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1. Introduction

In problems in the mathematical theory of elasticity related to the sym-
metric deformation of an infinite elastic solid with an external crack we
encounter the problem of determining an axisymmetric function ¢(p, z) which
is harmonic in the half-space z>0 and satisfies the mixed boundary conditions

d=0, 0<p<l, ..ot (6))]
%ﬂ =f(p), P>1, i )
Z

on the plane boundary z = 0, where it is assumed that f(p) is continuously
differentiable in [1, c0). Further $—0 as \/(p%+22)— 0.

In this note we shall reduce the solution of this mixed boundary value
problem to that of a simple pair of dual integral equations whose solution
we derive by an elementary method in §2. By means of this solution we
construct an integral representation of the function ¢(p, z); its properties are
discussed in § 3. Finally, in § 4, we derive the form of the solution in certain
special cases.

2. The Dual Integral Equations
The integral

#(p, 2) = I ’ ETW(ET(Ep)e%7dE, 220, ..ooeeeeirnaen. 3)

]
defines an axisymmetric harmonic function which tends to zero as

J(p?+2%)~ + o0,
provided that the function /(&) is such that the integrals (3) and

r BT o(Ep)e 5 dE
0

exist for z>0. If we substitute this expression into equations (1) and (2) we find
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that the function (&) satisfies the dual integral equations

G(o) = J (O EDE =0, 0<p<l, worrorrrrrnr. @)
0

Flo) = f T UEOTCE)E = (D)) P oo )
1)

This pair of equations is a special case of a pair considered by Williams (1)
but it is of interest to note that the solution can be obtained by elementary
methods similar to those employed in an earlier paper (2).

To solve the equations (4) and (5) we let

Y =¢ f F O X (47 LA (6)
1
where ¢(¢) is such that the integral converges; in particular this implies the
condition
m @) =0. oo, )
t— oo

We first show that the form (6) automatically satisfies the first equation (4).
Substituting from (6) into the expression for G(p) and interchanging the order
of integrations, we find that

6o = f ® byt f ” Jo(Ep) cos (E1)dE.

0
It is well-known (3, p. 405) that

f ® Jo(Ep) cos (EDdE = {0’ } O<p<t ... )
0 (P*=13)"%, p>t>0

so that
0, 0=p=1,

G(p) = J r» Gode e ©

1 \/ (p2—t%)
showing that equation (4) is satisfied.
By an integration by parts we find from (6) that we may write

W(E) = — (1) sin ¢~ f " (0 sin (EDdE. v, (10)
1

Substituting this expression for () into the equation defining F(p) and inter-
changing the order of the integrations, we find that

F(p) = — (1) f " To(£p) sin dE— f ® f * To(€p) sin (E0)dE
(] 1 0

and making use of the standard result

r Jo(&p) sin (En)dE =

{(tz—pz)"*, O<p<t,
(V]

0, p>t>0,
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(3, p. 405) we find that when 0Zp<1

¢(1) © _¢'(nat
Fp)= - —— — N N (12)
Ja-p% )i J(E-p?
and that, when p>1,
® @' (tde
Fp)=—- ==
P \/(tz - p2)
Using this last result we find that ¢(¢) must satisfy the integral equation
® _¢'(ndt
——— = —f(p), p>1. i, (13)
P \/(tz _p2)

This is an equation of Abel type and it is easily shown that, if f(p) is con-
tinuously differentiable in [1, o), it has the solution

2d [* pflp)dp
ndt ), \/(pz_tz)'

Integrating this equation and making use of the condition (7), we obtain the
solution

9'() =

2 (= pflp)dp

== J e PPN (14)
T Je \/ (pz_tz)

The solution to our mixed boundary value problem is therefore given by

equations (3), (6) and (14).

3. An Integral Representation of the Solution

If we substitute from equation (6) into equation (3), write the cosine in
its exponential form and make use of the result

fm Jo(lp)e™*dE = (p* +2%)7%, A(H)>0,

0
we obtain the solution

g 1 1
#e. 2 %L {J[p2+(z+it)21 T I+ G—int

We shall now follow the procedure adopted by Green in his solution of
a similar boundary value problem (see (4), p. 172). We consider the function
defined by equation (15) assuming that the function ¢(t) is a real continuously
differentiable function in [1, o) for which the integral (15) converges.

Since the integrand on the right-hand side of equation (15) is a continuous
function of p, z and t we may differentiate under the integral sign and verify
that ¢(p, z) is a solution of Laplace’s equation.

We now introduce a function ®(p, u) such that

o® 1
a_u = -\/(pz—-l_uz)u ................................. (16)
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We can then write equation (14) in the form

6o, 2) = 3i Jw {5®(p, z+in) _ 0®(p, z—il)} S0,
X ot ot

and if we integrate this expression by the rule for integrating by parts, we
obtain the relation

o, 2) = —3ip(D) [D(p, z+ )~ D(p, z—1)]

—1i r [@(p, z+it)—D(p, z—it)1¢'(1)dt.

1

The integrand occurring in the integral on the right-hand side of this equation
is a continuous function of p, z and ¢ so that we may differentiate under the
integral sign to obtain the equation

o _ _, e o
P 2’¢(1){\/[p2+(z+i)2] \/[p2+(z-—i)2]}

i 1 1 }
— o 4 (1)t
’ .[1 {\/[pz+(z+lt)2] JIPP+(z—in?]
By using a method almost identical with that employed by Green we can

show that 8¢/dz is continuous for normal approach to the region z = 0,
p>1as z»0+ and that

2 . [*_¢wa
oz » NE=p?

If we substitute this expression into equation (2) we obtain the integral equation

(13) again, and the solution of this equation is given by equation (14). Hence

we have shown that the solution to our mixed boundary value problem is
given by equations (15) and (14).

as z—»—0+.

4. Special Cases

In this section we shall derive the solutions of certain special problems
which arise in physical applications.

Case 4.1. We begin by considering the case in which

1, 1<p<a,
fo) = { p
0, p>a.

From equation (14) we find that

2
#(1) = ‘{; V@-1), tga a”n

0, t>a,
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from which it follows immediately that

Y(&) = I J(@ =13 cos (EnNdt,.........coovnnine (18)
and that
11° at—1? az_tz
o(p, 2) = ;Jl {\/p2+(z+it)2 + \/p2+(z—it)2} dt.cou.o.... (19)
From equation (12) we find that
tdt 2 [a®-1
s V@ == _\/l—pZ’ o=p<l

and similarly from equation (9) we find that
a 2__42
3_[ \/a t2 dt, p>a;
pi—t
Jw \/ dt, l<p<a.
pi—1?

The integral occurring in the expression for F(p) is elementary. We find

G(p) =

that
a2 —1
F(p)= 5+——3\/“ i 0<P<], eveeeeeeernannn. (20)

7 1- .
where « is defined by the relations

2 2

sin o = E%Z, —in<a<in,

a’*—p

The integrals in the expressions for G(p) are easily expressed in terms of elliptic

integrals:

2 [B(pja)~E(pla, ), 1<p<a,
=1 e @1)
2. [E(alp)~E(alp, D]~ (—”n;—") [K(alp)— Falp, )], p>a

where p = sin"!(1/p), y = sin"!(1/a), 0<p<in, O<y<in.
Case 4.2. We next consider the case in which
flp) =p™", m>1.

From equation (14) we find that

60 = M) ) e 22)
VAT (gm)
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and from equation (6) that

w(@) = LGB ¢ | j1m o5 epyar,

JarGm) i
which is equivalent to
(@ = L@m = ens j A oS AdA, e, (23)
JalGm) g
Equations (15) and (22) then give the expression
rGm-3%) [~ 1 1 —m
# 0 2\%F(%m)) {\/ P +E+it] [p2+(z—it)2]} A 29

for the harmonic function ¢.
From equation (12) we find that

1 — e+
Flp) = £(-i’"—*){(m—l) f t-'"(ﬂ—pZ)-*dt—(l—pZ)-*}, 0=p<l.
Jrl(Gm) 1
Expanding the integrand in powers of p2¢t~2 and integrating term by term we
obtain the expression
1
F(p) = L(%_'Pil)_ F,3, im; dm+1; pH)— r(ﬂ_%)(l pH)~t 0<p<l....(25)
Jal@Em+ 1) Jal(Gm)
Similarly from equation (9) we find that, when p>1,
IGm-3) [ ¢*~"de
G(p) = —22 f ,
JaTEm) J1 J*=1%)

a result which can be written in the form

G(p) = F(%m 1 p B (L, 1-1im), r=1—p~% m>1, ...... (26)
2\/7tl"(l—m)

where B,(}, 1 —1im) denotes the incomplete beta function
J u i (1—u)"™du.
0
In (5) we can find tables of the function I.(p, ) = B.(p, q)/B(p, q) which can

be used in the computation of G(p).

Case 4.3. These results take a simpler form in the case in which m = 2,
i.e. when f(p) = p~2. In this instance we have, from equation (14),

)=t 04))
from which it follows that

V763 Tt o 1 (2 JOUS OO (28)
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where, in the usual notation, Ci({) denotes the cosine integral

Ci(¢) = —f u~ ! cos udu.
3

Equation (3) then yields the form

#(p, 7) = — r Ci (&) o(ED)e™FdE, e 29)

o
for the harmonic function ¢, while equation (15) gives the form

Y 1 1 dt
#p,2)=1% L {\/[p2+(z+it)2] + \/[p2+(z_it)2]} s (30)
From equation (12) we find that

® dt
Fp) = — 0<p<1
0 | iy 0

and from equation (9) that

’ dt
G(p) = Jl 't\/(Tt—z), p>1.

The integrations are elementary; carrying them out we obtain the expressions

Flp) = 515[1—\/(1-;;2)]— \/(1_1_,,2—)’ 0<p<t oo G1)

G(p) = —:;log [p+J(P*=D], p>1 oo, (32)

Case 44. We now consider the case in which |
T=2C=D ot e, 33)

2np

8(z) denoting the Dirac delta function of argument z. From equation (14)
we find that

n~c2—-13)"%, 0=Zt<e,
¢<x)={ (-7, 0= )
’ t>c,
and hence from equation (6) we obtain the expression

_ & |©cos(éndt
() = > L \/——-————(cz_tz). .............................. 35)
From equation (9) we see that

1 f* dt
G(p) = ;{L JIE =) (p*—1%)]

where A = p if 1<p<c and A = ¢ if p>c¢; carrying out the integrations we
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find that

i [K(p/e)—F(p[c, B, 1<p<c;
G ={ (36)
%} [K(c/p)—F(c/p, &)1, p>c,

where f is defined as in equation (21) above and é is defined by the relations
siné = 1l/c, 0<d<in. _

Case 4.5. Finally we consider the case in which f{p) is defined by an integral
expression of the form

fo) = J RO SEDNE oo, (37)
0

where the function f(¢) is the Hankel transform of order zero of f(p). From
equation (14) we derive the result

_2 (", pJo(:p)
"0 ff(c)cf NERrot

Carrying out the p-integration we obtain the formula

#(6) = % f " FE) COS (EOAE oo (38)
]
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