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SINGULAR RATIONALLY CONNECTED THREEFOLDS
WITH NON-ZERO PLURI-FORMS

WENHAO OU

Abstract. This paper is concerned with singular projective rationally
connected threefolds X which carry non-zero pluri-forms, that is the reflexive
hull of (Qﬁ()@m has a non-zero global section for some positive integer m. If X
has Q-factorial terminal singularities, then we show that there is a fibration p
from X to P'. Moreover, we give a formula for the numbers of m-pluri-forms
as a function of the ramification of the fibration p.

81. Introduction

Recall that a complex projective variety X is said to be rationally
connected if for any two general points in X, there exists a rational
curve passing through them (see [Kol96, Definition IV.3.2 and Proposition
IV.3.6]). It is known that if X is a smooth rationally connected variety, then
X does not carry any non-zero pluri-form, that is H%(X, (Q}()(@m) = {0} for
m >0 (see [Kol96, Corollary IV.3.8]). It is a conjecture that the converse is
also true (see [Kol96, Conjecture IV.3.8.1]). For singular varieties, there are
also some analog results. The following theorems can be found in [GKP14]

and [GKKP11].

THEOREM 1.1. [GKP14, Theorem 3.3] If X is a rationally connected
variety with factorial canonical singularities, then H°(X, (Q%)®™)) = {0}
for m >0, where (Q4)[®™ is the reflexive hull of (Q%)®™.

The reader is referred to Definition 2.6 for the notion of a klt pair.

THEOREM 1.2. [GKKP11, Theorem 5.1] If (X, D) is a kit pair such that

X is rationally connected, then HO(X, Q[)/(\m}) = {0} for m >0, where Q[)/(\m}
is the reflexive hull of €% .
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4 W. OU

Note that Q% is a direct summand of (Q})®™, hence HO(X, (Q})®™)
= {0} implies H(X, Q[)/(\m]) = {0}. However, there are examples of kit
rationally connected varieties whose canonical divisors are Q-effective
(see [Tot12, Example 10] or [Kol08, Example 43]). Moreover, Theorem 1.1 is
not true if the variety is not factorial. A counterexample is given in [GKP14,
Example 3.7]. In [Oul4], we classify all rationally connected surfaces X with
canonical singularities such that H(X, (Q%)[®™]) # {0} for some m > 0. We
obtain the following theorem.

THEOREM 1.3. [Oul4, Theorem 1.4] Let X be a rationally connected
surface with canonical singularities. Then H°(X, (Q%)1®™) £ {0} for some
m >0 if and only if there is a fibration p: X — P! whose general fibers
are isomorphic to P! such that >, .p1 ((m(p, 2) — 1)/m(p, z)) = 2, where
m(p, z) is the smallest positive coefficient in the divisor p*z.

In this paper, we study the case of threefolds. We are interested in the
structure of mildly singular rationally connected threefolds X which carry
non-zero pluri-forms, and we try to find out the source of these forms. If
f: X — X is the Q-factorial model, then f is an isomorphism in codimension
1 and any pluri-forms of X lift to X. Hence, we can reduce to the case
where the singularities of X are Q-factorial. If the threefold has terminal
singularities, we prove the following result which is similar to Theorem 1.3.

THEOREM 1.4. Let X be a projective rationally connected three-
fold with Q-factorial terminal singularities. Then HO(X, (QL)®™]) £
{0} for some m >0 if and only if there is a fibration p:X — P!
whose general fibers are smooth rationally connected surfaces such that
>epr ((m(p, 2) = 1)/m(p, z)) =2, where m(p, z) is the smallest positive
coefficient in the divisor p*z. Moreover, if this is the case, then for allm > 0,
we have

H(X, (Q%)Em]) =~ 5O ([P’l, Op (—Qm + ;Pl [WD) .

In particular, the number of m-pluri-forms depends only on the ramification
of p.

Construction 1.5. Thanks to Theorem 1.4, every rationally con-
nected threefold X with Q-factorial terminal singularities such that

HO(X, (Q%)1®m]) £ {0} for some m > 0 can be constructed as follows. There
is a fibration ¢ : T'— B from a normal threefold 7" to a smooth curve B which
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has positive genus such that m(q, b) =1 for all b € B. There is a finite group
G which acts on T" and B such that ¢ is G-equivariant. By taking the quotient
by G, we have B/G = P! and T/G =2 X. For more details, see Section 3.

If the threefold X has canonical singularities, we also obtain some
necessary conditions for the existence of non-zero pluri-forms. As before, we
reduce to the case where X is Q-factorial. We have the following theorem.

THEOREM 1.6. Let X be a projective rationally connected threefold with
Q-factorial canonical singularities which carries non-zero pluri-forms. Let
X --» X' be the result of a minimal model program. Then there is always an
equidimensional fibration q : X' — Z with dim Z > 0 such that K7 + A is Q-
effective. The divisor A is defined by A=Y, ((m(q, D;) — 1)/m(q, D;))D;,
where the D; are all the prime divisors in Z such that ¢*D; is not reduced
and m(q, D;) is the smallest positive coefficient in g*D;. More precisely, we
have the following two possibilities.

(1) The variety Z is a surface and q: X' — Z is a Mori fibration such that
there is a positive integer | such that [(Kz + A) is an effective divisor.
Moreover, the sections of Oz(l(Kz + A)) lift to sections of Q[)(?,Ql].

(2) The variety Z is isomorphic to P! and for any m >0, we have

HO (X', (Qk)1Em)y =~ g <1P>1, Op (—2m + > [W} ) > .

zeP!

The difficulty in the case of canonical singularities is that the rational
map X --+ Z is not always regular. Moreover, even if it is, it may not be
equidimensional. If klt singularities are permitted for our threefolds, then
there exist other structures. We give an example of a rationally connected
threefold of general type in Example 2.15.

Outline of the paper. The main objective of this paper is to prove
Theorem 1.4. We do this in several steps. First, we consider a projective
rationally connected threefold X with Q-factorial canonical singularities
which carries non-zero pluri-forms. Since it is rationally connected and
has canonical singularities, its canonical divisor Kx is not pseudo-effective.
Hence, if f: X --» X™* is the result of a minimal model program for X, then
K x+ is not pseudo-effective either. Thus there is a Mori fibration p : X* — Z
where Z is a normal variety of dimension less than 3. However, since
X carries non-zero pluri-forms, we have hO(X*, (Q4.)®™) #£0 for some
m > 0. This implies that dim Z > 0 by [Oul4, Theorem 3.1]. Hence, either
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dim Z =1 or dim Z = 2. We treat these two cases separately in Sections 3
and 4. If dim Z = 1, then Z = P!, and we show that

Kot Y M) 2
2P m(p; 2)

is Q-effective, which is the same condition as in Theorem 1.4. If dim Z = 2,
then we define the Q-divisor A on Z as in Theorem 1.6. We prove that
either K7 + A is Q-effective or there is a fibration X* — P! such that we can
reduce to the situation of Section 3. In the last section, we assume that the
variety X has terminal singularities. In this case, there is always a fibration
from X* to P! and we are always in the situation of Section 3. This fibration
induces a dominant rational map from X to P!. In the end, we prove that
this rational map is regular and complete the proof of Theorem 1.4.

§2. Preliminaries

Throughout this paper, we work over C, the field of complex numbers.
Unless otherwise specified, every variety is an integral C-scheme of finite
type. A curve is a variety of dimension 1, a surface is a variety of dimension 2
and a threefold is a variety of dimension 3. A projective variety is called
rationally chain connected if any two general points can be connected by a
chain of rational curves. By [HMO07, Corollary 1.8], a projective variety with
klt singularities is rationally chain connected if and only if it is rationally
connected. For a normal variety X, let Kx be a canonical divisor of X.
We denote the sheaf of Kihler differentials by Q% and let Q[)l(} be its
reflexive hull. Denote AP Q% by Qf for pe N. Let Q[)/(\p} (resp. (Q%)®P))
be the reflexive hull of Q% (resp. (2%)®P). We say that a normal variety X
carries non-zero pluri-forms if HO(X, (Q%)1®™) £ {0} for some m > 0. Let
Pic(X)g = Pic(X) ® Q, where Pic(X) is the Picard group of X. A Q-divisor
A on X is called Q-effective if there is a positive integer k£ such that kD is
a divisor and Ox (kD) has a non-zero global section.

A fibration p: X — Z between normal quasi-projective varieties is a
dominant proper morphism such that every fiber is connected, that is
p:Ox 2 O0y. If X — Z is just a proper morphism, then we have the Stein
factorization X — V — Z such that X — V is a fibration and V' — 7 is finite
(see [Har77, Corollary III. 11.5]). A Fano fibration is a fibration X — Z such
that — Kx is relatively ample. A Mori fibration is a Fano fibration such that
the relative Picard number is 1.
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Let p: X — Z be a morphism and D be a prime Q-Cartier Weil divisor in
Z. Let k be a positive integer such that kD is Cartier. Denote the Q-divisor
(1/k)p* (kD) by p*D. We define the multiplicity m(p, D) by

m(p, D) = min {coefficient of E in p*D | E is an irreducible component of

p*D which dominates D} .

By generic smoothness, there are only finitely many divisors D such that
m(p, D) > 1. Moreover, if p: X — Z is a morphism from a normal variety
to a smooth curve, then we define the ramification divisor Ras ) ., p*z —
(p*2) red, where (p*z)yeq is the sum of the irreducible components of p*z.

2.1 Reflexive sheaves on normal varieties

In this subsection, we gather some properties of reflexive sheaves. For a
coherent sheaf .# on a normal variety X, we denote by .#** the double dual
of #. The sheaf .% is reflexive if and only if # = .%**. In particular, F**
is reflexive and we also call it the reflexive hull of .#. Denote (Z®™)** by
Fem and (N Z)** by Z" for any m > 0. For two coherent sheaves .#
and ¥, let Z[®]9 = (F ® ¥)**. The following proposition is an important
criterion for reflexive sheaves on normal varieties.

PROPOSITION 2.1. [Har80, Proposition 1.6] Let .# be a coherent sheaf
on a normal variety X. Then F is reflexive if and only if F is torsion-free
and for each open U C X and each closed subset Y C U of codimension at
least 2, F|u = ju(F|o\y), where j: U\Y — U is the inclusion map.

As a corollary of this proposition, we prove the following lemma.

LEMMA 2.2. If ¢: X --» X' is a birational map between normal pro-
jective varieties such that ¢~' does not contract any divisor, then we have
a natural injection HO(X, (%)) — HO(X', (Q%)1E™]) for any integer
m > 0.

Proof. Since the birational map ¢~!: X’ --» X does not contract any
divisor, it induces an isomorphism from an open subset W’ of X’ such that
codim X"\W > 2 onto an open subset W of X. By Proposition 2.1, we have
HOX!, (Q)1Emhy = gO(W’ | (Q),)[®™]) for any m > 0. Moreover, since W
is an open subset of X, we obtain H°(X, (Q%)®™) — HO(W, (Q},)1@m]) =
HOW', (Qf,)em) = go(X’, (Q4,)@m]) for all m > 0. 0

The proof of the following lemma is left to the reader.
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LEMMA 2.3. Let 0 > & = B — € — 0 be an exact sequence of locally
free sheaves on a variety X. Then, for any m >0, we have a filtration
of locally free sheaves B°™ =Ry 2D+ D Bmy1 =0 such that B;|Fiy1 is
isomorphic to the direct sum of copies of /%' @ €™ for all 0 < i< m.

From this lemma, we can deduce the following lemma which is very
important in the paper.

LEMMA 2.4. Let &f — %$ — € be a complex of coherent sheaves on a
normal variety X. Assume that there is an open subset W of X with
codim X\W > 2 such that we have an exact sequence of locally free sheaves
0— o \w— Blw—Clw—0 on W. If H(X, Z®"[R]€%) = {0} for all
t>0 and r >0, then HO(X, %) = HO(X, o/1®™]) for all m > 0.

Proof. On W, we have HO(W, o |5f @ €|5¢) = {0} for allt > 0 and r >0
by Proposition 2.1. If we fix m >0, by Lemma 2.3, we have a filtration
Bl =Ko D+ D RBpms1 = 0 such that %; /1 is isomorphic to the direct
sum of copies of &[5 @ €|/ for all 0<i<m. Since HO(X, |5y @
%|5f) = {0} for all t>0 and r >0, we have HO(W,%;) = HY (W, %i+1)
for 0<i<m—1. Thus HY(W, B|5"/</|[57") = {0} and HO(W, B|;j™) =
HO(W, A|55™). By Proposition 2.1, we have H(X, #1®™) = HO(X, o7l®m]),

il

One of the applications of the lemma above is the following, which gives
a relation between pluri-forms and fibrations.

LEMMA 2.5. Let p: X — Z be a morphism between normal varieties.
Assume that general fibers of p do not carry any non-zero pluri-form. Then
HO(X, (Q%)Em)) = HO(X, ((p*QL)* )@y for m >0, where (p*QL)% is
the saturation of the image of p*le mn Q[)l(].

Proof. We have an exact sequence of coherent sheaves 0 — % — Q[)l(] —
4 —0 on X, where .7 = (p*Q,)**" and ¥ is a torsion-free sheaf. In
particular, ¢ is locally free in codimension 1. Let V' be the smooth locus
of Z and let W =p~Y(V). If U is the largest open subset of W on which
F, Q}( and ¢ are locally free, then codim X\U > 2 and we have an exact
sequence 0 — 7|y — QF, — 9|y — 0 of locally free sheaves on U.

If F is a general fiber of p|y, then .Z|F is the direct sum of r and ¥|F is
isomorphic to QL. Since general fibers of p do not carry any non-zero pluri-
form, neither does F' by Proposition 2.1. Hence, we have H°(U, 9\%?7" ®
418" = {0} for all t > 0 and r > 0. By Lemma 2.4, we have an isomorphism
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from HO(U, Z|5™) to HO(U, (924,)®™) for all m > 0. By Proposition 2.1, we
have HO(X, (Q%)1®m) = HO(X, Z1®m]) for all m > 0. i

If X is a normal variety and E is a Weil divisor on X, then F is a
Cartier divisor on the smooth locus U of X and it induces an invertible
sheaf Oy (E) on U. Let Ox(FE) be the push-forward of Oy (E) on X. Then,
by Proposition 2.1, Ox(FE) is a reflexive sheaf on X since X is smooth in
codimension 1. Conversely, if .# is a reflexive sheaf of rank 1 on X, it is
an invertible sheaf in codimension 1. There is a Weil divisor D on X such
that # = Ox (D). If X is Q-factorial, then for any 1-cycle a on X, we can
define the intersection number .# -a =D -a = (1/k)(kD) - o, where k is a
positive integer such that kD is Cartier. This expression is independent of
the choice of D (see [Rei80, Appendix to Section 1] for more details).

2.2 Minimal model program

We recall some basic definitions and properties of the minimal model
program (MMP). A pair (X, A) consists of a normal quasi-projective variety
X and a boundary A, that is a Q-Weil divisor A = E?Zldej on X such
that the D; are pairwise distinct prime divisors and all d; are contained in
[0, 1]. Recall the definition of singularities of pairs.

DEFINITION 2.6. [KM98, Definition 2.34] Let (X,A) be a pair with
A= E?Zldej. Let r: X — X be a log resolution of singularities of (X, A).
Assume that Kx 4+ A is Q-Cartier, then we can write

K)? —i—?”;lA:T*(KX —i—A) + Ya; F;,

where the F; are r-exceptional divisors. We call a; the discrepancy of F;
with respect to (X, A). Then (X, A) is terminal (resp. canonical, klt) if
a; >0 (resp. a; =0, a; > —1 and d; < 1 for all j) for all i.

REMARK 2.7. If X is terminal, then it is smooth in codimension 2. If X is
canonical, then Kx is Cartier in codimension 2 (see [KM98, Corollary 5.18]).

For a klt pair (X, A) such that X is Q-factorial, we can run a (Kx + A)-
MMP and obtain a sequence of rational maps X = Xy --+» X7 --»--- such
that (X;, 4;) is a klt pair and X; is Q-factorial, where A; is the strict
transform of A. Every elementary step in an MMP is either a divisorial
contraction which is a morphism contracting an irreducible divisor or a flip
which is an isomorphism in codimension 1. More generally, if h: X — T is
a morphism, we can run an h-relative MMP such that for all i, there is

https://doi.org/10.1017/nmj.2016.1 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.1

10 W. OU

a morphism h; : X; — T with h; o o; = h, where ¢; is the birational map
X --» X;. For more details on the MMP, we refer to [KM98, Section 3].
One of the most important problems in the MMP is that if the sequence
of rational maps above terminates. If it does, we get the result of this h-
relative MMP X --» X', Let A’ be the direct image of A. Then either
Kx/ + A is relatively nef over T (that is, (Kx/ + A’) - C' > 0 for any curve
C in X’ contracted by X' — T) or we have a (Kx/ + A’)-Mori fibration
g: X" — Z over T such that —(Kx/ 4+ A’) is g-ample. Thanks to [Kaw92,
Theorem 1], we know that any MMP for a kit pair (X, A) such that dim X <
3 terminates.

LEMMA 2.8. Let ¢: X --» X' be an extremal divisorial contraction or
a flip. Assume that X has Q-factorial canonical singularities. If Y is an
irreducible closed subvariety in X' such that it is the center of a divisor

1

E over X' which has discrepancy 0, then o~ ' is a morphism around the

generic point of Y.

Proof. Assume the opposite. Then the discrepancy of E in X is strictly
smaller than the one in X’ (see [KM98, Lemma 3.38]). This implies that X
does not have canonical singularities along the center of £ in X, which is a
contradiction. []

PROPOSITION 2.9. Let X be a projective threefold which has canonical
singularities. Let X' be the result of an MMP for X and denote the birational
map X --» X' by f. Let T be the normalization of the graph of f. Then there
is a natural isomorphism HO(X, (Q4)[®™) = gO(T, (Q1)1#™]) for allm > 0.

Proof. Since there is a natural birational projection py : I' — X, we have
an injection from HO(T, (QL)®™)) to HO(X, (2%)[®™]) by Lemma 2.2. Let
pa: T — X’ be the natural projection. Let ox € H(X, (2% )®™) be a non-
zero element. Since X, I" and X’ are birational, oy induces a rational section
or of (Q4)I®™ and an element ox: of HO(X', (Q4,)[®™]) (see Lemma 2.2).
In order to prove that or is a regular section it is sufficient to prove that
or does not have a pole along any pi-exceptional divisor. Let E be an
exceptional divisor for p;. Let C C E be a curve that is exceptional for py,
then C' is not contracted by ps since the graph of f is included in X x X’
and the normalization map is finite. Hence, Y = po(FE) C X’ is a curve and
f~! is not regular around the generic point of Y. By Lemma 2.8, X’ has
terminal singularities around the generic point of Y. Hence, it is smooth
around the generic point of Y since codimy: Y =2 (see [KM98, Corollary
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5.18]). Moreover, since T', X and X' are birational, the form op is just the
pullback of ox/ by po. Hence, or does not have a pole along F. [

2.3 Examples

We give some examples of rationally connected varieties which carry non-
zero pluri-forms. First, we give an example of such varieties which have
terminal singularities. For the construction of this example, we use the
method of Theorem 3.2.

EXAMPLE 2.10. Let Cy={[a:b:c] €P?|a®+ (a+ c)b? + > =0} be a
smooth elliptic curve in P2. Let X1 ={([a:b:c|,[x:y:2z:t]) €P2 x P3|
a® + (a+c)b? + 3 =0, (a® + 20? + 2)2? + (a® + 3% + )y? + (a® + 4b* +
3c?)22 + (a® + 5b% + 6¢2)t2 =0}. Then, X; is a smooth threefold and
we have an induced fibration pj:X; — C7 such that all fibers of p;
are smooth quadric surfaces which are Fano surfaces. Moreover, X; has
Picard number 2 by the Lefschetz theorem (see [Laz04, Example 3.1.23]).
Hence, p; is a Mori fibration. Moreover, since p; is smooth, we have
HO(X1, (9,)®%) = H°(C1, (Qf,)%%) by Lemma 2.5. Let G be the group
7./27 and let g € G be the generator. We have an action of G on P? x P3
defined by g¢g-(la:b:¢],[z:y:z:t])=(la:=b:c],[—x:—y:2z:t]). This
action induces an action of G on X7 and an action of G on C] such that
p1 in G-equivariant. We have C1/G = P!, The action of G on X is free in
codimension 2 and it has exactly 16 fixed points. Since G = Z /27, the action
of G on X satisfies the condition of the first theorem in [Rei87, Section 5].
Thus, X = X, /G is a threefold which has Q-factorial terminal singularities.
We have a Fano fibration p: X — P! induced by p;. Moreover, the Picard
number of X is not larger than the Picard number of X;. Hence, p is a
Mori fibration. Since general fibers of p are smooth quadric surfaces which
are rationally connected, X is rationally connected by [GHS03, Theorem
1.1]. In addition, HO(X, (Q%)®%) = HO(X1, (Q),)®*)Y since X1 — X is
étale in codimension 1. Moreover, H°(Cy, (2, )%?)% = HO(P!, Op:) = C
(see [Oul4, Lemma 7.3]). Hence, we have HO(X, (Q4)®2)=C.

REMARK 2.11. If X is a normal rationally connected threefold and if
X* is the result of an MMP for X, then H°(X, (Q%)®™)) may be strictly
included in HO(X*, (Q4.)[®™]) for some m > 0. For example, let X* — P!
be the variety described in the example above. Then X* carries non-zero
pluri-forms. Let X — X* be a resolution of singularities of X*. Then X* is
the result of an MMP for X since X* has terminal singularities. However,
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since X is rationally connected and smooth, we have H°(X, (Q%)[®™]) = {0}
for any m > 0 (see [Kol96, Corollary IV.3.8]).

We give two examples of rationally connected threefolds with canonical
singularities which carry non-zero pluri-forms. In both cases, there is always
a Mori fibration from the threefold X to a surface Z. In Example 2.12,
the base Z is a surface with klt singularities such that Kz ~g0. In
Example 2.14, the base Z is isomorphic to P2, which does not carry any
non-zero pluri-forms.

EXAMPLE 2.12. Let C be the curve in P? defined by C = {[z1:72:
z3) € P? | 23 + 23 + 23 = 0}. There exists an action of group G =Z/3Z on
C defined by g - [x1: 29 :x3] =[xy : x9: x3], where g is a generator of G
and £ is a primitive third root of unity. Let Z; = C x C. Then there is an
induced action of G on Z; which acts diagonally. We have that Z = Z; /G is
a klt rationally connected surface such that Kz is Q-linearly equivalent to
the zero divisor (see [Tot12, Example 10]). Let X; = P! x Z; and define an
action of G on P! by g - [y1 : y2] — [€y1 : Yo, where [y : y2] are homogeneous
coordinates of P'. Then there is an induced action of G on the smooth
threefold X which acts diagonally. Since G = Z/3Z and this action is free
in codimension 2, this action satisfies the condition of [Rei80, Theorem 3.1].
Hence, X = X /G has canonical singularities. We also have a Mori fibration
X — Z whose general fibers are isomorphic to P'. Since Z is rationally
connected, so is X by [GHS03, Theorem 1.1]. Moreover, since Kz is Q-
effective, we have HO(X, (%)) #£ {0} for some m > 0 (see Section 4.2).

In the example above, the non-zero pluri-forms come from K, the
canonical divisor of the base surface. In the following example, —K is
ample. However, X still carries non-zero pluri-forms. These forms come
from the multiple fibers of the fibration X — Z. Before giving the example,
we first introduce a method to construct non-reduced fibers.

Construction 2.13. We want to construct a fibration p from a normal
threefold T" with canonical singularities to a smooth surface S such that
p*C =2(p*C)eq, where C' is a smooth curve in S.

Let Ty =P' x S, where S is a smooth projective surface. Let pi, ps be
the natural projections Ty — P! and Ty — S. Let C' C S be a smooth curve,
and let Cp ={z} x C be a section of py over C in Tj, where z is a point of
P'. Let Ey = p5C, which is a smooth divisor in 7. We perform a sequence
of birational transformations of Tj.
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First, we blow up Cj, and we obtain a morphism 77 — T with exceptional
divisor F. Denote still by Fy the strict transform of Eqy in T7. If F'is a fiber
of T1 — S over a point of C, then F'= F U Fy, where F; C E; are rational
curves and K7, - F; = —1, E; - F; = —1.

Now we blow up C1, the intersection of Fy and E7. We obtain a morphism
Ty — 17 with exceptional divisor FEs. Denote still by Ey, Ej the strict
transforms of Fy and Ej in Tb. If F' is any set-theoretic fiber of 75 — S
over a point of C, then F' = Fy U I} U F,, where F; C E; are rational curves
and KT2 FZZO, EZFZ:—Q for iZO,l, KT2 -ng—l, EQ-FQZ—l. Let
q be the fibration T5 — S.

We blow down E4 and FEg in T5. Let H be an ample Q-divisor such that
(H + Ep) - Fy =0. Since Ej - F; =0, there is a positive rational number b
such that (H + Eg + bE7) - F1 = 0. Moreover, (H + Ey 4+ bEy) - Fy = 0 since
Eq - Fy =0. Let A be a sufficiently ample divisor on S. Then the Q-divisor
D=q*A+ H + Eyg+ bF is nef and big. Moreover, any curve B which has
intersection number 0 with D must be contracted by To — S since A is
sufficiently ample. The curve B is also contained in EyU E; since H is
ample. Since K, - Fy = K7, - F1 =0, there exists a large integer k£ such that
kD — Kr, is nef and big. Then, by the basepoint-free theorem (see [KM98,
Theorem 3.3]), there is a large enough integer a such that aD is Cartier and
laD| is basepoint-free. The linear system |aD| induces a contraction which
contracts Fy and Ej.

By contracting Ey and F7, we obtain a threefold T. Moreover, there is an
induced fibration p: T — S such that p*C =2(p*C),eq. Note that To - T
is a resolution of singularities and Kr, = f*Kp. Hence, V has canonical
singularities.

Now we construct the example.

EXAMPLE 2.14. Let C = {[z:y:2] € P? |25 + yb + 25 = 0} be a smooth
curve in P2. Then 2Kp2 + C is linearly equivalent to the zero divisor. Let
Xo=P! x P2. By the method of Construction 2.13, we can construct a
fiber space p: X — P? such that p*C =2(p*C),eq. Then X has canonical
singularities. Since general fibers of p are isomorphic to P!, X is rationally
connected by [GHS03, Theorem 1.1]. Moreover, since 2(Kpz + 3D) is an
effective divisor and p is equidimensional, we have H°(X, (Q4)[®4) # {0}
(see Section 4.2).

Note that in the three examples above, the variety X we constructed is
a rationally connected variety with canonical singularities. The divisor Kx
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is not pseudo-effective and we always have a Mori fibration from X to a
variety Z. The non-zero pluri-forms of X come from the base Z. However,
in the following example, the variety we construct is a rationally connected
threefold with klt singularities whose canonical divisor is ample. Some non-
zero pluri-forms come from its canonical divisor.

EXAMPLE 2.15. Let X; be the Fermat hypersurface in P* defined
28+ 2%+ +25=0. Then X; is a smooth threefold such that Ky, is
ample. Moreover, the Picard number of X; is 1 by the Lefschetz theorem
(see [Laz04, Example 3.1.23]). Let G be the group Z/6Z with generator
g. Define an action of G on P* by g - [zg:---: 24] = [wxg : way : T2 1 T3 2 24],
where w is a primitive sixth root of unity. This action induces an action
of G on X7 which is free in codimension 1. Denote the quotient X;/G by
X and the natural morphism X; — X by «. Then X has Q-factorial klt
singularities but does not have canonical singularities (see [Rei80, Theorem
3.1]). Now we prove that X is rationally connected. First, we prove that
X is uniruled. If w is a general point in X, then there is a point w; € X;
such that m(w;) =w and the first two coordinates of w; are both non-zero.
There are two hyperplanes in P4 passing through wy, Hy = {asws + agws +
asry =0} and Ho = {boxo + b3z + byxy = 0}, such that the intersection
Ci=HiNHyN Xy is a smooth curve of genus 10. Moreover, there are
exactly 6 points on Ci, given by X; N {xy =x3 =24 =0}, which are fixed
under the action of G. Hence, 7|c, : C1 — w(C1) = C' is ramified exactly
at those 6 points with degree 6. By the ramification formula, g(C) =1+
271 x 671 x (2x10—2—6 x 5) =0, where g(C) is the genus of C. Hence,
C' is a smooth rational curve. This implies that X is uniruled. Since X has
Picard number 1, from the lemma below, we conclude that X is rationally
connected.

LEMMA 2.16. Let X be a normal projective variety which is Q-factorial.
Assume that the Picard number of X is 1. Then X is rationally connected
if and only if it is uniruled.

Proof. Assume that X is uniruled and let 7: X --» Z be the MRC
fibration for X (see, for example, [Kol96, Theorem V.5.2]). We argue by
contradiction. Assume that dim X > dim Z > 0. Then there is a Zariski open
subset Zy of Z such that 7 is regular and proper over Zy. Let C be a curve
contained in some fiber of 7|z,. Let D be a non-zero effective Cartier divisor
on Zy. Let By = *D. Then Fj is a non-zero effective divisor on Xg = 7"1%p.
Let E be the closure of Ey in X, then E is a non-zero effective Q-Cartier

https://doi.org/10.1017/nmj.2016.1 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.1

SINGULAR RATIONALLY CONNECTED THREEFOLDS WITH NON-ZERO PLURI-FORMS 15

WEeil divisor on X. However, the intersection number of E and C' is zero,
which contradicts the fact that X has Picard number 1. N

83. Fibrations over curves

3.1 Construction of rationally connected varieties carrying
non-zero pluri-forms

In this subsection, we give a method to construct rationally connected
varieties which carry non-zero pluri-forms (Theorem 3.2). Together with
Theorem 1.4, we see that every rationally connected threefold with Q-
factorial terminal singularities which carries non-zero pluri-forms can be
constructed by this method.

By Lemma 2.5, if general fibers of an equidimensional fibration
p: X — Z do not carry any non-zero pluri-forms, then for all m >0, we
have HO(X, (Q%)1®m]) = HO(X, ((p*Q})**)[®™]). Moreover,

HO(X, (p* Q) By = HO(Z, p. ((p"02)*o)®m]).

Sat)[@’m] is. In the case when

Hence, we would like to know what p.((p*Q})
Z is a smooth curve, this is not difficult to compute. Note that if R is the
ramification divisor of p, then ((p*QL)*®)®™ = (p*QL)®™ @ Ox(mR) for

m > 0. By the projection formula, we have
pe((p*Qp)**)E ™ = (Q)*™ @ p, Ox (mR).

Hence, it is sufficient to compute p.Ox(mR).

LEMMA 3.1. Let p: X = Z be a fibration from a normal variety to
a smooth curve. Let z be a point in Z. Let D=p*z — (p*2)peq. Then
p«Ox(mD) = Oz([(m(m(p, z) — 1))/m(p, z)]z) for any m > 0.

Proof. The problem is local and we may assume that Z is affine. We
know that p. Oy (mD) is an invertible sheaf. If 6 is a section of p, Oy (mD),
then it is a rational function on Z whose pullback on W is a rational
function which can only have a pole along p*z. Hence, 6 can only have
a pole at z. Let d be the degree of the pole, then the pullback of # in V
is a section of Oy (mD) if and only if m(p, z)d < m(m(p, z) — 1), that is,
4 < [(m(m(p, 2) — 1)) /m(p, 2)] 0

This relation between ramification divisor and pluri-forms gives us an
idea of how to construct rationally connected varieties which carry non-
zero pluri-forms. Note that if p: X — P! is a fibration such that general
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fibers of p are rationally connected, then X is rationally connected by
[GHS03, Theorem 1.1]. Moreover, if general fibers of p do not carry any
non-zero pluri-forms, then from the discussion above, X carries non-zero
pluri-forms if and only if (Q3,)®™ ® p.Ox(mR) has non-zero sections for
some m >0, where R is the ramification divisor of p. However, Q]%Dl &~
Op1(~2) and p,Ox(mR) = O (Y, cp [((m(p, =) — Dm)/mip, 2)]), since
any two points in P! are linearly equivalent. Hence, X carries non-zero
pluri-forms if and only if }°_ p1 ((m(p, 2) —1)/m(p, 2)) = 2.

Now we try to construct this kind of varieties by taking quotients. Let
T be a normal projective variety, let B be a smooth projective curve, and
let G be a finite commutative group. Assume that there are actions of G
on T and B. Assume that there is a G-equivariant fibration ¢ : T — B. Let
pr:T —T/G, pp: B— B/G be natural projections and let p: T/G — B/G
be the induced fibration. Let S;, i =1, ..., r be all the G-orbits in B whose
cardinality is less than the cardinality of G. Let z; be the image of .S; under
the map B — B/G. Then the z; are the points in B/G over which B — B/G
is ramified. Let G; be the stabilizer of a point b; in S;. Then G; acts on the
set-theoretic fiber ¢~1{b;} = F}. If A; is a component in F; and the stabilizer
of a general point in A; has cardinality d;, then pr is ramified along G; - A;
of degree d;, where G; - A; is the orbit of A; under G;. In this case, pr(4;)
has coefficient e; f;/d; in p*z;, where e; is the coefficient of A4; in ¢*b; and f;
is the cardinality of G;. Denote min{e; f;/d; | A; a component in F;} by s;.
Then s; is equal to m(p, z;). We have the following theorem.

THEOREM 3.2. LetT be a projective normal variety, let B be a projective
smooth curve with positive genus, and let G be a finite commutative group.
Assume that they satisfy the following conditions.

(1) There is a fibration q from T to B such that for any general fiber F, of q,
F, is rationally connected and does not carry any non-zero pluri-forms.
Moreover, m(q,b) =1 for all b€ B.

(2) There exist actions of G on B and on T such that q is G-equivariant.

(3) The quotient B/G is isomorphic to PL.

Then the quotient X =T /G is a normal projective rationally connected
variety and there is a fibration p: X —PL. Moreover, if we define s;,
1=1,...,7 as above, then X carries non-zero pluri-forms if and only if
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X7 ((si —1)/si) = 2. More precisely,

HO(X, (QL)Em)) = fo (Pl, Op1 <2m 2 [(Sl_l)mD)

i=1
for m > 0.

Proof. The fibration p: X — P! is induced by g. Since general fibers
of ¢ are rationally connected, general fibers of p are also rationally
connected. Hence, X is rationally connected by [GHS03, Theorem 1.1].
If F}, is a general fiber of p, then F,, does not carry any non-zero pluri-
forms either. Hence, H(X, (2%)[®™]) is isomorphic to HO(P', Op1 (—2m) @
p«Ox(mR)) for m >0, where R is the ramification divisor of p. How-
ever, since m(g,b)=1 for all be B, we have > .. |[((s;i —1)m)/s;] =
> .ep l((m(p, 2) — 1)m)/m(p, z)] by the definition of s;. Finally, we
have p.Ox (mR) = Oy (Y [((s: — 1ym)/si]) and HO(X, (@4 )6 =
HOPY, Opi (—2m + >0, [((si — 1)m)/s;])) by Lemma 3.1. [

REMARK 3.3. Conversely, let p: X — P! be a fibration such that general
fibers of p are rationally connected and do not carry non-zero pluri-
forms. If X carries non-zero pluri-forms, then X can be constructed by
the method described above. In fact, by the discussion above, we have
> .ept ((m(p, 2) —1)/m(p, z)) = 2. In particular, there are at least three
points in P! such that the multiplicity of p is larger than 1 over these
points. Let z1, ...,z be all the points in P! such that m(p, z;) > 1 for all
i. Since r > 3, there is a smooth curve B and a Galois cover pp: B — P!
with Galois group G such that pp is ramified exactly over the z; and the
degree of ramification is m; at each point over z; (see [KO82, Lemma 6.1]).
Let T be the normalization of the fiber product X xp1 B. Then we obtain
a natural fibration ¢ : T'— B such that m(q, b) =1 for all b € B. Moreover,
G acts naturally on 7" and T/G = X.

3.2 The case of threefolds with canonical singularities

If p: X = Z is a Mori fibration from a threefold which has Q-factorial
canonical singularities to a smooth curve, then general fibers of p are Fano
surfaces which have canonical singularities. These surfaces do not carry any
non-zero pluri-forms by the following theorem.

THEOREM 3.4. IfS is a Fano surface which has canonical singularities,
then HO(S, (Q5)®™) = {0} for all m > 0.
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Proof. Assume the opposite. If S’ is the result of an MMP for S, then
S" is a Mori fiber space. By [Oul4, Theorem 3.1], S" has Picard number 2
and we have a Mori fibration S’ — P!. Let pg be the composition of S —
S’ — P!, By [Oul4, Theorem 1.5], there is a smooth curve B of positive
genus and a finite morphism B — P! such that the natural morphism Sp —
S is étale in codimension 1, where Sp is the normalization of S xp1 B.
Hence, Sp is a Fano surface. Moreover, it has canonical singularities (see
[KMO8, Proposition 5.20]). Therefore, it is rationally connected by [HMO7,
Corollaries 1.3 and 1.5]. Hence, B is also rationally connected, which is a
contradiction since its genus is positive. 0

Thanks to this theorem, we obtain the following result.

PRrROPOSITION 3.5. Let X be a rationally connected threefold which has
Q-factorial canonical singularities. Assume that X carries non-zero pluri-
forms. Let X* be the result of an MMP for X and assume that there is
a Mori fibration p: X* —PL. Let Y be the normalization of the graph of
X --» X*. Then Y can be constructed by the method of Theorem 3.2.

Proof. By Theorem 3.4 and Lemma 2.5, we know that every element in
the space H(X*, (Q%.)[®™) comes from the base P!, and so does every
element in H°(X, (24)®™)) by Lemma 2.2. We have a rational map X --»
P! induced by p. By Proposition 2.9, we know that H%(X, (Qk)[@’m}) =
HO(Y, (23)[®™]). Moreover, we have a natural fibration g: Y — P! which is
the composition of Y — X* — PL. If F, is a general fiber of g, then there is a
birational morphism Fy — S, where S is a general fiber of p : X* — P!. Since
S does not carry any non-zero pluri-forms by Theorem 3.4, neither does Fy,
by Lemma 2.2. From Remark 3.3, we know that Y can be constructed by
the method of Theorem 3.2. N

84. Mori fibrations and non-zero pluri-forms

In this section, we study relations between Mori fibrations and non-zero
pluri-forms. We consider Mori fibrations from a normal threefold to a normal
surface. First, we recall the definition and some properties of slopes. Let X
be a normal projective Q-factorial variety. Let « be a class of 1-cycles in X.
For a coherent sheaf .# of positive rank, we define the slope pq (%) of Z
with respect to a by
det (#) -«

HalF) = rank (F) ’
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where det (.F) is the reflexive hull of A" ¥ Z. A class of movable curves
is a class of 1-cycles that has non-negative intersection number with any
pseudo-effective divisor. If « is a class of movable curves, then pl'** (%) =
sup{ia(¥4) |9 C.# a coherent subsheaf of positive rank} is well defined.
For any coherent sheaf .7, there is a saturated coherent subsheaf ¥4 C .#
such that p'** (%) = pa(¥). If & and .# are two coherent sheaves of positive

rank, then po(F @ &) = pa(F) + pa(&). For more detail, see [GKP14,
Appendix A]

4.1 General properties

Consider a Mori fibration p: X — Z from a normal rationally connected
threefold to a normal variety Z of positive dimension. Assume that X
has Q-factorial klt singularities. Let D1, ..., Dy be all prime Weil divisors
in Z such that m; =m(p, D;) > 1. Let A= Zle ((m; —1)/m;)D;. Then
det((p*Q})*®) = Ox (p*(Kz + A)) (see Remark 4.5). Assume that X carries
non-zero pluri-forms and general fibers of p do not carry any non-zero
pluri-forms. If dim Z =1, then K7 + A is an effective Q-divisor of degree
-2+ Zle ((mi — 1)/m;) on P! (see Section 3). The aim of this subsection
is to prove something analogous in the case when dim Z = 2. We prove that
if Kz + A is not pseudo-effective, then there will be a fibration from Z to
P!. In this case, we have an induced fibration X — P! and we are in the
same situation as in Section 3 (see Lemma 4.10). In order to do this, we run
an MMP for the pair (Z, A). To this end, we prove the following proposition
which implies that the pair (Z, A) is klt.

PROPOSITION 4.1. Letp: X — Z be a Mori fibration from a Q-factorial
klt quasi-projective variety X to a normal variety Z. Let D1, ..., Dy be
pairwise distinct prime Weil divisors in Z such that p*D; =m;(p*D;)req
with m; > 2. Then the pair (Z, . ((m; —1)/m;)D;) is kit.

Proof. Let D= D;+---+ Dy. By [KMM87, Lemma 5-1-5], Z is Q-
factorial. Note that the problem is local in Z, and we may assume that
Z is affine.

We construct by induction a finite morphism ¢, : Z, — Z which is ramified
over D such that ¢j D; = m;(cjD;)yreq for all i. Let k1 be the smallest positive
integer such that kyD; is a Cartier divisor. By taking the kith root of
the function defining the Cartier divisor k1 Dp, we can construct a finite
morphism ¢1 1 : Z11 — Z which is étale in codimension 1. Moreover, c’ilDl
is a reduced Cartier divisor (see [Mor88, Proposition-Definition 1.11]). By
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taking the mqth root of the function defining the Cartier divisor ¢j ; D1, we
can find a finite morphism ¢y : Zy — Z1; which is ramified exactly over
D, with ramification degree m; (see [Laz04, Section 4.1B]). Let ¢; = ¢ 20
c11: 21— Z. Then ¢; Dy =m(¢{D1)req- Assume that we have constructed
a finite morphism ¢; : Z; — Z such that ¢; D; = m; (¢} D;) yeq for any 1 <i < j
and C;DZ' is reduced for any ¢ > j, where 1 < j < k. Let £ = C;Dj+1. Then FE
is a reduced divisor. By the same method as above, we can construct a finite
morphism d : Zj1 — Z; which is ramified exactly over F with ramification
degree mjy1. Let ¢j41: Zj 41 — Z be the composition ¢; o d. Then c§+1Di =
mi(¢j 11 Di)req for any 1 <i<j+1 and ¢j,;D; is reduced for any i > j + 1.
By induction, we can construct the finite morphism cg.

We have Kz, = ci(Kz + SF_, ((m; — 1)/m;)D;). Let X}, be the normal-
ization of X Xz Zi. Then the natural projection cx : Xy — X is étale in
codimension 1 and Kx, = ¢ Kx. Hence, X}, is kit by [KM98, Proposition
5.20]. Moreover, X, — Zj, is a Fano fibration since X — Z is a Mori fibration.
Hence, there is a Q-divisor Ay such that the pair (Zy, Ag) is klt by [Fuj99,
Corollary 4.7]. Since Ky, is Q-Cartier, Zj is klt (see [KM98, Corollary
2.35]). Therefore, the pair (Z, S2F_, ((m; — 1)/m;)D;) is also klt by [KM9S,
Proposition 5.20]. 0

In the remainder of this subsection, our aim is to prove the following
theorem.

THEOREM 4.2. Let p: X — Z be a Mori fibration from a projective
normal threefold to a normal projective surface. Assume that X has Q-
factorial kit singularities. Let D1, ..., Dy be all prime Weil divisors in Z
such that m; =m(p, D;) > 1. Let A= Ele ((m; — 1)/m;)D;. If X carries
non-zero pluri-forms and Kz + A is not pseudo-effective, then the result Z'
of any MMP for the pair (Z, A) has Picard number 2.

First, we would like to illustrate the idea of the proof in a simple case.
Let f:(Z,A)— (Z',A’) be the result of an MMP for the pair (Z, A).
Assume in a first stage that Z = Z’. We argue by contradiction. Assume
that Z’ has Picard number 1. Since general fibers of p are isomorphic to
P!, they do not carry any non-zero pluri-forms. By Lemma 2.5, the non-
zero pluri-forms of X come from (p*le)Sat. Since Kz + A is not pseudo-
effective, we can prove that there is a rank-1 coherent subsheaf 5 of
(p*Q%)** such that #1®! is an invertible sheaf which has non-zero global
sections for some positive integer I. Next, we can prove that 2@ is
isomorphic to Ox under the assumption that Z has Picard number 1 (by
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using Lemma 4.8). Let W — X be the normalization of the cyclic cover with
respect to the isomorphism %1 = @y (see [KM98, Definition 2.52]). Let
W — V — Z be the Stein factorization, then V will be a klt Fano variety
(by Lemma 4.7). Moreover, H°(V, Qg}) #{0} (we use Lemma 4.9). This
contradicts [GKKP11, Theorem 5.1].

However, in general, Z’ is different from Z and the fibration X — Z’ is not
equidimensional. The idea of the proof is the same as above but the details
are more complicated. We work over an open subset Zy of Z such that f|z,
is an isomorphism and codim Z’\ f(Zy) > 2. For the complete proof of the
theorem, we need several lemmas.

LEMMA 4.3. Let p: X — Z be an equidimensional morphism between
smooth varieties. Let n be the dimension of X, and let d be the dimension
of Z. Let D be a prime divisor in Z, and let E be a prime divisor in X such
that E is a component of p*D. Assume that the coefficient of E in p*D is k.
Then for any general point x € E, there is an open neighborhood U C X of
x such that (p*Q%)*¥ |y 2 Ox(p* Kz + (k — 1)E)|y, where (p*Q%)%® is the
saturation ofp*Q% m le(

Proof. We may assume that FE is smooth around x and D is
smooth around p(z). There exist local coordinates (aj,asg,...,a,) and
(b1, b2, ...,bg) of X and Z around z and p(x) such that E is defined by
{a1 =0}, D is defined by {by =0} and p is given by (ai,as,...,an)—
(a%, az, ..., aq). With these coordinates, the natural morphism p*QL — QL
is given by

(dby, dbs, . . ., dbg) — (ka¥"day, day, . . ., day)

and the image of the natural morphism p*Q% — le( is generated by
p*(dby Adbg A - - - Adbg) = (ka®*dai) Adag A - - - A dag. Hence, (p*Q%)*®
is generated by daj Adag A ---Adag. Since {a; =0} defines the divisor
E, we have (p*Q%)%|; = Ox(p*Kz + (k—1)E)|y for some open neigh-
borhood U of z. 0

LEMMA 4.4. Let p: X — Z be an equidimensional morphism between
normal varieties. Assume that Z is Q-factorial. Let D+,..., D, be all
the prime divisors in Z such that m(p, D;) is larger than 1. Write
det ((p*(025))5%) 2 Ox (M), where M is a divisor on X. Then M —

(p*(Kz + > iy ((m(p, Di) = 1)/(m(p, Di)))Di)) is Q-effective.
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Proof. By Proposition 2.1, we only have to prove the assertion on an
open subset of X whose complement is of codimension at least 2. Hence, we
may assume that both X and Z are smooth and that ). ; D; is smooth.
In this case, by Lemma 4.3, the divisor M is linearly equivalent to p* Kz +

iy Zj’zl(n” —1)E; ;, where the E; 1, ..., E;, are the components of
p*D; and n; j is the coefficient of E; ; in p*D;. Since m(p, D;) is the smallest
integer among n; 1, . .., nis,, we have n; j — 1 > ((m(p, D;) — 1)/m(p, D;)) -
ngj- Thus,

T Si T 7Dl o 1 .
Z Z(n” -1)E;; > Z %p D;. [

i=1 j=1 i=1

REMARK 4.5. With the notation above, if in addition p is a Mori
fibration, then p* D; is irreducible for all ¢ since p has relative Picard number
1. In this case we obtain that

det ((p*(Q5))*™") = Ox <p* <KZ + Z} %Di»'

LEMMA 4.6. Let p: X — Z be an equidimensional fibration between
normal varieties. Let (p*le)Sat be the saturation of the image of p*QIZ n

Ol Then p.((p QL)) = Q) for r > 0.

Proof. Let D be the sum of the divisors in Z over which p does not
have reduced fibers. Applying Proposition 2.1 several times, we can suppose
without loss of generality that Z is smooth and D is a simple normal crossing
divisor. Let . = p.(((p*Q)%et) M),

First, we prove that there is a natural injection from €7 to .#. We
have an injection from p*Q% to (p*Q})**. Hence, the natural morphism
from (p*QL)" to ((p*Q)**)M is generically injective. Since (p*QL)""
without torsion, the natural morphism from (p*QL)"" to ((p*QL)**)"1 is
injective. Since p(X) = Z, we have an injection from p.((p*Q%)"\") to 4.

is

By the projection formula, this implies that Q7 is a subsheaf of .Z.
Now we prove that Q) =.#. Let W =p~1(Z\D). Then the morphism
plw : W — Z\D is smooth in codimension 1. Thus,

((* Q)" = p*Qlw

(see the proof of Lemma 4.3). Then we obtain .Z|z\ p EQTZ\D by the
projection formula. Let U be any open set in Z, and let S be any element
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of #(U), that is, a section of .#|y. Then [ is a rational section of Q7 |y
which can only have a pole along D since .#|, p = Q%\D. However, by
the definition of .#, [ induces a regular section of (2% on the smooth
locus of p~!(U). This implies that B does not have pole along D. Thus,
A(U) =0 (U). Hence, Q7, = A . [

LEMMA 4.7. Let p: X — Z be an equidimensional fibration from a
normal variety X to a smooth wvariety Z. Let Dy,...,D, be all the
prime divisors in Z such that the multiplicity m(p, D;) is larger than 1.
If ¢x: X1 — X is a finite morphism which is étale in codimension 1
and X1 ﬂ>Z1 2, 7 is the Stein factorization, then Kz <cy(Kz+
Yoizy ((m(p, Dy) — 1)/m(p, D;))D;). That is, there is an effective Q-divisor
A1 on Z1 such that

' z i—1 m(paDi) '

Proof. 1f D is a prime divisor in Z, then pjc,D = cxp*D. Let E be
any irreducible component of ¢7,D. Since cx is étale in codimension 1,
by comparing the coefficients of F in pjc, D = cxp*D, the coefficient mpg
of F in ¢ D is not larger than m(p, D). This implies that (mg —1) <
mg - ((m(p, D) —1)/m(p, D)). Now, from Lemma 4.3, we obtain Kz =
cy Kz + ijl(mj — 1)E;, where the Ej; are all prime divisors along which
¢y, is ramified, and m; is the degree of ramification of cz along F;. By the
discussion above, we have (m; — 1) <m; - ((m(p, p(E;)) — 1)/m(p, p(E;))).
Hence, Kz, <c3(Kz+ 3 i ((m(p, Di) — 1)/m(p, D3))D;). 0

LEMMA 4.8. Let p: X — Z be a Mori fibration from a normal threefold
X to a smooth surface Z. Let Di,...,D, be all the prime divisors in
Z such that the multiplicity m; = m(p, D;) is larger than 1. Assume that
there is a projective Q-factorial variety V such that we have an open
embedding j: Z —V with codim V\Z > 2. Assume further that the pair
(V, >0, ((mi — 1)/m;)D;) is kit, where D; is the closure of D; in V. If
F is a rank-1 reflexive subsheaf of Q[)l(} such that F1®ml = 0\ (p*Dy) for
some positive integer mg and some divisor Dy on Z, then Dy, the closure
of Doy in V, is not ample.

Proof. Assume the opposite. First, we assume further that mg=1 and
O z(Dyp) has non-zero global sections. Let E = p* Dy, which is effective. Then
F = Ox(E). Since general fibers of p are isomorphic to P!, which does not
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carry any non-zero pluri-forms, by Lemma 2.5, the injection Ox (F) — Q[)l(}
factorizes through (p*Qz)*®. Hence, by the projection formula, we have
an injection from Oz(Dp) to p«((p*Q})**). However, by Lemma 4.6, we
have p.((p*Q})**) =QL. By Proposition 2.1, we get an injection from
Oy (Do) to Qg]. Hence, by the Bogomolov—Sommese theorem (see [Gralb,
Corollary 1.3]), the Kodaira dimension of 0y (Dg) is not larger than 1.
Hence, Dy is not ample. We obtain a contradiction.

Now we treat the general case. We show that we can reduce to the previous
case. By replacing mg with a large multiple, we may assume that Dy is
very ample. We may also assume that both Dy and p*Dg are prime and
that the pair (V, > I_ ((m; —1)/m;)D;) is klt. Let cx : X1 — X be the
normalization of the ramified cyclic cover with respect to %, my and p* Dy
(see [KMO98, Definition 2.52]). Then cyx is ramified over p* Dy with degree m
and (¢ F )™ = Ox, (E), where E = (c%p* D) req. Moreover, over the smooth
locus of X, there is an injection of sheaves from ¢% Q% to Q%ﬁ' Hence, by

Proposition 2.1, we have an injection Ox, (E) — Q[;(}l.

Let X1 2% Z1 <45 Z be the Stein factorization. Let ¢y : V4 — V be the
normalization of V' in the function field of X;. Then we obtain an open
embedding j; : Z1 — Vi such that codim V1\Z; > 2. If F}, is a general fiber
of p and if F}, is a general fiber of p; which is mapped to F),, then F,,, — F,
is étale. Since p is a Mori fibration, F), is a smooth rational curve which is
simply connected. Hence, F),, — F), is an isomorphism and F,, = P!. Hence,
cz is of degree mg. Let H = (¢}, Do) req- Since cz o p1 : X1 — Z has connected
fibers over Dy, we have ¢ Do =moH. Hence, Ey =piH. Let H be the
closure of H in V;. Then it is ample since cy is finite.

Note that cx|x,\g is étale in codimension 1 and cDo=moH. By
Lemma 4.7, we conclude that there is an effective Q-divisor A} in 7
such that Kz, + A} =p*(Kz +>_;_, ((m; — 1)/m;)D;). Hence, if A; is the
closure of A} in Vi, then Ky, + Ay =p*(Kv + > i_, ((mi — 1)/m;)D;). This
implies that (Vi, Ay) is kit by [KM98, Proposition 5.20 and Corollary 2.35].

Hence, p1 : X1 — Z; satisfies the conditions in the lemma. There is an
injection from Ox,(E) to Q[)l(}l, and Ox,(F) = Ox,(ptH), such that H is
ample in V7. We are in the same situation as in the first case. This leads to
a contradiction. [

LEMMA 4.9. Let p: X — Z be an equidimensional fibration such that
general fibers of p do not carry any non-zero pluri-forms. Assume
that Z 1is smooth and that there is an open embedding j:Z —V such
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that codim V\Z > 2. Assume that H°(V, Q@) ={0} for all r>0. Then
HO(X, Q[)T(]) = {0} for allr>0.

Proof. Assume the opposite. Let .# = (p*Q})% be the saturation of
the image of p*Q2}, in Q[)l(]. Since general fibers of p do not carry any non-
zero pluri-forms, we have H°(X, Q[;;]) >~ [0(X, Z") by Lemma 2.5. Hence,
there is an injection from Ox to .Z!"]. By taking the direct image, we have
an injection from Oz to p.(F"). By Lemma 4.6, p.(F"1) = Q7. This
implies that HO(V, Q@) # {0} by Proposition 2.1, which is a contradiction.

il

Now we are ready to prove Theorem 4.2.

Proof of Theorem 4.2. We argue by contradiction. Let f:Z — Z’ be
the result of a (Kz+ A)-MMP. Assume that Z' has Picard number
1. Set A’= f,A. Then Ky + A’ is not pseudo-effective either. Thus,
—(Kz + A') is ample. We know that there is a smooth open subset Zj C Z’
with codim Z’\Z} > 2 such that f~! is an isomorphism from Z onto its
image. Let Zy be f~1(Z]), which is an open subset in Z. Let Xo =p~(Zp).

Since codim Z"\ Zj = 2, there is a projective curve C{ in Z| such that it
is an ample divisor in Z'. Let C be the strict transform of C}) in Zj. Let «
be the class of the curve p*Cy N H, where H is a very ample divisor in X.
Then the class « is movable and p,« is proportional to the class of Cy.

Since general fibers of p do not carry any non-zero pluri-forms, by
Lemma 2.5, we obtain that

HO(X, (95)1#m) = HO(X, (b)) =)

for any m > 0, where (p*Q%)% is the saturation of the image of (p*Q}) in
Q[)l(} Hence, um((p*Q})%) > 0 and there is a coherent sheaf 57 saturated

(0%
in (p*QL)*¥ such that u, () > 0.
However, since p|x, is a Mori fibration and Zj is smooth, the Q-Cartier
divisor which associates to the determinant of (p*Q2})**|y, is equal to

p*(Kz + A)|x, by Remark 4.5. Hence,
det((p* QL) ™) - a=p"(Kz +A)-a=(po f)*(Kz +A)-a<0.

This implies that 7 # (p*Q})*¢. If ¢ is the quotient (p*Q})*% /5, then
rank ¢ =rank 5 =1 and #[®] 7 =det ((p*Q})*¥). Thus, # -a <0.
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Since HO(X, ((p*Q)*et)[®m) £ {0} for some m > 0, we have
HO(X, 2%°[®] 7°") # {0}

for some s,t > 0 by Proposition 2.1 and Lemma 2.3. In this case, we have
s>t for (H|®] 7) - a<0and 7 -a<O0.

Let F}, be a general fiber of p. Then the class of F}, is movable. Hence,
(s®9)[z]_z1®1) . F, > 0. Moreover, we have

(H[@].7) - Fp = det((p"Q})*"") - F, = 0.

This implies that 2 - F), > 0 since s >t. However, since the restriction of
(p*Q})%% on F), is isomorphic to O, ® OF,, we have J - I, = 0.

Let k be the smallest positive integer such that s#[®* is invertible. Then
there is a Cartier divisor L in Z such that 5% = g (p*L). Let L' = f.L.
Then L' - C} > 0 since () > 0. Note that if L' - C{, > 0, then L’ is ample
on Z' since Z' has Picard number 1. Hence, by Lemma 4.8, we can only
have L' - Cjy=0, and L' is numerically equal to the zero divisor since Z’
has Picard number 1. By [AD14, Lemma 2.6], there is a positive integer k'
such that k'L’ is linearly equivalent to the zero divisor. Hence, Oz (k'L)| z, =
Oy, and H1EFK]| 22 G . Let | be the smallest positive integer such that
A8y =2 Oy, Let ¢: Wy — X be the normalization of the cyclic cover
with respect to the isomorphism #®|x, = Oy, (see [KM9S, Definition
2.52]). Then c is étale in codimension 1. We have Oy, = (¢*5¢)** and there
is an injection (c*.2€)** < (c*Q )™ = Q%,]O. Hence, H° (W, Q%;O) #{0}.

Let Wy — Vo — Z| be the Stein factorization. Let h:V — Z' be the
normalization of Z’' in the function field of Wj. Then there is an open
embedding from Vj to V' such that codim V\Vj > 2. By Lemma 4.7, we
have Ky, < (h*(Kz + A'))|y,. Since codim V\Vj > 2, there is an effective
Q-divisor Ay in V such that Ky + Ay = h*(Kz + A’). Thus the pair
(V, Ay) is kIt by [KM98, Proposition 5.20]. Moreover, —(Ky + Ay ) is ample
since —(Kz + A’) is ample, hence V is rationally connected by [HMO7,
Corollary 1.13]. By [GKKP11, Theorem 5.1], we have HO(V,Ql))=o.
However, since general fibers of Wy — V; are isomorphic to P!, which does
not carry any non-zero pluri-forms, we conclude that H°(W, Q%}O) ={0}
from Lemma 4.9. This is a contradiction. [

4.2 Proof of Theorem 1.6
The object of this subsection is to prove Theorem 1.6. We study Mori
fibrations X — Z such that X is a projective threefold with Q-factorial
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canonical singularities and Z is a projective normal surface. Assume that X
carries non-zero pluri-forms. Then by Theorem 4.2, either the result Z’' of
any (Kz + A)-MMP has Picard number 2 or (Kz + A) is pseudo-effective,
where A is the Q-divisor defined in Theorem 4.2. We study the first case in
Proposition 4.10 and the second case in Proposition 4.12.

PROPOSITION 4.10. Letp: X — Z be a Mori fibration from a projective
threefold to a projective surface such that X has Q-factorial canonical
singularities. Let A be the divisor in Z defined in Theorem 4.2. Assume that
Kz + A is not pseudo-effective. Let f: Z — Z' be the result of a (Kz + A)-
MMP, and let A" be the strict transform of A in Z'. Then there is a
(Kz + A')-Mori fibration 7' : Z' —P.. Let n=n"of, and let g=mop:
X — Pl Then we have H°(X, (Q&)[@’m}) ~ [9(X, ((q*Qﬂgl)sat)@m]) for any
m > 0, where (q*Qﬁn)s“t is the saturation of the image of q"‘Q]}J)1 in Q[)l(}

Proof. Let S = (q*Q]%,l)Sat, and let & = (p*Q[ZH)Sat. Then we have an
exact sequence of coherent sheaves 0 — 7 —.% — ¢ — 0, where ¢ is a
torsion-free sheaf such that det .# = #°[®]_#. Let a be a class of movable
curves in X whose image in Z is not zero and is proportional to the class
of general fibers of 7: Z — P'. Then 47 - a = 0. Moreover, we have

(AR F) a=det F - a=p"(Kz+A) -«

by Remark 4.5. This intersection number is negative since for a general fiber
Frof m:Z— P we have (Kz + A) - Fr = (Kz + A) - (fo Fy) < 0. Hence,
F -a<O.

There is an open subset U of X with codim X\U > 2 such that we have an
exact sequence of locally free sheaves over U, 0 = 7|y — F|v = 7 |v — 0.
Since po (A% ® 7)< 0 if >0, we have HO(U, #|5° @ 7 |5') = {0}
if t>0 by Proposition 2.1. Hence, by Lemmas 2.5 and 2.4, we have
HO(X, (Q%)Emh) = gO(X, (#)@m)) = HO(X, (5)®™) for any m > 0. []

ExaMPLE 4.11. We give an example of this kind of threefold. Let Z =
P! x P'. Denote by pi, pe the two natural projections from Z to P'. Let

21, ..., 2z be r >4 different points in P!, and let C; = piz; fori=1,...,r.
Let Xo=P! x Z. By the method of Construction 2.13, we can construct
a Mori fibration 7 : X — Z such that m(m,C;) =2 for i=1,...,r. Note

that K5 + %(Cl +---+ C,) is not pseudo-effective since it has negative
intersection number with general fibers of p;. Moreover, we have
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HO(X, (Q%)®%) = HOB!, (24:)%2® 651 (C1 + -+ C)
=~ HO(P', Opi (~4 + 1)) # {0}.

Now we treat the second case. Note that this is the case for Examples 2.12
and 2.14.

PROPOSITION 4.12. Let p: X — Z be a Mori fibration from a projective
threefold to a projective surface. Assume that X has Q-factorial klt singular-
ities. Assume that (Kz + A) is pseudo-effective, where A is the Q-divisor
defined in Theorem 4.2. Then X carries non-zero pluri-forms.

Proof. By the abundance theorem for log surfaces (see [AFKM92,
Theorem 11.1.3]), (Kz + A) is Q-effective. Hence, there is a positive integer
[ such that I[(Kz + A) is an effective Cartier divisor. This implies that
hO(X, (Q%)®2) is non-zero by Lemma 4.4. 0

We can now conclude Theorem 1.6.

Proof of Theorem 1.6. Let X* — Z be a Mori fibration. If Z is a curve,
then we are in the second case of the theorem. Assume that dim Z = 2.
If Kz + A is Q-effective, then we are in the situation of Proposition 4.12.
If Kz 4+ A is not Q-effective, then by Proposition 4.10, there is a fibration
p: X* — P such that HO(X*, ()€™ = HO(X, ((p*QL,)*a)[®™]) for any
m > 0. By Lemma 3.1, we have HO(X*, (Q4.)[®™) = HO(P!, Gp1(—2m +
S e [(m(p, ) — 1)m)/m(p, 2)))) for any m > 0. 0

85. Proof of Theorem 1.4

In this section, we complete the proof of Theorem 1.4. First, we show that
if X is a rationally connected projective threefold with Q-factorial terminal
singularities, which carries non-zero pluri-forms, then there is a dominant
rational map from X to P! (Lemma 5.2). To this end, we need the following
lemma.

LEMMA 5.1. Let p: X — Z be a Mori fibration such that X has Q-
factorial terminal singularities and dim Z = dim X — 1. Then there exists an
open subset Zy C Z with codim Z\Zy > 2 such that every scheme-theoretic
fiber over Zy is reduced.

Proof. By taking general hyperplane sections on Z, we reduce to the
case where Z is a smooth curve and p is a Fano fibration. In this case, X is
a surface with terminal singularities. Hence, X is smooth and the fibers of
p are reduced. 0
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LEMMA 5.2. Let X be a rationally connected projective threefold with Q-
factorial terminal singularities such that HO(X, (Q4)®™)) £ {0} for some
m>0. Let f: X --+ X* be the result of an MMP for X. Then there is a
fibration p: X* — P!,

Proof. Note that X™* is a Mori fiber space. Then we have a Mori fibration
q: X* — Z, where Z is a normal rationally connected variety. If dim Z =1,
then we are done.

By Lemma 2.2, we know that X* carries non-zero pluri-forms. Hence,
dim Z > 0 by [Oul4, Theorem 3.1]. Assume that dim Z =2. Then Z has
canonical singularities by [MP08, Corollary 1.2.8]. Hence, Kz is not pseudo-
effective by [Kol96, Corollary 1.11]. Moreover, by Lemma 5.1, m(q, D) =1
for any effective divisor D on Z. Hence, by Theorem 4.2, if Z — Z’ is the
result of an MMP for Z, then Z’ has Picard number 2. Hence, we have a
Mori fibration Z’ — P'. Let p be the composition of X* — Z — Z' — P!
Then p is a fibration from X* to P! [

With the notation as above, note that a general fiber F’ of p: X* — P! is
a smooth rationally connected surface. Hence, F’ does not carry any non-
zero pluri-forms. Let U be the largest open subset in X over which f: X --»
X* is regular. Then codim X\U > 2, codim X*\ f(U) > 2, and the rational
map p: X --» P! is regular over U. If F is a general fiber of U — P!, then
f(F)C F’, where F’ is a general fiber of p. Moreover, codim F’\ f(F) > 2.
Hence, f(F') does not carry any non-zero pluri-forms and neither does F
by Lemma, 2.2. The following lemma shows that the rational map X --» P!
is regular. Moreover, general fibers of X — P! are birational to the ones of
X* — P! which are rationally connected. Hence, general fibers of X — P!
are rationally connected.

LEMMA 5.3. Let X be a projective threefold with Q-factorial terminal
singularities. Assume that there is a non-constant rational map p: X --» P!
which is regular over U such that codim X\U > 2. Assume that general fibers
of U — P! do not carry any pluri-forms. If HO(X, (Qg()[@)m}) # {0} for some
m >0, then p is regular.

Proof. Let I' be the normalization of the graph of p. Let p; : I' = X,
po :I' — P! be the natural projections. Then there is a natural injection
from HO(T, (Q)®™]) to HO(X, (24)[®™]) by Lemma 2.2. Let ¢ be a non-
zero element in HO(X, (Q%)[®™). Then ¢ induces a rational section or of
(QF)®m] on T. Let F be a pi-exceptional divisor. Then there is a curve
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in E which is contracted by ps since dim E' =2 > 1. Hence, this curve
is not contracted by p; since the graph of p is included in X x P! and
the normalization map is finite. Thus, p;(E) is a curve in X, and X is
smooth around the generic point of p; (F) since X is smooth in codimension
2 (see [KM98, Corollary 5.18]). Hence, or does not have a pole along
E. This implies that we have an isomorphism from HO(T, (QL)[®™]) to
HO(X, (Q4)®m]) induced by p;.

Note that pl_l\U induces an isomorphism from U onto its image. If Fyy
is the fiber of p|y over a general point z, then pfl(FU) is an open subset
of Fr, where I is the fiber of py : I' — P! over z. Since Fy; does not carry
any non-zero pluri-forms, neither does Fr. By Lemma 2.5, this implies that
HOT, (Q1)Em) 2 HO(T, (2L, )oat)Eml).

We first prove that p is regular in codimension 2. Assume the opposite.
Then there is a divisor D in I" which is exceptional for p; : I' — X, and the
codimension of pi(D) in X is 2. Since X is smooth in codimension 2 (see
[KM98, Corollary 5.18]), X is smooth around the generic point of pi(D).
Thus, there is a smooth quasi-projective curve C' in D such that I' is smooth
along C and C is contracted to a smooth point of X by p;. Note that C
is horizontal over P! under the projection po : I' — P! for the same reason
as before. Let o be a non-zero element in HO(T, (1)[®™). By the exact
sequence of locally free sheaves QHC — Qé — 0, o induce an element o¢ in
HO(C, (924)®™). On the one hand, C is horizontal over P! and o is non-zero
in HO(T, ((p5Q2h1)%)[®™]), we have ¢ # 0. On the other hand, since C is
contracted to a smooth point in X, we obtain oc =0 for ¢ is the pullback
of certain element in HO(X, (Q%)[®™]). This is a contradiction.

Now we prove that p is regular. Let F} and F5 be two different fibers of
U — P! Then their closures in X are two Weil divisors and their intersection
is included in a closed subset of codimension at most 3. Hence, their
intersection is empty since X is Q-factorial. This implies that p is regular.

i

Together with Lemmas 2.5 and 3.1, we can conclude Theorem 1.4.

Proof of Theorem 1.4. By Lemmas 5.2 and 5.3, there is a fibration p:
X — P! such that general fibers of p do not carry any non-zero pluri-forms.
Lemma, 2.5 shows that all pluri-forms on X come from the base P!. Finally,
we obtain the formula in the theorem from Lemma 3.1. N

https://doi.org/10.1017/nmj.2016.1 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.1

SINGULAR RATIONALLY CONNECTED THREEFOLDS WITH NON-ZERO PLURI-FORMS 31

Acknowledgments. The author would like to thank his advisor Stéphane
Druel for suggesting this question and for his help. He would also like to
thank the referee for the numerous comments and remarks.

REFERENCES

[AD14] C. Araujo and S. Druel, On codimension 1 del Pezzo foliations on varieties
with mald singularities, Math. Ann. 360(3-4) (2014), 769-798; MR 3273645.
[AFKM92] D. Abramovich, L.-Y. Fong, J. Kollar and J. McKernan, “Semi log canonical
surfaces”, in Flips and Abundance for Algebraic Threefolds: A Summer
Seminar at the University of Utah, Salt Lake City, 1991, Astérisque 211,
Société Mathématique de France, Paris, 1992, 139-158. (English).
[Fuj99] O. Fujino, Applications of Kawamata’s positivity theorem, Proc. Japan Acad.
Ser. A Math. Sci. 75(6) (1999), 75-79; MR 1712648 (2000£:14089).
[GHS03] T. Graber, J. Harris and J. Starr, Families of rationally connected varieties,
J. Amer. Math. Soc. 16(1) (2003), 57-67; MR 1937199 (2003m:14081).
[GKKP11] D. Greb, S. Kebekus, S. J. Kovécs and T. Peternell, Differential forms on log
canonical spaces, Publ. Math. Inst. Hautes Etudes Sci. (114) (2011), 87-169;
MR 2854859.
[GKP14] D. Greb, S. Kebekus and T. Peternell, Reflexive differential forms on singular
spaces: geometry and cohomology, J. Reine Angew. Math. 697 (2014), 57-89;
MR 3281652.
[Gralb] P. Graf, Bogomolov—Sommese vanishing on log canonical pairs, J. Reine
Angew. Math. 702 (2015), 109-142; MR 3341468.
[Har77] R. Hartshorne, Algebraic Geometry, Graduate Texts in Mathematics 52,
Springer, New York—Heidelberg, 1977, MR 0463157 (57 #3116).
[Har80] R. Hartshorne, Stable reflexive sheaves, Math. Ann. 254(2) (1980), 121-176;
MR 597077 (82b:14011).
[HMO07] C. D. Hacon and J. McKernan, On Shokurov’s rational connectedness conjec-
ture, Duke Math. J. 138(1) (2007), 119-136; MR 2309156 (2008f:14030).
[Kaw92] Y. Kawamata, Termination of log flips for algebraic 3-folds, Internat. J. Math.
3(5) (1992), 653-659; MR, 1189678 (93;:14019).
[KM98] J. Kollar and S. Mori, Birational Geometry of Algebraic Varieties, Cambridge
Tracts in Mathematics 134, Cambridge University Press, Cambridge, 1998,
MR 1658959 (2000b:14018).
[KMMS87] Y. Kawamata, K. Matsuda and K. Matsuki, “Introduction to the minimal
model problem” | in Algebraic Geometry, Sendai, 1985, Adv. Stud. Pure Math.
10, North-Holland, Amsterdam, 1987, 283-360. MR 946243 (89e:14015).
[KO82] S. Kobayashi and T. Ochiai, Holomorphic structures modeled after hyper-
quadrics, Tohoku Math. J. (2) 34(4) (1982), 587-629; MR 685426 (84b:32039).
[Kol96] J. Kolldr, “Rational curves on algebraic varieties”, in Ergebnisse der Math-
ematik und threr Grenzgebiete 3, Folge. A Series of Modern Surveys in
Mathematics 32, Springer, Berlin, 1996, MR 1440180 (98¢:14001).
[Kol08] J. Kollar, Is there a topological Bogomolov—Miyaoka—Yau inequality?, Pure
Appl. Math. Q. 2 (2008), 203—-236; Special Issue: In honor of Fedor Bogomolov.
Part 1, MR 2400877 (2009b:14086).
[Laz04] R. Lazarsfeld, “Positivity in algebraic geometry I: classical setting: line bun-
dles and linear series”, in Ergebnisse der Mathematik und ihrer Grenzgebiete
8, Folge. A Series of Modern Surveys in Mathematics 48, Springer, Berlin,
2004, MR 2095471 (2005k:14001a).

https://doi.org/10.1017/nmj.2016.1 Published online by Cambridge University Press


http://www.ams.org/mathscinet-getitem?mr=3273645
http://www.ams.org/mathscinet-getitem?mr=3273645
http://www.ams.org/mathscinet-getitem?mr=3273645
http://www.ams.org/mathscinet-getitem?mr=3273645
http://www.ams.org/mathscinet-getitem?mr=3273645
http://www.ams.org/mathscinet-getitem?mr=3273645
http://www.ams.org/mathscinet-getitem?mr=3273645
http://www.ams.org/mathscinet-getitem?mr=3273645
http://www.ams.org/mathscinet-getitem?mr=3273645
http://www.ams.org/mathscinet-getitem?mr=3273645
http://www.ams.org/mathscinet-getitem?mr=1712648
http://www.ams.org/mathscinet-getitem?mr=1712648
http://www.ams.org/mathscinet-getitem?mr=1712648
http://www.ams.org/mathscinet-getitem?mr=1712648
http://www.ams.org/mathscinet-getitem?mr=1712648
http://www.ams.org/mathscinet-getitem?mr=1712648
http://www.ams.org/mathscinet-getitem?mr=1712648
http://www.ams.org/mathscinet-getitem?mr=1712648
http://www.ams.org/mathscinet-getitem?mr=1712648
http://www.ams.org/mathscinet-getitem?mr=1712648
http://www.ams.org/mathscinet-getitem?mr=1937199
http://www.ams.org/mathscinet-getitem?mr=1937199
http://www.ams.org/mathscinet-getitem?mr=1937199
http://www.ams.org/mathscinet-getitem?mr=1937199
http://www.ams.org/mathscinet-getitem?mr=1937199
http://www.ams.org/mathscinet-getitem?mr=1937199
http://www.ams.org/mathscinet-getitem?mr=1937199
http://www.ams.org/mathscinet-getitem?mr=1937199
http://www.ams.org/mathscinet-getitem?mr=1937199
http://www.ams.org/mathscinet-getitem?mr=1937199
http://www.ams.org/mathscinet-getitem?mr=2854859
http://www.ams.org/mathscinet-getitem?mr=2854859
http://www.ams.org/mathscinet-getitem?mr=2854859
http://www.ams.org/mathscinet-getitem?mr=2854859
http://www.ams.org/mathscinet-getitem?mr=2854859
http://www.ams.org/mathscinet-getitem?mr=2854859
http://www.ams.org/mathscinet-getitem?mr=2854859
http://www.ams.org/mathscinet-getitem?mr=2854859
http://www.ams.org/mathscinet-getitem?mr=2854859
http://www.ams.org/mathscinet-getitem?mr=2854859
http://www.ams.org/mathscinet-getitem?mr=3281652
http://www.ams.org/mathscinet-getitem?mr=3281652
http://www.ams.org/mathscinet-getitem?mr=3281652
http://www.ams.org/mathscinet-getitem?mr=3281652
http://www.ams.org/mathscinet-getitem?mr=3281652
http://www.ams.org/mathscinet-getitem?mr=3281652
http://www.ams.org/mathscinet-getitem?mr=3281652
http://www.ams.org/mathscinet-getitem?mr=3281652
http://www.ams.org/mathscinet-getitem?mr=3281652
http://www.ams.org/mathscinet-getitem?mr=3281652
http://www.ams.org/mathscinet-getitem?mr=3341468
http://www.ams.org/mathscinet-getitem?mr=3341468
http://www.ams.org/mathscinet-getitem?mr=3341468
http://www.ams.org/mathscinet-getitem?mr=3341468
http://www.ams.org/mathscinet-getitem?mr=3341468
http://www.ams.org/mathscinet-getitem?mr=3341468
http://www.ams.org/mathscinet-getitem?mr=3341468
http://www.ams.org/mathscinet-getitem?mr=3341468
http://www.ams.org/mathscinet-getitem?mr=3341468
http://www.ams.org/mathscinet-getitem?mr=3341468
http://www.ams.org/mathscinet-getitem?mr=0463157
http://www.ams.org/mathscinet-getitem?mr=0463157
http://www.ams.org/mathscinet-getitem?mr=0463157
http://www.ams.org/mathscinet-getitem?mr=0463157
http://www.ams.org/mathscinet-getitem?mr=0463157
http://www.ams.org/mathscinet-getitem?mr=0463157
http://www.ams.org/mathscinet-getitem?mr=0463157
http://www.ams.org/mathscinet-getitem?mr=0463157
http://www.ams.org/mathscinet-getitem?mr=0463157
http://www.ams.org/mathscinet-getitem?mr=0463157
http://www.ams.org/mathscinet-getitem?mr=597077
http://www.ams.org/mathscinet-getitem?mr=597077
http://www.ams.org/mathscinet-getitem?mr=597077
http://www.ams.org/mathscinet-getitem?mr=597077
http://www.ams.org/mathscinet-getitem?mr=597077
http://www.ams.org/mathscinet-getitem?mr=597077
http://www.ams.org/mathscinet-getitem?mr=597077
http://www.ams.org/mathscinet-getitem?mr=597077
http://www.ams.org/mathscinet-getitem?mr=597077
http://www.ams.org/mathscinet-getitem?mr=2309156
http://www.ams.org/mathscinet-getitem?mr=2309156
http://www.ams.org/mathscinet-getitem?mr=2309156
http://www.ams.org/mathscinet-getitem?mr=2309156
http://www.ams.org/mathscinet-getitem?mr=2309156
http://www.ams.org/mathscinet-getitem?mr=2309156
http://www.ams.org/mathscinet-getitem?mr=2309156
http://www.ams.org/mathscinet-getitem?mr=2309156
http://www.ams.org/mathscinet-getitem?mr=2309156
http://www.ams.org/mathscinet-getitem?mr=2309156
http://www.ams.org/mathscinet-getitem?mr=1189678
http://www.ams.org/mathscinet-getitem?mr=1189678
http://www.ams.org/mathscinet-getitem?mr=1189678
http://www.ams.org/mathscinet-getitem?mr=1189678
http://www.ams.org/mathscinet-getitem?mr=1189678
http://www.ams.org/mathscinet-getitem?mr=1189678
http://www.ams.org/mathscinet-getitem?mr=1189678
http://www.ams.org/mathscinet-getitem?mr=1189678
http://www.ams.org/mathscinet-getitem?mr=1189678
http://www.ams.org/mathscinet-getitem?mr=1189678
http://www.ams.org/mathscinet-getitem?mr=1658959
http://www.ams.org/mathscinet-getitem?mr=1658959
http://www.ams.org/mathscinet-getitem?mr=1658959
http://www.ams.org/mathscinet-getitem?mr=1658959
http://www.ams.org/mathscinet-getitem?mr=1658959
http://www.ams.org/mathscinet-getitem?mr=1658959
http://www.ams.org/mathscinet-getitem?mr=1658959
http://www.ams.org/mathscinet-getitem?mr=1658959
http://www.ams.org/mathscinet-getitem?mr=1658959
http://www.ams.org/mathscinet-getitem?mr=1658959
http://www.ams.org/mathscinet-getitem?mr=946243
http://www.ams.org/mathscinet-getitem?mr=946243
http://www.ams.org/mathscinet-getitem?mr=946243
http://www.ams.org/mathscinet-getitem?mr=946243
http://www.ams.org/mathscinet-getitem?mr=946243
http://www.ams.org/mathscinet-getitem?mr=946243
http://www.ams.org/mathscinet-getitem?mr=946243
http://www.ams.org/mathscinet-getitem?mr=946243
http://www.ams.org/mathscinet-getitem?mr=946243
http://www.ams.org/mathscinet-getitem?mr=685426
http://www.ams.org/mathscinet-getitem?mr=685426
http://www.ams.org/mathscinet-getitem?mr=685426
http://www.ams.org/mathscinet-getitem?mr=685426
http://www.ams.org/mathscinet-getitem?mr=685426
http://www.ams.org/mathscinet-getitem?mr=685426
http://www.ams.org/mathscinet-getitem?mr=685426
http://www.ams.org/mathscinet-getitem?mr=685426
http://www.ams.org/mathscinet-getitem?mr=685426
http://www.ams.org/mathscinet-getitem?mr=1440180
http://www.ams.org/mathscinet-getitem?mr=1440180
http://www.ams.org/mathscinet-getitem?mr=1440180
http://www.ams.org/mathscinet-getitem?mr=1440180
http://www.ams.org/mathscinet-getitem?mr=1440180
http://www.ams.org/mathscinet-getitem?mr=1440180
http://www.ams.org/mathscinet-getitem?mr=1440180
http://www.ams.org/mathscinet-getitem?mr=1440180
http://www.ams.org/mathscinet-getitem?mr=1440180
http://www.ams.org/mathscinet-getitem?mr=1440180
http://www.ams.org/mathscinet-getitem?mr=2400877
http://www.ams.org/mathscinet-getitem?mr=2400877
http://www.ams.org/mathscinet-getitem?mr=2400877
http://www.ams.org/mathscinet-getitem?mr=2400877
http://www.ams.org/mathscinet-getitem?mr=2400877
http://www.ams.org/mathscinet-getitem?mr=2400877
http://www.ams.org/mathscinet-getitem?mr=2400877
http://www.ams.org/mathscinet-getitem?mr=2400877
http://www.ams.org/mathscinet-getitem?mr=2400877
http://www.ams.org/mathscinet-getitem?mr=2400877
http://www.ams.org/mathscinet-getitem?mr=2095471
http://www.ams.org/mathscinet-getitem?mr=2095471
http://www.ams.org/mathscinet-getitem?mr=2095471
http://www.ams.org/mathscinet-getitem?mr=2095471
http://www.ams.org/mathscinet-getitem?mr=2095471
http://www.ams.org/mathscinet-getitem?mr=2095471
http://www.ams.org/mathscinet-getitem?mr=2095471
http://www.ams.org/mathscinet-getitem?mr=2095471
http://www.ams.org/mathscinet-getitem?mr=2095471
http://www.ams.org/mathscinet-getitem?mr=2095471
https://doi.org/10.1017/nmj.2016.1

32 W. OU

[Mor88] S.Mori, Flip theorem and the existence of minimal models for 3-folds, J. Amer.
Math. Soc. 1(1) (1988), 117-253; MR 924704 (89a:14048).

[MPO08] S. Mori and Y. Prokhorov, On Q-conic bundles, Publ. Res. Inst. Math. Sci.
44(2) (2008), 315-369; MR 2426350 (2009¢:14062).

[Oul4] W. Ou, Singular rationally connected surfaces with nonzero pluri-forms,
Michigan Math. J. 63(4) (2014), 725-745; MR 3286668.

[Rei80] M. Reid, “Canonical 3-folds”, in Journées de Géometrie Algébrique d’Angers,
Juillet 1979/Algebraic Geometry, Angers, 1979, Sijthoff and Noordhoff,
Alphen aan den Rijn—Germantown, MD, 1980, 273-310. MR 605348
(82i:14025).

[Rei87] M. Reid, “Young person’s guide to canonical singularities”, in Algebraic
Geometry, Bowdoin, 1985 (Brunswick, MA 1985), Proc. Sympos. Pure Math.
46, American Mathematical Society, Providence, RI, 1987, 345-414. MR 927
963 (89b:14016).

[Tot12] B. Totaro, “Algebraic surfaces and hyperbolic geometry”, in Current Devel-
opments in Algebraic Geometry, Math. Sci. Res. Inst. Publ. 59, Cambridge
University Press, Cambridge, 2012, 405-426. MR 2931877.

Wenhao Ou

Mathematical Institute of the University of Bonn
Endenicher Allee 60

D-53115 Bonn

Germany

wenhaoou@math.uni-bonn.de

https://doi.org/10.1017/nmj.2016.1 Published online by Cambridge University Press


http://www.ams.org/mathscinet-getitem?mr=924704
http://www.ams.org/mathscinet-getitem?mr=924704
http://www.ams.org/mathscinet-getitem?mr=924704
http://www.ams.org/mathscinet-getitem?mr=924704
http://www.ams.org/mathscinet-getitem?mr=924704
http://www.ams.org/mathscinet-getitem?mr=924704
http://www.ams.org/mathscinet-getitem?mr=924704
http://www.ams.org/mathscinet-getitem?mr=924704
http://www.ams.org/mathscinet-getitem?mr=924704
http://www.ams.org/mathscinet-getitem?mr=2426350
http://www.ams.org/mathscinet-getitem?mr=2426350
http://www.ams.org/mathscinet-getitem?mr=2426350
http://www.ams.org/mathscinet-getitem?mr=2426350
http://www.ams.org/mathscinet-getitem?mr=2426350
http://www.ams.org/mathscinet-getitem?mr=2426350
http://www.ams.org/mathscinet-getitem?mr=2426350
http://www.ams.org/mathscinet-getitem?mr=2426350
http://www.ams.org/mathscinet-getitem?mr=2426350
http://www.ams.org/mathscinet-getitem?mr=2426350
http://www.ams.org/mathscinet-getitem?mr=3286668
http://www.ams.org/mathscinet-getitem?mr=3286668
http://www.ams.org/mathscinet-getitem?mr=3286668
http://www.ams.org/mathscinet-getitem?mr=3286668
http://www.ams.org/mathscinet-getitem?mr=3286668
http://www.ams.org/mathscinet-getitem?mr=3286668
http://www.ams.org/mathscinet-getitem?mr=3286668
http://www.ams.org/mathscinet-getitem?mr=3286668
http://www.ams.org/mathscinet-getitem?mr=3286668
http://www.ams.org/mathscinet-getitem?mr=3286668
http://www.ams.org/mathscinet-getitem?mr=605348
http://www.ams.org/mathscinet-getitem?mr=605348
http://www.ams.org/mathscinet-getitem?mr=605348
http://www.ams.org/mathscinet-getitem?mr=605348
http://www.ams.org/mathscinet-getitem?mr=605348
http://www.ams.org/mathscinet-getitem?mr=605348
http://www.ams.org/mathscinet-getitem?mr=605348
http://www.ams.org/mathscinet-getitem?mr=605348
http://www.ams.org/mathscinet-getitem?mr=605348
http://www.ams.org/mathscinet-getitem?mr=927963
http://www.ams.org/mathscinet-getitem?mr=927963
http://www.ams.org/mathscinet-getitem?mr=927963
http://www.ams.org/mathscinet-getitem?mr=927963
http://www.ams.org/mathscinet-getitem?mr=927963
http://www.ams.org/mathscinet-getitem?mr=927963
http://www.ams.org/mathscinet-getitem?mr=927963
http://www.ams.org/mathscinet-getitem?mr=927963
http://www.ams.org/mathscinet-getitem?mr=927963
http://www.ams.org/mathscinet-getitem?mr=2931877
http://www.ams.org/mathscinet-getitem?mr=2931877
http://www.ams.org/mathscinet-getitem?mr=2931877
http://www.ams.org/mathscinet-getitem?mr=2931877
http://www.ams.org/mathscinet-getitem?mr=2931877
http://www.ams.org/mathscinet-getitem?mr=2931877
http://www.ams.org/mathscinet-getitem?mr=2931877
http://www.ams.org/mathscinet-getitem?mr=2931877
http://www.ams.org/mathscinet-getitem?mr=2931877
http://www.ams.org/mathscinet-getitem?mr=2931877
mailto:wenhaoou@math.uni-bonn.de
https://doi.org/10.1017/nmj.2016.1

