Y)=Y*®Y then one of the following two possibilities holds

(@) T=T,®T, where T;: X*->Y* T,: XY are onto isometries.
(b) T=T\®T, where T,:X->Y*, T,: X*-Y are onto isometries.

Consequently K(X) and K(Y) are isomorphic or anti-isomorphic in the category of
Banach algebras.

If X=Y=Hilbert space then this result is a consequence of Kadison’s result on
isometrics in C*-algebras.

In this paper we combine the method of [3], [1] and [2] to prove that, in the case of
uniformly convex spaces, the above theorem is also stable.

1. Definitions and notation
For Banach spaces U and V
B(U) denotes the closed unit ball in U,
E(U) denotes the set of extreme point of B(U),

U®YV denotes the injective tensor product of U and ¥,

L(U, V) (K(U, V)) denotes the Banach space of all continuous (compact) linear operators
from U into V. If U=V we write L(U) (K(U)) in place of L(U, U) (K(U, 1)),
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the Banach—Mazur distance between U and V is defined by
dp_ (U, V)=inf {||T||||T~*||: T is a linear isomorphism from U onto V},

and we put dg_,,(U,V)=c0 if the spaces U and V are nor isomorphic.

For a Hausdorff space S we denote by C(S) the Banach space of all continuous,
bounded scalar-valued functions on S with the sup-norm.

In this paper we often consider a Banach space V as a closed subspace of C(E(V?*))
where E(V*) is equipped with the weak *topology. The space V®U is regarded as a
subspace of C(E(V*) x E(U*)).

For a Banach space V4, denotes the modulus of convexity of V ie. the function
6y:RT—>R* defined by

wv'el,

of| =l =1, lo—v'

Sy(e)=1—sup (3|lv+v' |2 e}

Also we define 6§:R*—>R* by
¥(8)=sup{eeR*:5,(e) < 5}.

Notice that V is uniformly convex if and only if lim;_, o, 3(5) =0.

Let A and B be Banach algebras and let T be a continuous map from A onto B. We
say that T is a linear isomorphism or isomorphism in the category of Banach spaces if
T is an isomorphism of underlying Banach spaces of 4 and B. If, in addition, T
preserves the algebra multiplication we call it an algebra isomorphism or isomorphism
in the category of Banach algebras.

Finally for a metric space S we put

diam S = sup {d(sy,s,):5,,5,€S}.

2. The results

Theorem 1. Let X,X,Y,Y be Banach spaces with uniformly convex duals. Then there
is an eo>0 such that for any e<e, and any linear isomorphism T from X®X onto Y®Y
with ||Tl| |T~Y||<1+e there are linear isomorphisms ®:X—Y and ¥:X-Y or ®:X-Y
and V: XY with ||®||]|@ || S 1+c(e) and ||P||[|¥ || £ 1 +c(e) such that

|T—0®¥| < cle).

The constant &, and the function c¢ depend only on the modulus of convexity of the
considered Banach spaces and lim,_, 4+ c(g)=0.

Corollary 1. Let X,Y be Banach spaces with the approximation property and such that
X,X* Y and Y* are uniformly convex. Then there is an £,>0 such that if the Banach—
Mazur distance between K(X) and K(Y) is less than 1+¢&, then K(X) and K(Y) are
isomorphic in the category of Banach algebras. The constant ¢, depends only on the
modulus of convexity of Banach spaces X,X*,Y,Y*.
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Proof. It is an immediate consequence of Theorem 1, of the fact that any uniformly
convex space is reflective and that K(X)=X*®X whenever X has the approximation

property.

Corollary 2. Let X, Y, be finite dimensional Banach spaces such that X,X* Y, Y* are
strictly convex. Then there is an £,>0 such that for any e<¢, and any linear map T from
L(X) onto L(Y) with | T||||T~*||<1+¢ and T(Idy)=Idy there is an algebra isomorphism
T from L(X) onto L(Y) such that

|T—T||<c(.

where lim,_ 4. c'(¢) =0.

Proof of Theorem. We assume, without loss of generality, that ||T||<1+¢ and
T~ <1 +e.

At various points of the proof we shall use the inequalities involving & which are valid
only is ¢ is sufficiently small, in those cases we will merely assume that ¢ is near 0 and
this assumption gives rise to the constant &,.

Lemma 1. Let U and V be normed, linear spaces, let 6 be a positive number and
assume that

[|luy @ vy +u, ® vy +u; @ v;5]| <51 (1)

where

Uy, Uy uz3€lU,0,,0,,0,€V

and
[l || =zl = 1= [os || =[loa]| = |los]l

Then there is a number 1 of modulus one such that

|luy — Au, || £3./6 or ||o, — A, £3./6.

Proof. If inf}; -, ||Av;—vs]| £3./3 for both i=1 and 2, then we get [jv; — v, <3./6

for some A of modulus one, so we can assume that

inf ||Av, —v5]|>3./6. )}

1Al=1
Assume there is an « € C with ||v, —av;|| <3, /5. We get

1+3./62e|21-3/6>0
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and we have

_ (-
ﬁ”l—va = ”1—|Z—|1’3 é"ﬁ—“ +jo, —ans|| < = ﬂ‘m‘lzl—) +%\/3§%\/5~
The above contradicts (2) and we get
in(tj"“v1 — o | >%\/5. (3)
ae

We define a functional v* on span(v,,v;) by

v*(aw, +[3v3)=%\/5a.

From (3) we have |jv*||<1. Let ©* be a norm preserving extension of v* from
span(v,,v;) to V. From (1) we get

““1 *(v,) +u217*(v2)|| <4,

SO

Hence, in the same manner as before we get

L 5*(02)[5(0y)
00 7 02)

<24./6<3./0.

For the next lemmas we need the following observations. The first one is easy to
check by a direct computation.

Uy

Proposition 1. Let V be a Banach space with uniformly convex dual and let ve V,||v|| =1
then

diam {v* € B(V*):Re(v*(v)) = 1 — 8} < 63.(29).

Proposition 2. Let V,U be Banach spaces with uniformly convex duals and let
veVueU, ||v||=1=|[u|| then

diam {v* ® u*e B(V*) ® B(U*):Re((v* ® u*) (v ® u)) 21— 35} < 65+(28) + 68+(26).
Proof. Fix v} ® u¥ e B(V*) ® B(U*) such that

Re(v¥ @ u¥)v@u)=1—-6 for i=1,2
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Let «;i=1,2 be complex numbers of modulus one such that «;p¥*(v)eR*. By our
assumption we get

1
o v¥(v)21—-46 and Rea—u;“(u)_?__l—é for i=1,2.

Hence by Proposition 1 we get

1
~uwt——ut| <
Ay s

alvf—a2v3‘”§5$.(26) and ‘ 0%+(20)

SO

ot ® ut—v @ut||<

1 1
0, 0f @ —uf—a,03 ® —uf
oy oy

+ 55.(20) + 55.2(6).

1 1
av3 @ —ut—o,03 ® —uj
ay o>

Proposition 3. Let S be a compact Hausdorff space, let A be a closed subspace of C(S)
and Let F be a norm one functional on A. We denote by S, the subset of S consisting of all
points s from S such that the norm of the functional A> f— f(s) is equal to one. Assume
that for any s€S and any number A of modulus one there is exactly one s; €S such that

f(s)=4f(s;) forall feA.

Then there is a probability measure yu on S which is a norm preserving extension of F from
A to C(S). Furthermore for any such u we have u(S,)=u(S)=1.

Proof. Let v be a norm one extension of F from A to C(S). Denote by K, the subset

of S consisting of all points seS such that the norm of functional A> f— f(s) is not
greater than r. For any f €A with || f || =1 we have

= J11dbl+ J 1/1db|< sup{l7@)fse K} plK)

IF(f)I—lI fdv

+V(S\K) = 1—y|(K)(1—7).
Hence |v|[(K,)=0 for any r<1, because F has norm one on A. Since S\S, is the union of
S\K, for 0<r<1, [v|(So)=1.

Put h=dv/d|v|. We can assume |h|=1 on S. By our assumption there is the map
¢@:S— 8 such that

h(s)f(s)=fo(s) for feA,seS.
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If h is continuous, then the corresponding function ¢ defined by the above equality is
also continuous. Hence it is standard to prove that if h is a Borel function then ¢ is also
Borel. To end the proof we define pu by u(K)=|v|[(¢~'(K)) for any Borel subset K of S.

Lemma 2. Let X,X,Y,Y be Banach spaces with uniformly convex duals and let T be a
linear isomorphism from X ® X onto Y® Y with |T||<1+¢||T™"||£1+e. Then for any
y*e E(Y*®), j*c E(Y*) there are x* € E(X*), ¥* € E(X*) such that

[T*(* ® 7*)— x* ® 2*|| Sae);

where o(e)—0 as ¢—>0 and the function depends only on the modulus of convexity of
X* X* Y* Y*

Proof. Fix y*c E(Y*), ¥ E(Y*) and let u be a measure on B(X*) x B(X*) which is
a norm preserving extension of the functional T*(y ® 7%) from X ® X to C(B(X*) x
B(X*)). By Proposition 3 we can assume that y is positive and we have
] = (BOX*) x BCR*) = p(E(X*) x E(X*))
and
1 —s§||u|| <l+e

The spaces Y and Y are reflective so there are y,e B(Y), , € B(Y) such that

Y3 (yo) =1=33(o)-

Put
S={(x* %*)e E(X*) x E(X*):Re(T ™~ yo ® o)) (x* ® i*);l_\/g}_
We have
[l 1+e [T (o ® Fo)|| < 1+¢
and

§T (9o ® Jo)dp=1
so, by a direct calculation
H(E(X*) x B(R*\S)2,/e. @)
We shall show that

diam ({(x* ® x*):(x*,x*) e S}) < '(¢) 5)
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where o'(e)»0 as e¢—0, and o« depends only on the modulus of convexity of
X* X% Y* Y~

For this purpose let (x¥,x*)eS for i=1,2. The spaces X and X are reflexive so there
are x; € B(X), X;€ B(X) such that x¥(x;,)=1=x¥(x,) for i=1,2. We have

”xi® F+T W ® fo)”_z. |((xi ® %)+ T (o ®@ Fo)x¥ ® ff)l 22—\/5-

hence, if <3, we get

(706 ® %)+ 90 ® Fol| 22—~ /o) (1 +e)22—2 /e for i=1,2.
Let y* ® j*e E(Y*) ® E(Y*) be such that
Re(yF ® F3(T(x: ® %)+ 1o ® jo) 22— 2/e.
Hence
Rey? ® JH(T(x; ® £)21-2/5,Rey} ® j¥(yo ® Jo) 21-3./e

By Proposition 2 we get

lys ® 75— ¥ ® 7¥(|=5%.6./2) +5%.(6,/2)
which in view of previous inequalities leads to
Re(T(x; ® %)) (8 ® 742 1—3/e —3(1+8)[63.(6,/2) + 65.(6,/e)]=1(e) for i=1,2
)
[Ix; @ %, +x, ® %,|| = 2¥(e).
Hence there is x* ® %* € E(X*) ® E(X*) such that
Rex; ® X,(x* ® X*)=2y(¢)—1 for both i=1 and 2.
By Proposition 2
[[x¥ ® %% —x§ @ 4[| S[6%+(4 —43(e))+ 03.(4 — 4p(e) ] = a(e).

Fix (x§,%3)eS. To end the proof we observe that for any fe X ® X with ||f||<1, it
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follows from (4) and (5) that
|f(x8 ® %8)— T*(y§ ® 58I )| =|f (x& ® X§)— [ f d|

4 8+£|f—f(X3 ® %8)|dp+|1—u(S)|

<4./e+o(e)(1+2) +4. /e =afe).

~ -~

Lemma 3. Let X,X,Y,
*
2

, X, T,¢,a be as in Lemma 2. Assume y% e E(Y*), ¥, 5%, 7* e E(V*),
x1,x3, x5 € E(X*), X}, X

i’;‘; € E(X*) are such that
[T*E @ §#) —xt ® x¥||<ale) for i=1,2,3,

then there are numbers A, ; for i, j=1,2,3 of modulus one such that

“x;"—l,-,jx}“” <P for i,j=1,2,3
or

||%*— 4, EH|ISBE) for i,j=1,2,3
where
B(e)=24./a(e).

Proof. Since Y* is uniformly convex, by Lemma 2, there are x*eE(X*) and
%*e E(X*) such that

IT(E ® (7% +7%) —kxt ® X¥|| Skae),
where
k=[yt+ 73 <2
Hence
[t ® £+ x3 ® X% —kxk ® %x|| < (ko) + 2a(e)) < 4a(s),
and by Lemma 1 we have

Ixt—Ax%|| <12, /afe) or ||FF—A%%||<12/le)

for some A of modulus one.

Considering successively the pairs of indices (1,2),(2, 3) and (1,3) we obtain the assertion
of the lemma.
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From Lemmas 2 and 3 we deduce that for any y%e E(Y*) we have exactly two
possibilities:
(a) there is an x¥ € E(X*) and a function ¢:E(Y*)—E(X*) such that

IT*(v8 ® 7*) —x8 ® (7*)| < ale) + &) =y(e) forall *eE(T*)

or

(b) there is an X¥ e E(X*) and a function y: E(Y*)— E(X*) such that
IT*(ys ® 7*)—¥(7*) @ %§||<y(e) for all F*eE(Y*). M

By the same arugments applied to the map T~ ! in place of T, we get by symmetry
(replacing the space X by X and Y by Y) and by Lemma 3 that

sup {inf {||o(7%) — %*||: 7* € E(¥*)}:2* e E(X )} <3(6) (
)
sup {inf {(7%) —x*[|: 7* € E(V*)}:x* € E(X*)} £3(6).

For any y§eE(Y*) we define, depending on which of the above possibilities takes
place, a function ®:X-Y or ¥:X - Y as follows:

(a) fix xoeB(X) such that x§(x,)=1 and define ® by §*(®(x))=y¥ ® 7*(T(x, ® X))
for j*e Y*, e X;

(b) fix %, B(X) such that %¥(x,)=1 and define ¥ by 7*(¥(x))=y% ® 7*(T(x ® %))
for j*e V*,xeX.

The above definitions may depend on the choice of x4(X,) and we assume that we
have fixed some ®(¥) as above, for any y§ e E(Y*).
We have ||@||S1+¢, ||¥]|<1+¢ and

[7*(@(3) — o(*)(F)| Sy(e)f|]| for all j*eE(Y*),%eX,
[F*(PCN -y ()| Sy@||x[| forall F*e E(Y*),xeX,

so from (8) we infer that ® and ‘¥ are one to one, onto isomorphisms with ||@7!||<
1+7(e), ||¥ || £1+7(e) and

[0*(*) —@(7*)||<v(e) and [[¥*(F*)—v(7*)||Sy(e) forall j*eE(Y*)

To end the proof we show that for all y% e E(Y*) one of the two possibilities (a) and
(b) takes place and the map assigning to y¥e E(Y*) a ®eL(X,Y) (YeL(X,Y)) is “-
almost” constant.

For this end, assume that y¥,y%eE(Y*), x¥eE(X*),x%cEX*), ®,eL(X,Y),
¥, e L(X,Y) are such that, for all j* E(Y*),

[T*y¥ ® 7*)—xt @ ®HF*)||=23(e) ©)
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and
IT*(v% ® 7*) - P3(7*) ® %3|| < 2x(e). (10)

Since [[(@) || 1+7(e),||[(P%) " "||S1+7(e) there are §¥,73eE(Y*) such that
|01t —X35[| < v(e). [ P3(75) — x¥]| S7(e); s0 we get

lxt ® %3 —T*(y} @ F¥)| S (L +ey(e) +2y(e) for i=1,2
and hence
[yt ® 7t —y3 ® 73| S 2(L+)(3+e)y(e) < Ty(e)
leading to the inequality
[yt=y3ll<75(e)
which contradicts (9) and (10).

Thus without loss of generality we can assume that it is the first possibility that

always holds. _
Fix y*¥*cE(Y*) and p¥cE(Y*). There is an x¥cE(X*) and ®,eL(X,Y) with
[|®o]| ||®o || <(1+€)(1+y(e)) such that

[T*(v& ® 7*)—x§ ® ©F(*)||<2v(e), forall j*eE(Y*). (11)

By symmetry there is an £5€ E(X*) and Wo e L(X, ) with ||¥,|||¥5 ]| (1 +e)(1 +(e))
such that

| T*(* ® 7§ —P3(y*) ® %§||<2y(e) forall y*eE(Y*). (12)
Moreover, replacing 2y(e) in (11) and (12) by 4y(e) we can assume X¥=®¥(7§) and
x§="Y§(¥3).
Let us compose T with ®~! ® ¥~ 1. To complete the proof it is sufficient to show the
following lemma:

Lemma 4. Let X,X be Banach spaces with uniformly convex duals, then there is an
€0 >0 such that for all e <eg, the following implication holds:

if T is a linear isomorphism from X ® X onto itself with ”T” ”T"l”g 1+¢ and if there
exist x§ € E(X*) and X§ € E(X*) such that

T*(x¥ @ F*)=xX@ X* forall X*eX*
and
T*(x*@ X¥)=x*@ X¥ forall x*eX*

then ||T—1d|| £2y(e).
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Proof. Let x}e E(X*), % E(X*). It follows from the assumptions and our previous
considerations that there are isomorphisms ® e L(X) and ¥ € L(X) such that

|IT*(x¥ ® %) —xT @ ©*(%*)||<2y(e) for all *eE(X*)
and
| T*(x* ® £1)— P*(x*) @ X¥||<2y(e) for all x*eE(X*).
Substituting X*=%¥ and x*=x¥} we get
[[T*(xt ® X1) —xt ® ©*(x1)|| <2v(e)
and
[ T*(xt ® £1) —¥*(x}) ® Xt||<2y(e).
Hence
lo*(ED %3] <29(e) and [lxt—¥*(e)]| <2006,

s0 [|T*(x¥ ® X¥) —x¥ ® %¥||<2y(¢) as required.

REFERENCES
1. K. Jarosz, A generalization of the Banach-Stone theorem, Studia Math. 73 (1982), 33-39.

2. K. Jarosz, Metric and algebraic perturbations of function algebras, Proc. Edinburgh Math.
Soc. 26 (1983), 383-391.

3. K. Jarosz, Isometries between injective tensor products of Banach spaces, Pacific J. Math.
to appear.

4. M. Nacgasawa, Isomorphisms between commutative Banach algebras with application to
rings of analytic functions, Kodai Math. Sem. Rep. 11 (1959), 182-188.,

INSTITUTE OF MATHEMATICS
Warsaw University, PKiIN
00-901 Warsaw, PoLAND

https://doi.org/10.1017/50013091500022586 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500022586

