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Abstract

Let H(D) denote the space of holomorphic functions on the unit disc D. Given p > 0 and a weight
w, the Hardy growth space H(p, w) consists of those f € H(D) for which the integral means M,(f, r)
are estimated by Cw(r), 0 <r < 1. Assuming that p > 1 and w satisfies a doubling condition, we
characterise H(p, w) in terms of associated Fourier blocks. As an application, extending a result by
Bennett et al. [‘Coeflicients of Bloch and Lipschitz functions’, Illinois J. Math. 25 (1981), 520-531], we
compute the solid hull of H(p, w) for p > 2.
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1. Introduction

Let H(D) denote the space of holomorphic functions on the unit disc D. For p > 0 and
f e HD), put

1/p
Mp<f,r):( fT If(r{)l"dm(i)) . 0<r<l,

where m denotes the normalised Lebesgue measure on the unit circle T = dD.

1.1. Hardy growth spaces. A function w : [0, 1) — (0, +00) is called a weight if w is
increasing, unbounded and continuous. Given p > 0 and a weight w, the Hardy growth
space H(p, w) consists of those f € H(D) for which

M,(f,r)
Il = SUp ———— < 00
M OSrEI w(r)

(1.1)

The spaces H(p,w) were introduced in [10]. For w =1, (1.1) defines the classical
Hardy space H” = H’(D). However, every weight w is assumed to be unbounded;
hence, H? is formally excluded from the scale of Hardy growth spaces.
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1.2. Blocking technique. Let1 < p < oo andlet Q,(f) = (1 — )™, @ > 0. Then it is
known that equivalent definitions of H(p, ),) are related to the so-called blocking
technique (see [7]). Namely, given a function f(z) = )7, ai?f € H(p, Q,), the
following Fourier blocks are useful:

Aof(2) = ap + arz,
211
Aif(z) = Z adt, j=1.
k=21
Tueorem 1.1 [8, Theorem 2.1]. Leta >0, 1 < p <ocoand f € HD). Then f € H(p,Q,)
if and only if
A fllgr < CQu(1 =27y =C2%, j=0,1,...,

for a constant C > (.

In fact, the above theorem extends to the weights w that are normal in the sense of
[9]; see [8] for details. However, if wg(?) = (log(2/(1 - )P, B> 0, then it is natural to
consider different Fourier blocks. For f(z) = Yoo, axzt, put

60f(Z) =ag+az+ azZz,
|
5if@= > ad, jz1.

k=2%

The following characterisation of the property f € H(p, wg) is known.

Theorem 1.2 [6, Theorem 5.1]. Let >0, 1 < p <coand f € H(D). Then f € H(p, wg)
if and only if
16 fller < C2P7, j=0,1,...,

for a constant C > (.

1.3. Doubling weights. In the present paper, we obtain analogues of Theorems 1.1
and 1.2 for all doubling weights. By definition, a weight w : [0, 1) — (0, +00) is called
doubling if there exists a constant A > 1 such that

w(l—%)SAw(l—s), 0<s<l. (12)

The doubling property (1.2) is a natural technical assumption (see, for example,
[1, 3-5]). In particular, Q, with @ > 0, the normal weights and wg with 5> 0 are
doubling weights. On the one hand, (1.2) is a restriction on the growth of w; on
the other hand, the class of doubling weights contains functions that grow arbitrarily
slowly. Also, it is worth mentioning that the standard doubling property of the measure
w(r)dr is not related to (1.2).
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In what follows, w denotes a doubling weight. In Section 2, we construct an
increasing sequence {n;} that is adapted to w via the doubling constant A > 1 from
estimate (1.2). In Section 3, we use the associated Fourier blocks

Vlj+1—1

Af@) = ) ad

k=}’lj

to characterise the property f € H(p,w). As an application, we characterise the
Hadamard lacunary series in H(p, w) and the solid hull of H(p, w), 2 < p < o0; see
Section 4.

2. Doubling weights as lacunary series with positive coefficients

Given two functions u,v : [0, 1) — (0, +o0), we say that u and v are equivalent and
we write u < v if

Ciu(®) <v(t) < Cu(t), 0<t<l,

for some constants Cy, C, > 0.
Let w be a doubling weight. In this section, we construct an increasing sequence
{n;} of positive integers such that

w(t) = Zb,r”f, 0<r<l,
j=0
for appropriate coeflicients b, b; > 0.
Without loss of generality, assume that w(0) = 1. We use the auxiliary function

D(x) :w(l - )lc) x> 1.

Thus, ®(1) =1 and w(t) = ®(1/(1 — 1)), 0 <t < 1. The doubling condition (1.2)
becomes
O2x) <AD(x), x=>1. 2.1

For j=1,2,..., put
n; =max{k e N: ®(k) < A’}. (2.2)

Below we often use the definition of n; without explicit reference.

The sequence {n J};il and its analogues are known to be useful in constructions of
holomorphic or harmonic lacunary series in the growth spaces defined by the weight w
(see [1, 5]). In particular, certain arguments in the present section are similar to those
in [1, Lemma 1].

By the definition of n;, we have ®(n; + 1) > A’. Hence, by (2.1),

d(n;) > AT (2.3)
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Also, observe that ®(2n;) < AD(n;) < At < ®(njy; +1). Since @ is an increasing
function, nj. + 1 > 2n;. Therefore,
n
Lo, 2.4)
nj
for j=1,2,....

Lemma 2.1. Let w be a doubling weight with a doubling constant A > 1. Put

Q) = ZAjt"f, 0<t<l,
=0
where ny = 0 and the sequence {n j}j: | is defined by (2.2). Then Q =< w.

Proor. Put 1

ti=1-—, j=12,....
J n; J
Fix an integer m, m > 1. Let t,, < t < t,,41. First, applying (2.3),
m ) m ) Am+l AZ 1
Al <Y Al = <2 o, scqa(—),
jZ:;J ; A-1 Ao 1

because @ is increasing. Second, applying (2.3) and (2.4),

i Al < i Af(l - n:ﬂ)nj

Jj=m+1 J=m+l1
o ] Mol P14k [ Mona1
< A*D(n,) Z Ak(l - )
=0 T+
1\ Af
ORR)S
1 -1/ & exp(29)
1
< ch(—)
1-1¢

In sum, we obtain
o] ) 1
Q@) = AH"/‘SC(D(—):C nH, t<t<l.
(1) ,Z(; — )= Co. n<i<

Since w(t) > 1 for 0 < ¢ < 11, we conclude that
Q) <Cw(t), 0<r<l.
To prove the reverse estimate, fix an integer m, m > 1. If ¢, < t < t,,41, then
Bmer) , Lo L) o)
4A 4A \1 -1 4A
Also, Q(7) > 1 for 0 <t < t;. Hence, w(t) < CQ(t), 0 <t < 1. Therefore, w < Q, as
required. O

Q@) = A" >
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3. Decomposition theorems

Let w be a doubling weight with a doubling constant A > 1 and let {n /};il be the
associated sequence of integers defined by (2.2). For f(z) = Y52, axz* € H(D), put

nj+1*l

Mf@= ) &, zeD, j=0,1,..., 3.1)

k=}’lj

where ny = 0. To work with the blocks A? f, we need the following lemma.

Lemma 3.1 [8, Lemma 3.1]. Let p > 0 and let g(z) = 3}, apz*, n <m, z€D. Then
gl < Mp(g, 1) < ligllgr, 0 <r < 1.
The following result generalises Theorems 1.1 and 1.2.

TueEOREM 3.2. Let w be a doubling weight with a doubling constant A > 1. Assume that
1 <p<ooand f e HD). Let the blocks A;‘f be defined by (3.1). Then f € H(p, w) if
and only if

A% fllr < CAT, j=0,1,..., (3.2)

for a constant C > 0.

Proor. Let f € H(p, w). The Riesz projection theorem and Lemma 3.1 guarantee that
My(f.r) = CMy(A} f,r) 2 Cro A fllge, O0<r<1, j=0,1,...,

where C > 0 is a constant that depends only on p, 1 < p < co. Applying the above

estimate,
My(f,r r|AY fllge
A4 > C sup —
0<r<1  W(r) 0<r<1 w(r)
nj+1
(1-7%) 0t
>C
(D(nj+l)
_ 183l
TA A

So, the property f € H(p, w) implies (3.2).
To prove the reverse implication, assume that (3.2) holds. Applying the triangle
inequality, Lemma 3.1, property (3.2) and Lemma 2.1, we obtain the following chain

of inequalities:
My(fr) < Y MG for) < D PIAS Fllas
Jj=0 j=0
<CY AP <Culr), 0<r<l.
j=0
The proof of the theorem is finished. O
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For n € N and f(z) = Y5, axz*, consider the standard partial sums

n

-1
S.f@) =) adt, zeD.
=0

=~

Replacing the blocks A? f by the partial sums S,f, we obtain a more explicit
description of the space H(p, w).

CoroLLARY 3.3. Let 1 < p < oo, f e HD) and let w be a doubling weight. Then
f € H(p,w) if and only if
1
1S o 1l < Cw(l - —), n=12,..., (3.3)
n

for a constant C > 0.

Proor. Assume that (3.3) holds. Since 1 < p < oo, the Riesz projection theorem and
(3.3) guarantee that

A% fllar < CUS n fllir < CD(njiy) < CAH.

Hence, f € H(p, w) by Theorem 3.2.
To prove the reverse implication, assume that f € H(p, w). Applying Theorem 3.2,

j+1 j+1
1S 1,0 fllae < Z 1AL fllar < C ZAk < CA* AT < Cd(n))
k=0 k=0

by (2.3). Thus, forn; <k <nj,q,
1S llie < ClIS .., fllie < CB(j) < COK)

by the Riesz projection theorem. So, (3.3) holds. The proof of the corollary is
finished. =

4. Applications

4.1. Hadamard lacunary series. By definition, the growth space H(co, w) consists
of those f € H(D) for which |f(z)| < Cw([z]), z € D.
Assume that f € H(D) is represented by a Hadamard lacunary series, that is,

o)

f@)= Z amz", z€D,

=1
where mj. > Amj, j=1,2,..., for some A > 1. Then, by [4, Theorem 2.2], f €
H(oo, w) if and only if

1
D Iam,ISCw(l——), M=1.2.. .
j M

m;<M

Replacing the norm in ¢! by that in €2, we obtain an analogous result for H(p, w)
with 0 < p < oo.
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CoROLLARY 4.1. Assume that 0 < p < oo, f € H(D) and f is represented by a Hadamard
lacunary series. Then f € H(p,w) if and only if

1/2 1
( D |am.|2) SCw(l _ —), M=1.2.....
J M
m‘,-SM

Proor. Given p > 0, we have M,(f,r) < My(f,r), 0 <r < 1, because f is represented
by a Hadamard lacunary series. It remains to apply Corollary 3.3 with p = 2. O

4.2. The solid hull of H(p, w), 2 < p < oo. To define the solid hull S (H(p, w)),
we identify a function f(z) = Z;O:o a jz/ € H(p, w) and its sequence {a j};io of Taylor
coeflicients.

Recall that a sequence space X is called solid if {b;} € X whenever {a;} € X and
|bj| < laj| (see [2]). The solid hull S(X) is the smallest solid space containing X.
Formally,

S(X) = {{4,} : there exists {a;} € X such that |4} < |a| for all j}.

Let S, denote the space of sequences {b j};?';o such that

n—1 ]/2 1

(§ i) SCu)(l——), n=1.2,....
n

Jj=0

CoroLLary 4.2. If2 < p < oo, then S(H(p, w)) =S ..

Proor. Since oo > p > 2, we have H(p,w) C H2,w) and S (H(p,w)) C S(HQ2, w)) =
S, by Corollary 3.3. It remains to observe that S, C S (H(co, w)) by [3, Theorem
1.8(b)]. O

We remark that Corollary 4.2 was proved in [3] for p = co. In particular, a different
approach was used in [3] to prove the property S (H(oo, w)) C §,. Also, it would be
interesting to compute the solid hull S(H(p, w)) for 1 < p < 2.
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