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Abstract

When implementing Markov Chain Monte Carlo (MCMC) algorithms, perturbation
caused by numerical errors is sometimes inevitable. This paper studies how the pertur-
bation of MCMC affects the convergence speed and approximation accuracy. Our results
show that when the original Markov chain converges to stationarity fast enough and the
perturbed transition kernel is a good approximation to the original transition kernel, the
corresponding perturbed sampler has fast convergence speed and high approximation
accuracy as well. Our convergence analysis is conducted under either the Wasserstein
metric or the X2 metric, both are widely used in the literature. The results can be
extended to obtain non-asymptotic error bounds for MCMC estimators. We demon-
strate how to apply our convergence and approximation results to the analysis of specific
sampling algorithms, including Random walk Metropolis, Metropolis adjusted Langevin
algorithm with perturbed target densities, and parallel tempering Monte Carlo with per-
turbed densities. Finally, we present some simple numerical examples to verify our
theoretical claims.
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1. Introduction

Markov Chain Monte Carlo (MCMC) is one of the main sampling methods in Bayesian
statistics. Given a target density 7 with respect to Lebsegue measure on R?, an MCMC algo-
rithm often simulates a Markov chain (X,),>0, with transition kernel P, such that 7 is its
corresponding invariant measure. Under some generic conditions, the distribution of X,, con-
verges to w geometrically quickly. This indicates the existence of some mixing time ng, such
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that the distribution of X, is close to 7 when n > ng. In other words, given a test function
f:R?— R, we can use the following approximation:

Ef (X,) ~ E"f(X) := / JOm (x)dx. ey

In practice, this allows us to approximate the average of a test function E7f(X) using the
temporal average of the Markov chain:

1 n
Fyi= - §f<xno+,~>. )

The efficiency of the approximation scheme (2) is largely determined by the convergence speed
of the Markov Chain (X,,),>0 to 7 or the mixing time ng. In particular, it will take O(ny) iter-
ations to produce an approximately independent sample. In this context, convergence analysis
has been a key component in the MCMC literature (see, for example, Section 4.1 of [1, 27]).

When implementing MCMC on complicated target densities, it is often the case that we can
simulate only a perturbed Markov chain (3(\,1),120 with transition kernel P. This is mainly due
to two reasons:

(1) The transition kernel P cannot be simulated directly. For example, if (X},),>0 is described
by a stochastic differential equation (SDE) evaluated at a countable set of time points,
using numerical schemes like the Euler—-Maruyama method will induce discretization
eITors.

(ii)) We do not have direct access to 7 (x) or its derivatives. This is quite common in Bayesian
inverse problems [40], where the target density can be written as

(6) 0 o) exp (= 1G0) = yI12) 3

In (3), po is the prior density of the unknown parameter x, G describes the data-
generating process, and y is the observed data. In many cases, G is formulated through
an involved partial differential equation, and we can compute only an approximation of
it, G [5, 7, 21]. The corresponding “numerical” density becomes

7(0) o< po(x) exp (—4 160 —y1?) @)

In other settings, we may have access to 7 (x), but accurate evaluation of its gradient
Vi (x) may not be accessible since it often involves highly dimensional adjoint models.
If we want to use gradient-based MCMC, e.g. Metropolis Adjusted Langevin Algorithm
(MALA), we can use only an approximately correct proposal. However, the Metropolis—
Hastings step can guarantee that the target density remains the same, i.e. 7 = 7.

In the above-mentioned scenarios, we run an MCMC (?n)nzo with transition kernel P and
target density 77, which is the invariant measure of (X,),>0. In both scenarios (1) and (2) listed
above, we would like to approximate E7 f(X) using

- - 1
Ef(X,,) or Fn=;;f(xno+i>. (5)
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There are two key questions to address when using estimators of the form (5): The first
question concerens the convergence speed of ()?,,),,20 toward its invariant measure 7, which
determines the efficiency of the estimators in (5). In particular, if we use D to denote some
metric between two distributions and use v to denote the distribution of 5(\0, we are interested
in how quickly DOWP", 7) converges to zero. The second question concerns approximation
accuracy, which can be measured by either the distance between the two invariant measures,
D(7, m) or the distance between the distribution of X, and 7, D(v?’”, 7). For MCMC based
on (}?n),,zo to achieve fast convergence and high approximation accuracy, we need to impose
the following two high-level conditions (these conditions will be made more precise in our
subsequent development) [1]:

(1) Pisa good approximation of P.
(2) (Xn)n>0 converges to its invariant measure 7 quickly enough.

Condition 1 is necessary because if Pisnota good approximation of P, 7 is unlikely to be close
to 7, and the convergence property of (X,),>0 will not be useful in inferring the convergence
property of (Yn)nzo- Condition 2 is also necessary. Otherwise, the approximation error may
increase with the number of iterations. For example, one can think of an unstable autoregressive
sequence in which numerical errors often increase exponentially with the number of iterations.
Since Condition 1 involves only the one-step transition kernels, it is easier to fulfill. Hence,
it is reasonable to study Condition 2 first and then formulate a version of Condition 1 that is
compatible with the corresponding Condition 2.

In the literature on Markov chains, convergence to stationarity is often studied using one
of two frameworks. The main differences between the two frameworks are the metrics and
the analytical tools involved. The first type of metric are the Wasserstein metrics [31]. The
associated convergence results are often termed “geometric ergodicity.” Establishing conver-
gence under the Wasserstein metrics often involves finding an appropriate Lyapunov function
V and constructing an appropriate coupling [28]. For simplicity, we will call this framework
Wasserstein convergence. The second framework uses the 2 distance [3] (or KL-divergence
as in [45]). Establishing convergence under the x 2 distance often involves functional analysis
or other partial differential equation (PDE) tools such as Poincaré inequality and log Sobolev
inequality. For simplicity, we will refer to this framework as the “x? convergence”.

Establishing Wasserstein convergence is often viewed as being more intuitive, as it involves
a standard Lyapunov function and coupling construction. Establishing x> convergence can be
weaker, but it often provides tighter quantification, especially in high-dimensional settings.
For example, for the unadjusted Langevin algorithm, [9] uses Wasserstein convergence, and
the analysis works only for a fixed dimension; [11, 45] use x? convergence, and the analysis
works in high-dimensional settings. We also note that these two frameworks are related: In
particular, on one hand, under suitable regularity conditions, geometric ergodicity leads to the
existence of a spectral gap and, hence, x? convergence (see, for example, Proposition 2.8 in
[21]; see also [19] for a more complete discussion of the connection). On the other hand, under
proper regularity conditions, convergence under the x? distance leads to convergence under
the total variation distance.

We discuss both frameworks in this paper because for some Markov chains, we may
have knowledge of only one form of convergence. For example, to the best of our knowl-
edge, the parallel tempering methods are studied only under the x2 distance [12, 46].
Preconditioned Crank—Nicolson algorithms are studied only under the Wasserstein distance
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[21]. The unadjusted Langevin algorithm was first studied under the Wasserstein distance [14,
16] and was later studied under the KL divergence [45]. While there might be theoretical value
to establishing convergence in both metrics, doing so is practically unnecessary. In this paper,
we assume the convergence of (X,,),>0 under either the Wasserstein distance or the x 2 distance,
and we then study the convergence of (5(\,,),,20 under one of the two metrics accordingly. We
address the question not only qualitatively but also quantitatively in order to establish bounds
for the convergence speed and the approximation accuracy of (in)nzo-

1.1. Related literature

The approximation and convergence questions we study here are fundamental for MCMC
and have been studied in various settings before. Most existing works focus on specific approx-
imation schemes. For example, [6, 35] study ergodicity of Pif ﬁ(x, A) = P(x, h~1(A)) for some
round-off function A. [22] studies the ergodicity property of finite-rank, nonnegative, sub-
Markov kernels in relation to the ergodicity property of the original Markov kernel. [4] studies
the convergence and approximation problems of an adaptive subsampling approach under the
assumption of uniform ergodicity. [30] studies the approximation problem for Monte Carlo
within Metropolis algorithms. In general, there is a lack of a unified framework.

To provide a comprehensive overview of how perturbation of MCMC affects the approxi-
mation accuracy and convergence speed, we put together four sets of results. First, we study
the approximation problem under the Wasserstein distance, i.e. the ergodicity framework. The
corresponding result (Theorem 1) is taken directly from [38]. Approximation accuracy—i.e.
bounds for the difference between the nth step distributions of the perturbed chain and the orig-
inal chain, under the Wasserstein distance—has also been studied in [25, 34, 39] under similar
but arguably stronger assumptions. For example, [39] requires the perturbed chain to remain
close to the original Markov chain uniformly over a bounded number of iterations, while we
require controlling the errors of only one-step transition kernels. [34] focuses on MCMC algo-
rithms with the subsampling type of errors. It requires the existence of a subset G in which both
the unperturbed and the perturbed chains remain with a high probability and there is a uniform
bound on the errors of one-step transition kernels on G. [25] requires the Markov chains to be
uniformly ergodic, which limits the applicability of the results to non-compact-state spaces.
Second, we study the convergence problem under the Wasserstein distance. The corresponding
result (Theorem 2) is new but follows from similar lines of analysis as in [38]. The papers
[24, 34] also analyze the convergence of the perturbed chain, under only the total variation
distance, however (and thus requires uniform ergodicity rather than geometric ergodicity). The
convergence problem has also been studied in [18], but [18] does not quantify how the conver-
gence rate depends on the perturbation size. Third and fourth, we study the convergence and
the approximation problems under the x? distance. The recent work [32] studies the approxi-
mation accuracy and the convergence rate of P under the x? distance. Compared to our work,
[32] requires stronger assumptions. For example, [32] requires P to be Ly(r) — Ly(7), which
can be difficult to verify in practice.

As just reviewed, many existing works focus on studying the approximation problem. The
convergence problem is less studied. However, it is worth pointing out that most of these
approximation results show only

DOWP", 7)=0(p" + ¢),

where p is the convergence rate of P and € is the difference between P and P. Because € is
nonzero, this does not directly imply the convergence of D(vP", T) to zero. Moreover, if one
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has a convergence result, e.g. D(vﬁ", ) = 0(p") for some p € (0, 1), and if 7 has an explicit
smaller approximation error D(rr, ) = o(¢), using triangular inequality, we can establish a
tighter upper bound for DOWP", ).

Lastly, while the connection between the Wasserstein convergence and the MCMC sampling
error is well known, most results are asymptotic, i.e. in the form of the central limit theorem
[26]. Non-asymptotic error bounds are more useful in practice [27]. Our work provides a com-
prehensive list of finite-sample performance quantifications for numerical MCMC samplers.
We demonstrate that our results can be easily applied to the analysis of various algorithms in
Sections 4 and 5.

1.2. Notations
For a probability measure 1 on R?, we define

uf = [ fooutan. varf = [ G0 = upiucan.
R4 R4

We also use u(dx) to denote the corresponding density function. For p-squared integrable
functions f, g : 2 — R, we define the inner product with respect to u as

(f 8= / JF)g(x)pu(dx).
R4

Then, || f ||i ={,flu= fRd F(x)?u(dx). In what follows, we omit R? from the integral notation
when it is clear from the context. For a transition kernel P, we define

nP(A) = / P(x, A)pu(dx).

For a measurable function f, we define 8,Pf = Pf(x)= [ f(y)P(x, dy). We say that P is
symmetric with respect to m if for any measurable functions f, g,

(Pf, @) ={f, Pg)x-

Lastly, we denote C as a generic constant whose value can change from line to line.

1.3. Organization

We start by developing general results for the Wasserstein convergence in Section 2 and
the x? convergence in Section 3. We demonstrate how to apply these frameworks on two pop-
ular Metropolis—Hastings—MCMC algorithms in Section 4 and on the more involved parallel
tempering algorithm in Section 5. Finally, in Section 6, we verify our claims numerically on a
Bayesian inverse problem, which tries to infer the initial condition and the model parameters
in the predator—prey system.

2. Wasserstein Convergence

We start our discussion with the Wasserstein convergence. Following [38], we first introduce
the metric we use and the notion of ergodicity. For a lower semi-continuous function V : R¢ —
[1, co], we define

dy(x,y) = (V(x) + V() Lizy. (6)
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For two probability measures  and v on R?, we define

lie = vily = sup
IflsV

/ S@(udx) —v(dx)| .

It can be shown that |[u —v|ly = Wy, (i, v) where W denotes the Wasserstein distance
(Lemma 3.1 in [38]). If we use the constant function V(x) = 1, this gives the well-known total
variation distance, i.e.

I —=vlizv = SuP

/ @) (u(dx) — v(dx))| .

Note that using V(x) = 1 neglects the location information of x. This location information can
be crucial for problems with unbounded domains.

In general, for problems with unbounded domains, one often chooses V to be a Lyapunov
function. Given a Markov chain X;, with transition kernel P, which we will write together as
(Xy, P) for short, we say V: R? - [1, 00) is a Lyapunov function if there exist A € (0, 1) and
L > 0 such that

PV(x) = / P(x, dy)V(y) =AV(x) + L, )
and the sublevel sets of V are compact. The choice of V depends on the Markov chain and the

target density. It can often be chosen as lxlI% or — log 7 (x) or as functions of certain moments;
see, for example, [20, 21, 38].

If 7 is the invariant measure of X;,, we say X,, is geometrically ergodic under | - ||y (see
Theorem 16.1 in [31]) if there are constants p € (0, 1) and Cp € (0, 00), such that for any
neZt,

[6:P" — 7lly < Cop"V(x). (®)

We refer to p as the ergodicity coefficient. Note that the smaller the value of p, the faster the
convergence to stationarity. From (8), using the triangle inequality, we obtain an equivalent
definition of geometric ergodicity, which requires that for any x and y,

18:P" — 8yP"[lv < Cop"dy(x, y). €))

The equivalence can be seen from
[6:P" — m|ly < / 7 (@dy)|18:P" — 8yP"[ly < Cop"(V(x) + V) < Cop"V(x). (10)

where Co = Cj,(1 + V).

The approximation problem under Wasserstein distance has been studied in [38]. We present
one of their main results here, which is related to our subsequent development. Interested
readers can find more general discussion in the original work.

Theorem 1. (Corollary 3.3 in [38]) Suppose (X, P) is geometrically ergodic, i.e., as in (9).
Suppose Visa Lyapunov function for (Xn, P) in the sense of (7) and that

18P — 8, Pllv <€V (x). (1)

Then, for some constant C, we have

_ L= o [ L
18,P" — 8,P" ||y < Ce—F (V(x) + —) . (12)
1—p 1—Ax
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The bound in (12) and the triangular inequality give us an approximation error bound
18:P" =7 lly < [18xP" = 8cP" |y + [18:P" = 7 [lv =< C'(e + p")(V(x) + V()

for some constant C’.

Remark 1. By restricting our attention to distance functions of the form (6), we focus on
a specific form of Wasserstein distance due to its connection to geometric ergodicity. The
work [38] also studies the approximation problem under a more general form of Wasserstein
ergodicity (see Theorem 3.1 in [38]).

Note that the right-hand side of (12) is not converging to zero as n — 0. Thus, it cannot help
us learn the ergodicity of X, or whether X, has a unique invariant measure. The next result
shows that ergodicity can be obtained with essentially the same conditions as Theorem 1 (note
that condition (8) leads to (13) through (10)).

Theorem 2. Suppose V is a Lyapunov function for P in the sense of (7). In addition, assume
there exist N € Z7 and p € (0, 1), such that for any n > N,

[16:P" — 8yP"|lv < p"dv(x, y). (13)
Lastly, there is an €y > 0, and the following holds for some € € (0, €o],
18P = 8:Plly < V(). (14)
Then, V is a Lyapunov function forﬁ as well with
PV@) < (. + V() + L.

Moreover, 5(\,1 has a unique invariant measure T and there exist C1, D1 € (0, 00) independent
of €, such that

I18:P" — 8,P"|ly < C1(p + D1€)"dy(x, y).

In Theorem 2, €q is chosen such that A +€g < 1 and p + D1€g < 1. Theorem 2 indicates
that if P is geometrically ergodic with ergodicity coefficient p and if P is e-close to P as
characterized by (14), P is also geometrically ergodic. Moreover, the ergodicity coefficient of
P is bounded above by p + Dqe.

In statistical applications, we are more interested in turning convergence results into error
bounds for the Monte Carlo estimators. The central limit theorem of ergodic Markov chains
was studied in [26, 44], which provide asymptotic error quantifications. In practice, non-
asymptotic bounds for finite values of » may be more desirable. The following proposition
appeared in [27, 37]. We provide an explicit statement here to show the variance bound along
with a simple proof for self-completeness. For simplicity, we assume the Markov chain is
initialized with the invariant measure, i.e. Xo ~ 7, so a burn-in period is not necessary.

Proposition 1. Suppose ||5P" — 8),75" lv < 0"dy(x, y) for some p € (0, 1). Then, for any f that
is 1-Lipschitz under || - ||y,

|8:P"f = =f| < "(V(@) + TV).
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In addition, if we use fiyy = Ai,l ZQ/IZI F(Xy) as an estimator of Tf starting from Xo ~ 7,

A 2 -~ -
Bz [ = 20?| = = Ba [l F RV &) + 7 V).
7 | (fm —7f) Sa—m= | fXo)I(V(X0) +7V)
In many applications, we are interested in the properties of 7 on compact regions. In these
scenarios, the associated test functions will be bounded, and 1-Lipschitz will be under || - ||y.

To learn tail properties of 7 such as intermittency, the test functions often need to grow with
|lx||. In order to apply Proposition 2, we would need the Lyapunov function V to grow at a
similar scale.

3. x? convergence

In this section, we discuss convergence under the x 2 divergence. We first introduce some
notations. For a transition kernel P and density u, we define

1Pf 1
max I ——
Fo<lflli<oo I fllu

1Pl =

where || f ||l2L = {f, f)u. For two probability measures  and v on R4, where v is absolutely
continuous with respect to 1, we define the x 2 divergence of v from p as:

_ v(x) 2 _ v(x)2
DXZ(V”M)—/ (m— 1) ,u(x)dx—/ ) dx—1.

For a transition kernel P that is reversible with respect to , the spectral gap of P is defined
as [21]

IPf — 1|2
If —=flI2

Note that by repeatedly applying (15), we have for any f € L?(xr)
IP"f = f |7 < (1= k@) f = 7S I3

k(P)=1 —sup{ : fel’(m), var,,f;so}. (15)

Thus, the larger the spectral gap, the more quickly X,, converges to its invariant measure.

Remark 2. An alternative definition of the spectral gap takes the form [2, 3]

var,f

Note that these two spectral gaps are related through 1 — x(P) = (1 — /ca(P))2.

ko(P) = inf {

3.1. General x? approximation and convergence

Theorem 3. Our first result assumes that (X, P) has a spectral gap and that P is a close
approximation of P: Suppose P is a reversible transition kernel with invariant measure w and
a spectral gap k(P) > 0 in the sense of (15). There is an €y > 0 such that for any transition
kernel P satisfying |P — ﬁ||n <€ <e¢gand any a €(0, 1), there exists a constant C that may

depend on k(P) such that the following holds with 'k = (1 — a)x(P) — chz e (0, 1):
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() Foranyf € L*(m),
IP"f — 7 P'fll; < (1 —&)"varef
(i) P has an invariant measure 7, which satisfies
(@ — 7P")f> < Ce*(1 — R)"varyf.
Moreover, D, (7 ||) < Ce>.

In Theorem 3, € is chosen such that ¥ € (0, 1). Theorem 3 indicates that if P and P are
e-close to each other as quantified by ||’16 — P||z <€, then P has a stationary distribution 7.
Moreover, 7 and 7 are e-close to each other as quantified by DXz(ﬁHn) < Ce?. We also note
that showing that |P"f — n P'f [2 < (1 —X)"varyf is different than finding the spectral gap of
P, since the latter would need a similar inequality but with 7 replaced by 7. In other words,
Theorem 3 does not provide a spectral gap for P. On the other hand, we can obtain error bounds
for Monte Carlo estimators using the bounds established in Theorem 3:

Proposition 2. Under the same conditions as those in Theorem 3, for any f € L*(7) and any
initial distribution Xy ~ v < 7, there exists a constant C such that

~ 2
WP'f = #f|* = (=R vary () (/D2 vllm) + 14+ Ce)

In addition, if f is bounded, there exists a constant C such that

A R C
Ez[(fu — 7f)? =17y v varz (varx (£),

1=
M1 —(1—

wherefM = AL/I Z%:lf(?k)

Remark 3. [32] provides a result similar to the first claim in Theorem 3 (see Lemma A.6
in [32]). But it requires stronger assumptions on P, namely, it requires that Pis ergodic and
aperiodic and that it is a mapping from Ly(7) to Lp(mr). Our result does not require these
assumptions.

3.2. Spectral gap with density ratio bounds

In this section, we show that stronger results can be established if we can bound the ratio
between the invariant densities v and 7. Such a bound is assessable if we have an explicit char-
acterization of 7. For example, in Bayesian inverse problems, 7 (x) & po(x) exp(—% IG(x) —
y[1?), while 7 (x) o po(x) exp(—% ||6(x) —y|1?). In this case, a density ratio bound can be
obtained if || G(x) — 6(x) || is bounded. This is practically feasible by using an accurate numer-
ical approximation of G; and the approximation error can be estimated by the grid size or
Galerkin truncation used in the numerical scheme (see, for example, [23]). Similar assumptions
have also been imposed in existing Bayesian computation literature; see, for example, [5].

Theorem 4. Suppose P and P are two reversible transition kernels with invariant densities
7 and T respectively. We further assume that w(x)/7(x) € [(1 + €)~!, 1+ ¢€l, and that |P —
P||z < €. Then there exists a universal constant C such that

«(P) > k(P) — Ce.
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Note that for € small enough, «(P) — Ce > 0. Based on the spectral gap, we have the
following non-asymptotic Monte Carlo error bound:

Proposition 3. Suppose (X, P) has a spectral gap k. Suppose the initial distribution is v, i.e.
Xo~v. Then

Ef (%) — 7f]7 < (1 = R)'varaf (D, (0][7) + D).

In addition, if v =T, thenforfM = AL/I ZQ/IZI, we have

2
Ez[(fu — 7)1 < i —a o, Vel

Note that Proposition 3 is not a new result. A more delicate central limit theorem version
of it can be found as Theorem 4.4 of [21]. We provide a short proof of the proposition in the
Appendix B for self-completeness.

Before we conclude our discussion of the x? convergence, we remark that even though the
condition ||P —’13||,, < € is reasonable for the spectral gap analysis, it can be hard to verify
directly in some applications. To remedy this issue, the next proposition shows that we can
bound ||P —’PH,, through a bound for ||§,P — 5xﬁ||Tv, which can be easier to obtain using
coupling techniques.

Proposition 4. Suppose there exists a mw-measurable function V:R? — [1, 00) such that
[[6xP — 8xP|lTv < €V(x). In addition, suppose é <m(x)/7(x) <a for some constant a > 0.
Then

IP—Pllx <v2(1 +a?)Je|lV|Y2

4. Application: Metropolis—-Hastings MCMC on perturbed densities

Random walk Metropolis (RWM) and Metropolis adjusted Langevin algorithm (MALA)
are two popular MCMC samplers when it comes to sampling a generic density 7. Many exist-
ing works have already studied their spectral gap under suitable conditions on  [15, 21, 36].
When implementing these samplers, it is often the case that we have access only to an approx-
imation of 7, which we denote as 7. In this section, we will demonstrate how to apply our
analysis framework to establish proper bounds for the spectral gap of the “numerical” RWM
and MALA.

In fact, we can develop some general results for the Metropolis—Hastings (MH) type of
Monte Carlo algorithm. Assume the proposals are given by some smooth transition den-
sity R(x, x'). Due to the possibility of rejection, MH Monte Carlo transition densities w.r.t.
Lebesgue measure can be written as P(x, x') = y (x)8;(x') + B(x, x') with

(xR, x)
7 (x)

The perturbed transition density can be written as P(x, X') = 7 (x)8x(x') + B(x, x'). We provide
some sufficient conditions under which the difference between P and P is of order €.

B(x, x¥') = min { , R(x, x/)} , vy =1-— / B(x, x)dx . (16)

Lemma 1. If the transition density is of the form P(x,x ) =y (X)8:(x") + B(x, X') with
v(x)P(x, X') = v(x')P(X, x), suppose that P(x X)=px)8:(x) + ﬂ(x x') with

[P(x) — y(®)| < Ce and (1 —Ce)B(x,x) < Blx, ¥') < (1 + Ce)B(x, X).
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for some constant C € (0, 00). Then there exists a constant C; € (0, 00) such that ||P — ﬁ||,, <
Cle.

4.1. Random walk Metropolis

RWM considers implementing the MH procedure on random walk proposals. That is, we
use

R(x, X) = L exp —i||x/ — x||?
’ (2mh)d/2 4h
in (16). It is worth noting that using a perturbed density 7 does not affect this proposal.

Proposition 5. For RWM, there is an €y >0 so that for any € < €y and sup, | log w(x) —
log 7 (x)| < Cé, there is a constant Cy so that

I1Prwrm — Prwm |z < Cie.

If the original RWM has a spectral gap and if sup, |logw(x) —log 7 (x)| < Ce, then
Proposition 5, together with Theorem 4, implies that the perturbed RWM has a proper spectral
gap as well. In practice, an estimate of € can be obtained by analyzing the numerical scheme
used; see Section 3.2 for more details.

4.2. Metropolis adjusted Langevin algorithm

MALA considers implementing the MH procedure on proposals following the Langevin
diffusion. That is, we use

1 1
R(x, xX) = G P <_E |’ —x — hV log n(x)||2>

in (16). Using a perturbed density 77 does change this proposal. We discuss the perturbation
in two separate cases. In particular, we shall verify that the condition ||Pyar4 — ﬁMALA |z <e
holds under appropriate assumptions on 7 in the two cases. Then, if Pyjaz4 has a spectral gap,
the numerical sampler Phiara has a proper spectral gap as well.

4.2.1. Bounded domain When the support of 7 and 7 is bounded, the analysis is quite
straightforward with Lemma 1.

Proposition 6. For MALA, there is an €y >0 so that for any € <€, if sup, |logm(x) —
log 7 (x)| < Ce, sup, ||V logn(x)— VlogA(x)|| <Ce and if the support of ® and T is
bounded, then

1PmaLA — Praarallz = OCe).

4.2.2. Unbounded support When the support of the density is unbounded, directly bound-
ing ||Pyara — Pumara |l becomes difficult. Instead, we consider establishing ||6,P — 6, P||7v =
O(e).

Proposition 7. For MALA, if log 7 is Lipschitz, sup, | log 7(x) — log 7 (x)| < Ly € and, more-
over, sup, ||V 1og w(x) — V1og T (x)|| < Lye, for any 8 > 0, there exists Cs € (0, 00) such that
forh < (k= +20L,)7,

18P — 8:P|l7v < Cse exp(8|1x]|?).

When 7 (x) is sub-Gaussian, we can find a § > 0 such that V(x) = exp(é ||x||2) is Lp-integrable
under 7. Then Proposition 4 indicates that |[P — P||; = O(/€).
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5. Application: Parallel Tempering with Perturbed Densities

In this section, we demonstrate how to apply our framework to parallel tempering (PT) algo-
rithms [17, 42, 43]. These algorithms are also referred to as the replica exchange methods [11,
13, 41]. Compared with regular MCMC samplers like RWM and MALA, PT tries to sample
a multiple-tempered version of the target density. Such a design can improve the convergence
rate on densities with multiple isolated modes.

To implement PT, a sequence of distributions 7y, ..., g is considered, where the last
one is the target density mx = . The first density, g, is usually a distribution that is easy to
draw samples from. The intermediate distributions, 7x’s 1 <k < K — 1, are set up so that the
two neighboring densities are similar to each other. A common choice for the intermediate
distributions is to consider interpolations between g and 7q:

7 (x) o P )y TP (),

where 0 = Bg < B1 < ... < Bk = l is asequence of parameters. PT intends to generate samples
from the product density

=7y x m X --- X wg on RAKFD,

To do so, its iterations consist of K + 1 parts, i.e. X, = (XS, R Xf), and the updating rule
is given by the following two steps:

(i) Update each X’,ﬁ to Xﬁ 41 according to a transition kernel My, whose stationary distribu-
tion is 7rx. In practice, My is often taken as the transition kernel obtained by repeating
the RWM or MALA update for # steps. That is, My = PZ‘WM or My = P;(ﬁ, ALA

(i) Pick anindex k € {0, ..., K — 1} uniformly at random, and swap the values of X* L, and
X}1 with probability o (X~ |, Xt 1), where

k(X )41 (%) }

(X, x') = min {1’ ()1 ()

The pseudo-code of PT is given in Algorithm 1.

The exchange procedure can be described by the transition probability on REK+D4 x
RE+Dd.

Ok(x, x) = 1 — a8, X1, Onlr, Sk(x)) = g (5, X1,

where Si(x) =0, ..., X1 XL Xk X200 xK). With a little change of notation, we
write the transition kernel as Qy as well; i.e. Oxf(x) = Ok(x, x)f (x) + Or(x, Sk(x))f (Sk(x)). The
transition kernel of PT can then be written as

P=Mo®---®@Mg) | = Y. |, (17)

where the direct product of two transition kernels is given by

Mo @ Mif(x", x") = / / Mo, YOMy (b, yHr o0, yhdyay'.
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Algorithm 1 Parallel Tempering

Input: Replica counts K, target densities my for k=0, ..., K, transition kernels M}
targeting 7.
Output: (x’,‘)t:() ,,,,, T, k=0,....k as samples from my
Initialize x’é for all k
fort=0to T do

fork=0to K d0 %Run MCMC at each level.

Generate xtJr1 Mk(xf, ).
end for
%Consider swapping at a random level.
Let k be arandom index in {0, ..., K — 1}
Let U be a random sample from Unif[0, 1]

1fU<ak(xt_H, k+])then
AN NP 5
z+1’)dz(+1) ot z+1)
endlf
end for

The spectral gap of P in (17) has been studied in [46]. Assuming the state space can be
partitioned into R? = U (Aj, it is shown that «(P) can be seen as the product of three ele-
ments: (1) the maximal spectral gap when sampling 7y, k > 1, constrained on one piece, A;;
(2) the spectral gap when sampling ¢ using Mo; and (3) the density ratio mx(A;)/m+1(4;). In
particular, if 7¢ is easy to sample, x is not very different from 1, and the sampling of %
constrained on A; is efficient, then PT can be highly efficient. When implementing PT numer-
ically, we may not have access to the exact values of ;. but only an e-approximation, which
we denote as ;. Then the corresponding PT uses a sampler My, with invariant measure 7 at
each replica, while the exchange probability is given by

. { T (X )41 (X) }
ak(x, x)=min{ 1, ———
Tk () Teq1(X")

The corresponding transition kernel can be written as
P=(My® - ®Mk) | — Z Ok

It is natural to ask whether this numerical PT will inherit the spectral gap of P. The next result,
together with Theorem 4, indicate that under appropriate regularity conditions on 7;’s, the
numerical PT also has a proper spectral gap.

Proposition 8. Suppose that for each vreplica, if the target distribution satisfies
sup, | log Ti(x) — log i (x)| <€ and the transition kernel satisfies ||Px— Pillx, <€, then
the transition kernel of PT satisfies the following for some constant C:

|IP—Plin < Ce.
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Before we prove Proposition 8, we first prove two auxiliary lemmas. The first lemma
shows that different compositions of approximated transition kernels yield approximation ker-
nels of similar accuracy. In particular, it helps us establish the condition ||Py — ’ﬁkH 7 < €in
Proposition 8 if we use My = Py, or My = P;’jIALA.

Lemma 2

(i) For two transition kernels R and S, both with invariant measure v, if |R —§||v <Ce
and if ||S — S|y < Ce, then there is a constant C' so that

IRS —RS||, < C'e

ii) For two transition kernels R| and R, with invariant measure vi and v, respectively, i
4 Y,
IR1 — Rillv, < Ce and if |Ry — Rallv, < Ce, then there is a constant C' so that

IRi ® Ry — Ry @ Ry, < Cle,

where v = v| X vy is the joint invariance distribution.

(iii) For n transition kernels Sy, Sa, . . ., Sy, all with invariant measure v, if ||S; — Si||, < Ce
fori=1,...,n, then for U= % Yo Siand U= % > i1 Si, there is a constant C' so
that

IU—1Ully < Cle.

The second lemma establishes proper bounds for the swapping transition.

Lemma 3. Let Q be a transition probability of form
Ox, S(x) = a(x, S(x)),  Ox, x)=1—alx, S(x)),
where S(x) is some given map. Suppose Q is reversible with a density v, i.e.
v()Ox, S(x)) = v(S()Q(S(x), x).
Similarly, let @ denote the transition probability of the form
O(x, S() =alx, S(0),  Ox, x) = 1 =alx, SX)),

reversible with V. If for some constant C, (1 — Cé)a(x, S(x)) <a(x, S(x)) < (1 + Cée)a(x, S(x)),
then

Q@ — O)f Iy <2Ce| £l

6. Numerical examples
In this section, we present some numerical examples based on the predator—prey system to

illustrate the theoretical results developed in the preceding sections.

6.1. Predator—prey system

We consider inferring the parameters of a system of ordinary differential equations (ODEs)
that models the predator—prey system [29]. Denoting the populations of prey and predator by
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(¥p» Vq), the populations change over time according to the pair of coupled ODEs is

dﬁ:ry (1_@>_s Yp Vg
dt P K w+yp '

dy, Yp Yq
e _— — , 18
dt " <W + yp " ( )

with initial conditions y,(0) and y,4(0). r, K, a, s, u, and v are model parameters that control
the dynamics of the populations of prey and predator. In the absence of the predator, the pop-
ulation of prey evolves according to the logistic equation, which is characterized by r and K.
In the absence of the prey, the population of the predator has an exponential decay rate v. The
additional parameters s, w, and u characterize the interaction between the predator population
and the prey population.

In the inference problem, we want to estimate both the model parameters and the initial
conditions. In this case, we have d = 8 and denote

9 = (y[)(o)v )/q(o)’ r’ Ka aa Sa I/l, V).

A commonly used prior for this problem is a uniform distribution over a hypercube (a;, b1) x
-+ X (aq, bg) (see e.g. [33]). Here we set a; = 1073 and b; =2 x 10 for all i. Noisy observa-
tions of both y,(#; 0) and y,(t; 0) at times regularly spaced at m = 20 time points in ¢ € [2, 40]
are used to infer 6. This defines a so-called forward model,

F(O) = [yp(11:0), yg(t1:0), . . .. ¥p(tm: 0), Yq(tm: 0)],

that maps a given parameter 6 to the observables. The observables are perturbed with
independent Gaussian observational errors with mean zero and variance 4. A “true” parameter

Burue =[50, 5, 0.6, 100, 1.2, 25,0.5, 0.3]

is used to generate the synthetic observed data set, which is denoted by y. The trajectories of
¥p(t; Orrue) and v, (t; Orye) together with the synthetic data set are shown in Figure 1.

To prevent rejections caused by proposal samples that fall outside of the hypercube, we
further consider the prior distribution as the pushforward of the standard Gaussian measure,
with the probability density function

1
po(x) = 2r) " exp (—5 ||x||2)

under a diffeomorphic transformation 7 : R? — R¢ that maps each coordinate

0;=Ti(x))=a; + i i/iex (——1 2>d
i i(x))=a; ) Z Z.
' ' ' ' \/27‘[ —o0

In other words, po(x) is the prior distribution for the transformed parameter x=T"'(9).
Writing G(x) = F(T(x)), our goal is to characterize the posterior distribution

1
7 (x) o po(x) exp (—gnc(x) —y||2> :
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FIGURE 1. Left and middle: the trajectories of y,(Z; Oiue) and y4(Z; Oirue) computed using the second-
order Runge—Kutta method, with different time step size 7. Right: the L, error of the model outputs with
different time step sizes 7. Here G(Oue) is computed using n = 9 x 2. The trajectories computed by
the time step size n = 7o x 2~° are used to generate a synthetic data set. The observed data sets of the
prey and the predator are shown as circles and squares, respectively.

The system of ODEs in (18), and hence the function G(x), has to be numerically solved by some
ODE solvers. Here we use the second-order explicit Runge—Kutta method, with time step size
1, to solve (18). As shown in Figure 1, the trajectories of ¥, (#; Oyue) and y,(#; Oque) converge as
n — 0 at a rate of O(n?) (see [8] for a detailed analysis). The numerical solver, which is char-
acterized by the step size 5, defines the approximate model 6()6) and the approximate posterior
density 7 (x). Figure 2 shows the estimated marginal distributions (using Algorithm 1) of per-
turbed posteriors defined by various time step sizes. Here we observe that as & decreases, the
estimated marginal distributions almost overlap each other, which suggests that the perturbed
distributions converge as the discretized model G converges.

6.2. MCMC results

To validate the theoretical results of Metropolis—Hasting MCMC on perturbed densities
in Section 4, we first simulate the RWM algorithm with invariant densities 77 (x) defined by
various time step sizes, as shown in Figure 1. All the Markov chains in this set of simulation
experiments are generated using the same Gaussian random walk proposal distribution. The
box plots of the integrated autocorrelation times (IACTs) of the resulting Markov chains are
shown in Figure 3. Then we simulate MALA with invariant densities 77 (x) defined by the same
set of time step sizes. The box plots of the resulting IACTSs are shown in Figure 4. Again, all
the Markov chains are generated using the same proposal distribution. For both algorithms,
we simulate each Markov chain for 109 iterations after discarding burn-in samples and repeat
the simulation for 20 times with different initial states to produce the box plots. As established
in our theoretical analysis, for both algorithms the resulting Markov chains targeting various
approximate posterior densities produce similar IACTs.

To validate the theoretical results on the parallel tempering with perturbed densities in
Section 5, we simulate Algorithm 1 with the same Gaussian random walk as in RWM. For
each of the invariant densities 7 (x) defined by various time step sizes, we set K =4, and the
intermediate distributions take the form

7(x) o po(x) exp (—% 1G(x) — y||2) ,
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FIGURE 2. Marginal distributions of perturbed posteriors defined by various time step sizes.
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FIGURE 3. Box plots of integrated autocorrelation times (IACTs) of the first four parameter Markov
chains simulated by the RWM algorithm. Here, 20 realizations of Markov chains are used to estimate the
IACT.

where By =1+a"X —a=* with «=1.3 and k={0, 1, 2, 3, 4}. Here B is an increasing
sequence such that Bx = 1. The same Gaussian random walk is used across all replicas to
simulate the Markov chain. The box plots of the IACTs of resulting Markov chains are shown
in Figure 5. Similar to the previous experiments, the resulting Markov chains targeting var-
ious approximate posterior densities produce similar IACTs. Furthermore, we noticed that
the IACTs of Algorithm 1 are smaller than those of the RMW and MALA algorithm, which
suggests that Algorithm 1 has a better mixing rate.
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FIGURE 4. Box plots of integrated autocorrelation times (IACTs) of the first four parameter Markov
chains simulated by the MALA algorithm. Here, 20 realizations of Markov chains are used to estimate

the IACT.
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FIGURE 5. Box plots of integrated autocorrelation times (IACTs) of the first four parameters of Markov
chains simulated by Algorithm 1. Here, 20 realizations of Markov chains are used to estimate the IACT.

7. Conclusion

In this paper, we quantify the convergence speed and the approximation accuracy of numer-
ical MCMC samplers under two general frameworks: ergodicity and spectral gap. Our results
can be easily applied to study the efficiency and accuracy of various sampling algorithms. In
particular, we demonstrate how to apply our framework to study Metropolis—Hasting MCMC
algorithms and parallel tempering Monte Carlo algorithms. These results are validated by
numerical simulations on a Bayesian inverse problem based on the predator—prey model.

In the applications in Sections 4 and 5, we assume that we can approximate the target
transition kernels with some uniform accuracy guarantees. In some problems with unbounded
domains, this can be difficult to achieve. It would be interesting to relax such requirements to
the ones assumed in [10].
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Appendix A. Proof for the Wasserstein convergence

Proof of Theorem 2. Let Q be the optimal coupled measure between §,P and 8P from the
Kantorovich—Rubinstein theorem. Then

IPV(x) = PV(x)| = ‘ f Ox(dx', dy)(V(x') — V(y’))‘

< = [|8:P — 8, Py

/ Ou(dY, &)V + V) Ly sy

Next, as [|8:P — 8, Py < €V(x), we have
IPV(x) — PV(x)| < eV ().
In addition, because V is a Lyapunov function under P,
PV(x) < PV(x) + €V(x) < (A + €)V(x) + L.

As (A+¢€)€(0, 1) for € small enough, V is a Lyapunov function under P with parameters
A+eand L.

We next establish a bound for ||5x13” — 8},'15" llv, x # y using
[8P" — 8yP" [ly < 18:P" — 8:P" |lv + 18:P" — 8yP" |y + 18,P" — 8,P"ly.  (19)

For ||8xﬁ" — 8,P"||y, by Theorem 1, we have

Ce L
18P — 8:P" |y < —— V() + ———
1—p |y —

) < CeV(x)

for some C because V(x) > 1. A similar bound holds for ||§,P" — Sy?" [lv as well—i.e.

~ Ce L
8yP" — 8yP"|lv < T (V(Y)+ 15—«

p X_é)fCeV(y).

Forany [ <N, Let D| = #. Then (19) leads to

18PN — 8, PNy < oV ay (x, y) + Ce(V(x) + V()

20
= (p”N + Ce) dy(x,y) < (p + D1e)™Nay(x, y), e

where the last inequality follows from (a + b)Y > " + Na"~!b for all a, b > 0, which comes
from Taylor expansion.
Next, let O | be the optimal coupled measure between 8, P and 8,P*V. Then

18P = 8,P %y = [ 051 asvb = 5, Pl

< / 041, dy')p + Dre)Vdy (¥, y) @n
<(p+D1e)Ndy(x, y).
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For any n > N, we can write n =kN + N + [, for k, [ € Z+, and
18,27 — 5,P" |y < / Ok @y, )| PN — 5, PN,

<Ci(p+ D)™ / 0% (@Y, d&y)dy(x, y') by (20)

< Ci(p + D1&) "™ N ay(x, y) by (21)
= Ci(p + D1€)"dy(x, y).

Lastly, we show that P has a unique invariant measure 7. Fix a point x, considering a
sequence {,P", n=1, 2, ...}. Note that

18:P" — 8P|y < / 18:P" — 8,P"|lyP(x, dy)

< Ci(p + D1€)"Eldy(x, X))]
<Ci(p+D1€)"[(h+ 1+ €)V(x) + LI.

This implies that 8P is a Cauchy sequence in dy as well as the total variation distance.
Since the sublevel sets of V are compact and §,P"V remains bounded, it is a tight sequence.
Therefore, the sequence has a limit, which we denote by 7. Next, we show that 7, = my:

e — 7ylly < ll7mx — 8P v + 18,P" — 7rylly + [18P" — 8,P"[ly — 0 as n— 0.

Proof of Proposition 1. For the first claim, let Oy, be the the optimal coupled measure
between & Xﬁ” and Syﬁ” forany x, y € R?. Then

18.P"f — 7f| =18, P"f — TP"f|
< [ 5.Pr -8 Py
< [ [ &t aise) s i o)
< / 18" — 8, |7 (dy)
=7 [ dvix ) = V0 + 7V

For the second claim, note that for any f with 7Tf = 0, we have

. 1 Mo
Exl(fu — 21 = 5Ex | D FE Ko

| jik=1

I A R
< 2B | D&Y 1Kl
| j=1 k=0

= A%Eﬁ [|f(io)|E [Z ool j)?oﬂ since Xj ~ 7

k=0
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2 PR -
< Ez |:|f(Xo)| Y P VXo) + nw} from (22)
k=0

2 8% 5% ~
< = [ VR0 71

Appendix B. Proof for the x? convergence

Proof of Theorem 3. We will write k = k (P) for short.
For Claim 1, first note that

~ 1 ~ ~
vary Pf) = = | (Bf(0) = PF(y)) m(dx)m (dy)
2
1 ~ ~
=3 / (PF(x) — PF(y) + (P — P)f(y) — (P — P) f(x))” (dx)r (dy)

1  ak 2
- <§ N 7) / (PF(x) — PFO) 7 (dy (dy) (23)

1 1 ~ -~
N (5 N 2_) / ((P=P)f(x) — (P — P) () m(d)m (dy)
aK

< (1 + ax)vary (Pf) + (2 + %) / (P — P)f(x))*7 (dx).

Here we used AB < %Az + %Bz to get the first inequality.
Next, note that

(1 + ax)vary (Pf(X)) < (1 + arx)(1 — k)vargf < (1 — (1 — a)x)varyf. 24)
Let Af(x) =f(x) — f. Then,
Ex [((P =P 0) | =Ex [((P = Par0)’| = larI2 =edvaref.  @29)
Plugging the bounds (24) and (25) into (23), we have

2
var, (Pf) < (1 — (1 —ay + %) var,f.

Using induction with C =2 4 2/k, we find

2 n
vary (P"f) < (1 —(1—a}x + CTE) varyf.

For Claim 2, first note that

/ Pf(o)m(dx) — f

= ‘ f (P — P)f(x)m (dx)

recall that Af(x) =f(x) — f

= ‘ / P — P)Af ()7 (dx)

< ( / (P - P)Af) n(dx))
= |(P = P)Afllx < ey/vargf.

1/2
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Then, because f Pg(x)m (dx) = f g(x)m (dx) for any function g,

‘ / (P! — P (x)m (dx)

= ‘ f (P — P)P"f)(x) (dx)
< ey/varg (P'f) < (1 —R)"/?\/vary f,

from Claim 1. Let u, = P and f = sgn(in41 — in). Because var,f <E.|f|> =1,

<e(l =) vargf <e(1 —R)"2.

I tnt1 — pnllTy = ‘/ (P — P ()7 (d)

Thus, w, is a Cauchy sequence under the total variation metric, which implies that the sequence
has a limit 77 and that

6( _K)n/2
@~ Mn)f|<Z|(Mk+1 w1 < Ty Y varal

k=n

When letting n = 0, we have
A €
|f —nfl < -2 vargf (26)

Consider f =7 /7. DX2(7"E||JT) = |nf — nf| = varyf. Combining this with (26), we have

2

~ €
DXZ(T[”T[) < m

Proof of Proposition 2. For the first claim, we note that
WP'f — 7 Pf| < / @n(dx)@"f(x) — 7P|

/ | ”(’“) (dx)\/ | 1P~ Py
</Dy2lm)+1x (1 — Y2 /varyf by Theorem 3.

Meanwhile,
|7 — 7 P")f| < Ce(1 — &)'?\/var,f by Theorem 3.
By triangular inequality,

WP'f — Rf| < WP"f — P"f| + | P"f — 7f|

< —75)"/2\/@( /D, 2(vllm)+ 1+ Ce) .
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For the second part, we first note that for any f with Tf = 0, we have

. T
Exl(fu — 2f1 = 5 Bx | D FR Ko
LJj.k=1
I - R
< 2B | D&Y 1Kl
j=1 k=0

2 R AR
= Y Ez [IFGollfXo)]
k=0

< 2 JB2y @R Y \Eal PR
k=0

Next,
varz (P'f) = 7 (P*f)?
< 7P — nPf)?

o~ o~ € o~ o~
<P = 2P + T vara [P — 7P 2] by 26)

- ~k € Dk D)2
< —%k)"vary (f) + w vary [(P*f — w PXf)*] by Theorem 3.

Because sup, | f(x)| < C for some C € (0, 00), sup, |/}3kf(x)| < C and sup, |(’15k — n’ﬁk)f(x)| <
2C. Then

7 (P*f — 7P <4C?n (Pf — nP*f)* < 4C*(1 — ©)fvaryf by Theorem 3.
Thus,

varz (P*F) < (1 — R)fvary (f) + - 2C(1 = %) /varnf

€
(1-1)172

and we can further find a constant C’ such that

Ex[(fu — 7f)> < J/varzf vargf.

1= —
M1 — (1 =)/

Proof of Theorem 4. To simplify the notation, let ¥ denote the spectral gap of P and let &
denote the spectral gap of P. By the definition of spectral gap, i.e. (15), we have

L U=PH)z
K=mn-—m——.
f varz f

First, note that

varz f = Ez[(f — 7f)*]
<Ezl(f — 7f)*]
<(1+ OE[(f — mf)°]
= (1 4+ e)vargf.

@7
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We next establish two useful bounds:
I, I — POYf)z — (f, (I — PP)f)nl < f | fO)T — PP)f(x)|em (dx)
<elfllz Il — POfllx <ell fI2,

and
1(f. P* = PO)z| < I fI=IP* = PHf Iz

<1+ * £l (P> — P)f Iz
<L+ fl=@IP = P)Pfllx + | — P*flIx)
<+ fllrelPflix + €l —P)fllx)
<+ fl=Qell fllx + €l fllx)
<3(1+e)el fII2
< Ce| 13

Then

(. d —POP)z| = 1{f, I — POf)z| — {f, (P* — PY)f)z| by triangular inequality
> |{(f, I — P*)f)z| — Ce|| f]|> by the bound in (29)
> [{f. (I = P)f)x| = [{f. (I = P)f)r — (. A = PY)f)z| — Ce| fII3
> [(f. (I = P)f)x| — Ce|| £ — Cel fII3 by the bound in (28)
> (f. (I — PY)f)z — Cevaryf.

Combining (27) and (30), we have K>k — Ce.
Proof of Proposition 3. For the first claim,
vP"f — 7f| = |vP"f — 7 P"f|

< [ 20FWP W - 7Pl

\/ f S} n(x)dx\/ / Prf(x) — TP 2R ()
< /sz(vllrr) + 1 x (1 —R)Y>/varz f.

(28)

(29)

(30)

For the second part, we first note that if we replace f with f — 7f, with a little change in

notation, we have

N 1 N
Exl(n =71 =5Ex | ) f(Xj)f(Xk):|
jik=1
M

< 5B | 21D |f<3?,-+k>|}
_j:l k=0

2 & B (R
= 2 Bz [/ G0l Ro)]
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2 Pap—— —
VERFX0)21 )\ Ez (P (X0))2]
k=0

<
- M
< 2Bl G Y (1 22 ars
k=0
2

75 varg f

T MI—(-—
Proof of Proposition 4. Let Q, be the optimal coupled measure between §,. P and 8,P. Then
(8P — 8:P) f| < f Ox(dx', dy)| fF(X) = fO)
= / Ox(dx', dy )| F(X) = FODD Ly

Next

(P — ﬁ)f”i = / 7 (dx)| (6P — 5xﬁ)f|2

2
SR ( [ eu@r.aaise) —f(y’>|>1x/¢y/>
< ( [ w@ouar.ay) (veer + 2f(y/)2)) ( [ m@vouar. dy’)le#)

<2 ((nP, 2y + (P, f2>) (g / n(dx)V(x))

=2¢ (w12 +a@P. /D)) (V)

<2¢ (14+@) IfI21V .
Appendix C. Verification for Metropolis—Hastings MCMC

We first present an auxiliary lemma, which is well known:
Lemma 4. Suppose a transition kernel P is reversible with invariant measure w. Then

[Pl <1.
Proof We first note that
/ Fx)*(dx) — / 7 (@) Of )P (x, dy)
1
/ (O PP, ) + 5 / (O 5P, dy) — / (X O ()P (x, dy)

2
1
_! / 2 (@O —f())PPA(x, dy) = 0.

Thus,
/ O (dx) > / m(dX)f )f 0P (x, dy) = || Pf|%.
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Proof of Lemma 1. For any density of the form j4(x) = v(x)s(x), we have
luP—P)f| < f 10 (x) = &O)||f (o) lex + / uE)|BCx, ') — Bx, X)|| f(x)|d'dx
<Ce / )| f(x)]dx + Ce f PE)BCx, )| f()|dx'dx
< ce [ nelrels+ e [ uope ol laras

=Ce / v(x)s(x)| f(x)|dx + Ce f v(x)s()P(x, )| f(X)|dx' dx
< Cellsllull fllv + Cellsllu IIPf Iy
<2CellsllvlI fllv by Lemma 4.

Next, taking u o |(P — ’ﬁ)f|v, we have

I(P = P)fIIZ < 2Cell(P —P)fllull fllv,

which further implies that there is a C; such that ||P — ﬁ||v <C(Cie.

Proof of Proposition 5. We denote the acceptance probabilities for the original process and
the perturbed process as

J a3 J
T and br, 1y = =X

~ Al
(x) 7(x)

b(x, x)=

respectively. Since for any positive numbers a, b, c, d,
minfa/b, ¢/dy < 22 < max{a/b, ¢/d)
a/b,c/dy < —— < a/b, c/d},
and since exp(—Ce) < 7 (x)/7 (x) < exp(Ce), we have
exp(—=2Ce)b(x, x') < b(x, x') < exp(2Ce)b(x, X').
Using the fact that B(x, ') = R(x, xX')b(x, x") and B(x, ¥') = R(x, +)b(x, x'), we have
exp(—2Ce)B(x, X') < B(x, x') < exp(2Ce)B(x, X).
In addition, for a(x) = [ R(x, X')(1 — b(x, x))dx" and &(x) = [ R(x, x')(1 — b(x, X'))dx,
la(x) — a(x)| < / R(x, X)|b(x, X') — b(x, X)|dx’ < Ce.
By Lemma 1, we can find a C; such that

IPrwrm — Prwm |z < Cie.

Proof of Proposition 6. Note that

1 1
R(x, x) = ZES exp <_EHX/ —x—Vlog n(x)h||2) ,
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and
Rx, x¥) = L exp —i||x/ —x— Vlog #(x)h|?
’ (4 h)dl2 4h :

As |V 1og T(x) — V log 7 (x)| < Ce and the support is bounded, we can enlarge the value of C
so that
(1 — CeR(x, x') <R(x, x') < (1+ COR(x, X,

Let the acceptance probability be

() exp (—ﬁ Ix —x + Vlog n(x’)h||2>

b(x, x') = !

7(x) exp (—ﬁ”x’ — x4 Vlog n(x)h||2)
= {exp <log 7)) —logw(x) — %(x —x, Vlogn(x') — Vlog n(x)))

h
X exp (Z (19 1og ()17 - ||v10gn<x>||2]>} Al
Similarly, we define

A exp (—ﬁ Ix — ¥ + V log fr(x/)hnz)

b(x, x') = Al

7 (x) exp (—ﬁ”x/ —x+ Vlog fr(x)h”z)
1
= {exp <10g A(') —log A (x) — z(x —x, Vlog#(x') — Vlog fr(x)))

h ., R
X exp <Z (17 tog 7)1 = ||v10gn(x>||2]>} Al

Since |log w(x) — log Ti(x)| < Ce, ||V log w(x) — V log T (x)|| < Ce, and the support is
bounded, we can further enlarge C such that

(1 — Ceb(x, ') < b(x, x') < (1 + Ce)b(x, x).
Lastly, for B(x, x) = R(x, X)b(x, X') and B(x, X') = R(x, X )b(x, '),
(1= CoBx, X') < B(x, ¥) < (1+ Ce)B(x, X).
In addition, for a(x) = [ R(x, X)(1 — b(x, ¥'))dx’ and &(x) = [ R(x, ¥')(1 — b(x, x'))dx’,
|oe(x) — &(x)] < / IR(x, x') — R(x, x)|(1 — b(x, x'))dx’
+ / R(x, X)|b(x, X') — b(x, X')|dx’
< Ce / R(x, X)dx' + Ce / R(x, X)dx' = 2Ce

By Lemma 1, we have a constant C; such that

IPvara — Puarallz < Cie.
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Proof of Proposition 7. The transition kernel of MALA takes the form
P(x, y) = a(x)8:(y) + B(x, y)

where
7(y) .
Bx, y) = ——q, x) A q(x, y) = alx, y) A q(x, y),
7 (x)
with
1 1
q(x, y) = Qrmydr P <_E ly —x—Vlog ﬂ(x)h||2) calx, y)= %q(y, x),

and a(x)=1— [ B(x, dy). Similarly, we can write /P(x, y) =ax)8(y) + E(x, y) when using
the perturbed target density 7.
We prove the proposition by showing that

/ lg(x, y) — q(x, y)ldy < Ce and / la(x, y) —a(x, y)ldy < Ce exp(8x?). (31)

In particular, note thata A g —aAg € {a—a, g — g, a — g, a — q}, which further implies that
lang—angl<la—al+lqg—7ql

Thus, if the bounds in (31) hold, then
18P — 8. Pll7v = / 1B(x, y) — Bx, y)ldy + |ar(x) — @)
<2 f 1B, ) — B, wldy

<2 / la(x, y) —a(x, y)ldy + 2/ lg(x, y) —q(x, y)|dy
<2Ce(1 + exp(5x?)).

In order to obtain the first part of (31), note that by the intermediate value theorem, | exp(a) —
exp(b)| < | exp(a) + exp(b)||a — b| holds for any a, b, so we can bound

R 1 N R
lg(x, ) — g(x, y)| SZIq(x, ¥) + g, IV iogm(x) — Viegm(x)|
(ly —x = hViogm(x)|| + ly — x — hV log T(x)]|)

Ce . ~
STIq(x, Y +qG, W ly—x—=hViogr(X)| + lly —x—hViogm()|) .
(32)

Note that g(x, y) is the proposal density of y. Thus,
/ q(x, y) (lly —x — hVlog w (0l + lly — x — hV log T ()| dy

< / 4(x.y) Qlly — x — hV log w ()| + Che) dy

< Che + 2\// qCx, V|ly — x — hV log 7 (x)||2dy = Che + 2+/2hd.
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Similarly,
/ qx, y) (ly —x—hVilogmr(x)|| + ||y —x — hV log T(x)||) dy < Che + 2/ 2hd.
Therefore, we use (32) and find a larger C such that

/ lg(x, y) — g(x, y)|dy < Ce.

To handle the second part of (31), we use | exp(a) — exp(b)| < | exp(a) + exp(b)||a — b| again

and find
la(x, y) —a(x, y)|
=T 0 - @)Acy )’
n(x)
<- Hz®) q0, )+ﬁ@(y x) (Ilogﬂ(X)—logf(x)l+|10gﬂ(y)—10gﬁ(y)|
4 |m(x ) T(x)
+ [Vlogw(y) — Vieg T (ly + AV log 7 (y) — x|l + [y + AV log 7 () —XII)>
= T4 )+%a@ 0| @+ (ly + AV log () — 2]l + ly + hV Tog ) — x1}) -
Note that the first part can be bounded by
/%CI()’,X) (C+(ly+hVlognm(y) — x|l + lly +hVlog T(y) — x||) dx
</%q(y,x) (C+he+2|ly+hViognm(y) —x||) dx
7(y)

mw@, x) - Q)4 /gy, x) (C + he +2|ly + hV log 7 (y) — x|) dx

For %(Znh)_d/‘ﬂ/q(y, X), we can bound it by

S TOOR)

Qrhyd/* 7(x)

1 1
= 1 -1 - — A —x||?
n h)d/2 exp ( og7(y) —logw(x) — o lly + hV log 7 (y) — x| )
1 1
(2 h)d/2 exp ( Viog r(w),y —x) — —||y —x||2 — 4_1<V log 7 (y), y —x)) for some w
5L, . .
(27rh)d/2 exp e ly —xl|(lx|l + Iy —x|| + C) — — ||y x|| by Lipschitzness of V log
5Ln 1 2 2
3 10L;. C
(2nh)d/2 exp (( 165 4 8h> ly —xI1* + 8 1x/|* +
1 2 2 2 SLy -1
(2nh)d/2 exp ( ﬁlly —x|| + 8||x||“ 4+ 10L;, C ) ash < (T + ZOL,,)
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For (2nh)d/4«/q(y, x) (C + he + 2|y + hV log (y) — x||), first note that we can find a larger
C such that

Qr)*\/q(, X)lly + hV log 7 (y) — x||

1
= exp (—@ Iy +hV log 7 (y) — x||2> ly+hVlogm(y) — x|l < C.

Combining these two upper bounds, we can find a C; such that

%Q(y, %) (C + he +2|ly + hV log 7 (y) — xI|) dx < C1 exp(8]x]*).

Similarly, we can show that

5/%@, dx) (C + he +2|ly + hV log T(y) — x||) < C exp(8|x[|*).

Thus, f la(x, y) —a(x, y)|dy < Ce exp(5x2) for some C. This concludes the proof of (35) and
our claim.

Appendix D. Verification for the parallel tempering algorithm

Proof of Lemma 2. For claim 1, note that for any || f||, <1,

IRSf — RSflly < IR(S = S)f llv + (R — RS
< IS = S)f Il + Cel[Sfll, by Lemma 4
< Cel|flly + Cel| (S = S)f Iy + CellSf
< (2C + C*¢)¢||fl» by Lemma 4.

For claim 2, we first note that
Ri®Ry=(R1 ® I ®R2)
We will show that
IR1®D — R @Dy = (R =R @Dy < Ce.
For any f(x, y), we define
g0x,y):=(Ri =RD) @ Df (x, )

Then for each fixed y, since |R; — R lv, <Ce,

/ o(x, y20 ()dx < C2€2 f G WPo(Od

Thus,

g% = / g(x, )1 (v (y)dxdy < C?€ / / FOx, v ()dxdy = C2e2|| f112.
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Similarly, we can show that
I7®R) — T @Ry = 11 ® (R2 = Ro)v < Ce.
From claim 1, we can find a C’ so that
IR1 ® R2lv = |(R1 ® DI @ Rp)||v < C'e.

For claim 3, by triangular inequality, we have

—~ 1 & —~
U= Tlly =~ 3118 = Silly < Ce.
i=1

Proof of Lemma 3. Denote x' = S(x). For any density of form p(x) = s(x)v(x), we have
I — 0| < / p)lax, X'y —atx, x| f(x)|dx + / p)latx, X') —=atx, X)|| f(x)|dx
<Ce / p)| f(x)|dx + Ce / pxalx, x| f(x)|dx

5Ce/s(x)v(x)|f(x)|dx+ CG/S(X)U(X)(Q(L OLF)] + QCx, X f()dx

< Cellsllull fllv + Cellsllu Q1 f 1l
<2Ce[Isllull fllv-

Taking pu(x) o |(Q — @)f(x)lv(x), we have the result.
Proof of Proposition 8. Recall that

1
P=MQ, M=My® - ®Mg), Q= D> Ok

and

~ o~ ~ -~ —~ ~ 1 ~
P=MQ. M=My® --®Mk). O=[— Y Owi
ke{0,...,K—1}

Since M is a product of My, Lemma 2 claim 2 indicates that ||M — MHH < Cqe for some Cj.
Then note that /i\f a < CA, b < CB, then min{a, b} < C min{A, B} so the acceptance probability
of Ok k+1 and Qg r+1 satisfies

ok (x, x) - {JTk(X’)ﬂk+1(X)??k(X)ka(X')

1+Ce)*<1+D
fk(x/)ﬁkﬂ(x)nk(x)nkﬂ(x/)}5( +Cie)" <14 De

&\k(x, X))~ x,x

for some constant D. Then Lemma 3 indicates that ||Qk k+1 — @k,k+1 Im < Cze for some C;
and Lemma 2 claim 3 indicates that for some C3,

10 — Olln < Cze.

Finally, we use claim 1 from Lemma 2 and find that ||P — P||j < C’e for some C'.

https://doi.org/10.1017/apr.2024.28 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2024.28

32 T. CUI ET AL

Acknowledgement

We thank Daniel Rudolf for discussing of some the results and providing us with some
references.

Funding information

TC is supported by the Australian Research Council grant DP210103092. JD is supported
by NSF grant DMS-1720433. AJ is supported by KAUST baseline funding. XT is supported
by the Singapore Ministry of Education (MOE) grant Tier-1-A-8000459-00-00.

Competing interests

There were no competing interests that arose during the preparation or publication process
of this article to declare.

References

[1] ANDRIEU, C., DE FREITAS, N., DOUCET, A. AND JORDAN, M. 1. (2003). An introduction to MCMC for
machine learning. Machine Learning. 50, 5-43.

[2] ANDRIEU, C. AND VIHOLA, M. (2015). Convergence properties of pseudo-marginal Markov chain Monte
Carlo algorithms. The Annals of Applied Probability. 25, 1030-1077.

[3] BAKRY, D., GENTIL, 1., LEDOUX, M. et al. (2014). Analysis and Geometry of Markov Diffusion Operators,
Vol. 103. Springer, Switzerland.

[4] BARDENET, R., DOUCET, A. AND HOLMES, C. (2014). An adaptive subsampling approach for MCMC
inference in large datasets. In Proceedings of The 31st International Conference on Machine Learning.

[S] BESKOS, A., JASRA, A., LAW, K., MARZOUK, Y. AND ZHOU, Y. (2018). Multilevel sequential Monte Carlo
with dimension-independent likelihood-informed proposals. SIAM/ASA Journal on Uncertainty Quantification.
6, 762-786.

[6] BREYER, L., ROBERTS, G. O. AND ROSENTHAL, J. S. (2001). A note on geometric ergodicity and floating-
point roundoff error. Statistics & Probability Letters 53, 123-127.

[71 BUI-THANH, T., GHATTAS, O., MARTIN, J. AND STADLER, G. (2013). A computational framework for
infinite-dimensional Bayesian inverse problems part i: The linearized case, with application to global seismic
inversion. SIAM Journal on Scientific Computing. 35, A2494—-A2523.

[8] BUTCHER, J. (2016). Numerical Methods for Ordinary Differential Equations. John Wiley & Sons, Hoboken,
NI.

[9] CHEN, X., Du, S. S. AND TONG, X. T. (2020). On stationary-point hitting time and ergodicity of stochastic
gradient Langevin dynamics. Journal of Machine Learning Research.

[10] COTTER, S. L., DASHTI, M. AND STUART, A. M. (2010). Approximation of Bayesian inverse problems for
PDEs. SIAM Journal on Numerical Analysis. 48, 322-345.

[11] DONG, J. AND TONG, X. T. (2021). Replica exchange for non-convex optimization. Journal of Machine
Learning Research. 22, 1-59.

[12] DONG, J. AND TONG, X. T. (2022). Spectral gap of replica exchange Langevin diffusion on mixture
distributions. Stochastic Processes and Their Applications. 151, 451-489.

[13] Duruis, P., Liu, Y., PLATTNER, N. AND DOLL, J. D. (2012). On the infinite swapping limit for parallel
tempering. Multiscale Modeling & Simulation. 10, 986-1022.

[14] DURMUS, A. AND MOULINES, E. (2017). Nonasymptotic convergence analysis for the unadjusted Langevin
algorithm. The Annals of Applied Probability. 27, 1551-1587.

[15] DWIVEDI, R., CHEN, Y., WAINWRIGHT, M. J. AND YU, B. (2018). Log-concave sampling: Metropolis—
Hastings algorithms are fast! In Conference on Learning Theory. PMLR. pp. 793-797.

[16] DWIVEDI, R., CHEN, Y., WAINWRIGHT, M. J. AND YU, B. (2019). Log-concave sampling: Metropolis—
Hastings algorithms are fast. Journal of Machine Learning Research. 20, 1-42.

[17] EARL, D. J. AND DEEM, M. W. (2005). Parallel tempering: Theory, applications, and new perspectives.
Physical Chemistry Chemical Physics. 7,3910-3916.

[18] FERRE, D., HERVE, L. AND LEDOUX, J. (2013). Regular perturbation of v-geometrically ergodic Markov
chains. Journal of Applied Probability. 50, 184—194.

[19] GALLEGOS-HERRADA, M. A., LEDVINKA, D. AND ROSENTHAL, J. S. (2022). Equivalences of geometric
ergodicity of Markov chains. arXiv preprint arXiv:2203.04395.

https://doi.org/10.1017/apr.2024.28 Published online by Cambridge University Press


https://arxiv.org/abs/2203.04395
https://doi.org/10.1017/apr.2024.28

MCMC under numerical perturbation 33

[20]
[21]
[22]
[23]
[24]
[25]

[26]
[27]

(28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]

(37]
[38]

[39]

[40]
[41]

[42]
[43]

[44]
[45]

[46]

HAIRER, M. AND MATTINGLY, J. C. (2008). Spectral gaps in Wasserstein distances and the 2d stochastic
Navier—Stokes equations. The Annals of Probability. 36, 2050-2091.

HAIRER, M., STUART, A. M. AND VOLLMER, S. J. (2014). Spectral gaps for a Metropolis—Hastings algorithm
in infinite dimensions. The Annals of Applied Probability. 24, 2455-2490.

HERVE, L. AND LEDOUX, J. (2014). Approximating Markov chains and v-geometric ergodicity via weak
perturbation theory. Stochastic Processes and Their Applications. 124, 613-638.

HoOANG, V. H., SCHWAB, C. AND STUART, A. M. (2013). Complexity analysis of accelerated MCMC
methods for Bayesian inversion. Inverse Problems. 29, 085010.

JOHNDROW, J. E. AND MATTINGLY, J. C. (2017). Coupling and decoupling to bound an approximating
Markov chain. arXiv preprint arXiv:1706.02040.

JOHNDROW, J. E. AND MATTINGLY, J. C. (2017). Error bounds for approximations of Markov chains used in
Bayesian sampling. arXiv preprint arXiv:1711.05382.

JONES, G. L. (2004). On the Markov chain central limit theorem. Probability Surveys. 1, 299-320.

JOULIN, A. AND OLLIVIER, Y. (2010). Curvature, concentration and error estimates for \Markov chain Monte
Carlo. The Annals of Probability. 38, 2418-2442.

LINDVALL, T. (2002). Lectures on the Coupling Method. Courier Corporation, Mineola, NY.

LOTKA, A. J. (1925). Elements of Physical Biology. Williams & Wilkins, Baltimore, MD.
MEDINA-AGUAYO, F., RUDOLF, D. AND SCHWEIZER, N. (2020). Perturbation bounds for Monte Carlo within
Metropolis via restricted approximations. Stochastic Processes and Their Applications. 130, 2200-2227.
MEYN, S. P. AND TWEEDIE, R. L. (2012). Markov Chains and Stochastic Stability. Springer Science &
Business Media, London.

NEGREA, J. AND ROSENTHAL, J. S. (2021). Approximations of geometrically ergodic reversible Markov
chains. Advances in Applied Probability. 53, 981-1022.

PARNO, M. D. AND MARZOUK, Y. M. (2018). Transport map accelerated Markov chain Monte Carlo.
SIAM/ASA Journal on Uncertainty Quantification. 6, 645-682.

PILLAI, N. S. AND SMITH, A. (2014). Ergodicity of approximate MCMC chains with applications to large
data sets. arXiv preprint arXiv:1405.0182.

ROBERTS, G. O., ROSENTHAL, J. S. AND SCHWARTZ, P. O. (1998). Convergence properties of perturbed
Markov chains. Journal of Applied Probability. 35, 1-11.

ROBERTS, G. O. AND TWEEDIE, R. L. (1996). Exponential convergence of Langevin distributions and their
discrete approximations. Bernoulli. 2, 341-363.

RUDOLF, D. (2012). Explicit error bounds for Markov chain Monte Carlo. Dissertationes Math. 485, 1-93.
RUDOLF, D. AND SCHWEIZER, N. (2018). Perturbation theory for markov chains via wasserstein distance.
Bernoulli 24, 2610-2639.

SHARDLOW, T. AND STUART, A. M. (2000). A perturbation theory for ergodic Markov chains and application
to numerical approximations. SIAM Journal on Numerical Analysis. 37, 1120-1137.

STUART, A. M. (2010). Inverse problems: A Bayesian perspective. Acta Numerica. 19, 451-559.

SUGITA, Y. AND OKAMOTO, Y. (1999). Replica-exchange molecular dynamics method for protein folding.
Chemical Physics Letters. 314, 141-151.

TAWN, N. G. AND ROBERTS, G. O. (2019). Accelerating parallel tempering: Quantile tempering algorithm
(quanta). Advances in Applied Probability. 51, 802-834.

TAWN, N. G., ROBERTS, G. O. AND ROSENTHAL, J. S. (2020). Weight-preserving simulated tempering.
Statistics and Computing. 30, 27-41.

TIERNEY, L. (1994). Markov chains for exploring posterior distributions. The Annals of Statistics. 1701-1728.
VEMPALA, S. AND WIBISONO, A. (2019). Rapid convergence of the unadjusted Langevin algorithm:
Isoperimetry suffices. Advances in Neural Information Processing Systems. 32.

WOODARD, D. B., SCHMIDLER, S. C. AND HUBER, M. (2009). Conditions for rapid mixing of parallel and
simulated tempering on multimodal distributions. The Annals of Applied Probability. 19, 617-640.

https://doi.org/10.1017/apr.2024.28 Published online by Cambridge University Press


https://arxiv.org/abs/1706.02040
https://arxiv.org/abs/1711.05382
https://arxiv.org/abs/1405.0182
https://doi.org/10.1017/apr.2024.28

	Introduction
	Related literature
	Notations
	Organization

	Wasserstein Convergence
	x2 convergence
	General x2 approximation and convergence
	Spectral gap with density ratio bounds

	Application: Metropolis"2013`Hastings MCMC on perturbed densities
	Random walk Metropolis
	Metropolis adjusted Langevin algorithm
	Bounded domain
	Unbounded support


	Application: Parallel Tempering with Perturbed Densities
	Numerical examples
	Predator"2013`prey system
	MCMC results

	Conclusion
	Proof for the Wasserstein convergence
	Proof for the x2 convergence
	Verification for Metropolis"2013`Hastings MCMC
	Verification for the parallel tempering algorithm
	Acknowledgement
	Funding information
	Competing interests
	References

