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1. Introduction

Let A(R) = {z € C: |z| < R} be a complex disc and r( be a fixed positive number so
that 0 < rg < R. Let v be a divisor on A(R), which is regarded as a function on A(R)
with values in Z such that Supp v := {z;v(z) # 0} is a discrete subset of A(R). Let k be
a positive integer or +o00. The truncated counting function of v is defined by:

nlM(t) = Y " min{k,v(2)} (0<t<R),
|

z|<t

" k() — nlk(0)
t

and N (r, V):/ dt.

0

We will omit the character * if k& = +o0.
Let ¢ : A(R) — CU {co} be a non-constant meromorphic function. We denote by

vg (resp. v3°) the divisor of zeros (resp. divisor of poles) of ¢ and set v, = v — v
As usual, we will write NLk] (r) and Nl[’;]w (r) for Nl (7, vJ) and N (r, vg’) respectively.
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2 S. Duc Quang

Let f : A(R) — PN(C) be a holomorphic map and Q be the Fubini-Study form on
PV (C). The characteristic function of f is defined by

Ty(r) = /ch/||< fe9.

In [8], Ru and Sibony defined the growth index of f by

R
¢y =inf {c >0 / exp(cTy(r))dr = +oo} .
0

For the convenient, we will set ¢y = +oo0 if

R
{c >0 |/0 exp(cTy(r))dr = +oo} =0.

A meromorphic function ¢ on A(R) (which is regarded as a holomorphic map into
P(C)) is said to be small with respect to f if || T,(r) = o(T¢(r)) as r — R. Here (and
throughout this paper), the notation ‘|| P’ means the assertion P holds for all » € (0, R)
outside a subset S of (0, R) with [gexp((cs + €)Ty(r))dr < 400 for some e> 0.

Denote by H the ring of all holomorphic functions on A(R). Let @ be a homogeneous
polynomial in H[zo,...,x,] of degree d > 1 given by

Q)= Y ar(z)w’,

IGTd
where Tg = {(ig,...,in) € NéVH Dig 4+ iy = d), W = wéo---w;N for I =
(g, ...,in) and all a; € H has no common zero. The homogeneous polynomial @ is called

a moving hypersurface of P (C). Throughout this paper, by changing the homogeneous
coordinates of PV (C) if necessary, we may assume that a 1o # 0 each such given moving

hypersurface Q, where Iy = (d,0,...,0). We put Q = ZIer ;waf.
0
The moving hypersurface @ is said to be slow with respect to f if all ;TI (I € Ty) are
0
small with respect to f. Let f = (fo,..., fn) be a reduced representation of f. We define

QR = > @) Y ().

I:(’io,..‘,iN)GTd
Then the truncated divisor I/ggf) does not depend on the choice of the reduced represen-

tation f and hence is written by v (y). Its truncated counting function is denoted simply

by Ng(] n (r). The proximity function of f with respect to @ is define by
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Defect relation for holomorphic maps 3

N {0 (o] PN

If @ is slow with respect to f, then the first main theorem states that

| dTy(r) = my(r, Q) + Nocs)(r) + o(Ty(r)).
The truncated defect of f with respect to @ is defined by

(K]

Ny (r)
o™ — 1 _ limsu 7Q(f) .
1,Q T*}Rp de( r)

We omit the character ¥ if & = +o0. If all coefficients of Q are constant then we call Q
a (fixed) hypersurface of PV (C) and set Q* = {(wo : -+ : wn) | ZIer arw! =0}.

Let V be a smooth projective subvariety of PV (C) of dimension n. Let Q =
{Q1,...,Q,} be a family of moving hypersurfaces in PV (C), where Q; = Z,er airzl.

Denote by Kg the smallest field which contains C and all functions a“ (I € Ta,)-

As usual, the family {Q1,...,Q,} is said to be in weakly E—subgeneral position if
ﬂﬁii js(2)* NV =0 for every 1 < j; < --- < joq1 < ¢q and for generic points z € A(R)
(i.e. for all z € A(R) outside a discrete subset). Here, we note that dim () = —co. In [6],
we define the distributive constant of the family Q with respect to V by

r
= max b ,
0£TC{1,a} 1, — dim (ﬂjer Qj(z)*)

for generic points z € A(R). From [6, Remark 3.7], we know that if Q is in weakly
{-subgeneral position with respect to V then Ay </ —n+ 1.

For the case of holomorphic curves from C into V and families of fixed hypersurfaces
in general position (i.e. in n-subgeneral position), Ru [7] proved the following.

Theorem A. (see [7]) Let f be an algebraically non-degenerate holomorphic map of
C into a smooth subvariety V. C PN (C) of dimension n. Let {Q;}!_, be a family of q
hypersurfaces in general position with respective to V. Then for any € >0, we have

q

| (g —n—1—e€Ty(r) 2:

=1

Q Ng,p(r).

From the above theorem, the number n + 1 is an above bound of the sum of defects (with-
out truncated multiplicity) for hypersufaces in this case. Later on, many mathematicians
generalized Theorem A to the case of slowly moving hypersurfaces in general position
with respect to V. Recently, in [4] Quang considered the case of holomorphic maps from
A(R) into PV(C) and proved the following result.

Theorem B. (reformulation of [/, Theorem 1.3]) Let V C PY¥(C) be a smooth complex
projective variety of dimension n > 1. Let {Q1,...,Qq} be a family of hypersurfaces in
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PN (C) with the distributive constant A with respect to V, degQ; = d; (1 <i < q), and
let d be the least common multiple of di,...,dq. Let f : A(R) = V be an algebraically
non-degenerate holomorphic curve with ¢y < +o0o. Then, for every € >0,

<IN )+ berdi)
=20 g Ve 24" (2n + 1)(n + 1)(q!) deg V'’

where L = [d"2+" deg(V)" e A™(2n + 4)"(n + 1)"(¢!)"e™].

Here, by [z] we denote the largest integer not exceeding the real number z. However, the
coefficient of T4 (r) in the right hand side of the above inequality has a factor ¢ (qle=1)" 1.
Then if ¢y or ¢ is large enough, this coefficient always exceeds ¢ and the theorem is
meaningless. Hence, it may not imply the defect relation. Our purpose in this paper is
to improve Theorem B by reducing the truncation level L and that coefficients so that
they do not depend on ¢. In order to do so, we will apply the new below bound of Chow
weight in [5] (see Lemma 2.2) and also give some new technique to control the error
term occuring when the theorem on the estimate of Hilbert weights (Theorem 2.1) is
applied. We also consider the case of moving hypersurfaces. Our main result is stated as
follows.

Theorem 1.1. Let f be a non-constant holomorphic map of A(R) into an n-
dimensional smooth projective subvariety V. C PN (C) with finite growth index cf. Let
{Qi}Y_, be a family of slow (with respect to f) moving hypersurfaces with the distribu-
tive constant Ay with respect to V. Assume that f is algebraically non-degenerate over
Ko.

a) For any € >0 and (n+ 1)Ay > € > 0, we have
| (¢ = Av(n+1) = )T¢(r)

14
<3 Lty 4 @Ot D4 e + LD )

where

n n+q
d" deg V(u+1) :| 11

€ log2 (14 -—&———)
L=d"d V )" 1 - |: 2(n+1)AV
egVlu+1) < +2(n+1)Av>

with u = [2Ay(2n + 1)(n+ 1)d"deg V(Ay(n + 1) + €)e 1].
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b) Assume further that all Q; (1 < i < q) are assumed to be fixed hypersurfaces. For
any € >0 and € >0 we have

| (¢ Av(n+1) = )Ty (r)

< Z éN[L’—;](T) (Ay(n+1) +;zl§jf +€e) (L — I)Tf(r),

where L' = [d"2+”(deg V) tlen(2n45)" (AL (n+1)e + Ay)"] withu' = [Ay (2n+
D(n+1)d"deg V(Ay(n+1) +e)e 1.

Here, [z] stands for the smallest integer bigger than or equal to the real number z. By
this theorem, we get the following truncated defect relation for fixed hypersurfaces.

Corollary 1.2. With the assumption and notation as in Theorem 1.1 and suppose
that all Q; are fixed hypersurfaces. Then for any € >0, we have

(Ay(n+1)+e€)cs(L—1)
2du ’

q
Z(S}Qz <Ay(n+1)+e+

=1

where L = [d”2+"(deg Vyntlen(2n + 5)"(AY (n + 1)e ! + Ay)"] with u = [2Av(2n +
D(n+1)d"deg V(Ay(n+1) +e)e 1.

2. Some auxiliary results

Let X C P*(C) be a projective variety of dimension k and degree ¢. For a = (ao, . ..,a,) €
7% we write x® for the monomial zg? - - - 297, Let Ix be the prime ideal in C[zo, . .., 2,)
defining X. Let C|xo,...,%,], be the vector space of homogeneous polynomials in
Clzo, - . ., zn] of degree u (including 0). For u = 1,2, ..., put (Ix), := Clzo, ..., Zn]uNIx
and define the Hilbert function Hx of X by

Hx (u) := dim Clzg, ..., Zn]u/(Ix)u-

Let ¢ = (co,...,c,) be a tuple in RZ5" and let ex(c) be the Chow weight of X with
respect to c. The u-th Hilbert welght S x (u,¢) of X with respect to c is defined by

Hx (u)

Sx (u,c) := max Z a;-c,

where the maximum is taken over all sets of monomials x21, ... ,xaHX () whose residue
classes modulo Ix form a basis of Clzo, ..., Zn]u/(Ix ).
The following theorem is due to Evertse and Ferretti [2].
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Theorem 2.1. (see [2, Theorem 4.1]) Let X C P"(C) be an algebraic variety of
dimension k and degree 6. Let u > & be an integer and let ¢ = (co,...,cn) € Rggl.
Then

1 1 (2k +1)5
() X0 2 grgppex(@ = = (%ﬁ’iﬂ)'

The following lemma is due to the Quang [5].

Lemma 2.2. (see [5, Lemma 3.2]) Let Y be a projective subvariety of PF(C) of dimen-
sion k > 1 and degree §y. Let £ (¢ > k + 1) be an integer and let ¢ = (co,...,cr) be
a tuple of non-negative reals. Let H = {Hy,...,Hr} be a set of hyperplanes in PE(C)
defined by H; = {y; = 0} (0 < i < R). Let {i1,...,is} be a subset of {0,...,R} such
that:

(1) e, = n;inl{cil, cesCig
(3) andY ¢ H;; forallj=1,... ¢

Let Ay y be the distributive constant of the family H = {Hij }le with respect to Y. Then

1
7}/(01.1 + e + Cie)‘

>
ev(e) 2 Any

The following theorem is due to Ru and Sibony [8].
Theorem 2.3. (reformulation of [8, Theorem 4.8]) Let f be a linearly non-degenerate

holomorphic map from A(R) (0 < R < +o0) into P*(C). Let Hy,...,Hy be q arbitrary
hyperplanes in P*(C). Then, for every e >0, we have

o fl| do
H / maxlogz‘ £l £)] 27 + Nw(r)

n(n+1)

S (n + I)Tf(r) + D)

(cr +e)Ty(r),

where W = det(fi(k); 0 < i,k <n) for a reduced representation £ = (fo,..., fn) of f.

Note that, in the original theorem [8, Theorem 4.8], the last term of the right hand
side of the above inequality is more complex and the inequality holds for all 7 outside an
exceptional set S C (0, R) such that [ exp((cs+e€)T¢(r))dr < +oo. In this reformulation,
we just simplify that term but the exceptional set is a subset S’ C (0, R) such that
Jsrexp((cy + € )Ty (r))dr < +oo for some € > 0.

https://doi.org/10.1017/50013091524000774 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000774

Defect relation for holomorphic maps 7

Let @ ={Q1,...,Qq} be a family moving hypersurfaces in PV (C) given by

Qi(2)(x) = Y au(2)x’,

IETdi

where x = (29, ...,2n), X! = xé w?{,v for I = (ig,...,in). Denote by Co the set of all

non-negative functions h : C™\ A — [0, +0o0], which are of the form:

g+ g
lgiea| + -+ lgirrl’

where k,l € N, g1,...., gi+r € Ko \ {0} and A4 is a discrete subset of A(R), which may
depend on g1, ...., gi+x. Then, for h € Co we have

2 N da
; log (h)% = O(max Ty, /a, (7))
Also, for every moving hypersurface @ in Kglzo,...,zn]| of degree d, we have

Q(2)(x) < e(2)lx|,
for some ¢ € Cg.

Lemma 2.4. (see [6, Lemma 3.2]) Let V be a projective variety of PN (C). With the
above notation, let 1 < j; < -+ < jx < q. Suppose that there exists zo € A(R) such that
Vn ﬂle Qjs(z0)* = 0. Then we have Vﬂﬂ]::l Qjs(2)* =0 for every z € A(R) outside
a discrete subset, and there exists a function ¢ € Cx such that

1) < e(2) max {Qj(£)(2)}

1<s<k

3. Proof of theorem 1.1

a
Replacing @; by de if necessary, we may assume that Q1, ..., Q, have the same degree
d and Q; = Zler airz’ (i =1,...,q). Take a point z such that a;s,(z0) # 0 for all i,
and

T
Ay = max = .
0ATC{1,....q} dimV—dimVﬁﬂjeF Qi(z0)*

It is suffice for us to consider the case where ¢ > Ay (n + 1). Denote by 01,...,0,, all
bijections from {0,...,q—1} into {1,...,q}, where ng = g!. For each o, it is easy to see
that ﬂg;g Qo;(j)(20)* NV = (). Then there exists a smallest index ¢; < ¢ — 2 such that

ﬂﬁ;o Qgi(j)(zo)* NV = (. Hence ﬂgizo Qgi(j)(z)* NV = 0 for generic points z and for all
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i=1,...,n9. Denote by S the set of all points z € A(R) such that ﬂji:() Qgi(j)(z)*rﬂ/ #0

for some . Then S is a discrete subset of A(R).
By Lemma 2.4, there is a function A € Cg, chosen common for all o, such that

I < AG) . W i =

Denote by S(i) the set of all z not in S such that Q;(f)(z) #0 for all j =1,...,q and

|Qoy(0) (F)(2)] IQUZ(l)( A _ IQUz @)@
1Qn, @I~ 1@ m@Il — 7 1@l

Therefore, for every generic point z € S(i), we have

£ 141Q; (= 2 £y (2]
jl;ll IQj(f)(Z) ]1;[0 \QU I

where C(z) = 310, A(2)1 41 € Co.
For z ¢ S, consider the mapping ®, from V into P¢~1(C) defined by

. (x) = (Qu(2)(x) : - : Qq(2)(2))

for every x = (xo : - -+ : xn) € V, where x = (z¢,...,xn). We set

0. (2) = (Q1(2)(2), ..., Qq(2)(2)).

Let Y, = ®.(V). Since V N j_, Q;(2)* = 0, ®, is a finite morphism on V and Y, is a
projective subvariety of P4~1(C) with dimY, = n and of degree

0, :=degV, <d".degV =6.

For every a = (a1,...,a4) € Z, and y = (y1,...,y,) we denote y2 = y;'* ... ys9. Let u
be a positive integer. We set &, := (qzu) and define the C-vector space

Yz,u = (C[yla ceey yq]u/(IYz)U

Denote by (Iy), the subspace of the Kg-vector space Kg[y1, ..., Yy]u consisting of all
homogeneous polynomials P € Kglyi, ..., yqlu (including the zero polynomial) such that

Let (Ry,...,R,) be an Kg-basis of (Iy),. By enlarging S if necessary, we may assume
that all zeros and poles of all non-zero coefficients of R; (1 < i < p) are contained in
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S, also all above assertions for generic points z still hold for all z ¢ S. Choose &, — p

non-zero monic monomial vy, ..., v, —p of degree of u in variables yi,...,y, such that
{R1,...,Rp,v1,...,0g,—p} is a Kg-basis of Ko[y1,- ., Yqlu-
Denote by T = {T4,...,Tg,} the set of all non-zero monic monomials of degree of u

in variables y1,...,yq. Then {T1,..., T, } is a Kg-basis of Kg[y1,. .., yqlu, and also is
an C-basis of Clyi, ..., Yqlu-
From [6, Claim 4.3], we have the following claim.

Claim 3.1. There is a discrete subset S of A(R) such that for all z &€ S', we have:

(1) the family of equivalent classes of v1,...,ve,—p s a basis of Y, ., and the family

{R1(2),...,Rp(2)} is a C-basis of (Iy,)u;

(i) for a subset {vi,...,vg, _,} of 'T,‘z'f {R1,..., Ry, vi,/ . ,vélrp} is a Kg-basis of
Kolyi,- .., Yqlu then the set of equivalent classes of vi, ..., V¢, —p modulo (Iyy)u 1
a C-basis of Y, ,, for everey z ¢ S;

(iif) otherwise if {Ri,...,Rp,vy,...,vg, _,} is linearly dependent over Kg then the
set of equivalent classes of vi,... ,véu modulo (Iy,), is not a C-basis of
Y,

-p

Then, we have &, — p = Hy, (u) for all z outside S U S’. Now, consider the holomorphic
map F from A(R) into Pu~P~1(C) with the representation

F=(vi(®of),...,ve,p(Pof)).

Since f is algebraically non-degenerate over Ko, F is linearly non-degenerate over Kgo.
Now, for z ¢ SUS’, we set ¢, = (¢1,2,...,¢q,2) € Z9, where

— 1o HIIC]

Ci,z =

>0, fori=1,...,q.

QiB)(=)

By the definition of the Hilbert weight, there are a; ,...,a¢,—p . € N? with

a; » = (ai,l,zv ceey ai,q,z)7

where a;;. € {1,...,&}, such that the residue classes modulo (Iy), of y®.=, ...,
y?¢u=p:z form a basic of Cly1, ..., yqlu/(Iy,)u and

§u—p

Sy (u,c,) = Z a;,-C,.
i=1

Note that y®»* € 7 and the set {Ry,..., Rp,yalvz, ..., y*u—p2} is a basis of
Kolyi, ..., yq (by Claim 3.1(iii)). Therefore, the set of equivalent classes of {y®1:=,...,
Kolyi, - - - Yglu

y*u-pz} is a basis of ).

. Then y%iz = L, , (1)1, .. .,vHY(u)> modulo

https://doi.org/10.1017/50013091524000774 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000774

10 S. Duc Quang

I(Y),, where L; , (1 <1i<¢§, —p) are Kg-independent linear forms with coefficients in
Ko. We have

Eu—p §u—p q

g T 125l = tog T TT 100"

=1 j=1
= =Sy (u, ¢2) + du(&u — p) log [[f(2)[| + log C1(2),

where C; € Co. Note that the number of these linear forms L, . is finite, at most &,,.
Denote by L the set of all L; , occurring in the above inequalities. The above inequality
follows that

§u—p
F(z L.
o I Pl =Sy () - duté—p) g )]

+ (6~ p) g [F(2)] +1og s

where Cy(2) € Cg. Then, we have

u,cC maxo % U — (0] z
Sy (u,c:) < lgH R Ol 52

— (&u — p) 10g [F(2)] + log Ca(2),

where the maximum is taken over all subsets J C £ with 7 = ¢, —p and {L|L € J} is
linearly independent over . From Theorem 2.1 we have

1 1 (2n + 1)6,
S > T - .
U(fu _ p) SYZ (U, CZ) - (n + 1)62 eYz (CZ) U 1%1?;((; C%Z (3 3)

Combining (3.2) and (3.3), we get

(n +11)5Z evz(c:)
(2n —; 1)d. max i n log+ Cy(2) (3.4)
(g — jCE H || ILII

T Zlg G T O,

where C5(z) € Cg, for every z € A(R) outside a discrete subset.
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Fix a point z € A(R) \ (SUS’). Choose i € {1,...,n¢} such that
eai(O),z < eai(l),z <... < eai(q—l),Z'
Since ﬂﬁgol Qgi(j)(z)* NV # (), by Lemma 2.2, we have

AVeYz (CZ) > (Cdi(O),z + Cai(ei),z) -0,
ZA

L e ()] (3.5)
=9, 1 2
(X:% Qo (D)(2)] )

=0

Then, from (3.2), (3.4) and (3.5) we have

£ 11 Qi (=)
Zﬂl IQZ )(2)]

|| H HLH
< — u(§ ma x log H

(20 + 1)(n + 1), HHNH@(H
e 2 o)

AV log C(2) + (n + 1) log™ Cs(2),

(3.6)

for every z € A(R) outside a discrete subset.

Denote by W the set of all the coefficients of all linear forms L; . and suppose that
U = {ay,...,a45}. Then, we see that §£ < &,,§¥ = qo < &, (& — p). For each positive
integer m, denote by £(¥(m)) the C—vector space generated by the set {a! ... az%o i >
0 and Z 0 i; < m}. By Remark 3.4 in [10], there exists the smallest integer p  such
that

dim L(P(p' + 1)) €
dm Lv)) = T A1)

Put s =dim L(¥(p')),t = dim L(T(p’ + 1)). Again, by [10, Remark 3.4], we have

§w
T DAY

€ [log2(1+ ]H

[ d" deg V (u+1)"14
log2 (1+

€ ) +1
2(n+1)Ay,

IN
gy
+
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Here, the last inequality comes from the fact that &, < (u+ 1)? and
T 5("2“) < d"degV<”Z“) < ddeg V(u+1)".

Choose {by,...,bs} an C-basis of L(¥(p')) and {b1,...,b;} an C-basis of L(¥(p’ +1)).
Consider the holomorphic map F : A(R) — P!&u=P)~1(C) with a presentation

F = (b (®of),... . bywe, p(@of),... . bw (Pof),... bwe, »(®of)).

Note that || Tjz(r) = duT(r) + o(T¢(r)) and ¢z = -cy. By Theorem 2.3, we have

2” ||F|| BN
< /27r max log H H HFH (r) + o(T%(r)) (3.7)
T o gt T L L biL( Nw )

( (gu _p) — 1)t(§u _p) (C € )TF(T),

< _ .

where max s, is taken over all subsets J of the system L of linear forms such

that J is linearly independent over Kg, € is an arbitrary positive number. Then, by
integrating (3.6) and using the above inequality, we obtain

H ( 2n+1)u( 1)5>Zq:m,f(TaQi)

R ué” N0
AL

We now estimate the quantity Ny, g (r). Let z € A(R) which is neither zero nor pole
of any coefficients of Qi (1<i<gq)andb; (1<i<t). Weset

¢; = max{0,v —&ut+p+1}(1<i<g)andc=(c1,...,cq) € ZL,

’ Q (f) ( )
Then there are

a; = (ai’h e ,ai’q),ai,s S {1, ,u}

such that y?1, ...,y Hy () ig a basic of Cly1, - Yglu/ Iy, ) and

Sy, (u,c) = Z a;-c.
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Similarly as above, we write y* = L;(v1,...,v¢,—p), Where Li,...,L¢,_p are linearly
independent linear forms. We see that

Hy (u)
VgV(F)(Z) >t Z max{0, V%i(F)(z) - N},

where n, = (§, — p)t — 1. It is easy to see that

VL (F Zazﬂ Q (f)( )

and hence

max{0, V%i(F)(Z) — Nyt > Zawcj =a;-cC.
j=1

Thus, we have

Z ¢ = tSy (u,c). (3.8)

i , 0 0 . 0
Choose an index o;, such that VQUiO(O)(f)(Z) > VQUiO(l)(f)(Z) > > vy

By Lemma 2.2 we have
=6, - ZmaX{O, l/(%g‘ (j)(f)(z) —ny}
ig
= 52 . Z max{O, V%j(f) (Z) - nu} + O(VRio (Z))a
j=1

where R’ is the resultant of the family {Qoi(j)}?:o fori=1,...,q
On the other hand, by Theorem 2.1 we have that

S (u:6) > T T ey (0) — (20 100,64~ ) o s+ Ol (2)
> (M ~ (204 1)5. (6 - p))

x ZmaX{O z/Q (f)( 2) = 1} + O(Vpig (2)).

j=1
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Combining this inequality and (3.8), we have

n+1 + u
MVSV(FW(Z) = s <Av —(@n+1)(n+ 1)5z>

"0
X Zmax{(),yQ (6)(2) = nu + O} vgi(2))

j=1

Integrating both sides of this inequality, we obtain

(n+1) Ny (1) t (Alv B (2n+1L(n+1)6>

x>~ (Nay0n)(r) = NG, () + (T ().
j=1

1 (@Cndl)(n41)
AV u
inequality, we get

Seting my = and combining inequalities (3.7) with the above

q

me r, Qi) S(ZTH)Tf( )= EZ (NQM)( ) - c[,;ﬂ]ﬁ(r))
LU =p) Z Dt D) (€ yp 0 4 o(Ty(r).

2smot 2du

This inequality implies that

(3.9)

<> %N["F] () + o= 55) d:ni)lf(” D (¢; + T30,

a) We choose u = [2Ay(2n + 1)(n + 1)d" deg V(Ay(n + 1) + €)e 1].
Then u > [AV(2n+1)(n+1) (Ay(n+1)+e)
Ay (n+1) +e— vt
(n+1)t> B Ay(n+1)t
smg =4 (I1-Ay(2n+1)(n+1)5/u)s
2q—Ay(n+1)—¢
e n,+1=(& —p)t

—‘ , and we have:

mn n+q
d" deg V (u+1) 11

log2 (14 57—5+—)
<d"degV(u+1)" | (1+ 555557) & amrnAy =L
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o Weu—p)—Dt(nt1) tnt+1) (L-1)
2sdmou smyg 2du
_ Byt >+e><L—1>,

2du
Then, from (3.9) we have

| (¢ = Av(n+1) = e)Tx(r)

< z_; éNcEngfflw) N (Ay(n+1) +;21£ch +e)(L— 1)Tf(r>.

The assertion a) is proved.
b) If all @; are fixed hypersurfaces then ¢t = s = 1. Choosing v’ = [Ay(2n + 1)
(n+1)d"deg V(Ay(n + 1) + €)e!] and replacing u in the above by u , we have

1
q—(nm;)Zq—Av(TH'l)—@

/ /
eny+1=E6,—p<é ”*“) gdndegv<”+“>
n n

u'\"
< [d” deg Ve™ (1 + ) ]
n

< {d”Q"‘”(deg V)yntlen(2n 4+ 5)" (A2, (n+ 1)e t + AV)”} =1
Similarly as above, from (3.9) we have the desired inequality of the assertion b).

Hence, the proof of the theorem is completed.[]

Remark. For the case A(R) = C, we have ¢y = 0 if f is non-constant. In this case,
(3.7) can be re-written as follows:

2m
|F[| a6
og [T 75— Nwr
I}lca?o LTL@®)] 2 w (i) (7)

27 3.10
< /0 ?gzclog H H ik |FH (p)(r) + o(T¢(r)) ( )
< t(&u —p)ude( ) + O(Tf( ))~

Here, the notation “||” means that the inequality hold for all r € [1,400) outside a set
of finite measure.

Using (3.10) instead of (3.7), from the above proof, we obtain the following second
main theorem for holomorphic maps from C.

Theorem 3.11. Let V be a smooth subvriety of dimension n of PN (C). Let f : C — V

be a holomorphic mapping. Let Q@ = {Q1,...,Qq} be a set of slowly (with respect to f)
moving hypersurfaces with the distributive constant Ay with respect to V. Assume that
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f is algebraically non-degenerate over Kg. Let d = lem(degQ1,...,degQyq). Then for
every (n+ 1)Ay > € >0,

q
1 (]
| (¢ —Av(n+1)—eTy(r) < ; o) N (r, Q). (3.12)
where
a" degV(u+1)n+q ]+1
L = d”de V(u+ l)n (1+ ;) 10g2(1+72(n+€1)Av)
@A 2(n+ Ay

with u = [2Ay(2n 4+ 1)(n + 1)d" deg V(Ay (n + 1) + €)e 1.

Moreover, if all Q; (1 < i < q) are assumed to be fixed hypersurfaces, then for every
€ >0 we have the inequality (3.12) with L = [d”2+”(deg V)ntlen(2n+5)" (A2 (n+1)e 1+
Ay)].

We also note that our proof is valid for the case of holomorphic maps from higher
dimension complex spaces C™ into V. This theorem is an improvement of many previous
second main theorem for hypersurface targets, such as [1, 3, 4, 6, 7, 9].

Competing interests. No potential conflict of interest was reported by the author.
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