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Abstract

One variant of the g-Catalan polynomials is defined in terms of Gaussian polynomials by
2k 2k
Ck(q) = [k]q_q[k+ 1 q.

Liu [‘On a congruence involving g-Catalan numbers’, C. R. Math. Acad. Sci. Paris 358 (2020), 211-215]
studied congruences of the form ZZ_] ¢*C modulo the cyclotomic polynomial ®,(q)?, provided that n =

+1 (mod 3). Apparently, the case n = 0 (mod 3) has been missing from the literature. Our primary purpose
is to fill this gap. In addition, we discuss a certain fascinating link to Dirichlet character sum identities.

2020 Mathematics subject classification: primary 11B65; secondary 05A10, 05A19, 11A07.

Keywords and phrases: g-Catalan number, g-analogue congruence, g-binomial coefficient, cyclotomic
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1. Introduction

There are several possible g-analogues of the Catalan numbers (k + 1)~ (zkk) Here, we
consider MacMahon’s g-Catalan polynomials which are defined by

Culq) = 1-¢ [2k]_[2k]_ Zk]
RO=1g kL, " e ], " e+ 1],
where [} ], denotes the g-binomial coefficient recalled in Section 2. The first few
g-Catalan polynomials are
Co@=Cil@=1, CA=1+qg" and C3(@=1+¢+q +q"+".

Notice that Cy(g) is a polynomial in g and it reduces to the ordinary Catalan number
as g — 1. Moreover, Ci(g) has a natural enumerative meaning. Indeed, MacMahon
[4, Volume 2, page 214] established that

Cilg) = ) g™,
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where w ranges over all ballot sequences aa; .. .ay; (that is, any permutation of the
multiset {0%, 1¥} such that in any subword a;a; . ..a;, there are at least as many Os as

there are 1s) and
maj(w) := Z i

{i:ai>aii1}

is the major index of w (see also the survey [1, Section 3] and [7, Problem A43]).
In the present work, however, we focus on a problem of number-theoretic interest.
The second author in [8, Theorem 6.1] proved that, modulo ®,(g),

n—1

Ln/3J ifn=0,1 (mod 3),

k
C =
2, qCi(g) = { — g3 if p =2 (mod 3),

where
Oug) = [ ] (g— e

1<k<n
(k=1

denotes the cyclotomic polynomial of order n. Afterwards, a stronger version was
proved by Liu in [2, Theorem 1]: modulo ®@,(g)?,

n—1

—_

n= q(nz—l)/3 - (¢"-1) ifn=1 (mod3),

—g OB — g@=D3 - if = 2 (mod 3),

¢"'Cilg) =
k

Il
j=}

where the case n = 0 (mod 3) is not covered. Our main aim is to fill this gap as stated
next.

THEOREM 1.1. If n is a positive integer divisible by 3, then
n—1 1
q'Culq) = ¢"* PP + 2(g" = D2+ (1+ 1g™") (mod D,(9)*).
k=0
As we will explain in more detail below, this theorem holds as soon as we prove the
following more manageable identity, which is of interest in its own right.

THEOREM 1.2. If n is a positive integer divisible by 3 and q is a primitive nth root of
unity, then

3 _ n/3—1 k  k(3k+5)/2
(—1)f gt (=D'q 1 /3
+ ==+ @+ Hg™"). (L.1)
_ 3k-1 _ 3k
= 1-4q P I-q 6

Notice that, according to [2, Lemma 3], our Theorem 1.2 mirrors

ln/3] (—1)kghBk=Dr2 Ln=1)/3] (—1)kghBk+9)12 _ _”; 1 ifn=1(mod3),
o -4 k=1 I=g* 0 if n

2 (mod 3).
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[3] MacMahon’s g-Catalan polynomials 3

The remainder of the paper is organised as follows. In Section 2, we present
a reduction of our main result Theorem 1.1 to Theorem 1.2. Section 3 contains
preliminary results which we need towards the proof of Theorem 1.2. Sections 4 and 5
split up Theorem 1.2 according to the parity of n and contain the corresponding proofs.
Finally, in Section 6, we consider a conversion of one particular identity coming from
(1.1) into a trigonometric format and a remarkable implication in the language of
character sums.

2. Reducing Theorem 1.1 to Theorem 1.2

We recall that the Gaussian g-binomial coefficients are defined by

(@5 DG Pk

[n] B M if0<k<n,
k q 0 otherwise,

where the g-shifted factorial is given by (a;¢), = (1 —a)(1 —agq)...(1 —ag"™") for
n > 1and (a;q) = 1.
By [3, Theorem 1.2],

n—1

qk[ ] =() P=DI3 (mod ®,(g)?), @.1)

k=0

where (—) denotes the Legendre symbol. In the same vein, we also recall the identity
[9, Theorem 4.2],

n—1

S (k=1\ 0 2n
k+ (2k=—k(k—1)/3)/3
7 [k+1] Z( 3 )q [n+kq
k=0 k=1

Let 1 < k < n— 1. Then, the g-analogue [6, Theorem 2.2]

4] = (9], oo

of Lucas’ classical binomial congruence combined with (1 — ¢*) = 0 (mod @,(g)), and
the fact that

[’l - 1] 1- g 1)/2 14"
1-

=g = OV (mod ().

j=1
immediately imply that
[271]_1—612"[211—1]:(1_ . 2 l[n—l
nkl,” Togetln+k-1], =V T T g\ le-1l,
2( l)k —k(k—1)/2

=("-1)- 1—(mod<1> w(9))-
-4
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Therefore, modulo ®,(g)?,

n—1 n—1

k -1 2 2]’1
k+1 _ (k2 —k(k—1)/3)/3
Zq [k+1 Z( 3 )q [n+k]q
k=0 k=0
k(k—1)/2

n—1
2 ik ~-1q™
=2 n_] (2k*—k(k l)/3)/3(
(q )Z;( ) S

Ln/3] (— l)qu(3k—1)/2 L(n=1)/3] (_l)qu(3k+5)/2 )

=-2q" - 1)( 1t 3%
= 1-d k=1 I-q

By substituting this congruence together with (2.1) into the definition of Ci(g),
we easily see that, when n is divisible by 3, Theorem 1.1 is indeed equivalent to
Theorem 1.2.

3. Preparing our proof of Theorem 1.2

Henceforth, we replace n with 3n so that our target in (1.1) amounts to proving

( l)k k(3k-1)/2  n= 1( 1)" kGk+5)/2 1 3p+1 "
3k 1 Z g* 5 - qu ) G

To establish this identity, we need the next two results.

k=1

LEMMA 3.1. For any complex number z,

N (C1)khBR=D2 n-1 (—1)kZkCk+5)/2

_ 3k-1 _ 3k
= 1-z = 1-z2
( l)n 1 n=l k(3n+2)/2 n-1 (- l)k k(3n+2)/2
3k/2 _ 3k/2
= 1+z k:l 1-2z
n L(n+1)/2]
1 1 2n—1+ (-1)"

+ Z | — k1 Z | — 32 4 : (3-2)

= k=1

PROOF. Employing partial fractions and after further rearrangement, we obtain

1)k kK= 1)/2 Yk h3k= 1)/2 Yk ghGk=D/2

(- (= (=
Z 1= k1 Z 1 = ZGD/2 Z 1+ Gk 172

(_l)k((Z(Sk—l)/Z)k —1+ 1) —(- Z(3k—1)/2)k +1-1
"2 Z 1 — kD)2 ) Z 1 — (—zBk-D/2)
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1 n k-1 1 ( l)k
__1 3k-1)/2 -
S o2& 0(( D+ (-1)7 22(1+z<3k ezt 1—z<3k—1>/2)
=1 j=
| &K Z Lnt1)/2] 1
=3 D Y (D) - —
2k:1]=0 1_Z k=1 1-z
Continuing with additional algebraic manipulation leads to
n k-1
(=Df + (= 1)) D72 = Z Z (=Df + (= 1)) b2
k=1 j=0 J=0 k=j+1
S RGOV ”Z'< yJIIr Z‘ ((—1)"zf<3"+2>/2 (—1y'zf<3"+2>/2)
Bl 2 = 1-27Y 1 +zY/2 1-z32
Combining the last two calculations, we find (3.2). |

LEMMA 3.2. If a is a primitive mth root of unity, then

m
; o = T (3.3)

PROOF. We introduce the function f(z) :=z" —1=[[;_,(z— a®). Then, taking the
logarithmic derivative, we obtain

@ i 1
fl Hz-ak
k=1

which means

m

m 1
— —m _;l_z—lak'

We set ¢ = exp(2rij/3n) with ged(j, 3n) = 1. Applying (3.3) with @ = ¢, and z = ¢
and m = n,

O

¢ 1 n n
= = —(1-¢". 3.4
;1_6131«—1 o -3 (3.4)

By substituting (3.4) in the right-hand side of (3.2) with z = ¢, we can put the target
(3.1) in a form that is more convenient for our method of proof:

n—1 —1 n 2
( l)n 1 k(3n+2)/2 1 )k k(3n+2)/ ,
2 1+q3’</2 5; g T3l

L(n+1)/2] 1

2n—-1+(-1)" +3n+1q2n‘ (3.5)

1
T

k=1
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Next, we proceed to study (3.5) by distinguishing two cases: n = 2N and n = 2N — 1.
This allows us to circumvent fractional powers of g.

(@) If n=2N, then ¢* = (=1)/ = —1 because j is odd. With some algebraic
simplifications, (3.5) yields

N-1 k N 2k-1 N
ON q q 2N 2N 1
q Z 6k+z g Tz U-q )_Z s N
ol-9" Hl-a 3 —l-q
1 1
= —(n+ -) .
3 ( 6 g
(b) If n = 2N — 1, then we determine that (3.5) is equivalent to
N-1 N-1
ON-1 q q* 2N -1 | — N1
o 1-a = 1l-a 3

N 1 1 1
-y —s -1 =—+(N——) 22N-1),
Li1— g2 N-D=3 3)4

In the next two sections, we furnish the proofs for these two cases.

4. Proof of the case n = 2N

The condition ged(j, 6N) = 1 forces j = +1 (mod 6). We set w := ¢" so that we have
l - w+ w? = 0and w® = —1. Therefore, it suffices to show the following result.

LEMMA 4.1. We have
N N

N-1 k 2k-1
) q q 1 N 1 w
w + - =——l+w+=-—-—. 4.1)
; Lg% H1-¢% ; 1-g* 3 3.6

PROOF. We find it convenient to express our claim in terms of the quantities

e N-T 1§ 1
Ay = , A= . Az= ) ————,
P — wak — W2k
k=1 1 q k=1 1 wyq k=1 1 wq
N-1 N-1 N-1
1 1 1
Ay = . As= L As= )
k k 2 gk
k:11+q k:11+wq —i 1 +wyq
(i) By partial fraction decomposition,
6x 1 w w? 1 w W’

= - + - + - . 4.2
I1-x6 1-x 1-w?>x l+wx 1+x 1+w?>x 1-wx (4.2)

Hence, taking x = ¢* results in
N-1 k
q

6 = A — WAy — WA; — Ag + W As + wAg.
1 — gt
k=1
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(i1) Again by partial fraction decomposition,

3x 1 w w?
— _ + . 4.3
-3 1-x 1-w’x 1+wx 4.3)

Thus, the choice x = ¢?*~! gives

32 6k 3 = —wB; +a)2B3,

where
N N

N
Zl P Z:ll P Zl+wq2k1

=1 1
It is easy to check that B, = N/2 and By + B3 = N directly from

2Re(B By+B; =
e(B2) = B> + B, Zl+w—lq2k1 Zl+wa2k

N N
=

Bi+Bs = g Z IN+2—2k—1"
11 - 1+qur

Consequently,

N 2k-1
wN N
32 1?q6k—3 =B - 5 +w’(N-By) = (Z—w)(Bl - 5)_
=1

Moreover, we recognise that

2N~-1
Bl—

1—¢ 1—2k:‘ =4 2 T2 T

(ii1) Introducing the values

> S
C:= e (GRE T 32
— 1 - q3 1 — 1 - q3 2

and using a partial fraction decomposition of 1/(1 — x%),

3&‘ 1 NZ‘ 1
Ci+G = P 3%
k=1 l-q k:ll_q
1 1 Al +A3+A
=A+ —— +A2+—+A3—¥
q 1 - q2N 3
_2A 2 As dwtd
R T 3

https://doi.org/10.1017/5S0004972724000832 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972724000832

8 T. Amdeberhan and R. Tauraso

Taking advantage of (3.4) yields

2N\ v ZZN: 1 i L, i 1
=z U-q )= T — k-1 — _3QN+1h-1
3 = l-q o l-q =g

N N
1 q3k—2
=C1 +Z—1_q—3k+2 = C1 _Z—l—q3k_2 = C1 +N—C2.
k=1 k=1

The last two evaluations lead to
_ﬂ+&+é_é+ 1+4w+N(2w—1)
3 2 3 6 6 6
Finally, by using items (i), (ii) and (iii), we reduce (4.1) to
LA +A0) + (A2 +As5) — (A3 +A) + N - 1 —w(A; + As — (N - 1)) = 0,

0

which holds because of the symmetry Ay + A7, = N — 1 for £ = 1,2 and 3.

5. Proof of the casen = 2N — 1
Let w := —¢?V=D = "B so that w? = ¢ 1, 1 —w+ w? =0and W’ = -1.

LEMMA 5.1. We have

=

—1 N-1

k 2k N
1 N
W’ l_qsk+ 1? ok~ Lu]— 3k—2=_§(]+‘“)‘
k=1 q k=1 q k=1 q
PROOF. We adopt the notation A; from the previous section.
(i) By the partial fraction decomposition (4.2),
N-1 k
67" Y~ = WAL - Ay - w(As — Ag) + WP(As - Ay)).
1 — gt
k=1
(i1) By the partial fraction decomposition (4.3),
N-1 2k
6y L A 4 Ay - w(Ay + As) + WP (A3 + Ag).
1 - g%
k=1
(ii1) We have
Af 1 . i 1 ) W2y N-Ty
_ 3k=1 _ 3k _ gk _ 3k
= 1-a o 1-a :11‘] o 1-a
Nz‘i 1 Ii 1
=A+ + A3
— N+k — 3k
= l-a —l-q
N-1 N-1
1 1
=A+ + A3 — Z
_ 2N-1-k _ 3k
= 1-a o 1-a
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— A +(N 1 A)+A A1+A3+A5
- l+w )77 3
_ 2A] 2A3 4A5 N 2-w
3 3 3 3
and invoking (3.4) yields
2N-1
2N -1 ON-1 1
3 (I-¢g7)= 1— q3k1 Zl P Zl 3(2Nl+1k)l
k=1
N-1 N
1 1
= +
3k—1 3k+2
o l-a kz—l: L=g—%
N-1 N _
_ 1 B Z 72
— 3k-1 3k—2
Pl o l-q
N-1 N
1 1
= +N -
T _ 3k-1 3k-2"
o 1-a kz-; l-gq

The last two results imply that
R
6ZW =2A; +2A3 —4As5 + 6N + w — 2 + (2N — H)(w? = 1).

Now, by items (i), (ii) and (iii), we are able to restate (5.1) in terms of A;. So, the
problem reduces to exhibiting a proof for the relation

A1 +A3 —A4 - 2A5 +A6 =0. (52)
Since
x(1 —x) 2 1 1
= - + + s
1+x3 l+x 1-wx 1+ wx
we have
lqk
—A + Ay — 2A4,
Z:‘ 1+(k)3 6 2 4
Lok
1-
ZwQ( k3 _A1+A3—2A5,
— 1+ (wg")
2 Wt (1 - wgh)
——— - = Ay + Ay — 2A¢.
1 + (w?gk)? 2o 6

k=1
Therefore, we arrive at the following equivalent form of (5.2):

N-1 k k k & 2k 2 &
¢1-¢ wi(l-wd) ¢ d-w?d)\
Z( 1+ (¢’ 3 1 + (wg*)? 1+ (w?gh)3 ) =0. (5.3)
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Since 1 + (wg*)® =1 —g* and 1 + (w?¢*)? = 1 + ¢°, further algebraic manipulation
converts (5.3) into

N-1 3k k
1+ 1-
q( wq )(6k wg) _ (5.4)
k=1
However, we note that
2(1 + w)(1 —w) _1-w ( 1 1 1 1 )
+ - - .
1-2° 3 1-72 1+w2 1-771 14wz

_2=

Letting z = ¢ and w = —w —g~ V=D our summand can be written as

1- 1 1 1 1
3 (1 — g2 + 1 — g-@N-1-20) 1= q* 1= q—(ZN—l—k))'
Hence, the claim now becomes
N-1 N-1 N-1

1 1
Z 1—q 2 Z 1 — g CN-0-D Z 1_ Z 1— g @1k

k=1 k=1

which in turn translates to
N-1 ON-2

N-Ly |
;1_q—zk Zl— -(2k=1) Zl— Z]:vl_q—k

Indeed, equality follows here since both sides of the last equation are equal to
Z,%N 21/(1 = g7). In fact, this is reminiscent of the set-theoretic identity

(k:1<k<N-1JU{Q2N-1-k:1<k<N-1}
={2k:1<k<N-1TJU{2N-1-2k:1<k<N-1}

The proof is complete. i

6. Conclusion

For the trigonometric functions enthusiast, the particular equation in (5.4) can be
converted to one that involves only these circular functions. To this end, we use the
identities )

e icsc(6) 1 1 itan(d)

11—~ 2 7 1+ 2 2
and we rewrite 7/6 = /2 - (2N — 1)x followed by replacing tan with cot via
tan(zr/2 — t) = cot(t). Here, x = 7/(6N — 3) and the outcome is

¢ + wg*)(1 = wg") 1= wz( g~ 1 N 1 )
1 — g% 03 UU-¢% l+wgt 1+wg*

= @(CSC(ZM) + tan(%r + kx) - tan(;—r + ka))

1 _ 2
= T2 fesc(ton) + col((2N — 1 k) — col(@N — 1 2k,
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Hence, (5.4) reduces to verifying the trigonometric identity

N-1
Z(csc(ka) + cot((2N = 1 = k)x) — cot((2N — 1 = 2k)x) =0
k=1

For the more number-theoretic minded reader, we present below a consequence
of the identity in (5.4). We appreciate Terence Tao for allowing us to include his
derivation in this paper. For the remainder of this section, specialise to the case where
2N — 1 is coprime to 3.

Introduce the cube root of unity € := w? = /3
Expand the numerator in (5.4):

= @M1, where g = e2M/ON-3),

N

Zq+eqk_ezq4k_€q o
1 — gok -

k=1

From the easily verified ‘discrete sawtooth Fourier series’ identity, for any k not
divisible by 2N — 1,
1 | W2

T—g% —12”

IN-T &

6jk

(proven by multiplying out the denominator, cancelling terms and applying the
geometric series formula), we can write the preceding identity to be proven as

2N-2 N-1

: 6'1k 2 _(6j+2)k 2 _(6j+4)k 6j+5)k
ij(qw) 2Dk _ 2 0+Dk _ 645k =
Jj=0 k=1

Since gcd(2N - 1,3) = 1, we can write ¢ = €2V~ for some primitive (2N — 1)th root
£ of unity. We then reduce to

2N-2 N-1
IN=Dk A6+ 1k | L22N=1)k+2 #(6+2)k
]Z(< WG+ Dk 4 Q2QN-Dk+2 (6j+2)k)
=0 k=1
2N-2 N-1
j ( (@N-D)k+2 g(6]+4)k 4 2N-Dk+1 g(6j+5)k)_
=0 k=1

From Galois theory, we can see that the net coefficient of {* would have to be
independent of a for each primitive residue class @ mod 2N — 1. We summarise this
discussion in the next declaration.

COROLLARY 6.1. Let N > 1 be a natural number such that 2N — 1 is not divisible
by 3, let y : Z — C be a nonprincipal Dirichlet character of period 2N — 1 and let
€ 1= e”™3_ Then, we have the character sum identity
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2N-2 2N-2
DB DT
=0 k=1
2N-2 N-1
=~ Y ia6i+ ) Y EXxp) (61)
=0 k=1-N

We conclude with a problem proposed by Terence Tao.

QUESTION 6.2. Is there a direct proof of the identity (6.1) that does not rely on (5.4)?
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