Bull. Aust. Math. Soc. 82 (2010), 367-389
doi:10.1017/S0004972710000390

ENDPOINT ESTIMATES FOR COMMUTATORS OF
RIESZ TRANSFORMS ASSOCIATED WITH
SCHRODINGER OPERATORS

PENGTAO LI® and LIZHONG PENG

(Received 9 November 2008)

Abstract

In this paper, we discuss the H L‘-boundedness of commutators of Riesz transforms associated with
the Schrodinger operator L = —A + V, where H LI(R”) is the Hardy space associated with L. We
assume that V(x) is a nonzero, nonnegative potential which belongs to B, for some ¢ > n/2. Let
Ti=V)(—A+ V), h=V2(—A+ V) /2 and T3 = V(—A + V)72, We prove that, for b €
BMO(R"), the commutator [b, T3] is not bounded from H Ll (R") to L' (R") as T; itself. As an alternative,
we obtain that [b, T;], (i =1, 2, 3) are of (H', L\lveak)-boundedness.
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1. Introduction

Let L = —A + V be the Schrodinger operator on R”, n > 3. Throughout this paper,
we assume that V' is a nonzero, nonnegative potential which belongs to B, for some
g>n/2. Let T; (i =1, 2, 3) be the Riesz transform associated with Schrodinger
operators, specifically, 71 =V(—A + VY7L B=VI2(—A+ V)12 and T3 =
V(—A + V)~1/2. The LP-boundedness of 7; (i = 1, 2, 3) was widely studied in [7, 9].
In [3], using a pointwise estimate of the kernel of 7; (i =1, 2, 3), the authors proved
the L?-boundedness of commutators [b, T;] (i = 1, 2, 3) for some p > 1. In this paper,
we discuss the boundedness of [b, T;] (i =1, 2, 3) at the endpoint p = 1.

A nonnegative locally L9 integrable function V (x) on R" is said to belong to B,
(1 < g < 00), if there exists C > 0, such that the reverse Holder inequality

1 . 1/a 1
(E/Bv (x)dx) gc<meV(x)dx> (1.1)

holds for every ball B in R”".
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By Holder’s inequality, we have B, C B, for g1 > g2 > 1. One remarkable feature
of the B, class is that if V € B, for some g > 1, then there exists an & > 0 which
depends only on n and the constant C in (1.1) such that V € B, . It is also well
known that if V € B, g > 1, then V(x) dx is a doubling measure, namely for any
r >0, x € R" and some constant Cy,

/ V() dy < Co / V(y) dy. (12)
B(x,2r) B(x,r)

For such a Schrodinger operator L, Shen [7] studied the L”-boundedness of Riesz
transforms associated with L. He obtained the following result.

THEOREM 1.1 [7, Theorem 0.5, Theorem 3.1, Theorem 5.10].
(i)  Suppose that V € By and q > n/2. Then for q' < p < oo,

I=a+V)T'VEL, <Cpll £l
(ii) Suppose that V € B, and g > n/2. Then for 2g) < p <,

I(=A+V)T2VI2F, < Cull £l
(iii) Suppose that V € By and n/2 < q < n. Then for p| < p < oo,
I(=a+ W2V EIL, <Coll fllp

where 1/p1=1/q — 1/n.

By duality, we can easily obtain the L”-boundedness of 7; (i =1, 2, 3). Take
T3 =V(—=A+ V)12 for example; using (iii) of Theorem 1.1, we find that 73 is
bounded on L?(R"), 1 < p < p1. So an interesting problem is the boundedness of
T; (i =1, 2, 3) at the endpoint p = 1. In Section 2, we prove that the 7; (i =1, 2, 3)
are bounded from L!(R") to Liveak(R"). It was pointed out in [7] that if V € B,,
then 73 is a Calderén—Zygmund operator. So when considering [b, T3], we restrict
ourselves to the case where V € B, (n/2 < g < n).

In [3] the authors proved that for b € BMO(R"), the commutators [b, T;] (i =
1, 2, 3) are bounded on L”(R") for some p > 1. Another problem we are interested
in is the boundedness of commutators [b, T;] (i =1, 2, 3) at endpoint p =1 for
b € BMO(R"). In [6] Pérez proved that if » € BMO(R"), the commutator [b, T] may
not be of weak-type (1, 1) where T is a Calder6n—Zygmund operator. In [4] Harboure
et al. proved that, even if we restrict f € H YR™ c LY(RM), [b, T] f still may not be
in L'(R™).

In [2] Dziubanski and Zienkiewicz studied the Hardy space H Ll associated with the
Schrodinger operator L = —A + V, for V € By, ¢ > n/2. Actually they showed that
if feH Ll(R”), then 73 f € L'(R"). So a natural question is whether the commutator
[b, T3] is bounded from H}(R") into L' (R") when b € BMO(R")? Unfortunately,
in Section 3, we get a negative result. We give a counterexample to imply that the
commutators [b, T;] (i =1, 2, 3) may not be bounded from HL1 (R") to L'(R™).
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These facts imply that, in order to get the H Ll—boundedness of the commutators
[b, T;] (i =1, 2, 3), we need to replace of the space LI(R") by a larger class. In
Section 4, we prove that, if b € BMO(R"), the commutators [b, 7;] (i =1, 2, 3) are
bounded from HL1 (R™) into Lfveak(R").

In the rest of this section, we list some notation and properties for later use.

DEFINITION 1.2. For x € R", the function m(x, V) is defined by

1 1
———— =sup r:—/ V(y)dyfl}. (1.3)
m(x, V) r>0{ "2 g

Clearly, O0<m(x,V)<oo for every xe€ R" and if r=1/m(x,V), then
l/r"_2 fB(x " V (y) dy = 1. For simplicity, we sometimes denote 1/m(x, V) by p(x)
in proofs.

The function m(x, V) has many useful properties. We list them in the following
lemmas.

LEMMA 1.3 [7, Lemma 1.4]. There exist C >0, c > 0 and ky > 0 such that for
x,y€R"

(1 mx, V)y~m(y, V), iflx —y| <C/m(x, V);

2 m(y, V) <C{l+|x — ylm(x, V)}fom(x, V);

3) m@y, V)=cm(x, V)/{1 4+ |x — y|m(x, V)}ko/ko+1),

LEMMA 1.4 [7, Lemma 1.8]. There exist C > 0 and kg > 0 such that if Rm(x, V)>1,

then |
V(y) dy < C{Rm(x, V)}*.
Rn=2 /I;(x,R)
When we estimate the integral of the kernels of 7; (i = 1, 2, 3), we need the following
lemma.

LEMMA 1.5 [3, Lemma 1]. Suppose that V € B, for some g >n/2. Let N >
log,Co + 1, where Cy is the constant in (1.2). Then for any xo € R" and R > 0,
1
{1+m(xg, V)RV

/ V(£)dE < R"2.
B(xo,R)

2. The (L1, L}

weak

)-boundedness of 7; (i =1, 2, 3)

In this section, we discuss the (L', leeak)—boundedness of T; (i=1,2,3). For
the operator T3 = V(—A + V)~1/2 Li [5] proved the (L', Liveak)—boundedness of the
Riesz transform X jL_l/ 2 associated with a Schrédinger operator on a nilpotent group.
So we need only give the proof of T; for i =1, 2. For the proof, we need the well-
known Calder6n—Zygmund decomposition as follows.

LEMMA 2.1 [8]. Let f € L' and a > 0; there exist a decomposition of f as f =
g + b, where b =), by, and a sequence of balls { B’} such that:
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1) |gx)| <caa.e. forx;

(i) supp by C By, [ |bx(x)| dx < ca|Bj|;

(iii) [ br(x)dx =0;

(V) 2p 1Bl < (c/a) [ If(x)] dx.

THEOREM 2.2. Suppose that V € B, for some g >n/2. If Ty =V (x)(—=A + v)y~L
then Ty is bounded from L' (R™) into Liveak(R”).

For the proof of Theorem 2.2, we need the following pointwise estimate of the kernel
of Ty.

LEMMA 2.3 [3, Lemma 2]. Suppose that V € By for some q > n/2. Then there exists
8 > 0 such that for any integer K > 0,0 < h < |x — y|/16,
Cx L v, 2.1)
+m(y, V)lx — y[}¥ |x — y|=2
Ck |h)?
m(y, V)lx — y[}K x — y|n=2+

|K1(x, y)| < a

|K1(x, y+h) — Ki(x, y)| < 0+ Vix). 2.2)

PROOF OF THEOREM 2.2. By Calderén—Zygmund decomposition,
{x 1T f O > e} < {x 2 [Tig(x)| > a/2} + [{x : |T1b(x)| > a/2}].

Using (i) and (iv) of Lemma 2.1,

/ lg ()| dx 5/ lg ()| dx +/ 18 ()| dx
(UBY)© UB}

k
Scap_I/ | f(x)| dx + ca?|UB|
(B
< ca? | fIh.

Then by (i) of Theorem 1.1 and 1 < p < g,

C
s Tig0o > 07201 < o ITig()I? dx
ar J{x:Tigl>a/2)

< ¢ p<C
< 07”8”17_ ;||f||1-

Now we estimate [{x : |T1b(x)| > a/2}|:

[{x - | T1b(x)| > a/2}] < |{x € (U16BY) : |T1b(x)| > ar/2}]|
+ [{x € (UI6B})C : | Tyb(x)| > a/2}]
> " 16BE| + [{x € (UI6BY)° 1 [ Tib(x)] > a/2}]
k

IA

IA

2 / | f ()] dx + [{x € (UI6B;)" : |T1b(x)| > a/2}|.
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By the cancelling property of by, we let B = B(xy, ry). Then

l{x € (U16B;)° : |T1b(x)| > a/2}]

C
< —/ IT1b(x)] dx
o Jui6By)

Z/ 16B})°

52/ |bk(y>|dy/ 1K1 (x, ) — K1 (x, x0)l dx.
UL6B})*

[Kl(x, y) — Ki(x, xi)1bk (y) dy| dx

o

Because y € By, then |y — xx| < rg < |x — x¢[/16. In Lemma 2.3, set h = |y — x|.
Then

C — |8
IK1(x, y) — Ki(x, x)] < K =l
(1 +mCxg, V)|x — xe|}K |x — xg|n—2+8

By Lemma 1.5,

/ |K1(xa y)_Kl(-xv-xk)Idx
(U16B})¢

Ck ly — xil®
= V(x)dx
/UB;)C {14+ mQxg, V)|x — xi|}K |x — xp |12+

(
e s
Ck ly — Xl
= Z/ 1 K n—zgs V(1) dx
=4 2 rp <|x—xp| <2k {1 +m(xg, V)|x — xkl} |x — Xk |
= C re
SZ £ —k 8/ V(x) dx
{1+ mQxx, V)2Ir}K 27r)n=248 |,y <2i+in

J
8

= Z m(zjrk)n <

8II

Finally, we obtain

x: ITib ()] > a/2)] < 5/|f<x)|dx+5 ) ﬁf by ()] dx
@ &« B
< 5/|f<x)|dx.
o

This completes the proof of Theorem 2.2.

For the (L', L Weak) -boundedness of T,, we need the following lemma.
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LEMMA 2.4 [3, Lemma 3]. Suppose that V € B for some q > n/2. Then there exists
8 > 0 such that for any integer K > 0,0 < h < |x — y|/16,

Ck

V)lx — y[1K Jx — ypt
Ck ||

K

20 S G V=K =y 158 Y

K2 DI < s V() (2.3)

|K>(x, y +h) — VI2(x). 2.4)

We now prove the (L', L}Veak) -boundedness of 75.

THEOREM 2.5. Suppose V € B, for some g > n/2. If T, = VIZx)(=A + V)712,
then T» is bounded from L' (R”) into L weak (R™)-

PROOF. By the Calderén—Zygmund decomposition,
H{x T2 f (O] > e} < [{x 0 [T2g ()| > /2}| + [{x : [T2b(x)| > a/2}].

Similarly, we only need to estimate |{x € (U16B)) :|T2b(x)| > t/2}|. Set B} =
B(xg, rr). Then by the cancelling of by (x),

l{x € (UI6BY) : |Tab(x)| > a/2}]
<—Zf

S—Z/ |b(y)|dY/ |K2(x, y) — Ka(x, xp)| dx.
a 7 Jp; (U16B))"

[Kz(x, y) — Ka(x, xp)1b(y) dy| dx

(U16B{)*

Since y € B[ and x € (U16B;)¢, then |y — xi| < rx < |x — x|/16. Let h = |y — x|,
by Lemma 2.4 and Holder’s inequality,

/ K2 (x, y) — Ka(x, xi)| dx
(UI6B})C

2

<
T o aine<v—nl =2ty 1 m o V)lx — X YK |x = xe|n s
> r’f j+1,. yn/(2q)’
J n/(2q
]2:;1 {1 +m(xk, V)ZJrk} (2irg )1+ 27 )
1/q
X (/ V4(x) dx)
[x— xk|<2/+lrk
J+1,. \n/Qq) +n/2q—n/2
; {1 +m(xk, V)ZJrk} (2 rg)n— 148 @7 )

1,2
X / V(x) dx)
lx—xg|<2/t1ry
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00 rrS ) , )
k Jj+1 n/Q2q) +n/Q2q)—n/2 ~4j+1 n/2—1
<C) > Qi1 2" ) 2" )

o0

<C) 55 =C

Finally, we obtain
C C C
{2 1 T2b ()] > /2 < =1 fIh + = Z/ b (o) dx < =11 f 1.
o o Uy o

This completes the proof of Theorem 2.5. |

In a similar manner to the two previous theorems, and using the following lemma,
we can prove the (L', Liveak)-boundedness of T3.
LEMMA 2.6 [3, Lemma 4]. Suppose that V € B, for some n/2 < q < n. Then there
exists § > 0 and for any integer K > 0,0 < h < |x — y|/16,

Ck 1
K3(x, y)l < - -
{I+m(y, V)lx —y[}* [x =yl

(2.5)
V() 1 )
- - +
) (/B(x,xyl) |x —&|n~! 9% lx — v
Ck |h|®
K3(x, h) — K3(x, <
|K3(x,y+h) 3(x, y)| < T+ m0 Vx — K [ =y 15 06

V() 1 )
d .
% (/B(x,pc—yn Ix — &1 5+ lx — yl

THEOREM 2.7. Suppose that V € By, n/2 <q <n. Letting T3 =V(—=A + v)~1/2,
then T; is bounded from L'(R") into Liveak(R”).

3. Failure for (H i, LY)-boundedness of [b, T3]

In [2] Dziubanski and Zienkiewicz studied the Hardy space H Ll associated with a
Schrodinger operator L. In that paper they constructed the atomic Hardy space as
follows.

DEFINITION 3.1 (H]-atom). For n € Z, define the set %5, by
B, ={x:2"? <m(x, V) < 20+D/2},

Since 0 < m(x, V) < oo, then R" =, B,.
A function a(x) is an atom for the Hardy space H Ll (R™) associated with a ball
B(xg, r), if the following conditions hold:
(i)  suppa(x) C B(xg, r);
(1) lallre < 1/1B(x0, r)l;
(iii) if xo € By, then r < 2177/2;
(iv) if xo€ B, andr <271- n2, ,then [ a(x)dx =
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The atomic norm in HIE(R”) is defined by | f|lz—atom :inf{zj |A;1}, where the
infimum is taken over all decompositions f = jhjaj where a; are H If—atoms.

In [2] the authors obtained the atomic decomposition of H If as follows.

THEOREM 3.2 [2, Theorem 1.5]. Assuming that V is a nonnegative potential such
that V € By o, then the norms ||f||HL1 and || f|lL—atom are equivalent, that is, there
exists a constant C > 0 such that

-1
C ”f”HLl = ”f”L—atom = C”f”HLl
Using atomic decomposition, the authors obtained the following result.

THEOREM 3.3 [2, Theorem 1.7]. If V € By 2 is a nonnegative potential, then there
is a constant C > 0 such that

d
CUN Ny < Nflea+ Y URF fllpr < CUFf Nl
j=1

where RJL. denotes the jth component of the operator T3 = V(—A + V)~1/2,

Theorem 3.3 implies that the Riesz transform RJL is bounded from H I{ (R™) into
L'(R™). A natural question is whether the commutator [b, RJL.] is bounded from
HLl(R") into L'(R") for b € BMO(R"). For Calderén—Zygmund operators, the
answer is negative. In [4], Harboure et al. proved that for a singular integral
operator T, if [b, T] is bounded from H L(R™) into L' (R™), then b must be a constant.
In this section we prove in a similar manner that for 73 = V(—A + V)~1/2, the
commutator [b, 73] may not be bounded from H LI(R”) into L' (R™).

First we state the definition of the dual space of H Ll(R") which was introduced
in [1].

DEFINITION 3.4. We shall say that a locally integrable function f belongs to
BMOj; (R"™) whenever there is a constant C > 0 such that

! 1
— dy <C d dy <C,
|Bs|/3,, ) = faldy=C an |Br|/B,'f(y" y =<

for all balls By = Bs(x), B, = B-(x) such that s < p(x) <r. We let | fllBmo,
denote the smallest C in the above inequalities. Here and subsequently, we set

f5=(1/IB) [, f(x) dx.

THEOREM 3.5. Let T3 = V(—A + V)~/2 be the Riesz transform associated with the
Schradinger operator and let b € BMOy (R"). Then the following two statements are
equivalent.

(i)  The commutator [b, T3] is bounded from HLI(R") into LY(R™).

(i) For any atom a supported in a ball with center xo and radius r < p(xp), for

ueEB,
/ IKs(x,u)I‘/ b(y)a(y) dy
(33B)¢ B

dx <C.
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PROOF. Because a(x) is an HLl—atom, we assume that the support of a(x) is B(xg, r).
In order to estimate the L! norm of T3a(x), we divide the discussion into two cases as
follows.

Case I. For p(xp) <r <4p(xop),

[b, T3]la(x) = x28(x)[b, T3]la(x) + x@2yc (X)[b, T3]la(x)
= x28(X)[b, T3]a(x) + x@2Byc (X)b(x)T3a(x) — x@2B) (x)T3(ba)(x)
=: M| + M+ M.

For M1, by the L?-boundedness [b, T3], we get

M1l =/ |[b, T3]a(x)| dx
2B

1/p
sc</ |[b,T3]a(x>|f’dx) |B|!-1/P
2B

< Cllall,|BI""V?|Ibllgmo,

< C||bllBmo; -

For M,, we have
[ M2l 1 =/ ()| T3a(x) dx < / la(y)l dy/ |b(xX)|1K3(x, y)| dx.
(2B)° B (2B)°
Using Lemma 2.6,

/ 1b(0)[|K3(x, y)| dx
(2B)°

Ck 1
< |b(x)] X p
@B)* {1+m(y, V)lx —y[}* |x -yl
14
X (/ iﬁ] dZ) dx
B -y ¥ — 2"
1

+ / |b(x)] dx
2B) {1+m(y, V)|Ix —y}¥ |x — y|
=: M>1 + M.

For M»>;, because y € B and |x — xg| > 2ky imply |x — y| > |x — xo| — |y — xo| >
2k —p > 2]"11’,

> 1 Ck
My < / 1b(x)] dx
/; 2k <|x—xg|<2Kk+1r [x —y[" {l +m(y, V)|x _y|}K

= 1
b dx.
; 1 +m(y, V)zk 1V}K (2k 17")" v/lx—x0|§2k+1r | (X)| *
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Because y € B implies that |y — xo| <7 <4p(xg), then p(xg) ~ p(y). We have
m(y, V)r >m(y, V)p(xg) = 1 forr > p(xg). Therefore,

e8]

Ck
My < ——|b .
22_; =TS IbllB™mO,,

Because |x —z| <|x —y| implies that |z —xg| <|z — x|+ |x —x0| < |x — y| +
Ix — xo| <2|x —xol + |y — xo0| < 2572 +r < 2831 then

o5 Culs 1
B k=1 Y 2kr<|x—xo|<2k+1r {I+m(y, V)|x — )’|}K

X (/ L)—l dz)|b(x)| dx
B(x,Jx—y)) X —2|"

1
—Z{1+2k I}K (2k 1r)n 1

H/ V(Z)XB(X() 2k+3r)(Z) dz

_x|n1

1
_Z{l zk I}K 2k1)n1

X / V(z)dz
B(xg,25+3r)

o
Ck 1
<) ————%lbllBmO —/ V(z)dz.
,; {121}k F =2 gk

Q)P bl gmo,

LP1(dx)

Q)P bl|pwmo, (253 )

Because 237 > r > p(xo) for k > 1, 2°t3rm(xg, V) > 1. Then by Lemma 1.4, the
double property of V (x) dx and rm(xg, V) <4 for r <4p(xg),
1

E— V(z) dz < C(2*rm(xq, V))ko < c2kko,
(2kryn—2 /B(xo 2k+3r)

Therefore, choosing K large enough, we obtain
00 Cx

My < CllbllBmo, )

— . okko <Clbllsmo, -
k—1K L
po {1 +2k=1}

This implies that [|[M2];1 < C|Ib|lBmO, -
Finally, we estimate M3:

| M3 2/ /Ks(x,y)b(y)a(y)dy‘dx
2B)¢|JB

Cklx —y|'™
< b d
= /B' Wlat)| y/|x_x0|>zr I+ m(. V)lx —y}k
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\% 1
o225l
B(x,|x—y|) lx —z|" lx — vl

=: /B b lla()(M31 + M32) dy.

For ye B, |x — xg| >2%r, we have |x —y| > |x —xo| — |y — xo| > 2k —p >
2k=1, where k > 1. Then

Ck 1
M3z = e dx
epy {(1+m@y, V)|x — y}& [x — y|"
o0
1
= / Cx e dx
= Jakr <pp—xpl<2e+ty {L+m(y, V)Ix = y[}E x — yI”

Ck 1 /
< dx
]; {14 21m(y, VIr}K Q@ =1r)n Jix_xo1<ok i,
o0
< Cx

C ——=<C
- ,;(sz—‘)K—

Here we have used the fact that, for 4p(xg) >r > p(xg) and any |y — xg| <r <
4p(x0), we have m(y, V)r > rp(xg) ~ 1. For M3y, since |y — xo| <7, |x — xo| > 2kr,
then |x — y| > |x — xo| — |y — x0| = 25"!r. Then

C 1 1%
M3, =/ X = (/ V@ dz) dx
(ZB)" {1+ m(y, V)lx — 3K x = yI" \J e jemyp X — 21"

1
{1+Wt(y, )2" ryk @k=tpyn=t

Vi(z
X / (/ % dz) dx.
% <|x—xol<2k+1r \J B(x,|x—y)) 1X — 2["

For z € B(x, |[x — y|), |z — x| <|x — y|. So for every y € B(xg, r) and |x — xg| <
2k+lr’

M

|z — xo0l < |z — x|+ |x — xo
< lx —yl+1Ix —xol <2|x — xol + |y — xol
< 2k+2r+r §2k+3r.

Then by Lemma 1.4, choosing K large enough,

Ma < i CK 1 (2k+1r)n/p/l
3= {1 4 261K (2k=Tpyn-T

/ V(Z)XB(XO,2k+3r)(Z) dz

X 1
|z — xol"~

L7 (dx)
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1 , 1/q
25yl (/ Vi(z)d )
- Z {1 +2k K (2kryn—= T B(xo,263r) (@) dz

1 /
— Z 2k l}K (2k yn— 1( kr)n/pl—i-n/q—n/ V(z)dz

B(x0,2k+3r)

00

kk
—Z(1+2k 1)[(2 OSC'

Here we have used the fact that, because p(xg) <r <4p(xg), then 1 <rm(xg, V) <4.
Then for y € B, |y — xo| <r <4p(xp). Therefore we have m(xg, V) ~m(y, V) and
I <rm(y, V) < 4. Finally, using (ii) of Definition 3.1, we obtain

M3l < / [bWIla()(M31 + M32) dy < C— / Ib(»)dy < CllbliBmo, -

In fact, we have proved that for an H! 1 -atom a(x) with support B(xo, ) with p(xp) <
r <4p(xo), if b € BMOL(R"), then [|[b, T3]al ;1 < CllbllBmO, -

Case Il. For r < p(xp), the atom a(x) has the cancelling condition f pa(x)dx =
0. Forany u € B,
[b, T3la(x) = x338(x)[b, T3la(x) + x@338)c (x)[b, T3]a(x)
x338(x)[b, T3]a(x) + x33B)c (x)(b(x) — bp)T3a(x)
— X338 () T3((b — bp))a(x)
x338(X)[b, T3]a(x) + x33B)c (x)(b(x) — bp)T3a(x)

— X33B)c (x) /[K3(x, y) — K3(x, w)](b(y) — bp)a(y) dy

O / Ka(r. w)[b(y) — bgla(y) dy
= h+DL+13+ 14

Clearly we can see that 4 is the term in the integral of (ii) of Theorem 3.5. So we need
only estimate [; (i =1, 2, 3) separately.
Because [b, T3] is bounded on L? for 1 < p < py, then we have

I, < / b, Tyla(v)] dx
33B

l/p
< C|B|H/”(/ \[b, T3la(x)|” dx)
33B

< CIBI""VP|la|l ,Ibllsmo,
< CllbllBmo, -
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By the cancelling property of a(x),
1121l 21 5/ |b(x) — bpl|T3a(x)| dx
(33B)°
< [ b= bal [ 1KaGr ) = Kax, llao) dy
(33B)¢
f Ia(y)ldy/ |b(x) — bplIK3(x, y) — K3(x, x0)| dx.
33B)°

Because y € B(xp, r) and x € (33B)¢, we have |y — xg| <r < |x — x¢|/16. By
Lemma 2.6, setting h = |y — xo|,

Ck ly _JCO|(S
K
300 X0 = G V)l = x0l1K Tx — w180

V) 1 )
— d .
% (/B<x,|x_x0> PR R

Naturally we divide the integral into two parts,

|K3(x, y) —

/ |b(x) — bpl|K3(x, y) — K3(x, x0)| dx
(33B)°

o Cklbx) ~bsl Iy~ xol
= Jaspye {1 +m(xo, V)Ix — xol}K |x — x|~ 1+9

V() )
———d& ) d
) (/B(x,lx—xo) Ix — &1 s

Ck ly — xol®
+f 1b(x) — bs|
(33B)¢ {14+ m(xo, V)lx — xo}X |x — xo|+?
=: I + I.

For Iy, because BMOy (R") is a subspace of BMO(R"), then ||b]lsmo < [|b]lBMO; -

We have
00 )
Ck |y — xol
Iy < f 1b(x) — bs|
; 2kp <|x—xq|<2k+1r {1 +m(xo, V)|x — x0|}K lx — x()|n+(S

Ck
{1+ m(xo, V)2kr}K (2kr)n+3

o0

(k+2)

< Clibllsvo, Y 5
k=5

< Cl|lbllB™mO, -

Q) (k 4 2)|1bllBMO

M

»
Il
o)
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For 1, by Holder’s inequality and Lemma 1.5,

I i r’lb(x) = bg|
2! +2krm(x0 VK J o<kt (2kp)n—148
= | ; [r—x| <26+

V()
———d& | d
% (/B(x,|x—x0|) lx —gn—1 é)

[e'e) $
- Z Ck IbllBmMo (k+2)r 2K+ pyn/ )
{14+ 2krm(xg, V)}K (2kp)n—1+3

H/ V(&)XB(XO k42, (§)

|nl

d§

LP1(dx)

Z cknbuBMoL kA2 ki1
- 1 4+ 2krm(xg, V)}K (2kr)n—1+8

) 1/q
x ( / V) dé)
B(x0,2/%2r)

<3 Crlblawo, G D ket yn/pp el
- {14 2krm(xp, V)}K (2kp)n—1+3

x / V(&) dE
B(Xor)

(k +2)r , L
< Clbllsmo, Z W( ok pyn/ P+ /g —n-+n=2
= C”b”BMOL-

Finally, for || I3]|;1, we get

150 sf /|K3(x,y)—Kg(x,u)||b(y)—b3||a(y)|dydx
(33B)¢ JB

=f 1b(y) —bBIIa(y)Idy/ IK3(x, y) — K3(x, u)| dx.
B (16B)°

On the one hand, because u € B, we have |y — u| < |y — xo| + |xo — u| < 2r. On the
other hand, for x € (33B)¢, we have |x — u| > |x — xo| — |u — xo| > 32r. Therefore
|y —u| <2r <|x —u|/16. By Lemma 2.6, setting h = |y — u|,

Ck ly —ul®
K
sl = {1+ mu, V)lx — ul}K |x — up—1+

V() 1 )
% (/B(x,lx—ul) lx — &=t i T— |x — ul

IK3(x, y) —
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[15] Endpoint estimates for commutators of Riesz transforms 381
Similarly, we divide the integral of the above inequality into
/ [K3(x, y) — K3(x, u)| dx = I31 + I3;.
(33B)¢

For I3;, we have

e e
N =5 2k <|x—u|<2k+1y {I+mu, V)|x — u|}K lx — u|n+8

0 0 .
<CYy ———@/t)n
=€ 2 iy @)
<C.

For I31, notice that every & € B(x, |[x —u|),and |§ —u| <2|x —u|. If |x —u| < 2kr,

then |& — u| < 2¥T2r. So we have

00 )
CK r k=41 ’
I < 2 + ”/pl
3= Z (Ut mG, V2K @3 &)

” / V<$>x3(u 22y (6)
—gpl

d§

LP1(dx)

<i Cx re @&yl ph / VIEY d Va
{1 + m(u, V)2kr}K (2kpyn—1+8 r ( B2 (é) 5)

k=5

o) )

Ck r k+1 " nk -

< 2 n/pj 2 +2 \n/q—n
; (0 m, V)25K @yt & )

% / V(&) de
B(u,2k+2r)
3

< (2k+1r)n/p1+n/q n+n—2 <C.

Mg

(2kry

Then we have |[|l3]1 < [ 1b(y) —bplla(y)ldy < (1/|B]) [ |b(y) —bp|dy <
IbllBMo, - Finally, the estimate of ||/;||;1 (i =1, 2, 3) implies that, for an Hi—atom
a(x), |[Tza(x)||;0 < C if and only if |[I4];1 <C. This completes the proof of
Theorem 3.5. O

~
Il
)

COUNTEREXAMPLE 3.6. From Theorem 3.5, we find that the commutator [b, T3]
may not be bounded from H LI(R”) into L'(R"). We use a simple example to imply
this conclusion. If we choose r small enough such that 33r < p(xp),

/ |K3(x, x0)| dx
|x—xq|>33r

2/ [R(x, xo)| dx —/ |K3(x, x0) — R(x, x0)| dx
|x—xq|>33r

|x—x0|>33r
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z/ |R(x,xo>|dx—/ K3 (x, x0)] dx
|x—xo|>33r |x—x0|>p(x0)

- / [R(x, x0)| dx
[x—x0|>p(x0)

- / |K3(x, x0) — R(x, x0)| dx
33r<|x—xo|<p(x0)

>

[R(x, x0)| dx —/ |K3(x, x0)| dx

[x—x0]>p(x0)
— / |K3(x, x0) — R(x, x0)| dx
33r<|x—xo|=<p(x0)

= M1 —MQ—M3.

/33r< |x—xo|<p(x0)

Shen [7] proved that there exist constants C, C> such that M, < Cy and M3 < Cj.
Then by Theorem 3.5, if [b, T3] is bounded from H; to L', then

</ IR(x,xo)Idx—Cl—Cz)
33r<|x—xg|<p(x0)

where |R(x, xo)| =1/]x —xo|". If we set V(x) =1 for convenience, then by
Definition 3.1, it is easy to see that p(xg) = 1. By Definition 3.1, because r is the
radius of the atom a(x), then » < 2!="/2_ This means that if n is large enough,

<C

/ b(y)a(y) dy

1
<Cg -Cy— C2>‘/ b(y)a(y)dy| < (ln B C,— Cz) fb(y)a(y) dy| <C,
r
that is,
‘/ b(y)a(y) dy)—>0 whenr — 0 (n — 00). (%)

Unfortunately the conclusion (x) is not true for a general atom a(x). For example,
we set

b(x) =log |x|, when |x| <1, b(x) =0, otherwise;

1 1 1
ar(x) = —2]‘, when x € (O, W), ar(x) = 2% when x € <W’ ?>

It can be proved that b(x) € BMOy (R") and ay(x), k € ZT are HLl—atoms. We have,
foreveryk € Z T, If b(y)ai(y) dy| = 1In 2, which is contrary to the conclusion ().
4. (H}, L} . )-boundedness of [b, T;],i=1,2,3
The counterexample in Section 3 implies that, if » € BMOy (R") and b is nonzero
in the BMOy, norm, we cannot guarantee that the commutators [0, T;] (i =1, 2, 3) are
bounded from H Ll (R™) into LY(R™). In this section we prove that if L'is replaced by a
larger space, namely Léveak(R”), then the [b, T;] (i = 1, 2, 3) are bounded on HLl(R”).
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THEOREM 4.1. Suppose that V € By, q >n/2. Let Ty =V (x)(—=A + VLT =
VIV2(—A+ V)" V2 and T3 =V(—=A+ V)12, For b e BMO, the commutators
[b, T;1(i = 1, 2, 3) are bounded from H} (R") into L} _, (R™).

PROOF. For convenience, we prove the (HLl, L\lveak)-boundedness of [b, T3]. The
proofs for [b, T1] and [b, T3] are similar. From Theorem 3.2, we know that for every
fe HLI, there exist a sequence of HLl-atoms {aj(x)} and a sequence of {A;} for j € Z
such that f = Zj Ajaj(x) and Zj 2] < ||f||HL1. If we set the support of a;(x) as
B; = B(xj, rj), thenr; <4p(xp) by Definition 3.1. Therefore,

[b, T31f (x) = ) &jlb, Tslaj(x)
J

> Ajlb. Talaj(x) + > Ajlb, T3)a;(x)

rj<p(x;) plxj)=rj<4p(xj)

=03 Ajlb. T3la; () + Y, jlb. Tala; ).
where we denote

Y b, T3laj(x) by Y Ajlb, Tslaj(x)

ri<p(x;)
and
Y. Ajlb, T3laj(x) by Y Ajlb, Tslaj(x).
p(xj)<rj<dp(x;)
Then

b 1B, a1 @) > 4 < {530, 21, Talaj 0| = 22}
+ e[, 25, Bilaj 0| > a2}
Hence we need to estimate |{x : [ _; A;[b, T3]a;(x)| > 1/2}|,i =1, 2, separately.

Step I First, we estimate [{x : [Y_; A;[b, T3]a;(x)| > 1/2}|. We have

s |2, 2t Tala 0| > 22|
=< Hx : ‘Zl Aj(b(x) — ij)T3aj(x)X(1631.)(x)‘ > )\/6}‘
+ Hx : ‘Zl Aj(b(x) — ij)T3aj(x)X(163j)(‘(x)‘ < )u/6H

N =
=L+ L+ 1.
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For I, because T3 is bounded on L?(R™"), 1 < p < p1, 1/p1=1/qg — 1/n,

no=|fs |32, 5000 = b Tsa; xaem )] > 276

C
- |)»'|/ |b(x) — bp,||T3a;(x)| dx
AZl J 168, J J

c L\ NG
- |)»'|</ |b(x) — b, dx) </ |T3a;(x)] dx)
A 21 16B; ! 68,

J

IA

A

IA

C
— 2 141181 lIblBmolla

C
— 2y Ijllbllno.

IA

For I3, by Theorem 2.7, T3 is of weak-type (1, 1). Using Holder’s inequality,

A

o |32, msce = bmpapeo| = a6} < £ 30, [ b = b llay o1 d

IA

C
— D1 IAl1BlBmo.

For I, the atom a; has the cancelling property when r; < p(x;). We have

|32, 25000 = b Tsa; 0 xes, 0] = 276

C
<—- E IK'I/ |b(x) — bp;| x |T3a;(x)| dx
a1 ey ! !

C
< IK'I/ |b(x) — bp;|
Zl J (16B;)° J

A
<CE I)»I/I ()Id/ |b(x) — bp;||K3(x, y) — K3(x, x;)| d
=~ — i aily y X) — DR 3\X,y) — 3(X, Xj X.

o=t g (16B;)¢ ! ’

/B [K3(x, y) — K3(x, xj)]a;(y) dy| dx

We set Iy = f(mBJ_)C |b(x) — b3j||K3(x, y) — K3(x, xj)| dx. Because y € Bj,
ly —xjl <r; and x € (16B;), |[x — xj| > 16r;, then |y —x;| < |x — x;|/16. By
(2.6) of Lemma 2.6,

Ck |y_xj|(3
(I mj, V)lx — ;K [x — ;=159

1% 1
(L 0 1)
B(x,lx—x;|) |X —ul” lx — x|

|K3(x, y) — K3(x, xj)| <
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Then

Ly = / |b(x) — bp;[|K3(x, y) — K3(x, xj)| dx
(16B;)°

/ Ck|b(x) — bg,| ly — x;I°
- :
aespe {1 +mxj, Vlx —x;[}K [x — x;[n=1+0

\%
X (/ % du) dx
B(x,lx—x;]) [* —ul"

ly — x;1°
+ / |b(x) — bB |— dx
(16B;) |x — x;j|n+d

gl 2
=1y, + 1y,

For 12 h
[© 2’y,we ave

ly — x;[°
1? =/ |b(x) — bg, | —L dx
27 Jaes;) Tl = xj it
o) 8
ly — xjl
< / b) = by, |2
k=4 2krj§\x—xj|<2k+lrj | Jl

00 70

< —’f |b(x) — bg,| dx
h X_: (zkr.)n-i-é [x—xj|<2k+1r; !

(k +2)r?
< ClbllBmo Z Oy e AL
< C”b”BMO-
For 121’ ) We have
./ <i/ Cklb(x) — bg| ly —x;°
2y = =4 Y 2krj<|x—x|<2k+1r; {1 +m(xj, V)lx _xj|}K |x _len_H_(S

|4
X (/ #du) dx
B(x, |X—Xj) |x — ul"

o

0
J
b(x) — bp;
Z 1—|—m(x,, V)Q,krj}K (Zkrj)" 1+5 /;krj<x <2k, |D(x) B]|

\%
X (/ %du) dx.
B(x,|x—x;|) |x — ul

Because every u € B(x, |x —x;|) implies that |u — x;| <2|x — x;| <2¥2r; for
lx — x| < 2K+ j» then by Holder’s inequality and Lemma 1.5,
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o

o0
J
2:: -I-m(xj, V)Zkrj}K (2kpjn—14s

, 1/p}
X (/ |b(x) — bp; | dx)
lx—xj|<2k+1r;

/ V(”)XB(xj,zkHrj)(u) du

|x — u|"_]

X

LP1(dx)
(k + 2)r?

Z 16llBMO
= {1 —I—m(xj, V)Zkrj}K (Zk}"j)n_H"S

, 1/q
« (2k+1rj)n/p] </ V9 (u) du)
B(x;,2842r})

$
<C i M k1, )n/p1+n/q n 16llBMO
=i {1 +m(x;, V)2Fr K

X / V(u) du
B(xj,2k+2r))

o (k+2)r /
< C|lbliBmo Z m(zk—kl’,j)n/ﬁl-‘rn/Q—n—l-n—z
k=4 J

< C|bllsmo

o0

where we have used the fact that, for 1/g =1/p — 1/n,n/pi +n/q —n+n—-2=
n — 1. Then

C C
=< -~ 21 [Aj] / laj(y)|(114,y) dy < xllbllBMo Zl [A;1.
Bj

Step II. 'We estimate |{x : |, A;[b, T3]a;(x)| > 1/2}|. Notice that in this case,
p(xj) <rj < p(xp), the atom a(x) has no cancelling property. Similarly,

e[ 22, it Taday 0| > 2],
< Hx : ‘22 Aj(b(x) — ij)T3aj(x)x(23j)(x)‘ > k/6H
+ Hx : ‘Zz Lj(b(x) — ij)TSClj(X)X(sz)c(x)‘ > }L/6H

+ Hx : ‘Zz AjT3((b — bB_/.)aj)(x)) = )”/6”
=:l4+Is + Is.

Similar to the proof of step I, using the L”- and (L', L Weal() -boundedness of T3,

Iy < —||b||BMo Y, 1l and I < —||b||BMo >, Il
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For Is, we have
Is = Hx : ’Zz o (b(x) — ij)T3aj(x)X(2Bj)c(x)‘ > A/6H
oyl /@B‘)c Ib(x) — b, lITa; ()] dx
J

IA

C
< o /1;- la;(y)l d}’/ |b(x) —ij||K3(x’ )| dx.

(2B))°
We set 15y = f(ZBj)C |b(x) — ij||K3(x, y)| dx. By (2.5) of Lemma 2.6,

C 1
K3(x, y)| < K = 1
T+ m@y. V)lx — y[}K Jx =y~

1% 1
Bx,lx—y) [x —ul" lx =yl
By = [ 160 = b lIKaGe l d
QB

| Cx|b(x) — b, 1 v
5/ k|b(x) — b, i 1(/‘ () 1du>dx
egpe {L+m(y, V)lx — y}* lx — yI"= \J B, jx—yp 1x —ul"”

| Crlb) —bw| 1

(2B;j)° {1+m(y, V)|x — Y|}K lx —y|"
.7l 2

==. IS’y +157y.

2
For IS,y’ we have

Cklb(x) — bp. 1
Izy =f k|b(x) — bp;| ; dx
(2B)* {1+m(y, V)lx — yI}* [x — y|”

1
<

b(x) — bp.| dx
= Z {1—|—m(y, V)Zk lr }K k=14 )n /2’<r/<|x x,|<2k+1r] | ( ) B;|

ZUH— ’) CkllbllBmo
P {1+m(y, V)2k=1r;}K

o~ Cr(k+2)
< Clbllemo Z {l’iz—kl}K

8

< C”b”BMO-
Here, in the second inequality, we used the fact that because y € Bj, |y — x| <r;j,
then |x — y| > |x —x;| — |y — x;| > 2571r; for 2%r; <|x —x;| <2%F1r;. In the
fourth inequality, we used the fact that because p(x;) <r; < p(xo), then |y — x;| <
ri<4p(xj),m(y, V)~m(x;, V)and 1 <r;m(xj, V) <4.
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Finally, we estimate Isl’y. For every u € B(x, |x — y|), lu — x| < |y — x| +
|x — x;|, then for 2krj <lx—xjl< 2krj, we have |x — y| > 2k’1rj and |u — xj| <
lx —u| +|x — x| < |y —xj| +2]x —xj| < 2k+3rj. Using Holder’s inequality,

. Cklb(x) — bg,| 1 V(u) du) d
IS,y = 11 Mx — y[}K |x — y|r—1 —upt )
(2B;)° {1+m(y, V)Ix —y[}* |x =yl B(x,|lx—yl[) lx — ul

o0
Ck 1
P {14+ m(y, V)2k=1r}K 2k=1p;yn—1

\%
x / |b(x)—b3j|-</ %du) dx
2krj<|x— xJ|<2krj B(x,|x—y|) |x — ul"

e 1
Z: {1+m(y, V)zk Tr 1K (Qk=Tpjyn=1

, 1/p}
X (/ |b(x) — bp; |1 dx)
|x—xj|<2k+1r;

/ V(M)XB(Xj,2k+3rj)(u) du

|x — uln—1

IA

X

LP1(dx)
Because y € B(xj, r), we have |y —x;| <4p(x;) and m(x;, V) ~m(y, V). For

p(xj) <rj<4p(x;), wehave 1 <m(x;, V)r; <4. By Lemma 1.4 and the fractional
integral,

o0
- Z CkllbliBmoO (k+2) (2k+1rj)n/pq

(I m(y, V)2=Tr K @k=Tppyn=T

k=1
1/q
X (/ V4(x) dx)
|x—x;|<2k+3r;

- i Ck lIbllBMO (k+2)
T = {1+ m(y, V)2k=lp K k=1t

(2k+1rj)n/pﬁ +n/q—n

X / V(x)dx
|x—x;|<2K+37;

i CklIbllBmMO
= {1 +m(y, V)Zk_lrj}K

(k+2)2rim(x;j, V))ko

< C|ibllBmo Z (k +2)2*"H% < C|blBmo.

{1+2" K

Finally, we obtain

¢ c
Is < E Zz 21 L/ laj(|(Is,y) dy < I”b”BMO Zz 1.

This completes the proof of Theorem 4.1. O
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