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ABSTRACT

After the work of Kisin, there is a good theory of canonical integral models of Shimura
varieties of Hodge type at primes of good reduction. The first part of this paper develops
a theory of Hodge type Rapoport—Zink formal schemes, which uniformize certain formal
completions of such integral models. In the second part, the general theory is applied to
the special case of Shimura varieties associated with groups of spinor similitudes, and
the reduced scheme underlying the Rapoport—Zink space is determined explicitly.
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1. Introduction

This paper contributes to the theory of integral models of Shimura varieties, and to the related
theory of Rapoport—Zink formal schemes. We concentrate our attention on Shimura varieties of
Hodge type with hyperspecial level subgroup. In this case, canonical smooth integral models of
the Shimura varieties were constructed by Kisin (see also work of Vasiu). Using these models,
we give a construction of certain Hodge type Rapoport—Zink formal schemes, and describe their
field-valued points in terms of certain refined affine Deligne—Lusztig sets.

A large portion of the paper concerns what is arguably the most interesting family of Shimura
varieties that are of Hodge but not of PEL type: those associated to the spinor similitude groups
of quadratic spaces over Q of signature (d,2). For this family of Shimura varieties, we use our
results on Rapoport—Zink spaces to explicitly describe the basic (supersingular) locus in the
reduction modulo p of the canonical integral model.

In what follows, we describe our results in more detail. First, we will discuss the construction
of Rapoport—Zink formal schemes for general Hodge type Shimura varieties, and then we will
explain the description of the supersingular locus in the reduction modulo p of the Shimura
varieties for spinor similitude groups.

1.1 Rapoport—Zink spaces for Hodge type Shimura varieties
Let (G,H) be a Hodge type Shimura datum with reflex field £ C C. Fix a prime p > 2 and a
sufficiently small compact open subgroup

U =U,U" C G(Ay)

with U, C G(Qp) hyperspecial. This implies that G extends to a reductive group scheme over
Z(p), denoted the same way, with U, = G(Z,). Denote by Shyy(G,H) the corresponding Shimura
variety; it is a smooth quasi-projective variety over E with complex points

Shy (G, H)(C) = GQ\H x G(Ay)/U.
1.1.1  For (G,H) to be of Hodge type means that there is an embedding of Shimura data

(G, H) — (GSpay, Hag), (1.1.1.1)
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where Ha, is the union of the upper and lower Siegel half-spaces of genus g. This embedding may
be chosen in a particular way: we can find a self-dual symplectic space (C,) over Z,) and a
closed immersion

G — GSp(C,v) (1.1.1.2)

of reductive groups over Z,) whose generic fiber induces (1.1.1.1).

Moreover, G can be realized as the pointwise stabilizer of a finite set of tensors (s,) C C®.
Here C® is the total tensor algebra; it is defined as the direct sum of all free Zpy-modules that
can be formed from C' using the operations of taking duals, tensor products, symmetric powers,
and exterior powers. In particular, if we set

D:Hom(C,Z(p)) (1.1.1.3)

with its contragredient action (gd)(c) = d(g~'c) of G, then C® = D® as representations of G.
For a prime v | p of F, Kisin |Kis10| has proved that the Shimura variety Shy (G, H) over E
admits a canonical smooth integral model

ty:csﬂU(C;7,;’_l)

over the localization Op ). The integral model is constructed, using (1.1.1.1), as the
normalization of the Zariski closure of Shy(G,H) in the integral model of a Siegel moduli
variety. In particular, .% carries over it a ‘universal’ family of abelian varieties with additional
structure, obtained as the pull-back of the universal family over the Siegel variety. The universal
family on . depends on the choice of Hodge embedding (1.1.1.1), but the integral model .
does not.

The special fiber of the canonical integral model comes with its Newton stratification, whose
strata are defined by fixing the isogeny class of the universal p-divisible group with additional
structure. Among the Newton strata there is a distinguished closed stratum, called the basic locus
(see [RR96, Worl3]). For many Hodge type Shimura varieties, the basic locus is the supersingular
locus: the locus of points at which the universal abelian variety is isogenous to a product of
supersingular elliptic curves. This will be the case for the spinor similitude Shimura varieties
discussed below in §1.2.

When Shy (G, H) is a PEL type Shimura variety, the completion of the integral model along
the basic locus is described via the p-adic uniformization theorem of Rapoport and Zink [RZ96]
as a quotient of what is now called a Rapoport—Zink formal scheme.

1.1.2 The first main result of this paper is the construction of Rapoport—Zink formal
schemes for general Hodge type Shimura varieties as above. Such a construction also appears
in the recent preprints of Kim [Kim13, Kim14]. We have followed Kim in the characterization of
our formal schemes as moduli spaces of quasi-isogenies between p-divisible groups endowed with
so-called crystalline Tate tensors; however, our construction of these spaces is more direct than
Kim’s, and uses the existence of the integral model ..

Let k be an algebraic closure of the residue field of the place v | p fixed above, and let
W = W (k) be the ring of Witt vectors of k. For us, a Hodge type Rapoport—Zink formal scheme
over W is characterized in terms of the local Shimura—Hodge datum (GZP, baos Hags C'Zp) attached
to a point zg € .7 (k). The reductive group scheme Gz, over Z, and the representation

Gz, = GL(Cz,)

P

were described above, and we must now explain the meaning of b, and iz, .
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Denote by Xy the p-divisible group of the fiber of the universal abelian scheme at xg, and
let D(X() be its contravariant Grothendieck-Messing crystal. The evaluation D(X()(W) of the
crystal on W is the Dieudonné module of Xjy. Kisin shows that this comes equipped with a
collection of crystalline tensors

tao € ]D)(X())(W)®,

which are Frobenius invariant in D(Xo)(W)®[1/p]. Moreover, there is a W-module isomorphism

D ®z, W = D(Xg)(W) (1.1.2.1)

identifying s, ® 1 with t, 0. Under any such identification the Frobenius operator on ID(Xg)(W)
induces an operator on D ®z, W of the form

F=by00

for some b,, € G(K). Here o € Aut(WW) lifts the absolute Frobenius on k, and K = W{[1/p] is
the fraction field of W.

Kisin shows that the Hodge filtration on D(Xy)(k) is split by a Gg-valued cocharacter, which
is the reduction of a minuscule cocharacter

My * Gnw — Gw

satisfying by, € G(W)ug, (p)G(W).

The G(W)-conjugacy class of iz, is independent of (1.1.2.1) and it agrees with the conjugacy
class of the inverse of the Deligne cocharacter up : G,,c — Gc associated to the symmetric
domain H. More precisely, pg, and u,:l become conjugate after we fix an isomorphism C — K

whose restriction to £ — K induces the place v chosen above.
Having fixed o and (1.1.2.1), we abbreviate b = by, and pu = fi,,. Define an algebraic group
Jp over Q, with functor of points

Jo(R) ={g € G(R®q, K) : gbo(g)~! = b}
for any Q,-algebra R. The element b is basic if and only if Jj is an inner form of G.

THEOREM A. There exists a formal scheme RZ¢ over Spf(W) that is formally smooth and locally
formally of finite type, admits a left action of J;(Q)), and has the following properties.

(i) It is a formal closed subscheme of the usual Rapoport-Zink formal scheme RZ(Xy) over
Spf(W) representing pairs (X, p) of a p-divisible group X and a quasi-isogeny p : X --+ X, as
in [RZ96].

(ii) There is a bijection

RZg (k) = X ppe (),
where Xq p 0 (k) is the affine Deligne-Lusztig set

{9 € G(K): g7 ba(g) € GW)u? (p)G(W)}/G(W).

(iii) Assume in addition that b is basic, or, equivalently, that the point x( lies in the basic
locus. Then there is an isomorphism of formal schemes

0" : I(Q)\RZ¢ x G(AR)/UP > (Fw) .,
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Here (,5/’”1\/1/)/% is the completion of the base change .y along the basic locus ., of the special
fiber, and I is a reductive group over Q, which is an inner form of G admitting identifications

H(Qp) ifL=p,

1@ = {G(@w i p,

and with I(R) compact modulo center.

In fact, RZq (k) can be identified with the set of isomorphism classes of triples (X, p, (to)) in
which X is a p-divisible group over k,

(ta) C D(X)(W)?

is a collection of Frobenius invariant tensors, and p : Xy --+ X is a quasi-isogeny identifying ¢,
with t,,0. Some additional technical properties are required; see Definition 2.3.3. We can give a
similar moduli description of the R-valued points of RZg for R any formally smooth, formally
finitely generated W-algebra, but not for general R. This description uniquely determines RZg.

Remark 1.1.3. As noted earlier, Theorem A already appears in the recent preprints of Kim
[Kim13, Kim14|. It is only our construction of the space RZq that is new. It is essential for
our construction (but not for Kim’s) that the local Shimura-Hodge datum (Gz,,b, i1, Uz, ) arises
from a point zy € (k) on a global Hodge type Shimura variety as above. Given results on the
non-emptiness of Newton strata for Shimura varieties of Hodge type which have been recently
announced by Kisin, Madapusi Pera, and Shin, one should be able to show that this happens
most of the time; we would like to return to this question on another occasion.

1.1.4  We can also give a concrete description of RZg (k") when k’/k is any finitely generated
field extension and the p-divisible group Xg is formal. This involves the new notion of a refined
affine Deligne-Lusztig set, which we now explain. Let W’ be the Cohen ring of %/, let K’ =
W'[1/p] be its fraction field, and suppose o : W' — W' is an appropriate lift of Frobenius (see
Proposition 2.4.8). The following theorem is then obtained by using Zink’s theory of displays and
windows.

THEOREM B. There is a bijection
RZq(K) = Xe b oK),

where the refined affine Deligne-Lusztig set X¢ p o »(K') is, by definition, the image of the natural
map
{9€G(K"): g7 bo(g) € GW')u7 (p)} — G(K')/G(W').

Our refined affine Deligne-Lusztig set is a subset of the naive affine Deligne-Lusztig set
{9€ G(K"): g™ 'bo(g) € GW')u? (p)G(W') }/G(W),
and equality holds if £’ is perfect. The above description of RZg (k') is entirely group-theoretical

(i.e. does not involve p-divisible groups), and is thus quite useful.
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Remark 1.1.5. There is a simpler parallel theory when we consider only the points of Rapoport—
Zink formal schemes with values in perfect IF,-algebras. Indeed, then one can even use the Witt
vector affine Grassmannian as in [Zhul7, BS15| to obtain a more straightforward and general
construction of (at least) the reduced locus of Rapoport—Zink schemes, but only up to perfection.
These constructions allow one to also consider non-minuscule coweights. However, this comes at
the cost of passing to the non-finite type perfection which loses a lot of information.

In contrast, in this paper we can consider points with values in non-perfect rings, but we
must restrict to minuscule coweights connected to Shimura varieties. Allowing non-perfect rings
as in Theorem B is essential for the application to spinor Shimura varieties described below.
A different approach towards describing Rapoport—Zink formal schemes as functors on more
general (not necessarily perfect) rings directly from the group data is pursued in work in
preparation by one of us (G.P.) with O. Biiltel.

Remark 1.1.6. A direct construction of an adic analytic space corresponding to the limit of
Rapoport—Zink spaces over all p-level subgroups has been given by Scholze and Weinstein [SW13]
using Scholze’s perfectoid spaces. Recently, there has been further progress in defining related
spaces by Scholze using his theory of diamonds. The constructions of Scholze and of Scholze and
Weinstein concern the generic fiber, and do not provide a uniformization of the integral model.

1.2 Spinor similitude Shimura varieties

In large part, our motivation for studying Rapoport—Zink spaces for Hodge type Shimura varieties

is to apply the general theory to the Shimura varieties associated with spinor similitude groups.
By combining our general results, specialized to the case of GSpin, with the linear algebra of

lattices in quadratic spaces as in [HP14|, we obtain a very explicit description of the basic locus of

the special fiber of the integral model, and of the underlying reduced scheme of the corresponding

Rapoport—Zink formal scheme.

1.2.1  Start with an odd prime p and a self-dual quadratic space (V, Q) over Z,) of signature
(d,2) with d > 1. The corresponding bilinear form is denoted by

[2,y] = Q(x +y) — Q(z) — Q(y). (1.2.1.1)

This determines a reductive group scheme G = GSpin(V') over Z,. By a slight abuse of notation,
we sometimes use the same letter to denote the generic fiber of G.
Define a hyperspecial subgroup

Up=G(Zpy) C G(Qp).

By setting U = UPU, for any sufficiently small compact open subgroup U? C G (A?), we obtain
a d-dimensional Shimura variety Shy (G, H) over Q. Here G(R) acts on the hermitian domain

H={z€Vc:]z2]=0,][z2z <0}/C~ (1.2.1.2)
via the natural surjection G — SO(V).

1.2.2  The group G is, by definition, a subgroup of the unit group of the Clifford algebra
C = C(V), and hence G acts on C by left multiplication. For an appropriate choice of perfect
symplectic form ¢ on C, this defines a closed immersion (1.1.1.2) of reductive groups over Z,),
Thus we find ourselves in exactly the situation described in §1.1. Let . = /7 (G, H) be the
canonical smooth integral model over Z ), equipped with the universal abelian scheme determined
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by the symplectic embedding (1.1.1.2). This universal abelian scheme is also known as the Kuga—
Satake abelian scheme, and the locus of points

S C S @y, k (1.2.2.1)

at which it is supersingular is precisely the basic locus. As before, we set k = Fp and W = W (k).

Fix a supersingular point xo € .#(k), and let (Gz,,b, u, Cz,) be the corresponding unramified
local Shimura—Hodge datum as in § 1.1. Let RZ = RZg be the associated formal scheme over W,
as in Theorem A. Our main result is an explicit description of the underlying reduced locally
finite type k-scheme RZ™9. First, we give a formula for its dimension.

THEOREM C. Let n = d + 2 be the dimension of Vg, . All irreducible components of Rz are
isomorphic, and are smooth of dimension

L 4 ifn is even and det(Vg,) = (—1)"/2,
dim(RZ™4) = 2" 3 ifn is odd,
n—2 ifn is even and det(Vp,) # (=1)"/2,

where the equalities involving det(Vg, ) are understood to be in Q,° modulo squares. Equivalently,

dim(RZ™) = (d/2) =1 if Vg, is a sum of hyperbolic planes,
|d/2] otherwise.

1.2.3 In fact, we give essentially a complete description of RZ™?, in the same spirit as the
work of Vollaard [Vol10], Vollaard and Wedhorn [VW11], Rapoport et al. [RTW14], and the
authors [HP14| for some unitary Shimura varieties. To explain its structure requires some more
notation.

Consider the quadratic space Vi over K = W/[1/p|, with its natural action Gx — SO(Vk).
The operator ® = boo makes Vi into a slope 0 isocrystal, and its subspace of ®-invariant vectors
VI‘? is a Qp-quadratic space of the same dimension and determinant as Vg,, but with different
Hasse invariant. In fact, the self-duality of V' implies that Vg, has Hasse invariant 1, and so Vf?
has Hasse invariant —1.

A wvertex lattice is a Zy-lattice A C Vf? satisfying pA € AV C A. The quadratic form pQ on
VI‘? induces a quadratic form on the [F-vector space

Qo =A/AY.
The type tx = dim(€) of A is even, and satisfies 2 < tp < tmax, Where

n—2 if nis even and det(Vg,) = (—1)™/2,
tmax = {n — 1 if nis odd, (1.2.3.1)
n if n is even and det(Vg,) # (—1)™/2.

One may characterize €y as the unique quadratic space over I, of dimension 5 that admits no
Lagrangian (= totally isotropic of dimension ¢, /2) subspace.

Of course the base change of 5 to k does admit Lagrangian subspaces, and we define a
smooth projective k-variety Sp with k-points

Sa(k) = {Lagrangians Z CQF, k:dim(ZL + (L)) = %A + 1}.
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Here ® = id® o is the operator on Q¢ ® k induced by the absolute Frobenius o(x) = 2P on k. The
variety Sp = SX LSy has two connected components, which are (non-canonically) isomorphic,
and smooth of dimension (t5/2) — 1. As we will explain in §6.5.4, these can be identified with
closures of Deligne-Lusztig varieties for SO(p).

THEOREM D. The Rapoport—Zink formal scheme RZ = RZ¢g admits a decomposition

RZ = |_| Rz®
LET

with the following properties.

(i) Each open and closed formal subscheme RZ\Y) is connected, and
RZ® 5 Rz,

(ii) Each connected component RZY has a collection of closed formal subschemes RZ%) c RzW
indexed by the vertex lattices A C VI‘? , and the underlying reduced schemes satisfy

RZ 5 g
Moreover, for any vertex lattices A1 and As,

RZa nn, (k) if A1 N Ag is a vertex lattice,
RZx, (k) O RZa, (k) = {(7) el otherwise

are precisely the closed subschemes RZ%)’red indexed

by the vertex lattices of type tx = tmax-

;red

(iii) The irreducible components of RZ(®)

Loosely speaking, the theorem asserts that the irreducible components of RZ™9, their
intersections, the intersections of their intersections, etc. are all isomorphic to varieties of the
form Sf\[ for various choices of A. The following result is an immediate corollary of this and the
uniformization result of Theorem A.

THEOREM E. For UP C G(AZ}) sufficiently small, every irreducible component of the
supersingular locus (1.2.2.1) is isomorphic to a connected component of the smooth projective
k-variety

tmax
{Lagrangians L CQk:dm(Z +P(¥)) = 5 + 1}’

where €y is the unique quadratic space over F, having dimension tm.x, and admitting no
Lagrangian subspace. In particular, all irreducible components of .Yy are smooth and projective
of dimension

dim(.F) = bmax 1— (d/2) =1 if Vg, 1t9 a sum of hyperbolic planes,
2 |d/2] otherwise.
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1.3 Applications and directions of further inquiry

1.3.1  One motivation for wanting such an explicit description of the supersingular locus
for GSpin Shimura varieties is because of its relevance to conjectures of Kudla [Kud04| relating
intersections of special cycles on orthogonal Shimura varieties to derivatives of Eisenstein series.
Indeed, Kudla and Rapoport [KR99, KR00| were able to verify many cases of these conjectures
for Shimura varieties attached to the low-rank groups GSpin(2,2) and GSpin(3,2), and their
arguments depend in an essential way on having concrete descriptions of the supersingular loci.

With the results of §1.2 now in hand, it should be possible to extend the results of these
papers to all Shimura varieties of type GSpin(d,2). Some results in this direction will appear in
the forthcoming Boston College PhD thesis of Cihan Soylu.

1.3.2  Gortz and He [GH15| have studied all basic minuscule affine Deligne-Lusztig varieties
for equicharacteristic discrete-valued fields. They give a list of cases where these affine Deligne—
Lusztig varieties can be expressed as a union of classical Deligne-Lusztig varieties, and that list
contains equicharacteristic analogues of the GSpin Rapoport—Zink spaces considered here. In fact,
these spaces are the only (absolutely simple) types in their list with hyperspecial level subgroups
which are not of EL or PEL type. The results of Gortz and He in the equicharacteristic case are
analogous to our mixed characteristic results.

There are other Hodge type cases for which a similar description should be possible, but for
more general parahoric level subgroups. Extending our construction of Rapoport—Zink formal
schemes to the general parahoric case, by using, for example, the integral models of Shimura
varieties given in [KP15|, is an interesting problem. If this is done, then our results should extend
to cover all the cases listed in [GH15]. This will probably require generalizing, via Bruhat—Tits
theory, the algebra of lattices in quadratic spaces we use in this paper. In another direction, it
would also be interesting to understand our results from the point of view of the stratifications
introduced by Chen and Viehmann in [CV15].

1.3.3 In the cases considered in [GH15], the affine Deligne-Lusztig varieties are unions of
Ekedahl-Oort (EO) strata. Such strata can be defined in the hyperspecial mixed characteristic
case following [Zhal3| or [Viel4|. In the GSpin case considered here, the EO strata should be
indexed by the possible types tp of vertex lattices A. In fact, we expect that each EO stratum is
the union of all Bruhat-Tits strata

BT, =Rz~ | ) RZY
A'CA

in the sense of §6.5, with A ranging over all vertex lattices of the corresponding type.

1.4 Organization and contents
In §2 we first fix notation and recall some general facts about windows and crystals for
p-divisible groups, and about local Shimura data. When the local Shimura datum (G, [b], {u}) is
of Hodge type, and after fixing a suitable Hodge embedding, we define in §2.3 a functor RZI&ilp
on p-nilpotent algebras. We also consider a functor RZstm defined (only) on formally smooth,
formally of finite type p-adic algebras, which is essentially given by a limit of values of RZI(I;ﬂp.
In §2.4 we describe the field-valued points of these functors via refined affine Deligne—Lusztig
sets.

In §3.1 we switch to the global set-up of Shimura varieties and recall some properties of the
canonical integral models constructed by Kisin. Then in § 3.2 we prove the first main result of

the paper (Theorem 3.2.1): roughly speaking, we show that when the local Shimura datum is
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obtained from a global one, the functor RZfCS;m is representable by a formal scheme RZg. In §3.3
we prove a uniformization theorem for the formal completion of the integral model of the Shimura
variety along its basic locus.

The rest of the paper is devoted to Rapoport—Zink formal schemes and Shimura varieties for
spinor similitude groups.

In §4 we describe the corresponding local Shimura data and define the GSpin Rapoport—Zink
formal schemes. We devote §5 to the algebra of certain type of lattices (‘vertex lattices’ and
‘special lattices’) in quadratic spaces. This, together with our previous general results, is used
in § 6 to describe the reduced scheme underlying the basic GSpin Rapoport—Zink formal schemes
(see especially §6.4). Finally, in § 7, we apply our local results to the global problem of describing
the supersingular loci of Shimura varieties of type GSpin.

1.5 Notation and conventions

Throughout the paper, k = IF'p, where p > 2. The absolute Frobenius on k is denoted by o(z) = x?.
We also denote by o the induced automorphism of the ring of Witt vectors W = W (k) and its
fraction field K = W{[1/p].

2. Rapoport—Zink spaces of Hodge type

2.1 Preliminaries

In this section we introduce notation for various categories of W-algebras. We also recall some
facts about divided power thickenings and crystals of p-divisible groups, and Zink’s theory of
windows.

2.1.1  As in |RZ96|, we will denote by Nilpy, the category of W-schemes S such that p is
Zariski locally nilpotent in Og. Denote by

ANilpy, C Nilp}

the full subcategory of Noetherian W-algebras in which p is nilpotent. We denote by ANilp%V the
category of Noetherian adic W-algebras in which p is nilpotent, and embed

ANilpy,, C ANilpl,

as a full subcategory by endowing any W-algebra in ANilpy, with its p-adic topology.

We say that an adic W-algebra A is formally finitely generated if A is Noetherian, and if
A/I is a finitely generated W-algebra for some ideal of definition I C A. Thus Spf(A) is a formal
scheme which is formally of finite type over Spf(W). If, in addition, p is nilpotent in A, then A
is a quotient of W/(p™)[x1,...,xr][y1,...,ys] for some n, r, and s.

We will denote by

ANilpi™ < ANilpl,
the full subcategory whose objects are W-algebras that are formally finitely generated and
formally smooth over W/(p™), for some n > 1.

2.1.2  Asin [RZ96, §2.1], every formal scheme X over Spf(WW) defines a functor on Nilpy,.
We restrict this functor to ANilpy,, and then extend to ANilpllc/V as follows: for A in ANilp%,V with
ideal of definition I, define X(A) to be the set

X(A) = Homgpe(w) (Spf(A), X) = lim X(A/I").
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2.1.3 If R is an object of ANllpfsm the quotient R = R/pR satisfies the condition [deJ95,
(1.3.1.1)]. Thus, by [deJ95, Lemma 1.3.3], R admits a divided power (PD) thickening

R— R/pR=R

by a formally smooth, p-adically complete W-algebra }NE unique up to non-canonical isomorphism.
The absolute Frobenius on R lifts to R. The formal smoothness of R over W/p"W implies that
RS R/ p”R and hence R also provides a PD thickening R — R. One can show that R is a
quotient of a W-algebra of the form

Wiz, ..,z {y1,. .. ys} = l(iLnnW/(p")[[xl, N | P T

and hence is Noetherian.

2.1.4  Suppose that R is any k-algebra admitting a p-basis in the sense of [BM90, §1.1].

An explicit construction of a PD thickening R — R is then explained in [BM90]. This applies in
particular when R = k’ is any field extension of k, in which case R is isomorphic to the Cohen
ring W' of k'

Recall that the Cohen ring W’ is the unique, up to non-canonical isomorphism, discrete
valuation ring with &’ as a residue field and p as uniformizer. It is flat over the Witt ring W of k.
If (;); is a p-basis of K/, then a choice of elements y; € W’ with 2! = y; (mod pW’) determines
a lift o : W/ — W’ of the absolute Frobenius k' — £’. Set K = W'[1/p].

2.1.5 Continue with the above notation, and fix a lift o : W’ — W’ of the Frobenius of
the field &'. The triple (W', pW’ k') gives a frame for k" in the sense of [Zin01]. As in [ZinO1,
Definition 2|, a Dieudonné W'-window over k" consists of a triple (M, My, F'), in which

— M is a free finitely generated W’-module;
— M; C M is a W/-submodule such that pM C M; C M,

— F: M — M is a o-semi-linear map such that F(M;) C pM, and p~'F(M;) generates M
as an W’-module.

These conditions imply F(M) C p~'F (M), and so are equivalent to the conditions appearing in
[Zin01, Definition 2]. If (M, M, F) is a Dieudonné W'-window then

My =F ' (pM) = {z € M[1/p] : F(x) € pM}.

If M is a free finitely generated W’-module, and F : M[1/p] — M][1/p] is a o-semi-linear
map such that

~ pM c F~Y(pM) Cc M, and
— F(F~Y(M)) generates M as a W’-module,

then F(M) C M and (M, F~Y(pM), F) is a Dieudonné W'-window.
A Dieudonné W'-window is called simply a W’-window when the additional nilpotence
condition of [Zin01, Definition 3| is satisfied.

2.1.6  Let S be a scheme such that p is Zariski locally nilpotent in Og. Set
S=25 ®z, Fy,

and denote by ¢ : S — S the absolute Frobenius morphism.
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For a p-divisible group X over S, we will denote by D(X) its contravariant Dieudonné crystal.
It is a crystal of locally free Og/Zy-modules of rank equal to the height h(X) of X. We refer
the reader to [Mes72, BBM82, deJ95| for background on the construction and properties of the
Dieudonné crystal.

The crystal D(X) is equipped with the Hodge filtration

Fil'(X) = Lie(X)* ¢ D(X)g,

where D(X)g is the pull-back of D(X) to the Zariski site of S; it is a locally free Og-module
of rank h(X), and the Og-submodule Fil'(X) is locally a direct summand. We also have the
Frobenius morphism

F:0'D(X) - D(X), (2.1.6.1)

where the pull-back ¢*D(X) is defined as in the above references.
Define crystals

1=D(Qp/Zp), 1(—1) = D(p=),

and note that 1 is the structure sheaf Og/Z, with the usual Frobenius structure and Fil' = (0).
We often confuse a global section ¢ of a crystal D with the corresponding morphism of crystals
t:1— D.

We define D(X)* to be the Og/Zy-linear dual with the dual filtration. Note that D(XY)* =
D(X)(—1), where XV is the dual p-divisible group. There is a Frobenius structure on D(X)* as
in (2.1.6.1) but it is defined only ‘up to isogeny’, i.e. only after we view D(X)* as an isocrystal
as below.

We define the category of isocrystals over S as follows.

— Objects are crystals D of locally free Og/Z,-modules. We write D[1/p] if we view D as an
isocrystal.

— Morphisms D[1/p] — D'[1/p] are given by global sections of the Zariski sheaf
Hom(DD, D')[1/p] over S, where Hom(ID,D') is taken in the category of crystals of locally free
Ogs/Zy,-modules.

Every quasi-isogeny p : X --» X’ of p-divisible groups over S, in the sense of [RZ96,
Definition 2.8], induces an isomorphism of isocrystals

D(p) : D(X")[1/p] = D(X)[1/p]. (2.1.6.2)

The total tensor algebra D(X)® is defined as the direct sum of all the crystals of locally free
Ogs/Zy-modules which can be formed from D(X) using the operations of taking duals, tensor
products, symmetric powers and exterior powers. It is a crystal of locally free Og/Z,-modules
over S. The Hodge filtration on D(X)g induces a natural filtration Fil*(D(X)%) on D(X)§, and
the Frobenius morphism (2.1.6.1) induces an isomorphism of isocrystals

F: 0" D(X)®[1/p] = D(X)®[1/p].

For any quasi-isogeny p : X --» X’ of p-divisible groups over S, the isomorphism (2.1.6.2) extends
to

D(p) : D(X")?[1/p] = D(X)®[1/p].

A similar discussion applies to formal schemes S over Spf(Z,), as in [deJ95, ch. 2].
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2.1.7  Suppose X is a formal p-divisible group over a field &’ of characteristic p. Again letting
W’ be the Cohen ring of k', the evaluation

D(X)(W') = lim D(X)(W'/p"W")

of the crystal D(X) on W’ has a natural structure of a W’-window over k’. (Combine the proof
of [Zin01, Theorem 1.6] with [Zin02, Theorem 6].)

By [Zin01, Theorem 4], the functor X — D(X)(W’) gives an anti-equivalence of categories
between formal p-divisible groups over k' and W’-windows over k’. More precisely, the equivalence
of [Zin01] uses the covariant Dieudonné crystal, and we compose the functor defined there with
Cartier duality.

If £’ is perfect, classical Dieudonné theory (or [Zin01, Theorem 3.2]) gives in the same way an
anti-equivalence between (all) p-divisible groups over k&’ and Dieudonné modules over W/ = W (/).

2.2 Local Shimura data

For the remainder of §2, GG is a connected reductive group scheme over Z,. The generic fiber
of G is therefore a connected reductive group over ), and is unramified in the sense that it is
quasi-split and split over an unramified extension of @,. Conversely, every unramified connected
reductive group over @, is isomorphic to the generic fiber of such a G.

2.2.1 Let ([b],{p}) be a pair consisting of:
— a G(K)-conjugacy class {u} of cocharacters u : G,z — Gg;

— a o-conjugacy class [b] of elements b € G(K).

Here b and b’ are o-conjugate if there is g € G(K) with b’ = gbo(g) .

We let E C K be the field of definition of the conjugacy class {u}. This is the local reflex
field. Denote by Op its valuation ring and by kg its (finite) residue field. In fact, under our
assumption on G, the field E C K is contained in K and there is a cocharacter w:Gng > Gg
in the conjugacy class {u} that is defined over F; see [Kot84, Lemma (1.1.3)]. In fact, we can
find a representative u that extends to an integral cocharacter

w:Gno, = Gog, (2.2.1.1)

and the G(Og)-conjugacy class of such an p is well defined. In what follows, we usually assume
that p is such a representative.
To the conjugacy class {u} we associate the homogeneous space

MG,M = GOE/PM

over Op, in which P, C Go,, is the parabolic subgroup defined by p. More precisely, P, is the
parabolic subgroup such that P, Xo, W contains exactly the root groups U, of the split group
Gw, for all roots a with a - u > 0. The group P, xo, W stabilizes the filtration defined by p in
any representation of Gyy.

We write u” = o(u) for the Frobenius conjugate of (2.2.1.1).

DEFINITION 2.2.2 (Cf. [RV14, Definition 5.1]). A local unramified Shimura datum is a triple
(G, [b],{p}), in which G is a connected reductive group over Z,, the pair ([b], {1}) is as above,
and we assume:
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(i) {p} is minuscule;
(ii) for some (equivalently, any) integral representative (2.2.1.1) of {u}, the o-conjugacy class

[b] has a representative
be GIW)u’ (p)G(W). (2.2.2.1)

By [RR96, Theorem 4.2|, assumptions (i) and (ii) imply that [b] lies in the set B(Gg,, {#})
of neutral acceptable elements for {1 }; see [RV14, Definition 2.3]. In particular, (Gg,, [b], {¢}) is
a local Shimura datum in the sense of [RV14, Definition 5.1].

DEFINITION 2.2.3. The local unramified Shimura datum (G, [b],{p}) is of Hodge type if there
exists a closed group scheme embedding ¢ : G — GL(C), for a free Z,-module C of finite rank,
with the following properties: the central torus G,,, C GL(C') is contained in G, and, after a choice
of basis Co,, = O%, the composite cocharacter

top:Gno, = GL, 0,
is the inverse of the minuscule cocharacter!
a — diag(a™, 107
for some 1 < r < n.

DEFINITION 2.2.4. Let (G, [b], {¢}) be a local unramified Shimura datum of Hodge type. A local
Hodge embedding datum for (G, [b],{u}) consists of:
— a group scheme embedding ¢ : G — GL(C) as in Definition 2.2.3;
— the G(W)-o-conjugacy class {gbo(g)~!: g € G(W)} of a representative
be GW)u’ (p)G(W)
of [b], where 11 : G,y — Gw is chosen to be an integral representative of the G (K)-conjugacy
class {u}. Note that such a representative u is unique up to G(W)-conjugacy.
The quadruple (G, b, u,C), where p is given up to G(W)-conjugation, and b up to G(W)-o-

conjugation, is a local unramified Shimura—Hodge datum.

By definition, there is a surjection (G, b, u, C) — (G, [b],{1}) from the set of local unramified
Shimura—Hodge data to the set of local unramified Shimura data of Hodge type.

Fix a local unramified Shimura-Hodge datum (G, b, u,C), and set D = Homg, (C,Z,) with
the contragredient action of G.

LEMMA 2.2.5. Up to isomorphism, there is a unique p-divisible group
Xo = Xo(G,b,1,C)

over k whose contravariant Dieudonné module is D(Xo)(W) = Dy with Frobenius F = bo o.
Moreover, the Hodge filtration
V Dy C Dy =D(Xo)(k)

is induced by a conjugate of the reduction uy : G — Gi.

! The notation ¢ means that there are r copies of a.
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Proof. By our assumption on g in Definition 2.2.3, we have u(p)Dw C Dy . Therefore, by
(2.2.2.1), the lattice Dy C Dw|[1/p] is F-stable. To determine V Dy, write b = h'u?(p)h with
h,h' € G(W), so that

VDy = pF Dy = po~ (b Dy)
:O_—l(h—lpua(p)—lh/—lDW)
= hipu(p) "‘hi ' Dw

for hy = o~1(h~!) € G(W). Observe that pu(p)~'Dy C Dy, and in fact the filtration

(pu(p) ' Dw)/pDw C Dw /pDw = Dy,

is induced by ug : G — G
The above calculation shows that V Dy C Dw, and that the Hodge filtration VD C Dy, is
induced by the conjugate hlukhl_l. O

2.2.6 By [Kis10, Proposition (1.3.2)], there is finite list (s4) of tensors s, in the total tensor
algebra C'® that ‘cut out’ the group G, in the sense that

GR)={9eGL(C®z, R):g-(5a®1) = (54 ®1),Va}

for all Z,-algebras R. Using the canonical isomorphism C® = D®, the tensors s, € C® determine
tensors s, ®1 € D® ®z, W. Thus, if Xy is the p-divisible group of Lemma 2.2.5, we obtain tensors

ta0 =sa®1€D®®y W =D(Xg) (W),

which are Frobenius invariant when viewed in D(Xo)(W)®[1/p]. The tensors t, o uniquely
determine morphisms of crystals to 0 : 1 — D(Xo)® over Spec(k), such that each

ta0 = 1[1/p] = D(Xo)[1/p]®

is Frobenius equivariant.? Here, as before, we denote by 1 = D(Qp/Zy) the crystal determined
by the Dieudonné module W with F' = o. Using Lemma 2.2.5, we easily see that t, (k) €
Fill(D(Xo)(k)®).

2.2.7 By [Kot85|, every o-conjugacy class in G(K) is decent in the sense of [RZ96,
Definition 1.8]. By [RZ96, Proposition 1.12|, any b € G(K) determines a smooth affine group
scheme J;, over Q, with functor of points

Jo(R) = {g € G(R®g, K) : gbo(g) ™" = b}
for any Qp-algebra R. Up to isomorphism, J, depends only on the o-conjugacy class [b].

2.2.8 Let T be the pro-torus over Z, with character group Q. For any Z,-algebra R, an
R-point z € T(R) consists of a tuple

z2 = (2Zm € R )mez-0

such that z,, = zflnd for all positive m and d. The character indexed by the rational number s/t
sends z — z7.

2 Since ID(X)® also involves the dual, the Frobenius is not defined on D(X()®, but only on D(X,)®[1/p]; see § 2.1.6.
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Kottwitz [Kot85] attaches to every b € G(K) a slope cocharacter
vy : Tk — Gg

such that for any representation v : Gg, — GL(M) on a Q,-vector space M, the decomposition

- € !
s/teQ

of Mk determined by the cocharacter ov,, : T — GL(Mg ) agrees with the slope decomposition
of the isocrystal (Mg, (b) o o). The slope cocharacter depends only on the o-conjugacy class [b].

An element b € G(K) is basic if its slope cocharacter v, factors through the center of Gk.
By [Kot85], b is basic if and only if the group Jp is an inner form of G.

2.3 Rapoport—Zink formal schemes and functors

In this subsection we define Rapoport—Zink formal schemes and functors associated to a local
unramified Shimura-Hodge datum (G,b,u, C) as defined in §2.2. We start by recalling the
definition of some ‘classical’ Rapoport—Zink functors.

2.3.1 Suppose that X is any p-divisible group over k. The Rapoport-Zink space RZ(Xy)
of deformations of Xy up to quasi-isogeny is, as in [RZ96|, the formal scheme over Spf(W) that
represents the functor assigning to each scheme S in Nilpy;, the set of isomorphism classes of
pairs (X, p) in which

— X is a p-divisible group over S
— p:Xg xS --» X xg 8§ is a quasi-isogeny, where S = S @y k.

Suppose now that Xy comes with a principal polarization \g : Xo — Xy. The symplectic
Rapoport-Zink space RZ(Xo, A\o) is the formal scheme over Spf(W) that represents the functor
that assigns to each S in Nilpy, the set of isomorphism classes of triples (X, A, p) in which

— X is a p-divisible group over S;

~ X: X 5 XV is a principal polarization;

— p:Xo xS --» X xg S is a quasi-isogeny that respects polarizations up to a scalar, in the
sense that, Zariski locally on S, we have

p’oxop=cl(p)- o,

for some c(p) € Q.

By [RZ96] the formal schemes RZ(X() and RZ(Xy, o) are formally smooth and locally
formally of finite type over W, and forgetting the polarization defines a closed immersion

RZ(X(), )\0) — RZ(X())

2.3.2  Suppose that (G, b, u, C) is a local unramified Shimura—Hodge datum. Choose tensors
(sa) that cut out G as in §2.2.6. Denote by

XO = XO(Ga b7 , C)
the corresponding p-divisible group over k of Lemma 2.2.5, with its Frobenius invariant crystalline
tensors (tq,0)-
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DEFINITION 2.3.3. Consider the functor

nil nil .
RZG P _ R‘ZG,ZI))“LL,C,(SQ) : ANilpy, — Sets

that assigns to each R € ANilpy, the set of isomorphism classes of triples (X, p, (t4)) in which
— (X, p) consists of a p-divisible group over Spec(R) and a quasi-isogeny
p:Xo®pR--» X ®grR,

with R = R/pR, as in the definition of the Rapoport-Zink formal scheme RZ(X);

— the collection (t,) consists of morphisms of crystals t, : 1 — D(X)® over Spec(R) with
to : 1[1/p] — D(X)®[1/p] Frobenius equivariant,

satisfying the following properties.

(i) For some nilpotent ideal J C R with p € J, the pull-back of ¢, over Spec(R/J) is identified
with t, 0 under the isomorphism of isocrystals

D(p) : D(Xpys)*[1/p] = D(Xo x R/J)*[1/p]

induced by the quasi-isogeny p.
(ii) The sheaf of Gyy-sets over CRIS(Spec(R)/W) given by isomorphisms

Isﬂta,saQ@l(D(X)’ D ®Zp R)

that respect the tensors as indicated, is a crystal of Gy -torsors, i.e. a crystal fppf locally
isomorphic to the crystal defined by Gy .

(iii) There exists an étale cover {U;} of Spec(R), and for each ¢ an isomorphism
D(Xy, )y, — D ®z, Ou,
of vector bundles respecting the tensors ¢, and s, ®1 as in (ii), such that the Hodge filtration
Fil'(Xy,) € D(Xy,)v, = D ®z, Oy,

is induced by a cocharacter that is G(U;)-conjugate to p.

Two triples (X, p, (ta)) and (X', 0/, (t.,)) are identified if there is an isomorphism X => X' of
p-divisible groups that respects the rest of the data in the obvious manner.

Above, CRIS(Spec(R)/W') denotes the big fppf crystalline site of Spec(R) over (W, (p),~)
with « the natural PD structure, as in [BBM82, 1.1]. Condition (ii) implies that, for any nilpotent
PD thickening R" — R of R, the Spec(R’)-scheme of isomorphisms of finite locally free R’-modules

TR/ e IsomR/,ta(R’),Sa(X)l(ID)(X)(R,)7 D ®Zp R/)
is a G gs-torsor.

Remark 2.3.4. There is a distinguished point
o = (X07p07 (ta,())) € RZHilp(k)7

defined by taking pg to be the identity quasi-isogeny Xg --+ Xj.
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Remark 2.3.5. (a) Suppose (p) C J' C J with J' also nilpotent. Then a power of the Frobenius
of R/J' factors through R/J. Since t, are Frobenius equivariant we obtain that condition (i) is
independent of the ideal J. In particular, we can simply take J = (p).

(b) Conditions (ii) and (iii) together imply the following. The Spec(R)-scheme of R-linear
isomorphisms

D(X)(R) > D &z, R

identifying to(R) with s, ® 1, and identifying the Hodge filtration Fil'(X) c D(X)(R) with
standard filtration Fj, @w R C D ®z, R defined by p, is a P, xw R-torsor.

(c) For R in ANilp{,V, the categories of p-divisible groups over Spf(R) and over Spec(R) are
naturally equivalent, by [deJ95, Lemma 2.4.4|. For R in ANilplﬁfm, the argument in the proof of
[deJ95, Proposition 2.4.8] shows that each morphism of crystals o : 1 — D(X)® over Spf(R) is
induced by a unique morphism of crystals t, : 1 — D(X)® over Spec(R).

(d) For R of finite type over k, we will see that it is enough to verify (i) over one closed point

of each connected component of Spec(R); see Lemma 3.2.8 and its proof.
2.3.6  Define a functor RZE™ on ANilpE™ by setting
. nil
RZE™(A) = lim RZEP(A/I"),

where [ is an ideal of definition of A.

Assume that I is chosen with p € I. By Remark (c) above and the rigidity of quasi-isogenies
[Dri76], we see that elements of RZE™(A) correspond to isomorphism classes of triples (X, p, (ta)),
in which X is a p-divisible group over Spec(A),

p:XQXkA/I——-)XXAA/I

is a quasi-isogeny, and ¢, a morphism of crystals over Spec(A), such that (i), (ii), and (iii) above
are satisfied. The definition is independent of the choice of I.
Since any object A of ANilpﬁ,m is also an object of ANilpy,, it makes sense to consider

RZgﬂp(A). We will rarely do this unless A is discrete, in which case
RZGP(A) = RZE™(A).

The difference between RZE™(A) and RZgﬂp(A) is that, in the former, we ask that the quasi-
isogeny p only exists over A/I, with I an ideal of definition of the adic algebra A. For A in
ANilpi™ it will often be the case that RZgﬂp(A) = @, while RZE™(A) # 0.

2.3.7  The closed immersion ¢ : G < GL(C) induces an injective homomorphism from the
group J5(Q,) into the group Autg,(Xo) of quasi-automorphisms of the p-divisible group X,
i.e. of automorphisms of Xy up to isogeny. In addition, we can see that the induced action of
Jp(Qp) on D(Xo)(W)®[1/p] preserves the tensors t, 0. Therefore, the group J,(Q,) acts on the

functors RZE™ and RZE™ on the left by
g+ (X, (ta) = (X, po g7, (ta)) (23.7.1)

2.4 Field-valued points and affine Deligne—Lusztig sets

We now introduce some refined affine Deligne-Lusztig sets, and show that these can be used to
parametrize the set RZgﬂp(k" ) for any finitely generated field extension k’/k.
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24.1 For G, b and p : Gpw — Gw as in the beginning of §2.2.1, the ‘classical’ affine
Deligne—Lusztig set is

Xapu(k) ={g9 € G(K) : g 'bo(g) € GW)u(p)G(W)}/G(W).

We will define an analogous set for any extension field &'/k.
Let W’ be the Cohen ring of £/, let K’ = W’[1/p] be its fraction field, and let o : W' — W’
be a lift of the absolute Frobenius as in §2.1.4. Consider the set

{9 € G(K') : g "bo(g)u(p) " € GIW")}, (2.4.1.1)

and define ) X
QW) =GW"nu (p) 'GW")u (p),

the intersection taking place in G(K’).
The right translation action of @, (W’) on G(K ) preserves (2.4.1.1). Indeed, if ¢ € Q,(W')
and g belongs to (2.4.1.1), then Uy = g~ 'bo(g)u(p) ' belongs to G(W'), and hence so does

(99)"bo(9q)n(p) ™" = ¢ g7 ba(g9)o(@)ulp) ™" = ¢ Ugn(p)o(q)u(p) .

Thus gq belongs to (2.4.1.1).

DEFINITION 2.4.2. The refined affine Deligne—Lusztig set is the quotient
Xepuo(K') ={g € GK") : g~ bo(g)u(p) ™" € GIW)}/Qu(W").
Similarly, we have the naive affine Deligne—Lusztig set
X&ho (k) ={g € G(K') : g""ba(g) € GW)u(p)G(W')}/G(W).

For simplicity, we will often omit o from the list of subscripts. However, we do not know if
the set X p .0(k') is independent of the choice of the lift of Frobenius o.

PROPOSITION 2.4.3. The refined affine Deligne—-Lusztig sets have the following properties.
(i) Sending gQ.(W') to gG(W"') defines an injection
S(K') : Xapu(k') = XL (K) € G(K')/GW").

If k' is perfect, then ¢(k') is a bijection.
(ii) IfV is o-conjugate to b, say b’ = h='bo(h) with h € G(K), then g — hg defines a bijection

Xow u(K) = Xapu(k).
(iii) If k' is perfect, then g — o~ '(b~'g) defines a bijection
XG,b,,u" (k/) :) XG,b,,u(k/)‘

Proof. We first show (i). The condition for ¢ in the refined notion is stronger than the condition
in the naive notion; since @,(W’) C G(W’) the map is well defined. It remains to show that it is
injective. Let g, ¢’ € G(K'), and assume

Uy =g 'bo(g)u(p) " € GW'),
Uy =g "bo(g)ulp) " € GOV).

1068

https://doi.org/10.1112/50010437X17007011 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007011

RAPOPORT-ZINK SPACES FOR SPINOR GROUPS

Suppose there is an h € G(W’) such that ¢’ = gh. Then we obtain

Uy =h™' g~ bo(g)a(h)u(p) ™" = h™ ' Ugp(p)o (h)u(p)~".
As h™'U, and U, are in G(W'), we see that the element

_ o1 o1, N
pp)o(hup)™ = o’ (p)hu (p)™") € G(K)
actually lies in G(W'). Since o : W/ /p'W' — W'/p'W' is injective for all i, and G is affine and
flat over Z,, this implies that
1 —1 o
n o (phe” ()7 € GW).
It follows that h € Q,(W’). This shows the injectivity of the map ¢(k').

Now suppose that &’ is perfect so that o~ makes sense on W’ = W (k/). If g € G(K') is such
that g~1bo(g) = h1u’ (p)he with h; € G(W'), then ¢’ = go—'(hs)h; satisfies the refined condition.
Hence ¢(k') is surjective.

Part (ii) is routine. To show part (iii), observe that for h = c=(b~'g), we have

h=tbo(h) = o (g~b)bb™ g = 07 (g™ o (b)g = o (g7 bo(g))
and the result follows. O

2.4.4 Suppose ¢ : G — GL, is a closed immersion of group schemes over Z,, and set
v=10pu:Guw — GL,w. For 7 = o~! € Aut(W), we have
GW") = G(K") N GL,(W')
and
W () G(W)u™ (p) = G(K') N v (p) = GLa (W)™ (p),
the intersections taking place in GL,(K’). The embedding ¢ then induces injections
G(K')/G(W') — GL,(K")/GL, (W)
and
G(K')/Qu(W') = GLy(K')/Qy (W).

Moreover, g € G(K') satisfies g71bo(g)u(p)~* € G(W’) if and only if +(g) € GL,(K') satisfies
the corresponding condition with (G, b, u) replaced by (GLy,t(b), ). It follows that ¢ defines an
injection

Xapulk') = Xar, w0 (k).

2.4.5  We now return to the set-up of §2.3. Assume that (G, [b], {u}) is an unramified local
Shimura datum of Hodge type. Fix a corresponding local Shimura-Hodge datum (G, b, u, C') and
a set of tensors (sq) that cuts out G C GL(C). We then have the functor RZglp as before.

Fix a point .

(X, p, (ta)) € RZE®(K).

Consider the value M = D(X)(W') of the crystal D(X) on the Cohen ring W' of £/, viewed
as a PD thickening of k. We have the tensors t,(W’) € M®, which are Frobenius invariant in
M®[1/p], and the quasi-isogeny p, which induces an isomorphism

D(p) - M[1/p] = Mo[1/p]
such that D(p)(toa(W')) = ta,0(W) ® 1, by (i) of Definition 2.3.3.
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LEMMA 2.4.6. Under these assumptions, the scheme
T = IsomW’,ta(W’),sa®l(M7 D ®Zp W/)
is a trivial Gy -torsor over Spec(W’).

Proof. Note that T is an affine finite type W’-scheme carrying an action of the group scheme
G- We will first show that 7' is a GY;-torsor over Spec(W’).

For any m > 1, we have the nilpotent PD thickening W’'/pmW' — k’. Therefore, by
condition (ii) in the definition of RZgﬂp, the base change T' xy» W' /p"W'is a G xz, W' [p"W'-
torsor. It follows from the local criterion of flatness that 7' is W’-flat and hence also faithfully
flat (since the special fiber is non-empty). Since G acts transitively on the points of T' it now
follows that 7" is an (fppf locally trivial) G, -torsor over Spec(W’). Since G is smooth, the torsor
T splits locally for the étale topology of Spec(W”).

We can easily see that the generic fiber T xy» K’ is a trivial Gg/-torsor with a section
constructed using a composition of D(p)(W’) with the identification D(Xo)(W') = D ®z, W'. By
[Nis82, Theorem 5.2| (a very special case of a conjecture of Grothendieck), which applies since G
is quasi-split, T is a trivial torsor. O

2.4.7  We now describe RZgﬂp(k:’ ) in terms of a refined affine Deligne Lusztig set. The
following may be standard, but we could not find a reference.

PROPOSITION 2.4.8. Suppose that k' /k is a finitely generated field extension and denote by W’
the Cohen ring of k'. There exists a lift of Frobenius o : W' — W' with the following property.
We can write k' = lim R, where R are finitely generated smooth k-algebras, each having a finite
p-basis, such that for each R that appears in the limit there is a W-flat formally smooth p-adically
complete and separated lift R of R with R C W' lifting R — k' which is such that o(R) C R.

Proof. Suppose that R is a finitely generated smooth k-algebra which is a domain and is such that
k" is the fraction field of R. By replacing R by a localization we can assume that the differentials
Qp/r are a free R-module of rank equal to the Krull dimension of R; let dz;, i =1,...,d, be an
R-basis of Qg ;. In this situation, the absolute Frobenius ¢ : R — R is injective and makes R
into a finitely generated R-module. Therefore, by [EGAIV, ch. 0, Proposition (21.1.7)], the tuple
(x;) with i = 1,...,d is a system of p-generators of R over k, i.e. R = k[RP,(z;)]. In fact, we
can easily see that, since dx; are R-linearly independent, the x; are p-independent (cf. [Mat80,
p. 276]). Therefore, the x; form a p-basis of R over k.

If we start with a p-basis (z;) of &/, then [Mat80, Theorem 86| implies that (dx;) are a basis
of the k’-vector space /. If R C k' is any smooth finite type k’-algebra with &’ = Frac(R) such
that z; € R and (dz;) generate (2p/;,, then, by the above, (x;) also provide a p-basis of R.

Since k is perfect, we can write k' = li_r)nR, where R is as above. Now, as in [BM90, §1.1],
using the p-basis (z;) we obtain a concrete construction of the Cohen ring

W' =1lim A,(k),
<—n

and of a W-flat lift

R=1lim A,(R)
<—n

of R. Here A,,(R) and A, (k’), are certain subrings of the truncated Witt vector rings W, (R) and
W, (K'). By [BM90], sending x; € R to z; € k' gives ring homomorphisms i, : A,(R) = A, (k).
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Since R — k' is injective, A, (R) — A, (K') is injective, and so also i : R — W is injective. Recall
that, by [BM90, Proposition 1.2.6], a lift of Frobenius on A, (R), respectively W,,(k’), is uniquely
determined by giving (arbitrary) lifts y; , € A,(R), respectively A, (k) of all the elements z%.
Therefore, we can choose this way lifts of Frobenius on R and W’ that are compatible under

i:R— W' O

249 Let (G,b,u,C) be a local unramified Shimura—Hodge datum as in Definition 2.2.4,
and let (s,) be tensors in C® that cut out G € GL(C), as in §2.2.6.

Let k'/k be a finitely generated field extension, and suppose that the lift o : W/ — W’ of the
Frobenius is chosen as in Proposition 2.4.8. Suppose also that the Dieudonné module structure
on Dy determined by ¢(b) € GL(Cyw ) has no zero slopes (equivalently, the base point p-divisible
group X over k defined in Lemma 2.2.5 is formal).

THEOREM 2.4.10. Under the above assumptions, there are natural bijections
m: lim RZGP(R) > RZGP(K) S Xappe oK),
where the limit over R is as in Proposition 2.4.8 above.

Proof. Let Xy be the p-divisible group of Lemma 2.2.5, and recall that RZ(Xy) is the
(undecorated) Rapoport—Zink formal scheme from §2.3.1. Notice that (X, p, (ta)) — (X, p)
defines an injection RZgﬂp(k") — RZ(Xy)(K'), as t, is determined by t,(W').

Similarly, RZEIP(R) injects to RZ(Xo)(R). Indeed, ¢, is determined by to(R), and, as R is

torsion-free, ¢, (R) is determined by
ta(R)[1/p] = D(p) " (tao[1/p)-
Since RZ(Xy) is formally locally of finite type over W, we have
RZ(Xo)(k') = lim RZ(Xo)(R),
and so lim RZ{P(R) — RZGP(K).

Pick a point = = (X, p, (ta)) € RZgﬂp(kz’), and consider the value M := D(X)(W’) of the
crystal D(X) on W', endowed with the tensors t,(W’) € M®. By Lemma 2.4.6, the scheme

Tx = IsomW/,ta(W’),sa®1 (M, D ®Zp W/)

is a trivial G-torsor over Spec(W’).
If ¥ = k and x = ¢ is the base point of Remark 2.3.4, then there is an isomorphism

Bo s My :=D(Xo)(W) = D@z, W

with 8§ (ta,0(W)) = 5q®1 and we can use this to identify My = D ®z, W. In general, the generic
fiber of T, has a section constructed using D(p) and fy. Since the G-torsor T} is trivial there is
B:M = Dy, such that B€(to(W’)) = sq ® 1. Using D(p), we can identify

MQ:M()@WK/:D@ZPK/

and therefore think of M C Mg as a W'-lattice in My@w K’ = D®gz, K. Under this identification,
the choice of 3 is equivalent to picking g € G(K') such that M = g- (D ®z, W'); then 3 is given
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by left multiplication by ¢g~!. Notice that the coset gG(W’) is independent of the choice of g
and  and so we have a well-defined map

RZg" () — G(K')/G(W')
given by (X, p, (ta)) — gG(W').
By Zink’s theory, as in §2.1.5 (see especially [Zin01, Theorem 4]), and using the inclusion
RZg"(K') € RZ(Xo) (k).
we see that the W'-lattice M C My @w W'[1/p] uniquely determines the point (X, p, (ta)) €
RZA®(K'). On the other hand,
M =g-(My@w W') C My @w W'[1/p]
is uniquely determined by gG(W’), and so this construction gives an injection
™ RZEP(K) — G(K')/G(W").

We have to show that the image of this injection is exactly the refined affine Deligne-Lusztig set
Xappoo(K).
This amounts to showing that M is the W/-window corresponding to a point in RZgﬂp(k:’) if
and only if we can pick g € G(K') such that M = g-(Mo®w W') and g~ 1bo(g)u? (p)~t € G(W').
Suppose that M indeed corresponds to the point x € Rzgﬂp(k’ ) as above. Then

D(X)(K) = M @y k' = M/pM

with Hodge filtration given by Fil'(X) = M;/pM C M/pM. Since the Hodge filtration is a
G-filtration of type u by Definition 2.3.3(iii), we can pick a trivialization § : M/pM > D, that
preserves the tensors (i.e. a k’-section of the trivial torsor T}, above), and such that

M, /pM C M/pM = Dy,

is actually the filtration given by p. (Indeed, since Gy is split, the quotient morphism Gy —
Gw /P, splits locally for the Zariski topology over W. Therefore, G(k’) acts transitively on the
set of G-filtrations of D}, of type p.) By Hensel’s lemma, we can lift ftof: M Dy, Then
B(M;y) = pu(p)~D};. As before, 3 corresponds to g € G(K') such that

M=g-(Myow W') =g Dy
and then f is multiplication by ¢~'. Hence,
M =g- Dy, M =g-pu(p) " Diy.

The quadruple (M, My, F = bo o) defines a W/-window if and only if the W’-submodule
(p~'F(My)) of MJ[1/p] generated by p~'F (M) is equal to M. Indeed, if (M, My, F = bo o)
is a W’ -window this condition follows from the definition in §2.1.5. Conversely, assume that
(p~'F(M)) = M. Then

pM C My C F~Y(pM)c M

and (F(M)) = M = (F(F~'(pM))). Hence M; = F~'(pM), and then (M,M;,F = bo o)
gives a W’'-module by the observation in §2.1.5 (the nilpotence condition also follows by a slope
argument).
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The condition that (p~'F(M;)) = M reads
(p~"bo (gpp(p) ™" - D @z, W')) = g - (D @z, W),
which translates to
(g o ()7 ()L - (D &z, (W) = D 0, W', (2.4.10.1)
Set u = gbo(g)u’(p)~* € G(K'). Since
(h-(D®gz,a(W')) =h-(D &gz, W,

for any h € GL,,(K"), the equation (2.4.10.1) above amounts to u € GL,(W'). We obtain that w is
in G(W') = G(K')NGL,,(W'), and thus g € X¢p 4o - (k). Therefore, the image of 7 is contained
in XG,b,u“,o’(k/)~

Let us now discuss the converse. Start with g € Xq, Ma7o-<k‘/ ), and set

M =g-Djy,, M =gpu(p)~t- Djy.

By the argument above, (M, M;,boo) is a W’-window. By Zink’s theory, there is a corresponding
p-divisible group X over k' with a quasi-isogeny p : Xo xx k' --» X, and (X, p) gives a k’-point
of the Rapoport—Zink space RZ(X)).

Since the underlying reduced scheme RZ(X()™ is locally of finite type, we can find a smooth
domain R over k as above with k' = Frac(R) and a p-divisible group with quasi-isogeny (Xg, pr)
over R that extends (X, p). By replacing R by a localization we can further assume that R has

a lift R such that o(R) C R and that D(Xg)(R) is R-free. We have

D(Xg)(R) @z W' 2 DX)(W') = M = g- (Mo @w W').

We will now produce a corresponding R-valued point (Xg, pr, (ta)) of RZgﬂp. For this, we will
construct a morphism of crystals ¢, : 1 — D(Xg)® such that ¢, : 1 — D(Xg)®[1/p] are Frobenius
invariant and then check that ¢, satisfy (i), (ii), and (iii) of Definition 2.3.3.

By [BM90, Proposition 1.3.3] or [deJ95, Corollary 2.2.3], to give t,, as above, it suffices to give
to(R)(1) € D(XR)(R)® which are horizontal for the connection and are Frobenius invariant in
D(XRg)(R)®[1/p]. Consider the images t,, of the ‘constant’ tensors s, ® 1 under the isomorphism
of isocrystals

D(p)~" : D(Xo,r)?[1/p] = D(XR)®[1/p]
induced by the quasi-isogeny p. Since p is defined over R, we obtain ta(é) e D(X R)(ﬁ)@)[l /D).

However, since g is in G(K'), we actually have t,(R) = s, ® 1 in
M®[1/p] = D(Xp)(R)® @7 W'[1/p),

and these lie in N
M® =D(Xg)(R)® @3 W'

Since D(XE)(]:E) is R-free and R[1/p] N W' = R, we can see that our tensors to(R) = 54 ® 1
lie in D(XR)(R)®. They are horizontal and Frobenius invariant since this is true over W', and

R C W'. Moreover, conditions (i), (ii), and (ii) can now be seen to be satisfied after possibly
further localizing R. We have now produced an R-valued point in RZglp.
These two constructions are inverses of each other. This shows that li_n)1RRZgﬂp(R) =

RZgﬂp(k‘/) and the image of 7 is Xqp, 0 o (). -
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Remark 2.4.11. Observe that RZE™(R) = RZgﬂp(R), and so Theorem 2.4.10 also gives
lim RZE" (R) = X .o (K)-

This will be important for the application to Rapoport—Zink formal schemes. As we will see,
these are defined via the functor RZfCS;m which can be evaluated at R as above but not at &’.

We can directly obtain a bijection RZI&,ﬂp(k:’ ) = Xgpuoo(K'), without assuming that &'/k is
finitely generated, by a simpler version of the above argument.

3. Shimura varieties and representability

3.1 Integral models of Shimura varieties of Hodge type
Here, we recall results of [Kis10| about integral models of Shimura varieties of Hodge type. We
actually follow the set-up of [Kis13, (1.3)], to which the reader is referred for more details.

3.1.1 Let (G,H) be a Hodge type Shimura datum in the sense of [Del79|, so that G is
a connected reductive group over Q and H = {h} is the G(R)-conjugacy class of a Deligne
cocharacter h : Resc/rGm — Gr. Define py, : Gy — G, as usual, by pp(z) = he(z,1). The
reflex field E C Q C C is the field of definition of the conjugacy class {up}.

The condition of Hodge type means that there is an algebraic group embedding

LG — GSpy, (3.1.1.1)

over Q inducing a morphism of Shimura data (G,H) — (GSpy,, Hay). Here Ha, is the union of
the usual Siegel upper and lower half-spaces of genus g. The composition ¢o i, is conjugate to the
standard minuscule cocharacter psq : Gm — GSpy, given by pgia(a) = diag(a9),109)). As G(R)
contains the image of the weight homomorphism wy, we see that G has to contain the torus of
scalars (diagonal matrices) of GSpa,.

We assume that G extends to a connected reductive group over Z,), which we again denote
by G. As in |Kis10, Lemma (2.3.1)], this implies that there is a rank 2g symplectic space (C, )
over Z,) and a closed immersion ¢ : G — GL(C) of reductive groups over Z,y whose generic
fiber factors through the subgroup GSp(Cp, ) C GL(Cg) and induces (3.1.1.1) after fixing an
identification GSp(Cq,?) = GSpy,. By Zarhin’s trick, after replacing C' by Homz(p)(C, C)%
and enlarging g, we may assume that C is self-dual with respect to ¥. We then have a closed
immersion of reductive group schemes

t: G — GSp(C,v) (3.1.1.2)

over Z, with generic fiber (3.1.1.1).
Asin (1.1.1.3), let D be the G-representation contragredient to C'. By [Kis10, (1.3.2)] there
is finite list (s,) of tensors s, € C® = D® that cut out G C GL(C), in the sense that

G(R) ={g € GL(CR) : - (50 ®1) = (sa ® 1), Va},

for all Z,-algebras R. In particular, G(W) = G(K) N GL(Cyw ). In what follows, we take the set
of tensors (s4) to always include the tensor corresponding to the perfect symplectic form ; see
the proof of Theorem 3.2.1 below.

A choice of field embedding Q — K determines a place v | p of E. The completion E, is the
field of definition of {uy,}, now regarded as a G(K)-conjugacy class of cocharacters G,z — G-
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Let
ShUp (G, H) = 1<i_I_nUpShUpUp(G, H)

be the canonical model over £ C K of the corresponding Shimura variety for the hyperspecial
subgroup
Up=G(Zpy) C G(Qp).

Here the limit is over compact open subgroups UP of G(Afc).

3.1.2 For a Z(p)—scheme S and an abelian scheme A — S we set

TaP(A) = lim Afn],

pt

viewed as an étale local system on S, and write
TaP(A)g = Ta’(A) ®z Q.

Consider the category obtained from the category of abelian schemes over S by tensoring the
Hom groups by Z,). An object in this category will be called an abelian scheme over S up to
prime-to-p-isogeny. An isomorphism in this category will be called a p’-quasi-isogeny. Note that
TaP(A)g is functorial for p’-quasi-isogenies.

If A is an abelian scheme up to prime-to-p-isogeny, we write A for the dual abelian scheme
up to prime-to-p-isogeny. A weak polarization of A is an equivalence class of p/-quasi-isogenies
A: A5 AY such that some Z(Xp)—multiple of X is a polarization. Here two such A are equivalent
if they differ by multiplication by an element of Z(Xp X

Let U C GSpy, (AI}) be any compact open subgroup, let

UJ, = GSp(C, ¥)(Zp) C GSpyy(Qp)

be the hyperspecial subgroup determined by the self-dual symplectic space (C, 1)) over Zpy, and
set
U' = U’pUIQ C GSpyy(Ay).

Assume (A, \) is an abelian scheme up to prime-to-p-isogeny with a weak polarization.
A U'P-level structure on (A, \) is a global section

e € T(S,Isom(C @ AR, TaP (A)g)/U™P).
Here Isom(C' @ AL, TaP(A)g)/U" is the étale sheaf on S of UP-orbits of isomorphisms
C® A]J)C = Tap(A)Q
identifying the symplectic pairings induced by 1 and A, up to a (A?)X—scalar.
For U'P sufficiently small, the functor that assigns to S the set of isomorphism classes of

triples (A, A, e’('},) as above, is representable by a smooth Z,)-scheme g v, whose generic fiber

Ay @z, Q = Shyr(GSpag, Hag) (3.1.2.1)

is identified with the Siegel Shimura variety; see [Kot92]. We will always assume that U'P is
sufficiently small in what follows.
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3.1.3  Let us denote by .71, (G,H) the canonical smooth model over O (. of the Shimura
variety
Shy, (G, H) = l(iglUpShUpUp(G, H)

constructed in [Kis10] for the hyperspecial subgroup U, = G(Z,). Thus
yUp (Gvﬂ) = ]iILIUprpUp(G’%)7
where for sufficiently small subgroups UY c Uy c G (A?) the transition morphism
ey, (G H) = Ly, (G, H)

is finite étale. In fact, for U = U,UP with U? sufficiently small, the integral model .77 (G,H) is
smooth over O (,, and is constructed as the normalization of the Zariski closure % (G,H)™ of
the image of the morphism

ShU(G,H) — ShU/(Gszg,Hgg) ®Q E— %7U/ ®Z(p) OE,(U)

induced by (3.1.1.2) and (3.1.2.1) for a suitable choice of level structure U’P. In particular, there
are finite morphisms

normalization

L S (G H) Ju(GH)” = Ay @z, Op ),

where now we suppress the level structure U’ on the Siegel space from the notation. This should
not lead to confusion, as the particular choice of level U’ will play little part in our arguments.

3.1.4 Now let us pick a point xg € Sy (G, H)(k). Consider the contravariant Dieudonné
module D(X)(W) of the p-divisible group Xo = Ay, [p™>°] of the abelian scheme A, over k
determined by the point ¢(xg) € o7 (k). By [Kis10, Corollary (1.4.3)], there are crystalline tensors

b = 10 € D(Xo)(W)°
that are fixed by the action of Frobenius on ID(X)(W)[1/p], and satisfy
tao(k) € Fil®(D(X0)®(k)).
By [Kis10], there is an isomorphism of W-modules
Bo: D&z, W = D(Xo)(W)

identifying s, ® 1 with ¢, 0. After choosing such an isomorphism, the Frobenius on ID(Xy)(W)
has the form F' = by, o o for some b,, € G(K).
Consider the Hodge filtration

Fil' (Xo) © D(X0) (k) = Hig(As, /).

By [Kis10, Corollary (1.4.3) (4)] this filtration is given by a Gj-valued cocharacter, and we pick
any lift to a cocharacter

My * Grnw — Gw.

By the argument in the proof of [Kisl13, Lemma (1.1.9)] the G(W)-conjugacy class of p, is
independent of the choice of fy. In fact, any such cocharacter satisfies

bay € G(W)pg, (p)G(W),

and lies in the G(K)-conjugacy class defined by ;' (see [Kis13, (1.1.9)]), whose local reflex field
iskE, CK.

1076

https://doi.org/10.1112/50010437X17007011 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007011

RAPOPORT-ZINK SPACES FOR SPINOR GROUPS

In this way, each point zg € .7, (G,H)(k) produces a local Shimura-Hodge datum, which,
for ease of notation, we abbreviate to

(G, b,M,C) = (GZp,bmg,,UmO,CZp)' (3.1.4.1)

Note that the p-divisible group of Lemma 2.2.5 is Xy = Az, [p™].

For the rest of §3 we fix the local Shimura—Hodge datum (3.1.4.1) given by a point
z9 € Su,(G,H)(k) by the above procedure. We also fix the tensors s, € C¥ = D® cutting
out the subgroup G C GL(C). It is essential in what follows that both the local Shimura—Hodge
datum (G, b, t,C) and the tensors (s,) arise from a global point zg € .7, (G, H)(k), and from
tensors defined on C, not just on Cz,.

3.1.5 As the Shimura datum (G,H) will remain fixed, in what follows we will often
abbreviate .#7; or just . instead of /77 (G, H). We will also often write .7, instead of ./, (G, H).
Let f: A — % be the universal abelian scheme over .¥, and denote by

~ —~

f:ﬁ—)f

the corresponding morphism of smooth formal schemes over Z, obtained by p-adic completion.
We have the crystals D(X"V) and D(X V) and Frobenius isocrystals D(X")[1/p] and

o~

D(XV)@[1 /p], over 97, where X"V = A[p™] is the p-divisible group of the universal abelian
scheme. By [BBM82], we have

]D)(Xuniv) = lecris,*og/zpa
and there is a natural isomorphism

Hig(4).5) = (lecris,*og/zp)j
of coherent sheaves O s-modules, where the left-hand side is the first relative de Rham cohomology

of ,1 and the right-hand side is the pull-back of the crystal to the Zariski site.
By [Kis10, Corollary (2.3.9)], there are de Rham tensors

w1 — Hig(A/.9)%,

which are horizontal for the Gauss-Manin connection. Since . is smooth over Z,, we obtain

O

& /Zp—morphlsms

tgniv 1 (Rlﬁris,*og/zp)(@ — ]D)(Xuniv)®

of crystals over 7. By the construction in [Kis10], the tensors t'"V restrict to t, o by pulling
back via z¢ : Spec(k) — ., and

ta ™ [1/p] + 1[1/p] — D(X"™)®[1/p]

are Frobenius equivariant.
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3.1.6  Recall from §2.2.1 the homogeneous space
Mgy, ®0,, W = Gw /P,

over W, where P, C Gw is the parabolic subgroup defined by p : G,,ww — Gw. Denote by
U# = U, the unipotent radical of the opposite to P, parabolic subgroup of Gy and by Ug’/\ the
formal completion of U}, at its identity section over W. Then Ug#A can be identified with the
formal completion of Mg, ®o, W at the section given by 1- P,/P,.

Let R = @YW,IO be the completion of the local ring of Ay at x9. By [Kisl0,
Proposition (2.3.5)] and its proof, we may identify Spf(R) with UgIO’A and identify
R = W]z1,...,x4] in such a way that the W-point given by z; = --- = x4 = 0 has Hodge
filtration given by pg,. In fact, by a result of Faltings [Fal99|, we see, as in [Kis10, (1.5)] (see also
[Mo0098, §4]), that this identification can be chosen in such a way that the Dieudonné crystal of
the universal p-divisible group X"V with its tensors t, over R is

D(X"Y)(R) = D(Xo)(W) ®w R = D ©z, R,
(as R-modules) with filtration
Fill(X"Y) = Fill (Xo) @w R,
and t, = th0 ® 1 = 5, ® 1, while the semi-linear Frobenius
F o D(X™V)(R) - D(X"Y)(R)

is given by F' = u - (by, ® ¢r). Here u is the universal R-point of the completion ngo’/\ of
the unipotent subgroup ngo at the identity section and ¢ is the lift of Frobenius such that
or(xi) = 7.

3.2 A global construction of Rapoport—Zink formal schemes

A more general version of the following representability result appears in work of Kim [Kim13].
Kim does not assume that the local Shimura datum (G, [b], {u}) of Hodge type is obtained from a
point on a Shimura variety. Although we were very much inspired by Kim’s work, our arguments
are quite different and independent of [Kim13].

THEOREM 3.2.1. Let the unramified local Shimura—Hodge datum (G, b, u, C') and the finite set of
tensors (so) € C® that cut out G C GL(C) be as in (3.1.4.1) above. Suppose Xog = Xo(G, b, u, C)
is the p-divisible group over k defined in Lemma 2.2.5.

(1) There exists a formal scheme RZg = RZgy 0, (s.) over Spf(W), formally smooth and
formally locally of finite type, that represents the functor RZfCS;m on ANﬂp{,SVm defined in
§2.3.6.

(i) The action of J,(Q,) on RZE™ given by (2.3.7.1) is induced by a left J,(Qy,)-action on the
formal scheme RZ¢.

(iii) The formal scheme RZ¢ is a closed formal subscheme of RZ(X)).

Remark 3.2.2. The formal scheme RZ¢ is characterized as the unique formally smooth and locally
formally of finite type over W that represents the functor RZE™, and this functor is determined
by (Xo, (ta,0))- (The definition of the functor also involves the conjugacy class {p}, but this is
determined by X and its tensors.) In particular, it follows that RZq agrees, up to isomorphism,
with the Rapoport—Zink formal scheme of Kim [Kim13]|.
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COROLLARY 3.2.3. Under the above assumptions, if k'/k is a finitely generated field extension,
the construction in the proof of Theorem 2.4.10 provides a bijection

T RZG(]C,) :> XG,(LMU,O'(IC/)'

Proof. By Theorem 3.2.1(i), the underlying reduced scheme RZ¢ is locally of finite type over k,
and so

. . nil
RZg(K') = lim RZ(R) = lim RZA"(R),

where the limit is as in Proposition 2.4.8. The corollary then follows from Theorem 2.4.10 after
taking into account Remark 2.4.11. O

3.2.4 We will now turn to the proof of Theorem 3.2.1, but, before we do that, we sketch
the argument. We first construct the formal scheme RZg over W using the integral model of a
Shimura variety and then we show, using also certain results from [Kis13], that it represents the
functor RZfém.

Roughly, the construction of RZ¢ is done in two steps. First, we form a fiber product RZg
of the classical Rapoport—Zink space associated to the p-divisible group Xy with the p-adic
completion of the integral model of the Shimura variety; the fiber product is over a Siegel moduli
space. Over this fiber product, we have crystalline tensors obtained by pulling back the universal
crystalline tensors t3™V over the integral model constructed by Kisin (see §3.1.5); we also have
corresponding crystalline tensors ¢, obtained by pulling back the crystalline tensors on the base
point X via the universal quasi-isogeny. The second step is to show that the locus where these
two tensors agree, i.e. with t2V = ta,0, is given by a closed and open formal subscheme of the
fiber product. This formal subscheme is the desired formal scheme RZg.

Proof of Theorem 3.2.1. 1t follows directly from the definition that the usual Rapoport—Zink
formal scheme RZ(Xj) of §2.3.1 represents

fi L fi
RZET o) = RLET (o) p .o

Here we take the set of tensors to be empty. Also, we can show that the symplectic Rapoport—Zink
formal scheme RZ(Xy, \g) represents

fsm L fsm
RZcsp(c) = RZGSp(C,1),b,,C(5aympn)*

Here, X\ : Xo — X is the principal polarization deduced from the symplectic form ¢ on C,
and the single tensor sgympi is defined as follows. Denote by 1 : GSp(C, ) — G, the similitude
character. The symplectic pairing ¢ : C®@C — Zy(n) defining GSp(C, v) induces an isomorphism
C = D(n), which allows us to view the dual

¢* : Zp(nfl) — (C®C)* ~“D®D
as a map ¥* : Zy(n) — C @ C. Now define
Ssympl € End(C ® C) = 0®2 ¢ D2 - OF

as the composition
ceocbz,mL s
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The group GSp(C, ) C GL(C) is the stabilizer of sgympi. One can easily show that RZ(Xo, \o)
represents RZf(S;Snp(C) by using duality and the full faithfulness of the Dieudonné crystal functor

(see [BM90, 4.1 and 4.3] and [deJ95]) for p-divisible groups over bases in ANilpi®,
In accordance with the above general notation scheme, we can now denote

RZqrc) = RZ(Xo), RZaspc) = RZ(Xo, Xo)-

If C is clear from the context we will simply write RZqr,, RZqsp, instead.
As in [RZ96, Theorem 6.21], there is a canonical morphism

O RZGSp(C) — &;W = .&;@ZPW

(Here again, sz?g\ denotes the completion of o, — Spec(Z(,) along its special fiber.) This
morphism sends a triple (X, A, p) to the point corresponding to the unique principally polarized
abelian scheme A whose p-divisible group is X, and for which there exists a quasi-isogeny
Az, --» A respecting polarizations up to Q*-scaling, inducing an isomorphism on ¢-divisible
groups for all £ # p, and inducing the quasi-isogeny

Agy[p™] = Xo 25 X = APp™).
We now let RZg be the formal scheme over Spf(W') defined by the fiber product

RZ% —— RZGSp(C)

G
Py —— Ay,
Here, ¥ = Sy»ry,, in which we fix a choice of a sufficiently small prime-to-p level UP. We will
see eventually that all such choices produce the same Rapoport—Zink formal scheme.
The formal scheme RZ¢ represents the functor that assigns to each W-scheme S in Nilpy,
the set of quadruples (X, A, p, f : S — ), where (X, A, p) is an S-valued point of RZgs;, such

that the composition
norm

S Ay I g s

gives the corresponding point ©((X, X, p)) € <, w (S5).
In this situation, the Dieudonné crystal D(X) of the p-divisible group over S supports tensors
to : 1 — D(X)® which are obtained as t, = f*(ti"V), i.e. by pulling back the universal crystalline

tensors over .¥.

PROPOSITION 3.2.5. The morphism RZg, — RZgsp(cy is finite and the formal scheme RZg is
formally smooth and locally formally of finite type over Spf(W).

Proof. Since ¢ is finite, the same is true for RZg — RZggp(c), and so RZg; is locally formally of
finite type over W. By |Kis10, Proposition (2.3.5)] and the proof of [Kis10, Theorem (2.3.8)] (see
also §3.1.6), the morphism ¢ induces a closed immersion between the formal completions of .y
and 7, 1 at each closed point s € . Moreover, the scheme %}y, is smooth. By the Serre-Tate
theorem, the formal completion of RZggp,(c) at any closed point can be identified with the formal
completion of <7 1y at the corresponding point and formal smoothness follows. In fact, for each
closed point s of RZg the morphism O, gives an isomorphism

—~O ~
RZG,S — yW,s

between formal completions. |
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Suppose that S is a scheme in Nilpy, and a € RZ&(S). We have crystals D(X) and D(X)®,
and isocrystals D(X)[1/p] and D(X)®[1/p], over S. By pulling back the universal crystalline
tensors t3MY via ©°ca: S — ., we obtain t, : 1 — D(X)® over S.

DEFINITION 3.2.6. For each S in Nilpy,, denote by RZq(S) C RZg(S) the subset consisting of
all points a € RZ%(.S) with the following property: for every field extension &’/k and every point
y € S(k'), the isomorphism

D(p) : D(Xy)®(W)[1/p] = D(Xo)?[1/p] @1/ W'IL/p]
identifies the tensors to(W') with ¢4,0(WW) ® 1. In other words,
D(p)(ta(W')) = tao(W) @ 1. (3.2.6.1)
(Recall that W’ is the Cohen ring of '.)

PROPOSITION 3.2.7. (i) The subfunctor RZ¢ is represented by a closed and open formal sub-
scheme of RZg,.
(ii) The formal scheme RZ¢ is formally smooth and locally formally of finite type over Spf(W).

Proof. The proof relies on the following lemma.

LEMMA 3.2.8. Assume that S in Nilpy, is connected, a € RZg(S), and that there is a field k'
and a point y € S(k') such that the condition (3.2.6.1) is satisfied at y. Then D(p)(ta) = tao®1,
where

D(p) : D(Xg)?[1/p] = D(Xo xx S)*[1/p]

is the morphism of Frobenius isocrystals over S induced by the quasi-isogeny p. In particular,
condition (3.2.6.1) is satisfied at all field-valued points of S, and so a € RZq(S5).

Proof. Note that, as RZg is locally formally of finite type, for any a € RZg(S), there exist a
locally finite type scheme S’ in Nilpy,, a morphism w : S — S/, and b € RZ&(S") such that
a = bow. Since S is connected, we can assume that S’ is connected and so we reduce to showing
the statement above for S connected and locally of finite type.

We will first show that (3.2.6.1) holds for all field-valued points of S. All such points factor
through the underlying reduced scheme S)¢q; hence, we can further assume that S is reduced
and is actually affine of finite type over k. Now the argument of [Mad16, Lemma 5.10] implies
that condition (3.2.6.1) is satisfied for all field-valued points of S, and in particular for all closed
points s € S, taking k' = k(s) to be the residue field. This already gives that a is in RZg(S).

To show the rest, observe that, by Berthelot’s construction |Ber96, Theorem (2.4.2)], the
Frobenius crystal D(X) over S determines a convergent Frobenius isocrystal M = D(X)[1/p]*"
over S/W. Similarly, we have a convergent Frobenius isocrystal My given by base-changing
D(Xo)[1/p]* to a convergent Frobenius isocrystal over S/W. The quasi-isogeny p induces a
morphism of convergent Frobenius isocrystals

D(p)™ : M® = M.

By [Ogu84, Theorem 4.1] (see [Ber96, Remark 2.3.4]), we have D(p)*(tn) = tao ® 1 in M®
since, by the above, this is true at a closed point. By [Ber96, Theorem (2.4.2)] the functor from
Frobenius crystals up to isogeny over S to convergent Frobenius isocrystals over S/W is faithful,
and the result follows. O
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Consider the union of connected components of RZg, which have a field-valued point such
that (3.2.6.1) is satisfied. We can now see that this union represents the functor RZ¢. The second
statement now follows from the first and the previous proposition. O

The following proposition gives a main part of Theorem 3.2.1.

PROPOSITION 3.2.9. The formal scheme RZq constructed above represents the functor
RZE™ . ANilpii® — Sets
defined in §2.3.6.

Proof. Suppose that R is in ANilp{/SVm. Denote by I an ideal of definition of R with pR C I. We
will establish a functorial bijection

RZq(R) = RZE™(R).
Suppose first that we are given
(X, A p, f : SPE(R) > Av) € RZG(R),

By Remark 2.3.5(c), we have morphisms of crystals t, : 1 — D(X)® over Spec(R) obtained
by pulling back the universal crystalline tensors on 7. Recall that the tensors (to) include
the crystalline tensor that corresponds to the polarization A. By the definition of RZg, for
any k’-valued point of R, where k' is any field, we have the identity (3.2.6.1). Property (i) of
Definition 2.3.3 follows from Lemma 3.2.8. To show that properties (ii) and (iii) are satisfied, we
reduce by fppf descent to the case that R is replaced by its completion ﬁx at an arbitrary closed
k-valued point z. Since R is formally smooth, we can assume R = W/p™[x1,...,z,] for some m

and n. Then the morphism
[ Spt(W/p™ [x1,...,xn]) — 5/”1\/1/

factors through the completion Spf(@y’f(m)); this completion is described in § 3.1.6, from which

properties (ii) and (iii) follow for ¢, and the Hodge filtration over O #,f(z), and therefore also
over RR.

Conversely, suppose
(X, p, (ta)) € RZG™(R).

Since (to) include the polarization tensor tgmpl, it follows, by using duality and the full
faithfulness of the Dieudonné crystal functor over R (see [BM90, 4.1 and 4.3] and also [deJ95]),
that these data also produce a principal polarization A on the p-divisible group X. We thus obtain
O((X, A, p)), a Spf(R)-valued point of 7y which, by the standard algebraization theorems,
corresponds to

y : Spec(R) — Ay w. (3.2.9.1)

It is enough to show that y factors through Ay .

This is true when R = k, but this is already quite deep. It follows from Theorem 2.4.10 (with
k' = k), together with [Kis13, Proposition (1.4.4)] and its proof (this uses the main result of
[CKV15]).

Let us now deal with more general R. Assume first R = Wlz1,...,x,], for some
n > 0, with the obvious extension of a notion of an R-valued point of RZfCS;m (take
I = (p,z1,...,o,) as an ideal of definition in §2.3.6). As just explained, we know that
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Spec(k) — <y given 1 = --- = x, = p = 0 gives a point x € Hy (k). Use property (ii) of
Definition 2.3.3 to choose a trivialization

D(X)(R) = D @z, R

that matches the tensors t,(R) with the standard tensors s, ® 1. By Faltings’ construction of the
universal deformation of the polarized p-divisible group (X, \;) as in §3.1.6, and the Serre-Tate
theorem, we can identify the completed local ring of .27, y with the completion Ugs’stdﬁc) of the
opposite unipotent at the identity section. Our conditions now imply that the tensors t, =
Sq ® 1 are ‘Tate tensors’ over R, therefore, by [Mo098, 4.8|, the corresponding R-valued point of
UEs “tdEA) factors through

JURVAN Hstd >\
UG UGSp( C)-

As in (3.1.6), ng’/\ is identified with the completion of . at z and the result for

RS Wlay,...,2,] follows. _
We now con81der the case of a general R in ANllpfsm Evaluate ¢, on the PD lift R of §2.1.3
to obtain t4(R), and a corresponding R-scheme Tz of trivializations of (D(X)(R), (ta(R))).

LEMMA 3.2.10. TE is a Gﬁ—torsor.

Proof. Notice that R/p”R — R is a nilpotent PD thickening, for all n > 1. The claim follows
from the local criterion of flatness and the definition of RZfsm (see, in particular, §2.3.6 and
condition (ii) of Definition 2.3.3), by an argument as in the proof of Lemma 2.4.6. i

As in [Kis10, Proposition (1.1.5)], the scheme Mg ,, of G-split filtrations of type u is smooth
over Og. Hence, so is its twist

M, =T x9% Mg, (3.2.10.1)
by the G z-torsor T; this classifies filtrations in D(X )(R) which are, locally for the étale topology,

induced by a cocharacter which is G-conjugate to p. Since R is p-adically complete, we can lift
the R-valued point of (3.2.10.1) corresponding to the Hodge filtration Fil'(X) C D(X)(R) to
an R-valued point corresponding to a filtration in D(X)(R) as above. By Grothendieck—Messing
theory, this lift of the Hodge filtration gives a morphism

7 : Spec(R) = yw (3.2.10.2)

extending the point y of (3.2.9.1). Now suppose that x is a k-valued point of R = ﬁ/pf% and
consider

2 Spec(R)) — Spec(R) — oy w

Since EQ = Wx1,...,2s], we obtain, by the result above, that y/ factors through Ay. It
follows that (3.2.10.2) factors through the Zariski closure .#};, of the generic fiber of A in

@y W since Ris integrally closed in ﬁ[l /p], we see that y factors through the normalization .7y .
Therefore, the morphism y : Spec(R) — 47, w also factors through .#y,. This completes the proof
of Proposition 3.2.9. a

This completes the proof of (i) and (ii) of Theorem 3.2.1. Indeed, the statement about the
action of J,(Q)) can be easily deduced from the rest. Part (iii) follows from the fact that

RZqsp = RZ(Xo, o) — RZgr, = RZ(Xy)

is a closed immersion, together with the following proposition.
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PROPOSITION 3.2.11. The morphism RZg — RZgs, obtained by composing RZ¢ — RZg, and
RZ¢ — RZgsyp is a closed immersion.

Proof. Recall that by Proposition 3.2.5, RZg — RZgsy, is finite. By the previous proposition, we
can identify RZE™ (k) = RZg(k). Let (X, \, p) € RZgsp(k), and let

T = (Xv P (ta)) € RZf(S}m(k)

be a preimage. The crystalline tensors ¢, : 1 — D(X)® are uniquely determined by t,(W) €
D(X)(W)®. The condition (3.2.6.1) shows that these are then also uniquely determined by the
rest of the data, so

RZE™ (k) = RZg(k) — RZgsp(k)
is injective. The proof of Proposition 3.2.5 now implies that RZg — RZgsp induces a closed

immersion RZ¢q , — RZgsp on formal completions. Since RZg — RZgsp is finite the result
easily follows, for example by using Nakayama’s lemma. O

This completes the proof of Theorem 3.2.1. O

PROPOSITION 3.2.12. The formal scheme RZ¢g depends only on the local Shimura—Hodge datum
(G,b, 1, C) and not on the choice of the tensors (so) C C®, as in §3.1.1, that cut out G.

Proof. By Proposition 3.2.11, RZq is a closed formal subscheme of the undecorated Rapoport—
Zink formal scheme RZgr, = RZ(Xp). By Theorem 2.4.10, the choice of the base point xg =
(Xo, (ta,0)), together with an isomorphism of its Dieudonné module with (Dy,bo o, (sq ® 1)),
determines bijections

RZg (k) = RZE™ (k) & Xapoug k), RZaL(k) = Xario)itug) (k)-
In fact, these bijections are compatible with the maps RZg — RZg1, and
X6 poug (k) = XaLii(bo),i(ug) (k)

determined by i : G — GL(C'). Moreover, for each € RZq(k), the formal completions ﬁ\ZG@ -
P/{\ZGL@ at  can be identified with Ug““/\ - Ué(fj‘””)’A, where u, : G — Gw gives a filtration
that lifts the Hodge filtration for x. Therefore, both the set of k-valued points and the formal
completions at each point of the closed formal subscheme RZgs C RZgr, do not depend on the
choice of tensors (s,) C C®. Hence, we deduce that the closed formal subscheme RZg C RZqr,
also does not depend on the choice of tensors (s,). Combining with the above, this now implies
that RZg depends only on the local Shimura-Hodge datum (G, b, u, C). O

Remark 3.2.13. According to [Kim13], the Rapoport-Zink formal scheme only depends, up
to isomorphism, on the datum (G, [b],{x}). Then by the above, RZq also only depends, up to
isomorphism, on (G, [b], {i}) and not on the local Hodge embedding. However, this independence
does not follow directly from our construction without appealing to [Kim13].

Remark 3.2.14. Define the W-morphism

@IRZG%%:%,W
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to be the composition of RZg — RZ¢ with ©¢ : RZg, — %V The morphisms
CF RZG — %/ = c5/’?]71/1/

commute with the projections Syry y — Fypy, w for UP c UY. Hence, they combine to also
provide a morphism . .
O : RZG — <5”[]]071/1/ = LiI—nUPyUpUp’W'

Remark 3.2.15. Recall from §3.1.4 that the local Shimura-Hodge datum (G,b,u,C) was
constructed from a point zg € . (k). Fix g € G(K) and h € G(W), set

bV =g 'bo(g), u =huh™"

and assume that b’ € G(W)u'? (p)G(W). Then there is a point zf, € . (k) such that the unramified
local Shimura-Hodge datum (G, ¥, 1/, C') is constructed, in the sense of §3.1.4, from z,.

To see this, notice that the above condition on " implies that g € X 0 (), and we may
take x(, to be the image of g under the composition

-1
X oo (k) T RZa(k) > 7 (k).
Note that we then obtain an isomorphism

RZ¢ pp,c(s0) = R2G v 0,0 (50)

by composing the quasi-isogeny p in the definition of the Rapoport—Zink functor (Definition 2.3.3)
with the quasi-isogeny

XO(G7 b/a /L,a C) - XO(Ga ba Hy C)
determined by g.

3.3 Formal uniformization of the basic locus
By our construction, RZg comes with a W-morphism

@:RZG—>§/”;V,

where . = Y77 is the integral model of the Shimura variety given by our choice of a global
Shimura datum. Such a morphism is one of the main ingredients of the uniformization theorems
of [RZ96, Theorem 6.2] and [Kim14]|. In our approach, © is essentially part of the definition of
RZ¢. We can directly show a version of uniformization (Theorem 3.3.2) by combining the above
with results of Kisin [Kis13|.

3.3.1  For simplicity, we will only discuss the uniformization when b € G(K) is basic. We
assume this is the case for the rest of this section.

We fix a sufficiently small compact open subgroup U? of G(Afc), again set U = UPU,, and
again abbreviate . = %1 (G, H) for the smooth integral model over O E,(v) of the Shimura variety
Shy (G, H).

We continue as in §3.1.4. In particular, we assume that Xo = Xo(G, b, u, C) arises as the
p-divisible group Az, [p>] with tensors attached to a point z¢ € .77, (k). We will denote also by
xo the image of xo in . (k). Denote by

S C S R0, (v) k (3.3.1.1)
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the Newton stratum determined by b in the geometric special fiber of .. By definition, .%
consists of all points x such that there is a quasi-isogeny

Xo ®p k(x) = Az [p™°] @k k(x) --» Az [p™]

of p-divisible groups whose corresponding morphism of contravariant Dieudonné isocrystals
identifies tq 4 == i (t3Y) with ta,0 ® 1. Obviously, zg € 7.

By [RR96] and our assumption that b is basic, the stratum (3.3.1.1) is closed. Denote by
(5/’”1\4/) /., the completion of Sy along 7.

THEOREM 3.3.2 (Kim [Kim14|). The morphism O extends to a G(A’})-equivariant morphism

O : RZg x G(A?) — Sy, w = lim, i, w
which induces an isomorphism of formal schemes
0" : I(Q)\RZ¢ x G(AD)/UP 5 ().,

Here I is a reductive group over Q, which is an inner form of G, and is such that Iy is
anisotropic modulo center. Moreover, there are natural identifications

[ Jp if £ =p,
Q= Gq, otherwise.

The quotient is for the action of I(Q) obtained by combining the (discrete) embedding 1(Q) C
Jp(Qp) x G(A?) given by the above identifications, with the actions of J;(Q,) on RZ¢, and of

G(A%) on G(A%) /K, by left multiplication.

There is a more general result for non-basic b, which is more complicated to state. Compare,
for example, with [RZ96, Theorem 6.23] or [Kiml4|. Also, the uniformization isomorphism
descends to an isomorphism over a finite unramified extension of Q,; again, we omit this
discussion.

Proof. Given the existence of the morphism ©, this closely follows [Kim14] and [RZ96]; for the
convenience of the reader we sketch the proof here.
The morphism .
O RZG % Up,W

is given using Remark 3.2.14 and, by its construction, sends the base point (Xo,id, (tn,0)) to the
point zg. Note that G(AIJ’C) acts on the projective system /7, := LiI_nUprpUp on the right (this
is the prime-to-p Hecke action) and so this gives a morphism

O : RZg x G(AD) - Sy, w-
After taking the quotient by UP we obtain
O : RZg x G(AR)/UP — FAy.

The prime-to-p Hecke action on /7, preserves the p-divisible groups, and we can easily see that

this morphism factors through (%V) Sy
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By their construction (see also §3.1.1), the integral model . supports a lisse Az}—sheaf
TaP(A)q given by the Tate A?—module of the universal abelian scheme A, and sections

th et : A = TaP(A)g.

We say that two points z and 2’ of . (k) are in the same isogeny class if there is a quasi-isogeny
f i Ay --» Ay of the corresponding abelian schemes, respecting weak polarizations, such that
the induced maps

D(Az’) [1/]3] - ]D)(Aac) [1/]9]

and
TaP(Ay)g — Tal(Au)g

send to > tax and th, o > th ., respectively; compare with [Kis13, Proposition (1.4.15)].

Kisin [Kis13, (2.1)] associates to the isogeny class ¢ C (k) of xg an algebraic group I = I
with rational points I(Q) given by the self-quasi-isogenies A, -+ Az, that preserve #, ,; . and
ta,zy- By its very definition, I(Q) is a subgroup of J,(Q,) x G(AI}), and an argument as in [RZ96,
p. 289| shows that this subgroup is discrete.

Moreover, as in [RZ96], © factors as
0 : I(Q)\RZg x G(AR) /U — (Fw) 5, (3.3.2.1)

We continue to assume that UP is sufficiently small. Using Corollary 3.2.3 and [Kisl3,
Proposition (2.3.1)], we can see that (3.3.2.1) gives an injection on k-valued points. By the proof
of Proposition 3.2.5, we then see that © induces an isomorphism between the formal completions
at such points. It then also follows that, for UP sufficiently small, the quotient

I(@)\RZg x G(AR)/U?

is representable by a formal scheme over W.

It remains to show that the group I has the properties in the statement of Theorem 3.3.2,
and that (3.3.2.1) is an isomorphism.

Note that the point xzy € (k) is actually defined over a finite field of cardinality p". By
[Kis13, (2.3) and Corollary (2.3.5)], one sees that there is an element 79 € G(Q) such that I is
an inner form of the centralizer Iy of a sufficiently divisible power of . In fact, g is a part of a
so-called Kottwitz triple

t = (70, (7e) ezp, )

as in [Kis13, (4.3) and (4.4.6)|. Here, v, belongs to G(Qy), for all £ # p. Also § belongs to G(Qyr),
with Q,r C K a finite unramified field extension of Q,, and is o-conjugate to b. There are reductive
groups I, over Q,, and I, over Q for £ # p, associated to €. By [Kis13, Corollary (2.3.2)] we have
isomorphisms

I®Q@g:>1g, I®QQPZ>IP.

As we assume that b is basic, a power of the element 7, := 6o(8) - -- 0"~ 1(J) is central. Therefore
I, = J5 = Jp and they are both inner forms of G. It follows from the definition of Kottwitz triple
that a power of vq is also central, and hence Iy = G, and Iy = G, for £ # p. The statements
about the group I follow from this and the results of Kisin [Kis13, (2.3)] mentioned above.

In fact, the isogeny class ¢ is independent of our choice of (basic) point zy. More precisely,
we have the following proposition.
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PROPOSITION 3.3.3. Suppose that x € .#,(k); in other words, assume that D(A,[p™])(W) has
Frobenius F' = b, o 0, where b, € G(K) is o-conjugate to b = by, in G(K). Then x and xq are in
the same isogeny class.

Proof. This again follows from [Kis13]. As above, a power of v, , obtained from ¢, as above is
central. Using this we can easily see that there is a unique equivalence class of Kottwitz triples
t = (70, (70)eps 02) With . o-conjugate to b. (See [Kis13, 4.3.1] for the definition of the equivalence
relation.) Now, by [Kis13, Proposition 4.4.13], the set of isogeny classes which produce the same
Kottwitz triple £ is in bijection with the abelian group Il (Q, I). However, since b is basic, Iy = G
as above, and we can see from its definition [Kis13, §§4.4.9 and 4.4.7] that 5 (Q, I) is trivial.
This concludes the proof. O

Since the image of (3.3.2.1) on k-points is the isogeny class of x(, Proposition 3.3.3 implies
that (3.3.2.1) surjects onto .#4(k). Given the above, the remaining claim that (3.3.2.1) is an
isomorphism can be proven quickly by following the arguments in [RZ96, ch. 6. O

4. Rapoport—Zink spaces for spinor similitude groups

We now turn to the description of a special class of Hodge type Rapoport—Zink formal schemes:
those associated with the Shimura varieties for spinor similitude groups. Throughout §§4-6 we
work purely locally. The Shimura varieties themselves will not appear until § 7.

Fix a non-degenerate quadratic space (V, Q) of rank n > 3 over Z, and define a bilinear form
on V by (1.2.1.1). We assume that V is self-dual, in the sense that the bilinear form induces an
isomorphism V = Hom(V,Z,). The space V will remain fixed throughout §§ 4-6.

4.1 Quadratic spaces, Clifford algebras, and spinor similitudes
For details on quadratic spaces, Clifford algebras, and spinor similitude groups we refer the reader
to [Bas74, Mad16, Shil0].

4.1.1  The Hasse invariant of Vg, is the product of Hilbert symbols

e(Vg,) = [ (i aj)p,

1<j
where ey, ..., e, € Vg, is an orthogonal basis and a; = Q(e;). The determinant
det(Vg,) =2"a1---an

is the determinant of the matrix of inner products [e;, e;]. It is well defined up to multiplication
by a square in Q. The self-duality hypothesis on V' implies that e(Vg,) =1 and

ordy(det(Vgp,)) =0 (mod 2).
4.1.2  The Clifford algebra of V is a Z/2Z-graded Zy-algebra denoted by
cCV)y=Cct(V)aCc~ (V).

It is free of rank 2" over Z,, generated as an algebra by the image of a canonical injection
V — C7(V) satistying v - v = Q(v). The canonical involution on C(V) is the Z,-linear
endomorphism ¢ — ¢* characterized by (vy - vg)* =vg---v1 for all vq,...,v4 € V.
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For some faithfully flat Z,-algebra R there is an isomorphism

~ [ Mu(R) if n = 2k
W, 2 ’
(Ve) = {MQk(R) X Myr(R) ifn=2k+1.

The reduced trace Trd : C(V') — Z, is the unique Zy-linear map which induces, under any such
isomorphism, the usual trace on My (R) when n = 2k, and the sum of the usual traces when
n=2k+1.

The center Z(V') C C(V) is easy to determine: if n is even then Z (V') = Z,, while if n is odd
then Z(V') is either Z,2 or Zy, x Z;,, depending on the determinant of Vg, . In all cases the natural
map

C(V) @z C(V)? = Endzy)(C(V))

is an isomorphism.

4.1.3  For a Zy-algebra R, the tensor product Vg =V ®z, R is a non-degenerate quadratic
space over R with Clifford algebra C(Vg) = C(V) ®z, R. The spinor similitude group G =
GSpin(V) is the reductive group over Z, with R-points

G(R)={g€ CT(Vr)* : gVrg™" = Vg, g"g € R*},

and the spinor similitude ng : G — G, is the character ng(g) = g*g.
The conjugation action of G on C'(V) leaves invariant the Z,-submodule V', and this action
of G on V is denoted by g @ v = gug—'. There is a short exact sequence of group schemes

g—ge

1-Gp—>G——=8S0(V)—>1

over Zjy, and the restriction of g to the central G,, is z — 22.

4.1.4 If we fix any 6 € C(V)* with §* = —4, then

Ys(c1, c2) := Trd(c10c5)

is a perfect symplectic form on C'(V). The group G, being a subgroup of C'(V)*, acts on C(V)
by left multiplication, yielding a closed immersion G < GSp(C(V'),1s). Under this embedding
the symplectic similitude character restricts to the spinor similitude on G.

4.1.5  Asin (1.1.1.3), we denote by D = Homgz, (C(V), Z,) the contragredient representation.
It follows from §4.1.2 that there is an isomorphism

C(V) @zv) C(V) = Endy (D)

defined by ((c1 ® ¢2)d)(c) = d(c1ccz). Note that the contragredient action of G on D commutes
with the action of C'(V'), but not with that of C(V)P.
However, the inclusion V- C C(V)°P allows us to view

V C Endg, (D). (4.1.5.1)
These are the special endomorphisms of D. Again, they do not commute with the G action;

rather, they satisfy the relation g o v o ¢g~! = g @ v as endomorphisms of D, for any ¢ € G(Zp)
and v e V.
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4.2 The GSpin local Shimura datum
From the quadratic space V we will construct an wnramified local Shimura—Hodge datum
(G,b, 11, C(V)) in the sense of Definition 2.2.4.

42.1 Fix a Zy-basis x1,...,2, € V for which the matrix of inner products has the form
0 1
10
([zi, z5]) = x

*

(the matrix is diagonal except for the upper left 2 x 2 block). This choice of basis determines a
cocharacter u : G, - G by
wu(t) = t™ x1 29 + 2o,

where the arithmetic on the right-hand side takes place in C'(V).
Under the representation G — SO(V'), we have

t~la; ifi=1,
w(t) e x; = < tx; ifi =2,
T; if3<i<n.

The relation zixe + zoxy = [z1,z2] = 1 implies that C(V) = 2;C(V) @ z2C(V), and under the
representation G — GSp(C(V'), 1), we have

e iz e O(V),
pit) = = {z if z € 22C(V).

The following lemma will be needed in the proof of Proposition 6.2.2.

LEMMA 4.2.2. For self-dual W-lattices A, A* C Vi, the following are equivalent:

(i) (A+A%/A =S W/pW;
(ii) there is a g € G(K) such that A* = g e Viiy and A = gu(p~') e Viy.

Proof. First assume (i) holds. As self-dual lattices are necessarily maximal, Theorem A.1.3 implies
that A and A* have the form

A=WeaWfad B, A'=WpeaWp 'fa B,

for some isotropic e, f € Vi with [e, f] = 1, and some W-submodule B; C Vi orthogonal to both

e and f.
Now consider the self-dual W-lattice Vj;y C V. The calculations of §4.2.1 imply that

(") o Viv + Vin) / (n(p™") @ Viv') = W/pW, (4.2.2.1)

and so there is a similar decomposition

ppt) e Viy = Wea Wf® By,
Viv = Wpe @ Wp~f & By

for some W-submodule By C V.
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Witt’s cancellation theorem implies that Big 5 Bog as K -quadratic spaces. As B and
By are self-dual (hence maximal), Theorem A.1.2 implies that B; and By are isomorphic as
W-quadratic spaces. It follows that there is a g € SO(Vk) such that ge = e, gfv = f, and
gB2 = Bj. Choosing any lift g € G(K) yields the element required in (ii).

The reverse implication is clear from (4.2.2.1). O

4.2.3 As G acts on both V and D, any b € G(K) determines isocrystals
(Vk,®=boo) and (Dg,F =boo).

These will play a central role in everything that follows.

Recall from § 2.2.8 that b € G(K) is basic if its slope cocharacter v : Tir — G g factors through
the center of Gi. As Tk is an inverse limit of connected group schemes, this is equivalent to the
slope cocharacter factoring through the connected component of the center, which is

Gy, = ker(G — SO(V)).
Thus any basic b € G(K) determines a rational number

vy € Hom(Tx, G,,) = Q,
which depends only on the o-conjugacy class of b.

LEMMA 4.2.4. For each b € G(K), the following are equivalent:
(1) b is basic;

(ii) the isocrystal (Vi,® = bo o) is isoclinic of slope 0;

(iii) the isocrystal (Dg, F = bo o) is isoclinic.

When these equivalent conditions hold, the slope of the isocrystal Dy is —uv.

Proof. The equivalence of the first two statements follows from the fact that the central G,, C Gg
is the kernel of the representation Gx — SO(Vk). The equivalence of the first and third follows
from the observation that the representation Gx — GL(Df) identifies the central G,, C Gk
with the torus of scalars in GL(Dg). Moreover, G,, C Gg acts on Dg through the character
t — t~1, proving the final claim. O

PROPOSITION 4.2.5. Every basic b € G(K) satisfies

vy = Ord”<gG(b>), (4.2.5.1)
and b — v, establishes a bijection
{basic b € G(K)}/o-conjugacy — 1Z. (4.2.5.2)

Moreover, for any basic b € G(K), the Q,-quadratic space

Ve ={recVg:dzx=uz}

has the same dimension and determinant as Vg,, and has Hasse invariant e(V;2) = (—1)?".
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Proof. As in [Asg02, § 2], the derived group of G is the kernel of the spinor similitude, which is
just the usual spin double cover of SO(V'). In particular, the derived group is simply connected,
and results of Kottwitz (combine [Kot85, Proposition 5.4] and [Kot85, (2.4.1)]) imply that
ordy, ong 1
5 :G(K) —> 2Z
induces a bijection
{basic b € G(K)}/o-conjugacy —> 3Z.

Recalling the basis z1,...,z, of V of §4.2.1, we now set
b=x3(p ‘a1 + x2) € G(Qy). (4.2.5.3)
A simple calculation gives
b= —p 'Qz3) Ep - LS. (4.2.5.4)

As G,, C G acts on Dk via t — ¢! the relation (4.2.5.4) implies that bk makes Dy into an
isoclinic isocrystal of slope k/2. Thus b* is basic with v, = —k/2 by Lemma 4.2.4.

As ng(p) = p?, the relation (4.2.5.4) implies ord,(ng(b)) = —1, and so the powers of b form
a complete set of representatives for the basic o-conjugacy classes. As these satisfy

e — K ordy ()
2 2 ’
we have now proved both (4.2.5.1) and (4.2.5.2).
As b? is a scalar, it lies in the kernel of G(K) — SO(V)(K). Thus the isocrystal structure on
Vi defined by ® = b* o o depends only on k (mod 2). If k = 0 then V;2 = Vg, as subspaces of
Vi, and so they have the same dimension, determinant, and Hasse invariant.
On the other hand, if kK = 1 then direct calculation shows that the isocrystal Vi defined by
® = b o o satisfies
bry = —pro, Pro=—p lz, Prz=—ux3, (4.2.5.5)
and ®x; = z; for i > 3. If we define subspaces M = Qpx1 + Q2 + Qpx3 and N = M+t in Vo,
then there are orthogonal decompositions
Vo,=M@&N, V@=MgaN,

and an elementary calculation (as in the proof of [HP14, Proposition 2.6]) shows that M and
M}{; have the same dimension and determinant, but different Hasse invariants. Hence the same
is true of Vg, and VI? a

PROPOSITION 4.2.6. If we let

— u:G,, —> G beasin §4.2.1;
— be G(K) be defined by (4.2.5.3), so that v, = —1/2;
— G — GSp(C(V),1s) be the representation of §4.1.4,

then b € G(W)u?(p)G(W), and the action of G, on C(V') determined by
Gm > G — GSp(C(V), ¥s)

t_1]2n—1
t e < IQn—l)

for some choice of basis of C(V'). In particular, (G,b, u, C(V')) is a local unramified Shimura—
Hodge datum in the sense of Definition 2.2.4.

has the form
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Proof. The calculations of §4.2.1 show that the action of G,, on C(V') has the stated form. Thus,
as u = u?, it suffices to prove b € u(p)G(W). Comparing the calculations of §4.2.1 with (4.2.5.5)
shows that

be Viy = (Viv) = pu(p) ® Vi
as lattices in Vi. Thus u(p~1)b lies in p?G(W), the stabilizer in G(K) of the lattice Viy. But

ordp(ng(b)) = —1 = ordy(na(u(p))),
and so in fact u(p~)b € G(W). O

Remark 4.2.7. In general, given G and {u} as in §2.2.1 with {u} minuscule, there is a unique
basic o-conjugacy class [b] such that (G, [b],{u}) is a local unramified Shimura datum. This
follows from [RR96, Theorem 1.15(i)] and the description of the set B(Gg,, {it}) given there; see
also [Worl3, §5.2|.

4.3 The GSpin Rapoport—Zink space
The local Hodge-Shimura datum (G, b, pi, C(V')) of Proposition 4.2.6 will remain fixed throughout
the remainder of §4, and throughout §§5 and 6.

4.3.1 By Lemma 4.2.4, the isocrystals
(Vk,® =boo), (Dg,F=boo)
have slopes 0 and 1/2, respectively, and Lemma 2.2.5 implies that there is a p-divisible group
Xo = Xo(G,b,p, C(V))

over k whose contravariant Dieudonné module is the lattice Dy C Dg. The perfect symplectic
form s on C(V) determines a principal polarization A : Xy — X{, and the inclusion
C(V)°r C End(C(V)) by right multiplication defines an action of C'(V)° on Xy. Let D(Xy)
be the contravariant crystal of X, so that D(X)(W) = Dy .

Tensoring (4.1.5.1) with K yields a subspace Vi C Endg (Dg) of special endomorphisms, on
which the operators ® and F are related by ®x = F o x o F~!. In particular, the ®-fixed vectors
commute with F', and so determine a distinguished Q,-subspace

VE C End(Xp)g

of special quasi-endomorphisms of Xy. The restriction to V}? of the K-valued quadratic form on
Vi then satisfies x o x = Q(z) - id. By Proposition 4.2.5 the space VI‘? has the same dimension
and determinant as Vg,, but has Hasse invariant €(V,;2) = —e(Vg,) = —1.

4.3.2  We now have all the ingredients needed to attach a Rapoport—Zink formal scheme to
the quadratic space (V, @), using the general constructions of §§2 and 3. By Theorem 3.2.1, the
quadruple (G, b, u, C(V)) determines a formal W-scheme

RZ — RZG,b,,u,,C(V),(Sa) (4321)

together with a closed immersion RZ < RZ(Xp,\g). Here RZ(Xp,\o) is the symplectic
Rapoport—Zink space as in §2.3.1. By Proposition 3.2.12, the formal scheme (4.3.2.1) does
not depend on the collection of tensors (so) C C(V)® = D?® that cut out the subgroup
G C GL(C(V)).
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For this to make sense, we must explain why the datum (G, b, u, C(V')) has the form (3.1.4.1);
in other words, why this quadruple (along with some choice of tensors s,) agrees with the one
coming from a k-point on an integral canonical model of a Shimura variety. The quadratic space
(V,Q) over Zj, can be realized as the p-adic completion of a quadratic space over Z,) of signature
(n—2,2), and hence the reductive group G and its representation C'(V') also arise from analogous
objects over Z,. The tensors (s,) may then be chosen to come from this Z,)-model of C(V'), and
the existence of the desired point x on a global Shimura variety then follows from Proposition 7.2.3
below.

An explicit list of tensors (sq) that cut out G C GL(C(V)) can be found in [Madl6,
Lemma 1.4(3)]. It will be convenient to fix, once and for all, such a list, and assume that it
includes the tensor induced by the symplectic form 15 on C(V), as in the proof of Theorem 3.2.1,
and that it includes a set of Zy-algebra generators for the subring

C(V)??  End(C(V)) = C(V) ® C(V)*

defined by right multiplication (equivalently, a set of generators for the subring C(V) C End(D)
of §4.1.5).

4.3.3  The restriction of the universal object via RZ < RZ(Xy, A\o) is a pair (X, p), in which
X is a p-divisible group over RZ, and
p: X() Xspf(k) ﬁ --» X XRzﬁ
is a quasi-isogeny of p-divisible groups over
RZ = RZ X Spf(W) Spf(k)

As we have chosen our list of tensors to include generators of the subalgebra C(V)°P C
End(C(V)), the universal X is endowed not only with a principal polarization A : X — XV,
but also with an action of C'(V)°. The universal quasi-isogeny is C(V')°P-linear. The action of
C(V)° on the universal object will play little part in what follows; it will be used only in the
proof of Proposition 6.1.2 below.

The universal quasi-isogeny also respects the polarizations A and A\g up to scaling, and hence,

Zariski locally on RZ, we have p*A = ¢(p) ™' Ao for some ¢(p) € Q). For each £ € Z, let Rz c RZ
be the open and closed formal subscheme on which ord,(c(p)) = ¥, so that

RZ = |_| RZ®.
LET

4.3.4 The algebraic group J, = GSpin(V[‘? ) has Q,-points
Jo(Qp) = {g € G(K) : gb=bo(g)},

and acts as automorphisms of the isocrystal Dy . This realizes J;(Qp) C End(Xo)(a, and, as in
(2.3.7.1), there is an induced action of J,(Q,) on RZ. Each g € J,(Q)) restricts to an isomorphism

g:RZ® — RzEtords(m(9)
In particular, the subgroup p% C Jp(Qp) acts on RZ, and, as my(p) = P2,
p"\RZ 5 RZ© L RzW. (4.3.4.1)

The surjectivity of the spinor similitude 7y, : J5(Qp) — Q, implies that the RZ® for various ¢
are (non-canonically) isomorphic.
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4.3.5 In this paper we do not discuss the very interesting general theory of the p-adic
symmetric domain and the period morphism for the p-analytic spaces associated to the formal
schemes RZq. See [RZ96, ch. 5|, and for the Hodge type case [Kim13].

We will just mention briefly, and without details, an elegant description of the p-adic
symmetric domains that relates to the basic Rapoport—Zink spaces for GSpin(V') treated here.

In this case, the corresponding flag variety is simply the quadric @ C P(V) of isotropic lines
L Cc V. If F is a finite extension of K, the F-valued points Q"*(F) of the (weakly) admissible
locus Q" C Q}f in the rigid analytic quadric are those isotropic F-lines L C Vp which are
not contained in any isotropic F-subspace of Vg which is Q,-rational; here ‘rational’ is for the
Qp-vector space structure on Vg given by Vp = V[? ®q, F.

This description can be obtained by first reducing consideration to the corresponding
p-adic symmetric domain for the group SO(V) = GSpin(V)/G,, (see, for example, [DORI10,
Corollary 9.2.22]), and then by working through the definitions of [RZ96, ch. 1| for SO(V). We
leave the details to the reader.

5. Vertex lattices and special lattices

The section contains mostly linear algebra. We study the family of vertex lattices A C V;?, and
the family of special lattices L C Vi.

5.1 Vertex lattices

In this subsection we introduce the vertex lattices and study their combinatorial properties
(compare with [HP14, Vol10, VW11]). Later, in § 6, we will express the reduced scheme underlying
the spinor similitude Rapoport—Zink formal scheme (4.3.2.1) as a union of closed subschemes
indexed by these vertex lattices.

DEFINITION 5.1.1. A wertex lattice is a Zjy-lattice A C V[‘? satisfying
pA C AV C A,
where AV is the dual lattice in the sense of Definition A.1.1. The type of A is
th = dimFP(A/AV).

PROPOSITION 5.1.2. Let A be a vertex lattice, and recall the integer tyax of (1.2.3.1). The type
ta is even and satisfies 2 < tp < tmax. Furthermore, every vertex lattice is contained in a vertex
lattice of type tmax-

Proof. Recall from §4.1.1 and Proposition 4.2.5 that
ord,(det(V2)) = ordy(det(Vgp,)) =0 (mod 2). (5.1.2.1)

It follows that the type of a vertex lattice is even. The type cannot be 0, for then VI? would
contain a self-dual lattice, contradicting the Hasse invariant calculation e(V,2) = —1.

Let Lat be the set of all Zy-lattices A C VI‘? satisfying [A, A] C p~'Z,. In other words, Lat
is the set of all lattices for which pA C AV, and so Lat contains all vertex lattices. Let A be any
lattice which is maximal (with respect to inclusion) among all elements of Lat. We will prove
that A is a vertex lattice of type tmax, from which the proposition follows immediately.
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The lattice A is a maximal lattice (in the sense of Definition A.1.1) with respect to the rescaled
quadratic form p@Q on V2, and so by Theorems A.1.2 and A.1.3 there is a decomposition

A= Spaan{el,fl, e frt®Z
in which Zg, is anisotropic,
Z={z€Zy,: Q(z) € p 'Ly}, (5.1.2.2)
and the vectors e; and f; satisfy

Z,e)) =12, fi) =0, lei,ej] =1[fi, f;] =0,

and [e;, f;] = piléivj. As every quadratic space over , of dimension greater than 4 contains an
isotropic vector, we also have dim(Zg,) < 4.
The relation pA C A implies pZ C ZV. We cannot have ZV = Z, for then

Spaan{peh fla <oy Plry f?“} ®ZC VI?

would be a self-dual lattice, contradicting e(V2) = —1. In particular, Z # 0.

If dim(Zg,) = 1 then Zg, = Q, with the quadratic form Q(z) = cz? for some ¢ € Qr/(@))2.
We cannot have ord,(c) even, for then (5.1.2.2) implies Z = ZV, contradicting what was said
above. But we also cannot have ord,(c) odd, for then

ord,(det(Vg,)) = ord,(det(V2)) = 2r + ord,(det(Zg,))

is odd, contradicting (5.1.2.1). Thus dim(Zg,) € {2, 3,4}.
Suppose dim(Zg, ) = 2. Let Q2 be the unramified quadratic extension of Q,, and let z —
be its non-trivial Galois automorphism. For some ¢ € Q) /Nm(Q;2) there is an isomorphism

Zq, = Q,2 identifying the quadratic form @ with Q(x) = czz. If ordy(c) is even then, as above,
Z = ZV yields a contradiction. Thus ord,(c) is odd, and simple calculation shows that Z¥ C Z,
dim(Z/Z") = 2 and det(Zg,) = —u for a non-square u € Q. This implies that AY C A with
dim(A/AY) =2r +2 =n, and

det(Vg,) = det(Vi2) = (—1)"det(Zg,) = (—1)"?u # (—-1)"/2.

Thus A is a vertex lattice of type n = tmax.

Suppose that dim(Zg,) = 3. Let B denote the quaternion division algebra over Q,, with
its main involution x + Z. The subspace of traceless elements B = {x € B : x + Z = 0} has
dimension 3, and the reduced norm Nrd(z) = % restricts to an anisotropic quadratic form on
BY with ord,(det(B")) even. In fact

(BO,Nrd) = ( f’), —ux% — px% + upx?;)

for any non-square u € Z;. There are exactly four anisotropic quadratic spaces over Q, of
dimension 3, and they are the spaces (Bp,cNrd) with ¢ € Q;/(Q;)Q. If ordy(c) is odd then
ord,(det(V;2)) is also odd, contradicting (5.1.2.1). Thus ord,(c) is even, and one can easily check
from (5.1.2.2) that Z¥ C Z with Z/Z" of dimension 2. Thus AY C A and

dim(A/AY) =2r+2=n—1.

In other words, A is a vertex lattice of type n — 1 = tyax.
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Finally, suppose dim(Zg,) = 4. By [Ser73, Corollary IV.2.3|, the only anisotropic quadratic

space of dimension 4 is Zg, — B with its reduced norm form. In particular, det(Zg,) = 1 and

Z S m~!, where Op C B is the unique maximal order and m C Op is its unique maximal ideal.

The dual lattice is Z¥ = Op, and it follows that ZV C Z with dim(Z/Z") = 2. This implies that
AV C A, dim(A/AY)=2r +2=n—2, and

det(Vo,) = det(Vi2) = (—1)" det(Zg,) = (1)
Thus A is a vertex lattice of type n — 2 = tax. O

There is a natural notion of adjacency between vertex lattices, which makes them into the
vertices of a connected graph, as we now explain.

DEFINITION 5.1.3. Two vertex lattices Ay, Ao C VI‘? are adjacent if either A1 C Ay or Ay C Ay.

We write A; ~ As to indicate that A; and Ay are adjacent. Adjacent lattices have different
types, and the inclusion between them is always the lattice of smaller type inside the lattice of
larger type.

PROPOSITION 5.1.4. Let A C VI‘? be a vertex lattice of type ty and suppose t # tp is any even
integer with 2 < t < tmax. There is a vertex lattice of type t adjacent to A.

Proof. First suppose that ¢t < t5. The quadratic form ¢(z) = pQ(x) makes A/AY into a non-
degenerate quadratic space over F, of rank ¢ty > 4, and [Ser73, Corollary 1.2.2| implies the
existence of an isotropic line £ C A/AY. The orthogonal ¢+ C A/AY determines a vertex lattice
N = AV + 0+ C A of type tyr = tp — 2, and repeating this process yields a vertex lattice of type
t contained in A.

Now suppose that t5 < t. By Proposition 5.1.2 there is a vertex lattice Ay ax of maximal type
tmax satisfying AY. - C AV C A € Apax. The subspace AV /AY.. C Amax/A). is totally isotropic,
and for any codimension 1 subspace £ C AY/AY .. the orthogonal

A/AY . C Ul C Apax /A

max max

Y ax + £+ of type tp + 2 containing A. Repeating this process
yields a vertex lattice of type ¢ containing A. O

determines a vertex lattice A’ = AV

The following proposition, which proves the connectedness of the graph of vertex lattices, will
be used in the proof of Theorem 6.4.1 to show that RZ® is connected.

PROPOSITION 5.1.5. Given any two vertex lattices A', A" C V2, there is a sequence of adjacent

vertex lattices
Ne~A~Ay~o o~ Ay~ A

Proof. As in the proof of Proposition 5.1.2, let Lat be the set of all Z,-lattices A C V[‘? satisfying
[A,A] C p~1Z,. Recall that Lat contains all vertex lattices. Recall also that any maximal (with
respect to inclusion) element A € Lat is necessarily a vertex lattice of type tpax, and is a maximal
lattice with respect to the rescaled quadratic form p@Q).

Pick maximal elements A’, A” € Lat with A’ C A’ and A” C A”. In particular, A’ ~ A’ and
A" ~ A”. Using the maximality of A’ and A” with respect to pQ, Theorem A.1.3 implies that
there are decompositions

A// = Spa’an{elufla .. '767‘)f1”} @ Z
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and
A" = Spang, {p“e1,p" fi,...,p"er, 0" fr} @ Z,

where all e; and f; are isotropic, [e;, f;] = pildij, each a; > 0, and Z is orthogonal to all e; and
fi and satisfies pZ Cc ZV C Z.
From these decompositions it is elementary to construct a chain of adjacent vertex lattices

N~AN~A~Ay~ o Ay~ A~ N
For example, set
Ay = Spang {p™e1,p” " f1,p"e0,p” P fo, .. DV er T [} B Z
so that Ay C A’ is a vertex lattice of type tmax — 2, and then set

a1—1

A2 = Spanzp{p elap_a1+1f17pa2627p_a2f27 ce. apaT€T7p_arf7”} ®Z
so that As 2 Aj is a vertex lattice of type tnax. Repeat until all the exponents reach 0. |

5.2 Special lattices
We now define a family of special lattices in Vi . In §6 we will show that these special lattices
are in bijection with the set p?\RZ(k).

In fact, we will need a similar result for any finitely generated extension &’ of k. Let W’ be
the Cohen ring of &, let K’ = W’[1/p] be its fraction field, and let o : K’ — K’ be any lift of
Frobenius. Define a o-linear operator ® = bo o on Vgr. If L C Vg is any W/ -submodule, let
@, (L) C Vi be the W'-submodule generated by ®(L).

DEFINITION 5.2.1. A special lattice L C Vi is a self-dual W’ -lattice such that
(L + (L) /L S W jpW.
The following proposition implies that for every special lattice L C Vi there is a vertex lattice

AC V[? with Ay, € L C Aw. In fact, there is a unique minimal such A, denoted A(L). The proof
is identical to that of [RTW14, Proposition 4.1] and [Vol10, Lemma 2.1], and so is omitted here.

PROPOSITION 5.2.2. Let L C Vi be a special lattice. If we define
LU = L4+&(L)+---+®"(L),
then there is a (necessarily unique) integer 1 < d < tyax/2 such that
L =IO C LM C---C L@ — pd+1)
Moreover, the W-module L(’"H)/L(T) has length 1 for all r < d, and
AL)={ze LD :d(x)=2} c V2

is a vertex lattice of type 2d satisfying A(L)Y = {zx € L : ®(z) = z}.
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5.3 The variety Sa
We next attach to a vertex lattice A C V[‘? a k-variety S\ parametrizing certain special lattices.

5.3.1 Define an Fj-vector space Qo = A/AY of dimension ¢5. The quadratic form pQ on A
is Zy-valued, and its reduction modulo p makes €}y into a non-degenerate quadratic space over
Fp. Set

2:=Qy®r, k 5 Aw /A

with its Frobenius operator id ® o = ®. Note that €y cannot admit a Lagrangian (= totally
isotropic of dimension ¢, /2) subspace. Indeed, if such a subspace .Z C € existed, then AV +.% C
Vl‘? would be a vertex lattice of type 0, contradicting Proposition 5.1.2. In fact, (g is characterized
up to isomorphism as the unique non-degenerate quadratic space of dimension t5 that does not
admit a Lagrangian subspace.

The orthogonal Grassmannian OGr(£2) is the moduli space of Lagrangian subspaces .Z C Q.
More precisely, an R-point of OGr(€2) is a totally isotropic local direct summand . C Q ®; R
of rank ¢5 /2. Denote by Sy € OGr(2) the reduced closed subscheme with k-points

Sa(k) = {Lagrangians L CQ:dimg(Z +0(2)) = %\ + 1}

= {special lattices L C Vi : A}y C L C Aw}.

PROPOSITION 5.3.2. The k-schemeS\ has two connected components Sy = S[J{ LS, . The two
components are isomorphic, and each is projective and smooth of dimension (tj/2) — 1.

Proof. All of the claims are included in [HP14, Proposition 3.6], except for the isomorphism
St 5 Sy Pick any g € O(Q)(F,) with det(g) = —1. The natural action of g on OGr(f2) leaves
Sy invariant, and the discussion of [HP14, § 3.2] shows that g interchanges S} with S . O

6. Structure of the spinor similitude Rapoport—Zink space

We will determine explicitly the structure of the reduced k-scheme RZ™¢ underlying the formal

W-scheme RZ of §4.3.2. More precisely, we will express RZ™? as a union of closed subschemes
RZf\ed indexed by vertex lattices, and then relate each RZf\ed to the variety Sy of §5.3.1.

6.1 Closed subschemes defined by vertex lattices
Recall from §§4.3.1 and 4.3.3 the Q,-quadratic space of special quasi-endomorphisms
V2 € End(Xo)g, and the universal quasi-isogeny

p: Xo XSpf(k) ﬁ - X XRZ ﬁ

6.1.1 Fix a vertex lattice A C V[‘?, and denote by RZjp C RZ the closed [RZ96,
Proposition 2.9| formal subscheme defined by the condition

poAYop ! CEnd(X).

In other words, RZj is the locus where the quasi-endomorphisms po AY o p~! of X are actually
integral. As in §4.3.4, the subgroup p? C J,(Q,) acts on RZy. Set

RZ = Rz, N Rz,

so that p”\RZ, = RZSXO) L RZE\I), exactly as in (4.3.4.1).
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PROPOSITION 6.1.2. The reduced k-scheme underlying RZ%) is projective.

Proof. Abbreviate Z = Z(V) for the center of C(V'). Using the isomorphism
C(V)? @, C(V) S Endg(D) (6.1.2.1)
of §4.1.4, and the inclusion AV C Vi C C(Vk)°P, we denote by
R C Endyz, (Dk)

the W-subalgebra generated by AY ®z, C(V) C Endz, (D). The isomorphism (6.1.2.1) implies
that R generates Endz, (Dk) as a K-vector space. Fix any maximal Zy -order R with

R C R C Endy, (D).

As R and R are both W-lattices in Endg (Dg), we have p™R C R for some positive integer m.
Fix a W-lattice M C Dy stable under the action of R. It is unique up to scaling by Zj.

Suppose y € RZ%)(k‘), and use the quasi-isogeny p, : Xo --» X to view

My = D(X,)(W)

as a W-lattice in Dg = ID(Xo)(W)[1/p]. On one hand, M, is stable under the action of C'(V)
defined by (6.1.2.1). Indeed, this action in precisely the action on M, induced by the action of
C(V)°P on X, and contravariant functoriality; see §4.3.3. On the other hand, AY C End(X,) by
the very definition of RZE\L]). Combining these, we see that M, is stable under the action of R,
and so we may define the R-stable lattice My =R- M,. By the uniqueness of M up to scaling,
there is an a(y) € Z; such that M, = a(y)M, and so

pa(y)M C M, C a(y)M.

First suppose that n is even, so that Zx = K*. The perfect symplectic form 5 on C(Viy)
induces a dual form on Dy, which satisfies

p"Ys(Dw, Dw) = 1s(My, M) = a(y)*ps(M, M).

Thus the p-adic valuation of a(y) is constant as y varies, and we may choose a = a(y) to be
independent of y.

Now suppose that n is odd, so that Zx = K x K. Let €1,e0 € Zg be the orthogonal
idempotents. In this case the dual form on Dy satisfies

p“s(eiDw, e;Dw) = vs(eiMy, €M) = a;(y)*vs(e; M, e;M),

where a;(y) = €;(y)a(y). Again this shows that a;(y) has constant p-adic valuation as y varies,
and we may take a = a(y) to be independent of y.

In either case ap™M C M, C alM for all y. Combining this bound on M, and the projectivity
result of [RZ96, Corollary 2.29|, we see that the closed immersion RZ < RZ(Xy, \g) realizes the
reduced scheme underlying RZ%) as a closed subscheme of a projective k-scheme. O
6.2 Special lattices and the points of RZ
Let k' /k be a finitely generated field extension. Let W’ be the Cohen ring of ¥, set K/ = W'[1/p],
and let o : W/ — W' be a lift of Frobenius chosen as in Proposition 2.4.8. This choice of &
determines an operator F' = bo o on D, and an operator ® = bo o on V.

1100

https://doi.org/10.1112/50010437X17007011 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007011

RAPOPORT-ZINK SPACES FOR SPINOR GROUPS

6.2.1  As in the proof of Proposition 6.1.2, each y € RZ(k’) determines a W'-lattice
My =D(X,)(W') C Dy,

and a W’-submodule M, = F~1(pM,) as in §2.1.5. Using the inclusion Vi C Endg/(Dg)
obtained from (4.1.5.1), define W'-lattices

Ly = {:B € Vi : .CCMLy C Ml,y},
LY ={z € Vg : M, C M},
L¥ = {x € Vi : aMyy C M}

The action of pZ on RZ(k') rescales the lattices M, and Mj ,, and hence the three lattices defined
above depend only on the image of y in p”\RZ(k').

PROPOSITION 6.2.2. For every y € RZ(k') the lattice L, is special (in the sense of §5.2), and
satisties @, (Ly) = Lg, and L, + Lk = Lgu. Moreover, y — L, establishes bijections

pP\RZ(K') = {special lattices L C Vi},
pP\RZA (k') 5 {special lattices L C Vi : Ay C L C Ay}

Proof. As in §2.4 we have the refined affine Deligne-Lusztig set

Xeppue oK) ={g€ GE'): g ba(g)p’ (p)~" € GW')}/QW),

where
QW) = GW') N pu(p™ )G(W')u(p).

Recalling the action G — SO(V) defined by g e v = gug™!, for each g € X¢p oo (K') define
self-dual W'-lattices
Lf] =geVy and L, = gu(p™t) e Viy.

As the action of pe is trivial, these lattices depend only on the image of ¢ modulo pZ.
First we show that g — L, establishes a bijection

pZ\XG7b7MU7U(k’) 5 {special lattices in Vi}.
Given a g € X p o o(k'), Lemma 4.2.2 (which holds with W replaced by W' throughout) implies
(Lg+LE)/Lg = W' [pW'.
Moreover, g~ tba(g)u® (p~!) € G(W') implies
D, (Ly) = Lk, (6.2.2.1)

and so L, is special. To prove injectivity, assume L, = Lj,. Applying ®, to both sides and using
(6.2.2.1) shows that Lg = Lgl. It follows that h~!g lies in the intersection in G(K') of the stabilizers
of Vi and p(p~') @ Vi, which is p?Q(W’). Thus g = h in pZ\XG,b,Ma,J(k:’). For surjectivity,
suppose L is a special lattice. Lemma 4.2.2 implies the existence of a g € G(K') such that

(®.(L),L) = (g Vigr,gu(p™") ® Viyr).
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This equality implies that g~'bo(g)u? (p~t) stabilizes Viy+, and so lies in p”G(W’). The relation
be G(W)u’(p)G(W) of Proposition 4.2.6 implies that

na(gba(g)u’ (p~h)) € (W)™,

and so in fact g~ 'bo(g)u’ (p~') € G(W’). Thus we have found a g € X¢ 0 o (k') With L = L.
By Corollary 3.2.3, there is bijection RZ(k') = XGppo,o(K'), defined by sending the point
y € RZ(K') to the unique g € X¢p o+ (k") satisfying both

My =g-Dw and My =g-pu(p”")Dw.
Assuming that y and g are related in this way, we claim that
(L%, Ly) = (LE, Ly). (6.2.2.2)

To prove this, let B = {x € Vi : x Dy C Dy }. The inclusion Vi C B is obvious. For the other
inclusion note that any x € B must have Q(xz) = zox € W', and so Viy» C B C BY C (Vyy)V.
The self-duality of Vi implies that equality holds throughout, and so

Vi = {x € Vi x Dy C DW/}.

Applying ge to both sides of this equality proves L= Lf,, while applying gu(p~!)e to both sides
proves L, = L.
We have now established bijections

PP\RZ(K') = p"\XG b0 0 (k') = {special lattices L C Vi }.

The relation <I>*(Lg) = L, follows from (6.2.2.1) and (6.2.2.2). We verify L, + L= Lg,ﬁ as follows.
Using the calculations of §4.2.1, one can show

,LL(p_l) o Viyr + Viyr = {x € Vigr = a:,u(p_l)DW/ C Dy} (6.2.2.3)

If y € RZ(K") corresponds to g € Xgp o o(k') under the bijection above, then applying ge to
both sides of (6.2.2.3) yields

LY+ Ly=L%+ Ly ={x € Vi : (97 'wg)u(p™") - Dy C Dy}
={z e Vg : a:My1 C My}
— Tt
— ¥
Finally, a point y € p”\RZ(k') lies in the subset p?\RZx (k") if and only if the quasi-

endomorphisms AY C End(Dy) stabilize both lattices M, C M,. This is equivalent to the
condition A C L, N L, and so

pP\RZx (k') S {special lattices L C Vi : AV € LN ®, (L)}
= {special lattices L C Vg : AY C L}
= {special lattices L C Vi : A}, C L C Ay}

Here we have used first the fact that all elements of AV are fixed by ®, and then the fact that
special lattices are self-dual. This completes the proof of Proposition 6.2.2. O
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COROLLARY 6.2.3. We have
RZ(k) = | RZa(k).
A

tA=tmax

Proof. Suppose y € RZ(k). Let L, C Vi be the corresponding special lattice of Proposition 6.2.2,
and let A(L,) be the vertex lattice of Proposition 5.2.2. By Proposition 5.1.2 there is a vertex
lattice A D A(Ly) with tA = tmax, and clearly

A C ALy ={z€L,: (x) =1} C L,
The self-duality of L, implies Ay}, C L, C Aw, and so y € RZy (k). O
COROLLARY 6.2.4. For any vertex lattices A1 and Ay, we have

RZA,nn, (k) if Ay N Ay is a vertex lattice,

RZn, (k) NRZp, (k) = {@ otherwise

Proof. The proof is the same as [RTW14, Proposition 4.3(ii)]. O

6.3 Comparison of RZj and Sx
Fix a vertex lattice A C VI?. Comparing Proposition 6.2.2 with the bijection of §5.3.1 yields
bijections

pP\RZx(k) 5 {special lattices L C Vx : Ay, C L C Aw} = Sa(k),

and similarly for any finitely generated field extension &'/k.

THEOREM 6.3.1. Let Rfod be the reduced k-scheme underlying RZ,. There is a unique
isomorphism of k-schemes
pZ\RZf\ed 5 Sa

inducing the above bijection on k-points.

Proof. First we construct a morphism RZ‘Aed — 5. Suppose we are given an R-point y € RZl}fd(R)
for some reduced k-algebra R of finite type. Pulling back the universal object of §4.3.3 yields a
triple (Xy, py, Ay) over R in which X, is a p-divisible group, A, is a principal polarization, and
py : Xo/r --*» Xy is a quasi-isogeny. Moreover, z — pox o p~ ! defines a Zy-module map

A — poAYop™! C End(X,).

Let 2, = D(X,)(R) be the contravariant crystal of X, evaluated at the trivial divided power
thickening R — R, and let Fill(@y) C 2, be the Hodge filtration. The locally free R-modules
Fil'(2,) C 9, depend functorially on X,;, and so AV — End(X,) induces R-module maps

¢* : (A /pAY) @k, R — Endg(2,)

and
P (AY/pAY) ®r, R — EndR(%})

with ker(¢F) C ker(¢).
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The bilinear form on A induces an R-valued bilinear form on (AY/pAY) ®p, R, and any
x1,22 € (A /pAY) ®p, R satisfy

x10mx9 +x90x1 = [11,22] €ER

as endomorphisms of ,. In particular, if z1 € ker(qﬁﬁﬂ) then [z1,22] = 0, as the value of the
scalar [z1, 2] can be computed from its action on Fil'(2,), which is obviously trivial. This
shows that ker(¢®) is contained in the radical of the quadratic space (AV/pAY) ®p, R, which is
(pA/pAY) @, R. Recalling the k-quadratic space Q = (A/AY) ®p, k from §5.3.1, let

LicLFCcQanR
be the images of ker(¢#) C ker(¢*) under the isomorphism

—1gid
(pA/pAY) &g, R 25 Q@ R.

Suppose for the moment that R = k. Recalling from §6.2.1 (with ¥ = k) the W-modules
My, C M,, there is an isomorphism 2, — M, /pM, identifying Fil'(2,) = M ,/pM,. The
subspaces

LEC LS (Aw/Ay)

correspond to lattices Ay}, C Lg C ngﬁ C Aw, and tracing through the definitions shows that
these are none other than the lattices

L ={xeVk :aM,=M,} and L¥={zxeVg:aM,C M,}

appearing in §6.2.1. Comparison with Proposition 6.2.2 shows that Lg,ﬁ =Ly + Lg, where L, is
the special lattice
Ly:{xEVK:xMZ}CMZ}}

satisfying ®(Ly) = Lg. Noting that Ay, C L, C Ay, we denote by ., C Q the k-subspace
corresponding to L.

The self-duality of the W-lattices L, and Lﬁy implies that the corresponding k-subspaces .7,
and fg of 2 are maximal isotropic, and so have dimension ¢ /2. The specialness of L, also implies
that gﬁﬁ =9 +Z£ has dimension (t5/2)+ 1. It follows that (‘,%ymi)L C Zﬁﬂ with codimension 2,
and that the quotient fyuﬁ / (.,Sfyw)L is a hyperbolic plane over k. The subspaces .2,/ (fjﬁ)J— and
ZJ / (.,?ytm)l are its unique isotropic lines.

Now return to a general reduced R of finite type. The submodule .,Z} C Q®; R is a totally
isotropic local direct summand of rank t5/2, and .,Zyim C Q®; R is a local direct summand of
rank (t5/2) + 1. Indeed, by |Lan02, Exercise X.16]| it suffices to check these properties fiber by
fiber at the closed points of Spec(R), which is precisely what we did in the R = k case above.

By similar reasoning the quotient .Zy / (.i”zfﬁ)l is a hyperbolic plane over R, and so contains
exactly two isotropic local direct summands of rank 1. One of them is fyu / (Zg}m)i, and the other
has the form %,/ (ngﬁﬁ)L for a uniquely determined Lagrangian .%;, C Q) ®;, R. By again reducing
to the R = k case treated above, we see that (%)) = f;, and so

Ly +e(L) =%+ gyti = "%ytm

is a local direct summand of rank (t5/2) 4+ 1. In other words, £, € SA(R).
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The k-scheme RZX’d is itself reduced and locally of finite type, and so the rule y — %), defines

(at last) the promised morphism RZ}d — Sy. It is clear from the construction that the morphism
descends to

PpP\RZXY — Sy (6.3.1.1)

and induces the desired bijection on k-points. In fact, the generality of Proposition 6.2.2 shows
that this morphism induces a bijection

PA\RZEA(K') = Sa(K)

for any extension field k’/k. In particular (6.3.1.1) is birational and quasi-finite. It is a proper
morphism, as Proposition 6.1.2 implies that pZ\RZrAed is projective. The variety Sy is smooth by
Proposition 5.3.2, and so Zariski’s main theorem implies that (6.3.1.1) is an isomorphism. O

Recall from Proposition 5.3.2 that Sy has two connected components. The two components
are isomorphic, and are labeled (arbitrarily) as S/J{ and S} .

red 0)

COROLLARY 6.3.2. The reduced scheme RZ%)’ underlying RZ,"’ is connected and non-empty,

and is isomorphic to Sff.

Proof. The action of p” on RZ, identifies RZ%) = RZ%H), and so it suffices to assume ¢ € {0, 1}.
Moreover, we know from Proposition 6.2.2 that

Rz Rz 5 pP\ Rz S St U Sy
(0),red

This leaves two possibilities: either each of RZj and RZE&)’ is connected and isomorphic

to S i, or one of them is empty and the other has two connected components. To complete the

proof of the corollary, it therefore suffices to show that RZE\O)’red and RZg\l)’red are non-empty.

First suppose that A has type tA = 2. In this case one can easily check that Sp consists of
two points, and so the same is true of pZ\RZfd. There is a W-basis eq, ..., e, of A such that the
matrix of the bilinear form is

red

Un

for some uy, ..., u, € Z;.
Let r; € O(V2)(Qp) be the reflection with e; = —e; and e; — ¢; for all j # i. The spinor
norm of rirs, in the sense of [Kit93|, is

up u3

2y 3 = Qe)Qles) € O/ (@)

The spinor norm of [Kit93] is compatible with the spinor similitude of §4.1.3, in the sense that
any lift of r1r3 € SO(VE)(Q,) to

g € GSpin(V$)(@p) = Jo(Qy)
satisfies m,(g) = Q(e1)Q(es) up to scaling by (Q;;)Q. Thus

ordp(mp(g)) =1 (mod 2).
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By this calculation and the discussion of §4.3.4, g acts on
pZ\sz\ed :> RZE\O),I"Ed L RZE\l),red

and interchanges the two subsets on the right. Thus each is non-empty, and in fact each is a
single reduced point.
For general A, Proposition 5.1.4 allows us to pick a type 2 vertex lattice Ao C A. Combining

Corollary 6.2.4 with the paragraph above shows that @ # RZEQ’red C RZ%)’red. O

6.4 The main result
We can now prove our main result on the structure of the reduced scheme

RZred _ |_| RZ(E),red‘
LeT

;red

For each vertex lattice A, recall that RZ%)
W-scheme RZY) = RZy NRZO).

is the reduced k-scheme underlying the formal

THEOREM 6.4.1. For each ¢, the k-scheme RZ©Ored js connected. Each closed subscheme RZ%)’red

is projective and smooth of dimension (t5/2) — 1, and is isomorphic to Sljf. The irreducible

£),red ),red

components of RZ( are precisely the closed subschemes RZ% as A runs over the vertex

lattices of maximal type tn = tmax, and, in particular, RZ™% is equidimensional with
L 4 ifn is even and det(Vp,) = (—1)"/2,
dim(RZ™?) = S\ 3 ifn is odd,
n—2 ifn is even anddet(Vg,) # (—1)"/2.

Proof. For any vertex lattice A C VI? Corollary 6.3.2 and Proposition 5.3.2 tell us that

Rz 5 g

is irreducible, projective, and smooth of dimension (¢ /2) — 1.
Corollary 6.2.3 implies that

Rz(Ored = | ] Rz{" (6.4.1.1)
A
tA=tmax
and so the irreducible components of RZ©Ored gre precisely the RZ%)’lrecl with A of maximal type

tmax. This proves all parts of the claim, except for the connectedness of RZ(®)red,

Suppose that A; ~ Ay are adjacent vertex lattices. If A; C A then Corollary 6.2.4 implies that

RZ%E’red and RZ%Q)’N’(1 lie on the same connected component of RZ(®). Of course similar remarks

hold if Ao C A;. Proposition 5.1.5 shows that any two vertex lattices are connected by a chain of
adjacent vertex lattices, and so all of the closed subschemes RZ%)’red lie on the same connected
component of RZ®"*d The equality (6.4.1.1) now shows that RZ(™d is connected. O

Remark 6.4.2. When n is odd, the center of C* (V) is Z,. When n is even, the center of C* (V)
is the maximal Z,-order in F = Q,[z]/(z? — A), where A = (—1)"/2 det(Vg, ). Thus for n even,

(n/2) —2 if F = Q,x Q,,

. red\ __
dim(RZ™) = {(n/2) 1 i F S Q.
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Remark 6.4.3. The dimension formula of Theorem 6.4.1 verifies a case of a conjecture of Chai
and of Rapoport [GHKR06, Rap05]. According to this conjecture, we should have

dim(RZ™%) = (p, u — vp) — Ldef (b).

Here, 1 is assumed to be a dominant representative of the conjugacy class {u}, p is the half sum
of all absolute positive roots of G, and, by definition,

defg(b) = rankg, (G) — rankg, (Jp).

In our case, (p,u — vp) = (p,u) = (n — 2)/2, while we have defz(b) = 2, 1, or 0, in the three
cases listed in the theorem (in that order). Indeed, def;(b) is the difference between the Witt
indices of Vg, and Vf? , and this can be determined as in the proof of Proposition 5.1.2. The
above dimension formula has recently been shown, for all the (unramified) Rapoport—Zink spaces
of Hodge type defined in this paper, by Hamacher [Ham16| and by Zhang [Zhal5].

6.5 The Bruhat—Tits stratification

Using the collection of closed subschemes RZf\ed of RZ™4, we explain how to define a stratification
of RZ™ in which each stratum is the Deligne-Lusztig variety determined by a Coxeter element
in a special orthogonal group over F,,.

6.5.1  Recall from Corollary 6.2.4 that A’ C A implies RZ}S € RZ4. For each vertex lattice
A define the Bruhat-Tits stratum

BT, =Rz{'~ | RZE
NCA

It is an open and dense subscheme of RZ%9, and

Rz = | ] BTa
AN CA

defines a stratification of Rfod as a disjoint union of locally closed subschemes.

6.5.2  Similarly,

Rzred — U BT,
all A

defines a stratification of RZ*? as a disjoint union of locally closed subschemes. This is the GSpin

analogue of the Bruhat-Tits stratification for unitary Rapoport—Zink spaces found in [VW11,

RTW14]. However, this terminology should be taken with a grain of salt: unlike in [VW11], the

strata here are not in bijection with the vertices in the Bruhat—Tits building of the group Jgjer.

See [HP14, §2.7] for more details in the special case n = 6.

6.5.3 For a special lattice L C Vg, recall from Proposition 5.2.2 the vertex lattice A(L)

characterized by
ALY ={zx € L:®(z) =z}

If we rewrite the bijections of Theorem 6.3.1 and §5.3.1 as

PP\RZ (k) = Sa(k)
5 {special lattices L C Vx : AV C L}
= {special lattices L C Vi : A(L) C A},
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the inclusion BT, C RZ! identifies
pP\BTy (k) = {special lattices L C Vx : A(L) = A}
= {special lattices L C Vc : L+ ®(L) + - + ®4(L) = Ay }.
6.5.4 Fix a vertex lattice A of type tA = 2d, and recall from §5.3.1 the 2d-dimensional
F,-quadratic space Q9 = A/AY. Set
Q=9Q ®]FP kS AW/A\V/Vv

and let ® = id ® o be the Frobenius on ).

We recall the set-up of [HP14, § 3.2|. Fix a basis {e1, ..., eq, f1,..., fq} of Q in such a way that
Spang{e1,...,eq} and Spang{fi,..., fa} are totally isotropic, [e;, f;j] = 0;;, and the Frobenius
d fixes e1,...,eq_1, f1,---, fa—1 but interchanges ey <+ f;. This choice of basis determines a
maximal ®-stable torus T C SO(Q).

The isotropic flags .Z,” and %, in Q, defined by

ﬁii:Spank{el,...,ei}, forlglgd_lv
yj = Spank{ela-'-7ed—laed}7
F, = Spang{ei,...,eq—1, fa},

satisfy Z;F = ®(Z[F), and have the same stabilizer B C SO(f). It is a ®-stable Borel subgroup
containing T'. The corresponding set of simple reflections in the Weyl group W = N(T')/T is
{81,...,84_2,tT,t7}, where

— s; interchanges e; <> e;1+1 and f; <> fiy1, and fixes the other basis elements;
— tT interchanges eq4_1 <+ eq and fy_1 <> f4, and fixes the other basis elements;
— t7 interchanges eg_1 <> fg and fy_1 <> eq4, and fixes the other basis elements.

Notice that ®(s;) = s;, and ®(t¥) = ¢, and so the products
wi = tisd_g coo8981 €W

are Cozeter elements: products of exactly one representative from each ®-orbit in the set of
simple reflections above.

6.5.5 The Deligne—Lusztig variety
Xp(w*) = {g € SO(Q)/B : inv(g, ®(g)) = w*}
is a smooth quasi-projective k-variety of dimension d— 1. Here inv is the relative position invariant

(91,92)—97 g2
B— 5

SO(Q)/B x SO(Q)/ B\SO(Q)/B = W.

THEOREM 6.5.6. There are isomorphisms Xg(wt) = Xp(w™), and
pP\BTA 5 Xp(w™) U Xp(w™).
Proof. Recall that the k-variety
Sa(k) = {Lagrangians . C Q : dimy (L + ®(¥)) =d + 1}

has two connected components X and X, interchanged by the action of any g € O(£2)(F))
with det(g) = —1.
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After possibly relabeling .#,” and %, , |[HP14, Proposition 3.8] gives an open immersion
Xp(wt) — S/j\E defined by g — gﬁjﬁ. Thus

XB(w+) L XB(w_) C Sp
as an open subset with k-points
Xp(wF)(k) ={ZL € Si(k): ZNd(L)NP*L)N---NdIZL) =0}
= {ZcSEk): L +0(L)+ XL+ -+ 0U(Z) =0}

The action of any g as above interchanges Xp(w™) with Xp(w™).
By §6.5.3, we have bijections

PP\BTA (k) S {ZL € Salk) : L+ D(L)+ (L) + -+ L) = Q}
5 Xp(w) (k) U Xp(w)(k).

This is nothing more than the restriction of the isomorphism pZ\RZfd = Sy of Theorem 6.3.1,
and hence arises from an isomorphism of varieties

pP\BTx = Xp(w™) U Xpg(w™). O

Remark 6.5.7. The quotient pZ\RZf\ed is itself isomorphic to a disjoint union of two Deligne—-
Lusztig varieties. Indeed, if P* c SO(f) denotes the maximal parabolic subgroup stabilizing
ﬁjﬂ then [HP14, Proposition 3.6] shows that

PP\RZpy = Sp 5 Xpi (1) U Xp-(1).

7. Shimura varieties for spinor similitude groups

Finally, we apply our results to study the supersingular loci of Shimura varieties of type GSpin.
Throughout § 7 we fix a quadratic space (V, Q) of signature (n—2, 2) over Z,). We always assume
that n > 3, and that the corresponding bilinear form [z, y| induces an isomorphism from V to its
Zp)-linear dual.

7.1 The GSpin Shimura variety
First, we attach to the quadratic space V' a Shimura variety of Hodge type.

7.1.1 As in the local set-up of §4.1.2, the Clifford algebra C(V) is endowed with a

Z/27-grading C(V) = C*T(V) @& C~ (V) and a canonical involution ¢ — c¢*. The group of spinor
similitudes G' = GSpin(V) is the reductive group over Z,) defined by

GR)={gc CT(VR)* : gVrg " = Vg, g*g € R*}
for any Z,)-algebra R. As before, the spinor similitude ng : G — Gy, is defined by na(g) = g9*g,

and there is a representation G — SO(V') defined by gev = gvg~!. By a slight abuse of notation,
we denote again by G the generic fiber of the Z)-group scheme G just defined.
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7.1.2  Asin (1.2.1.2), define a hermitian symmetric domain
H={z€Vc:]z2]=0,]zz <0}/C*

of dimension n — 2. The group G(R) acts on H through the representation G — SO(V'), and the

action of any g € G(R) with ng(g) < 0 interchanges the two connected components of H.
Writing z € H as z = u + v with u,v € Vg, the subspace Spang{u, v} is a negative definite

plane in Vg, oriented by the ordered orthogonal basis u,v. There are natural R-algebra maps

C 5 CT(Spang{u,v}) — CT(1R).

The first is determined by
U

Q(W)Q(v)’

and the second is induced by the inclusion Spang{u,v} C Vk. The above composition restricts to
an injection h, : C* — G(R), which arises from a morphism h, : S — Gp of real algebraic groups.
Here S = Res¢ /RGm is Deligne’s torus. The construction z — h, realizes H C Hom(S, GRr) as a
G(R)-conjugacy class.

Using the conventions of [Del79], the Hodge structure on V' determined by h, is

7 —

v — ez v =z c2)t, VMW = (7.1.2.1)

7.1.3  The Z,)-quadratic space V' admits an orthogonal basis, and so one can choose

orthogonal vectors e, f € V of negative length with Q(e), Q(f) € Z(Xp). If weset 0 =ef € C(V)*

then, exactly as in §4.1.4, § determines a perfect G-equivariant symplectic form

Vs : C(V) @z, C(V) = Zg)(na),

where G acts on C(V) via left multiplication. For any z € ‘H the bilinear form v5(h.()c1, c2) on
C(VR) is either positive definite or negative definite, depending on the connected component of
‘H containing z.

The Hodge structure on C(Vy) determined by h, € Hom(S, Gr) is

C(Ve) O™ =20(V), COWVe)THY) =z0(vp).
From this it follows that the faithful representation
G — GSp(C(V), ¥s)

defines a morphism of Shimura data from (G, H) to the Siegel Shimura datum determined by the
symplectic space (C(V), 1s).

7.1.4 Define a hyperspecial subgroup U, = G(Z,) of G(Q,), and choose any sufficiently
small compact open subgroup UP C G(A?). Setting U = U,UP, there is an associated Shimura
variety Shy (G, H) over Q with complex points

Shy (G, H)(C) = G(Q)\H x G(Ay)/U.

Let 2g = dimC(Vg) = 2" so that, as in §3.1, the morphism of Shimura data (G,H)—
GSp,,, Hog) constructed in § 7.1.3 determines a morphism from Shy (G, H) to a moduli space of
29 g
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polarized abelian varieties up to prime-to-p-isogeny. Pulling back the universal object over this
moduli space yields an abelian scheme up to prime-to-p-isogeny

A— ShU(G,H),

often called the Kuga—Satake abelian scheme; see [Mad16] for more information.

The fiber of the Kuga-Satake abelian scheme at a point (z,9) € H x G(Ay) can be made
very explicit: it is the abelian variety up to prime-to-p-isogeny A, 4 whose Betti homology is
the Z,)-module

H, (A(z,g)((c)ﬂ Z(10)) =g-C(V)C C(VQ)

with the Hodge structure h, defined above. Note that A, /) carries a prime-to-p polarization
A inherited from the symplectic form 5, and an action of C(V)° induced by the right
multiplication action of C'(V') on itself.

7.2 Uniformization of the supersingular locus
Asin §3.1, let ¥ = (G, H) be Kisin’s [Kis10] smooth integral model of Shyy (G, H) over Z),
and let

yUp = l(iEIUprpUP (G, H)

By the very construction of the integral model, the Kuga—Satake abelian scheme extends to an
abelian scheme up to prime-to-p-isogeny A — 7.

7.2.1 We denote by
éﬁs(icfﬂéézw)k

the supersingular locus: the largest reduced closed subscheme over which the Kuga—Satake abelian
scheme is supersingular. The fiber of A at any point of .7 Rz, k is supersingular if and only if its
p-divisible group is isoclinic. Thus Lemma 4.2.4 implies that the supersingular locus is precisely
the basic locus. Moreover, along the supersingular locus the slope of the universal p-divisible
group must by 1/2; and so the classification of basic elements in Proposition 4.2.5 tells us that
Zss must be the Newton stratum .#} for the basic b appearing in Proposition 4.2.6.

Denote by (#) ).+, the formal completion of .7}y along .

LEMMA 7.2.2. The supersingular locus .%;s is non-empty.

Proof. This can be understood as a special case of recent results on the non-emptiness of the
basic locus in Hodge type Shimura varieties; see Remark 1.1.3. Here we give a direct argument.

Let Vog C Vi be a rational 2-plane on which @ is negative definite. The Z/2Z-grading on
the Clifford algebra of Vjg has the simple form C(Vog) = F @ Vg, where the even part is the

quadratic imaginary field
F = Q(V—det(Vag))-

We leave it as an exercise to the reader to check that one may choose Vpg so that p is inert in F'
(reduce to the case n = 3, and use the classification of quadratic forms from [Ser73]).

The action of F' by left multiplication makes Vpg into an F-vector space of dimension 1. The
C-quadratic space Vyc is a hyperbolic plane, and its two isotropic lines are distinguished by the
two embeddings F' — C: on one line F' acts through one embedding, and on the other F' acts
through the conjugate embedding. These two lines determine two points of H, and we pick one
of them, 29 € H. For any g € G(Ay), an exercise in linear algebra shows that A, ;) is isogenous
to a product of elliptic curves with complex multiplication by F'.
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Let xc € #(C) be the point defined by (zo, g). This is a special point in the sense of Deligne,
and so the underlying point « € . has residue field a finite extension of Q. By completing the
residue field at a prime above p and passing to its maximal unramified extension, we obtain a
finite extension ®/Q,™ and a point z¢ € .7(®) above x. As the Kuga—Satake abelian scheme A,
has complex multiplication, the Néron—-Ogg—Shafarevich criterion guarantees that we may replace
® by a finite extension so that the ¢-adic Tate module of A, is unramified for all ¢ # p. The
extension property of Kisin’s integral models now gives an extension of z¢ to a point of . (Og),
whose reduction to . (k) is necessarily supersingular (as p is inert in the CM field F). O

PROPOSITION 7.2.3. There exists a point x € .y, (k) such that the local Hodge-Shimura datum
(Gz,,bs, piz; C(Vz,)) obtained from z (by the procedure of §3.1.4) agrees with the local Hodge-
Shimura datum of Proposition 4.2.6.

Proof. Let b and u be as in Proposition 4.2.6. Using Lemma 7.2.2, we can find a point
zo € Sss(k) = Fp(k),

which determines a local Shimura-Hodge datum (Gz,, bz, iz, C(Vz,)) as in §3.1.4.

The cocharacters piz, and p are G(W)-conjugate. Indeed, using (7.1.2.1), one can see that
the conjugacy class of both i, and p is characterized as the set of all characters G,y — Gw
such that the composition

va

is z — 27! and such that the induced grading on Viy has the form Vi = Fy @ Fy @ F_q, in
which F; and F_; are isotropic lines orthogonal to Fjp.

The results of §4.2 now show that there is a unique o-conjugacy class of basic elements in
G(K) making D = Hom(C(Vk), K) into an isocrystal of slope 1/2, and hence the basic elements
by, and b are o-conjugate. Thus the claim follows from Remark 3.2.15. a

Let V(é be the unique positive definite quadratic space over Q with the same dimension and
determinant as Vg, but with Hasse invariant

iy ) oe(Vg,) ifL#p,
6(V@f)_{—e(v@e) if ¢ = p,

for all finite primes £. Let I’ = GSpin(V@) be the corresponding spinor similitude group over Q,
and let np : I’ — G,, be the spinor similitude.
The uniformization theorem (Theorem 3.3.2) now gives the following result.

THEOREM 7.2.4. There is an isomorphism of formal W -schemes
I'(Q)\RZ x G(A?)/U? = (S,
for suitable isomorphisms I'(Q,) = Jy(Q,), and I'(Q;) = G(Qy) for £ # p.

Proof. Since S5 = %, this will follow from Theorem 3.3.2 after we show that the group I in the
statement of Theorem 3.3.2 can be identified with the group I’ = GSpin(Vy) above.

The group I' = GSpin(Vp) is an inner form of G: since Vg and Vg have the same dimension
and determinant, we can find an isomorphism of quadratic spaces

¢3V@®Q@:>V@®Q@
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which produces a Galois cocycle o — o (1)~ with values in SO(Vg)(Q). Composing this with
SO(Vg) — G gives a class ¢ € HY(Q, G*) which defines I’ = GSpin(Vg). Notice that Vg, is
isomorphic to Vg,, for all £ # p, and V(ép is isomorphic to VI‘?.

The group I is also an inner form of G. In fact, by the remarks that follow part (iv) of the
definition of a Kottwitz triple in [Kis13, (4.3)], I is uniquely determined as an inner form (or
more correctly an inner twist) of G by the local inner twisting isomorphisms at finite places, and
the fact that Iy is anisotropic modulo center. (This uses the Hasse principle for adjoint groups
(see [PR94, §6.5, Theorem 6.22|) and the fact that there is a unique element of H'(R,G?9)
which corresponds to the compact modulo center form of Gr (see [Kot92, p. 423]).) Therefore,
I is given by a well-defined cohomology class ¢ € H'(Q, G*) with prescribed localizations ¢, in
HY(Q,, G*Y), for all places v of Q.

By the definition of the classes ¢, as provided by the inner twists coming from the Kottwitz
triple given by g, ¢, is trivial for £ # p, while ¢, corresponds to the inner twist GSpin(Vf? ); as
Ve = V(ép, we have ¢, = ¢,,. Hence, ¢, = ¢, for all finite places v of Q. Also, since Vj; is positive
definite, we have coo = ¢/, as above. The result then follows as above, by the Hasse principle for
adjoint groups. O

From here on we identify

I =1I'"= GSpin(Vp).

Remark 7.2.5. As in the proof of Theorem 3.3.2, the group I = GSpin(V(é) acts as quasi-
endomorphisms of the fiber A, of the Kuga-Satake abelian scheme at the base point zg € ., (k).
The action I C End(AzO)(a can be explained as follows. The fiber A,,, like every fiber of the
Kuga—Satake abelian scheme, comes endowed with a collection of special quasi-endomorphisms
V(Az,) C End(Az,)g as in [Madl16, §5]. This is a quadratic space over Q, with quadratic form
determined by vowv = Q(v) -id. For any fiber the space of special endomorphisms has dimension
less than or equal to dim(Vgp), and equality holds precisely at supersingular points. In fact, using
[Mad15, Theorem 6.4], the supersingularity of A, implies that V (Ag,) — V- After fixing such
an isomorphism, we obtain an injection V(é — End(A,,)g, which, by the universal property of
Clifford algebras, extends to the ring homomorphism C(V) — End(Az, ). This homomorphism
then restricts to a homomorphism of groups

GSpin(Vg) — End (A, )g-

7.2.6  Recalling the decomposition RZ = |_|£€ZRZ(Z) of RZ into its connected components,
we may rewrite the uniformization of Theorem 7.2.4 as an isomorphism

(W) 7. = T(Q)o\RZ© x G(AP)/UP,

where
ordy,

I(Q)o = ker(I(Q) X Q* —> Z)

is the common stabilizer in I(Q) of the connected components of RZ. This may be further
rewritten as .
(SW) )7 = | ] r,\Rz©, (7.2.6.1)
9EI(Q)o\G(A)/UP

where I'y = I(Q)o N gUPg ™.
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7.3 Structure of the supersingular locus
As in the proof of Theorem 7.2.4, we may identify

~ B
V@p—>VK

as Qp-quadratic spaces. In particular, we obtain from Definition 5.1.1 the notion of a vertex lattice
AC V(ép, whose type t) = dimg, (A/AY) is a positive even integer less than or equal to the integer
tmax Of (1.2.3.1).

7.3.1 Fix a vertex lattice A C V’ Exactly as in §5.3.1, endow Qy = A/AY with the rescaled
F)-valued quadratic form pQ). Set 2 = Qo ®@p, k, and let Sy be the reduced k-scheme with k-points

Sa(k) = {Lagrangians Z CQ:dim(ZL +P(2)) = %\ + 1}

where ® = id® o is the absolute Frobenius on 2. Recall from Proposition 5.3.2 that Sy = S[J{ usy
has two connected components. The components are isomorphic, and each is projective and
smooth of dimension (¢5/2) — 1. Up to isomorphism, Sy depends only on the type tx.

7.3.2  Taking the reduced scheme underlying both sides of (7.2.6.1) yields an isomorphism

T | | [, \RZ(®red,
9€1(Q)0\G(AD)/UP

From this, the description of RZ(®"*d of Theorem 6.4.1, and an argument as in the proof of
[Vol10, Theorem 6.1] we deduce the following result.

THEOREM 7.3.3. For all UP C G(A’}) sufficiently small, the following hold.

(i) Bach of the k-schemes T',\RZ(®)"*d is connected.
(ii) The irreducible components of T’ g\RZ(O)’]red are in bijection with the set of orbits

I'y\{vertex lattices of type tmax},

and the irreducible component indexed by a vertex lattice A is isomorphic to S/jf. In
particular, all irreducible components are isomorphic to one another, and are projective
and smooth of dimension

dim (%) = t“;ax —1. 0
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Appendix A. Maximal lattices

For the reader’s convenience we recall two results on maximal lattices in quadratic spaces, used
in several places in the body of the paper.
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A.1 Eichler’s theorem and the elementary divisor theorem

Let F be a field, complete with respect to a discrete valuation. Denote by O the valuation ring
of F'. Suppose V is a finite-dimensional F-vector space endowed with a non-degenerate quadratic
form ¢ : V — F, and let

[, 9] = a(@ +y) — q(x) — q(y)
be the bilinear form determined by gq.
DEFINITION A.1.1. By a lattice in V' we mean a free O-submodule M C V with rankp (M) =

dimp (V). A lattice M is maximal (with respect to q) if ¢(M) C O, and if M is not properly
contained in any other lattice with this property. The dual M" of the lattice M is

MY ={z eV :[x,ml€O,Vme M}.
The lattice M is called self-dual if M = M.
For a proof of the following, see [Ger08, Theorem 8.8].

THEOREM A.1.2 (Eichler). All maximal lattices in V' are isomorphic as O-quadratic spaces. If V
is anisotropic, then it has a unique maximal lattice
M={zxeV:q(x) e O}

THEOREM A.1.3 (Elementary divisor theorem). Suppose A and B are maximal lattices in V.
There is a decomposition

V=Fei®Ffi® - ®Fe,®Ff.®V,
in which Vj is anisotropic and orthogonal to all e; and all f;,
e ej] =0, [fi, ] =0, [es, fi] = i,
and
A:Oel@Ofl@"'@Oer@Ofr@M07

B=(Ber® (B )@ (Br)e @ (B, 1)fr @ Mo,
for some By,...,5, € F*. Here (x) = Oz, and My C Vj is the unique maximal lattice in V.

Proof. By applying |Ger08, Lemma 6.36] inductively, there is an orthogonal decomposition
V=Ho - oH oV
in which each H; is a hyperbolic plane, V| is anisotropic, and
A=(ANH)®---&(ANH,)®(ANW),
B=(BNH)® ---®(BNH,) d(BN).
The maximality of A implies that each A N H; is a maximal lattice of H;, and that AN Vj is a
maximal lattice of V. Of course similar remarks apply to B, and, in particular,
ANVy={zeVy:qx) e O} =BnW

by Theorem A.1.2.
Choose a basis e;, f; € H; such that q(e;) = q(f;) = 0 and [e;, f;] = 1. Using the fact that Fe;
and F'f; are the unique isotropic lines in H;, it follows from [Ger(08, Lemma 6.35] that

ANH; = (a)e; @ (e M) fi,

BN H; = (Bi)e @ (6;7")fi,
for some «;, B; € F*. The desired decomposition of V' is now obtained by rescaling e; and f; so
that a; = 1. H

1115

https://doi.org/10.1112/50010437X17007011 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007011

B. HowARD AND G. PAPPAS

REFERENCES

Asg02 M. Asgari, Local L-functions for split spinor groups, Canad. J. Math. 54 (2002), 673-693;
MR 1913914 (2003i:11062).

Bas74  H. Bass, Clifford algebras and spinor norms over a commutative ring, Amer. J. Math. 96 (1974),
156-206; MR 0360645 (50 #13092).

Ber96  P. Berthelot, Cohomologie rigide et cohomologie rigide & supports propres. Premiére partie.
Preprint (1996), IRMAR 96-03, available at http://perso.univ-rennesl.fr/pierre.berthelot.

BBMS82 P. Berthelot, L. Breen and W. Messing, Théorie de Dieudonné cristalline. I1I, Lecture Notes in
Mathematics, vol. 930 (Springer, Berlin, 1982); MR 667344 (85k:14023).

BM90 P. Berthelot and W. Messing, Théorie de Dieudonné cristalline. III. Théorémes d’équivalence
et de pleine fidélité, in The Grothendieck Festschrift, Vol. I, Progress in Mathematics, vol. 86
(Birkh&user, Boston, 1990), 173-247; MR 1086886 (92h:14012).

BS15 B. Bhatt and P. Scholze, Projectivity of the Witt vector affine Grassmannian. Preprint (2015),
arXiv:1507.06490.

CKV15 M. Chen, M. Kisin and E. Viehmann, Connected components of affine Deligne—Lusztig varieties
in mized characteristic, Compositio Math. 151 (2015), 1697-1762; MR 3406443.

CV15 M. Chen and E. Viehmann, Affine Deligne-Lusztig varieties and the action of J. Preprint
(2015), arXiv:1507.02806.

DOR10 J.-F. Dat, S. Orlik and M. Rapoport, Period domains over finite and p-adic fields, Cambridge
Tracts in Mathematics, vol. 183 (Cambridge University Press, Cambridge, 2010); MR 2676072
(2012a:22026).

deJ95  A. J. de Jong, Crystalline Dieudonné module theory via formal and rigid geometry, Publ. Math.
Inst. Hautes Etudes Sci. 82 (1995), 5-96; MR 1383213 (97f:14047).

Del79 P. Deligne, Variétés de Shimura: interprétation modulaire, et techniques de construction de
modéles canoniques, in Automorphic forms, representations and L-functions (Proc. Sympos.
Pure Math., Oregon State Univ., Corvallis, OR, 1977), Part 2, Proceedings of Symposia in Pure
Mathematics, vol. XXXIIT (American Mathematical Society, Providence, RI, 1979), 247-289;
MR 546620 (81i:10032).

Dri76 V. G. Drinfel’d, Coverings of p-adic symmetric domains, Funkcional. Anal. i PriloZen. 10 (1976),
29-40; MR 0422290 (54 #10281).

EGAIV A. Grothendieck, Eléments de géométrie algébrique. IV. Etude locale des schémas et des
morphismes de schémas. I, Publ. Math. Inst. Hautes Etudes Sci. 20 (1964), 5-251;
MR 0173675 (30 #3885).

Fal99 G. Faltings, Integral crystalline cohomology over very ramified valuation rings, J. Amer. Math.
Soc. 12 (1999), 117-144; MR 1618483 (99¢:14022).

Ger08 L. Gerstein, Basic quadratic forms, Graduate Studies in Mathematics, vol. 90 (American
Mathematical Society, Providence, RI, 2008); MR 2396246 (2009e:11064).

GHKRO06 U. Gortz, T. Haines, R. Kottwitz and D. Reuman, Dimensions of some affine Deligne—Lusztig
varieties, Ann. Sci. Ec. Norm. Supér. (4) 39 (2006), 467-511; MR 2265676 (2008e:14068).

GH15  U. Gortz and X. He, Basic loci of Coxeter type in Shimura varieties, Camb. J. Math. 3 (2015),
323-353; MR 3393024.

Ham16 P. Hamacher, The almost product structure of Newton strata in the Deformation space of a
Barsotti-Tate group with crystalline Tate tensors. Preprint (2016), arXiv:1601.03131.

HP14 B. Howard and G. Pappas, On the supersingular locus of the GU(2,2) Shimura variety, Algebra
Number Theory 8 (2014), 1659-1699; MR 3272278.

Kiml13 W. Kim, Rapoport—Zink spaces of Hodge type. Preprint (2013), arXiv:1308.5537.
Kiml4 W. Kim, Rapoport—Zink uniformization of Hodge-type Shimura varieties. Preprint (2014).

1116

https://doi.org/10.1112/50010437X17007011 Published online by Cambridge University Press


http://www.ams.org/mathscinet-getitem?mr=1913914
http://www.ams.org/mathscinet-getitem?mr=1913914
http://www.ams.org/mathscinet-getitem?mr=1913914
http://www.ams.org/mathscinet-getitem?mr=1913914
http://www.ams.org/mathscinet-getitem?mr=1913914
http://www.ams.org/mathscinet-getitem?mr=1913914
http://www.ams.org/mathscinet-getitem?mr=1913914
http://www.ams.org/mathscinet-getitem?mr=1913914
http://www.ams.org/mathscinet-getitem?mr=1913914
http://www.ams.org/mathscinet-getitem?mr=1913914
http://www.ams.org/mathscinet-getitem?mr=0360645
http://www.ams.org/mathscinet-getitem?mr=0360645
http://www.ams.org/mathscinet-getitem?mr=0360645
http://www.ams.org/mathscinet-getitem?mr=0360645
http://www.ams.org/mathscinet-getitem?mr=0360645
http://www.ams.org/mathscinet-getitem?mr=0360645
http://www.ams.org/mathscinet-getitem?mr=0360645
http://www.ams.org/mathscinet-getitem?mr=0360645
http://www.ams.org/mathscinet-getitem?mr=0360645
http://www.ams.org/mathscinet-getitem?mr=0360645
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://perso.univ-rennesl.fr/pierre.berthelot
http://www.ams.org/mathscinet-getitem?mr=667344
http://www.ams.org/mathscinet-getitem?mr=667344
http://www.ams.org/mathscinet-getitem?mr=667344
http://www.ams.org/mathscinet-getitem?mr=667344
http://www.ams.org/mathscinet-getitem?mr=667344
http://www.ams.org/mathscinet-getitem?mr=667344
http://www.ams.org/mathscinet-getitem?mr=667344
http://www.ams.org/mathscinet-getitem?mr=667344
http://www.ams.org/mathscinet-getitem?mr=667344
http://www.ams.org/mathscinet-getitem?mr=1086886
http://www.ams.org/mathscinet-getitem?mr=1086886
http://www.ams.org/mathscinet-getitem?mr=1086886
http://www.ams.org/mathscinet-getitem?mr=1086886
http://www.ams.org/mathscinet-getitem?mr=1086886
http://www.ams.org/mathscinet-getitem?mr=1086886
http://www.ams.org/mathscinet-getitem?mr=1086886
http://www.ams.org/mathscinet-getitem?mr=1086886
http://www.ams.org/mathscinet-getitem?mr=1086886
http://www.ams.org/mathscinet-getitem?mr=1086886
http://www.arxiv.org/abs/1507.06490
http://www.arxiv.org/abs/1507.06490
http://www.arxiv.org/abs/1507.06490
http://www.arxiv.org/abs/1507.06490
http://www.arxiv.org/abs/1507.06490
http://www.arxiv.org/abs/1507.06490
http://www.arxiv.org/abs/1507.06490
http://www.arxiv.org/abs/1507.06490
http://www.arxiv.org/abs/1507.06490
http://www.arxiv.org/abs/1507.06490
http://www.arxiv.org/abs/1507.06490
http://www.arxiv.org/abs/1507.06490
http://www.arxiv.org/abs/1507.06490
http://www.arxiv.org/abs/1507.06490
http://www.arxiv.org/abs/1507.06490
http://www.arxiv.org/abs/1507.06490
http://www.ams.org/mathscinet-getitem?mr=3406443
http://www.ams.org/mathscinet-getitem?mr=3406443
http://www.ams.org/mathscinet-getitem?mr=3406443
http://www.ams.org/mathscinet-getitem?mr=3406443
http://www.ams.org/mathscinet-getitem?mr=3406443
http://www.ams.org/mathscinet-getitem?mr=3406443
http://www.ams.org/mathscinet-getitem?mr=3406443
http://www.ams.org/mathscinet-getitem?mr=3406443
http://www.ams.org/mathscinet-getitem?mr=3406443
http://www.ams.org/mathscinet-getitem?mr=3406443
http://www.arxiv.org/abs/1507.02806
http://www.arxiv.org/abs/1507.02806
http://www.arxiv.org/abs/1507.02806
http://www.arxiv.org/abs/1507.02806
http://www.arxiv.org/abs/1507.02806
http://www.arxiv.org/abs/1507.02806
http://www.arxiv.org/abs/1507.02806
http://www.arxiv.org/abs/1507.02806
http://www.arxiv.org/abs/1507.02806
http://www.arxiv.org/abs/1507.02806
http://www.arxiv.org/abs/1507.02806
http://www.arxiv.org/abs/1507.02806
http://www.arxiv.org/abs/1507.02806
http://www.arxiv.org/abs/1507.02806
http://www.arxiv.org/abs/1507.02806
http://www.arxiv.org/abs/1507.02806
http://www.ams.org/mathscinet-getitem?mr=2676072
http://www.ams.org/mathscinet-getitem?mr=2676072
http://www.ams.org/mathscinet-getitem?mr=2676072
http://www.ams.org/mathscinet-getitem?mr=2676072
http://www.ams.org/mathscinet-getitem?mr=2676072
http://www.ams.org/mathscinet-getitem?mr=2676072
http://www.ams.org/mathscinet-getitem?mr=2676072
http://www.ams.org/mathscinet-getitem?mr=2676072
http://www.ams.org/mathscinet-getitem?mr=2676072
http://www.ams.org/mathscinet-getitem?mr=2676072
http://www.ams.org/mathscinet-getitem?mr=1383213
http://www.ams.org/mathscinet-getitem?mr=1383213
http://www.ams.org/mathscinet-getitem?mr=1383213
http://www.ams.org/mathscinet-getitem?mr=1383213
http://www.ams.org/mathscinet-getitem?mr=1383213
http://www.ams.org/mathscinet-getitem?mr=1383213
http://www.ams.org/mathscinet-getitem?mr=1383213
http://www.ams.org/mathscinet-getitem?mr=1383213
http://www.ams.org/mathscinet-getitem?mr=1383213
http://www.ams.org/mathscinet-getitem?mr=1383213
http://www.ams.org/mathscinet-getitem?mr=546620
http://www.ams.org/mathscinet-getitem?mr=546620
http://www.ams.org/mathscinet-getitem?mr=546620
http://www.ams.org/mathscinet-getitem?mr=546620
http://www.ams.org/mathscinet-getitem?mr=546620
http://www.ams.org/mathscinet-getitem?mr=546620
http://www.ams.org/mathscinet-getitem?mr=546620
http://www.ams.org/mathscinet-getitem?mr=546620
http://www.ams.org/mathscinet-getitem?mr=546620
http://www.ams.org/mathscinet-getitem?mr=0422290
http://www.ams.org/mathscinet-getitem?mr=0422290
http://www.ams.org/mathscinet-getitem?mr=0422290
http://www.ams.org/mathscinet-getitem?mr=0422290
http://www.ams.org/mathscinet-getitem?mr=0422290
http://www.ams.org/mathscinet-getitem?mr=0422290
http://www.ams.org/mathscinet-getitem?mr=0422290
http://www.ams.org/mathscinet-getitem?mr=0422290
http://www.ams.org/mathscinet-getitem?mr=0422290
http://www.ams.org/mathscinet-getitem?mr=0422290
http://www.ams.org/mathscinet-getitem?mr=0173675
http://www.ams.org/mathscinet-getitem?mr=0173675
http://www.ams.org/mathscinet-getitem?mr=0173675
http://www.ams.org/mathscinet-getitem?mr=0173675
http://www.ams.org/mathscinet-getitem?mr=0173675
http://www.ams.org/mathscinet-getitem?mr=0173675
http://www.ams.org/mathscinet-getitem?mr=0173675
http://www.ams.org/mathscinet-getitem?mr=0173675
http://www.ams.org/mathscinet-getitem?mr=0173675
http://www.ams.org/mathscinet-getitem?mr=0173675
http://www.ams.org/mathscinet-getitem?mr=1618483
http://www.ams.org/mathscinet-getitem?mr=1618483
http://www.ams.org/mathscinet-getitem?mr=1618483
http://www.ams.org/mathscinet-getitem?mr=1618483
http://www.ams.org/mathscinet-getitem?mr=1618483
http://www.ams.org/mathscinet-getitem?mr=1618483
http://www.ams.org/mathscinet-getitem?mr=1618483
http://www.ams.org/mathscinet-getitem?mr=1618483
http://www.ams.org/mathscinet-getitem?mr=1618483
http://www.ams.org/mathscinet-getitem?mr=1618483
http://www.ams.org/mathscinet-getitem?mr=2396246
http://www.ams.org/mathscinet-getitem?mr=2396246
http://www.ams.org/mathscinet-getitem?mr=2396246
http://www.ams.org/mathscinet-getitem?mr=2396246
http://www.ams.org/mathscinet-getitem?mr=2396246
http://www.ams.org/mathscinet-getitem?mr=2396246
http://www.ams.org/mathscinet-getitem?mr=2396246
http://www.ams.org/mathscinet-getitem?mr=2396246
http://www.ams.org/mathscinet-getitem?mr=2396246
http://www.ams.org/mathscinet-getitem?mr=2396246
http://www.ams.org/mathscinet-getitem?mr=2265676
http://www.ams.org/mathscinet-getitem?mr=2265676
http://www.ams.org/mathscinet-getitem?mr=2265676
http://www.ams.org/mathscinet-getitem?mr=2265676
http://www.ams.org/mathscinet-getitem?mr=2265676
http://www.ams.org/mathscinet-getitem?mr=2265676
http://www.ams.org/mathscinet-getitem?mr=2265676
http://www.ams.org/mathscinet-getitem?mr=2265676
http://www.ams.org/mathscinet-getitem?mr=2265676
http://www.ams.org/mathscinet-getitem?mr=2265676
http://www.ams.org/mathscinet-getitem?mr=3393024
http://www.ams.org/mathscinet-getitem?mr=3393024
http://www.ams.org/mathscinet-getitem?mr=3393024
http://www.ams.org/mathscinet-getitem?mr=3393024
http://www.ams.org/mathscinet-getitem?mr=3393024
http://www.ams.org/mathscinet-getitem?mr=3393024
http://www.ams.org/mathscinet-getitem?mr=3393024
http://www.ams.org/mathscinet-getitem?mr=3393024
http://www.ams.org/mathscinet-getitem?mr=3393024
http://www.ams.org/mathscinet-getitem?mr=3393024
http://www.arxiv.org/abs/1601.03131
http://www.arxiv.org/abs/1601.03131
http://www.arxiv.org/abs/1601.03131
http://www.arxiv.org/abs/1601.03131
http://www.arxiv.org/abs/1601.03131
http://www.arxiv.org/abs/1601.03131
http://www.arxiv.org/abs/1601.03131
http://www.arxiv.org/abs/1601.03131
http://www.arxiv.org/abs/1601.03131
http://www.arxiv.org/abs/1601.03131
http://www.arxiv.org/abs/1601.03131
http://www.arxiv.org/abs/1601.03131
http://www.arxiv.org/abs/1601.03131
http://www.arxiv.org/abs/1601.03131
http://www.arxiv.org/abs/1601.03131
http://www.arxiv.org/abs/1601.03131
http://www.ams.org/mathscinet-getitem?mr=3272278
http://www.ams.org/mathscinet-getitem?mr=3272278
http://www.ams.org/mathscinet-getitem?mr=3272278
http://www.ams.org/mathscinet-getitem?mr=3272278
http://www.ams.org/mathscinet-getitem?mr=3272278
http://www.ams.org/mathscinet-getitem?mr=3272278
http://www.ams.org/mathscinet-getitem?mr=3272278
http://www.ams.org/mathscinet-getitem?mr=3272278
http://www.ams.org/mathscinet-getitem?mr=3272278
http://www.ams.org/mathscinet-getitem?mr=3272278
http://www.arxiv.org/abs/1308.5537
http://www.arxiv.org/abs/1308.5537
http://www.arxiv.org/abs/1308.5537
http://www.arxiv.org/abs/1308.5537
http://www.arxiv.org/abs/1308.5537
http://www.arxiv.org/abs/1308.5537
http://www.arxiv.org/abs/1308.5537
http://www.arxiv.org/abs/1308.5537
http://www.arxiv.org/abs/1308.5537
http://www.arxiv.org/abs/1308.5537
http://www.arxiv.org/abs/1308.5537
http://www.arxiv.org/abs/1308.5537
http://www.arxiv.org/abs/1308.5537
http://www.arxiv.org/abs/1308.5537
http://www.arxiv.org/abs/1308.5537
https://doi.org/10.1112/S0010437X17007011

Kis10
Kis13
KP15
Kit93
Kot84
Kot85
Kot92

Kud04

KR99
KRO00
Lan02
Mad15
Mad16
Mat80

Mes72

Mo098

Nis82

Ogu84

PR94

Rap05

RR96

RAPOPORT-ZINK SPACES FOR SPINOR GROUPS

M. Kisin, Integral models for Shimura varieties of abelian type, J. Amer. Math. Soc. 23 (2010),
967-1012; MR 2669706.

M. Kisin, Mod p points on Shimura varieties of abelian type, J. Amer. Math. Soc., to appear.
Preprint (2013).

M. Kisin and G. Pappas, Integral models for Shimura varieties with parahoric level structure.
Preprint (2015), arXiv:1512.01149.

Y. Kitaoka, Arithmetic of quadratic forms, Cambridge Tracts in Mathematics, vol. 106
(Cambridge University Press, Cambridge, 1993); MR 1245266 (95c:11044).

R. Kottwitz, Shimura varieties and twisted orbital integrals, Math. Ann. 269 (1984), 287-300;
MR 761308 (87b:11047).

R. Kottwitz, Isocrystals with additional structure, Compositio Math. 56 (1985), 201-220;
MR 809866 (87i:14040).

R. Kottwitz, Points on some Shimura varieties over finite fields, J. Amer. Math. Soc. 5 (1992),
373-444; MR 1124982 (93a:11053).

S. S. Kudla, Special cycles and derivatives of Fisenstein series, in Heegner points and Rankin
L-series, Mathematical Sciences Research Institute Publications, vol. 49 (Cambridge University
Press, Cambridge, 2004), 243-270; MR 2083214 (2005g:11108).

S. S. Kudla and M. Rapoport, Arithmetic Hirzebruch—Zagier cycles, J. reine angew. Math. 515
(1999), 155-244; MR 1717613 (2002e:11076a).

S. S. Kudlz} and M. Rapoport, Cycles on Siegel threefolds and derivatives of Fisenstein series,
Ann. Sci. Ec. Norm. Supér. (4) 33 (2000), 695-756; MR, 1834500 (2002e:11076b).

S. Lang, Algebra, Graduate Texts in Mathematics, vol. 211, third edition (Springer, New York,
2002); MR 1878556 (2003e:00003).

K. Madapusi Pera, The Tate conjecture for K3 surfaces in odd characteristic, Invent. Math. 201
(2015), 625-668; MR 3370622.

K. Madapusi Pera, Integral canonical models for spin Shimura varieties, Compositio Math. 152
(2016), 769-824; MR 3484114.

H. Matsumura, Commutative algebra, Mathematics Lecture Note Series, vol. 56, second edition
(Benjamin/Cummings Publishing Co., Reading, MA, 1980); MR 575344 (82i:13003).

W. Messing, The crystals associated to Barsotti-Tate groups: with applications to abelian
schemes, Lecture Notes in Mathematics, vol. 264 (Springer, Berlin, New York, 1972);
MR 0347836 (50 #337).

B. Moonen, Models of Shimura varieties in mized characteristics, in Galois representations
in arithmetic algebraic geometry (Durham, 1996), London Mathematical Society Lecture
Note Series, vol. 254 (Cambridge University Press, Cambridge, 1998), 267-350; MR 1696489
(2000e:11077).

Y. A. Nisnevich, Etale cohomology and arithmetic of semisimple groups, ProQuest LLC, Ann
Arbor, MI, 1982, PhD thesis, Harvard University; MR 2632405.

A. Ogus, F-isocrystals and de Rham cohomology. II. Convergent isocrystals, Duke Math. J. 51
(1984), 765-850; MR, 771383 (86j:14012).

V. Platonov and A. Rapinchuk, Algebraic groups and number theory, Pure and Applied
Mathematics, vol. 139 (Academic Press, Boston, 1994), translated from the 1991 Russian original
by R. Rowen; MR 1278263 (95b:11039).

M. Rapoport, A guide to the reduction modulo p of Shimura varieties, in Automorphic forms. I,
Astérisque, vol. 298 (Société Mathématique de France, Paris, 2005), 271-318; MR 2141705
(2006¢:11071).

M. Rapoport and M. Richartz, On the classification and specialization of F-isocrystals with
additional structure, Compositio Math. 103 (1996), 153-181; MR 1411570 (98¢:14015).

1117

https://doi.org/10.1112/50010437X17007011 Published online by Cambridge University Press


http://www.ams.org/mathscinet-getitem?mr=2669706
http://www.ams.org/mathscinet-getitem?mr=2669706
http://www.ams.org/mathscinet-getitem?mr=2669706
http://www.ams.org/mathscinet-getitem?mr=2669706
http://www.ams.org/mathscinet-getitem?mr=2669706
http://www.ams.org/mathscinet-getitem?mr=2669706
http://www.ams.org/mathscinet-getitem?mr=2669706
http://www.ams.org/mathscinet-getitem?mr=2669706
http://www.ams.org/mathscinet-getitem?mr=2669706
http://www.ams.org/mathscinet-getitem?mr=2669706
http://www.arxiv.org/abs/1512.01149
http://www.arxiv.org/abs/1512.01149
http://www.arxiv.org/abs/1512.01149
http://www.arxiv.org/abs/1512.01149
http://www.arxiv.org/abs/1512.01149
http://www.arxiv.org/abs/1512.01149
http://www.arxiv.org/abs/1512.01149
http://www.arxiv.org/abs/1512.01149
http://www.arxiv.org/abs/1512.01149
http://www.arxiv.org/abs/1512.01149
http://www.arxiv.org/abs/1512.01149
http://www.arxiv.org/abs/1512.01149
http://www.arxiv.org/abs/1512.01149
http://www.arxiv.org/abs/1512.01149
http://www.arxiv.org/abs/1512.01149
http://www.arxiv.org/abs/1512.01149
http://www.ams.org/mathscinet-getitem?mr=1245266
http://www.ams.org/mathscinet-getitem?mr=1245266
http://www.ams.org/mathscinet-getitem?mr=1245266
http://www.ams.org/mathscinet-getitem?mr=1245266
http://www.ams.org/mathscinet-getitem?mr=1245266
http://www.ams.org/mathscinet-getitem?mr=1245266
http://www.ams.org/mathscinet-getitem?mr=1245266
http://www.ams.org/mathscinet-getitem?mr=1245266
http://www.ams.org/mathscinet-getitem?mr=1245266
http://www.ams.org/mathscinet-getitem?mr=1245266
http://www.ams.org/mathscinet-getitem?mr=761308
http://www.ams.org/mathscinet-getitem?mr=761308
http://www.ams.org/mathscinet-getitem?mr=761308
http://www.ams.org/mathscinet-getitem?mr=761308
http://www.ams.org/mathscinet-getitem?mr=761308
http://www.ams.org/mathscinet-getitem?mr=761308
http://www.ams.org/mathscinet-getitem?mr=761308
http://www.ams.org/mathscinet-getitem?mr=761308
http://www.ams.org/mathscinet-getitem?mr=761308
http://www.ams.org/mathscinet-getitem?mr=809866
http://www.ams.org/mathscinet-getitem?mr=809866
http://www.ams.org/mathscinet-getitem?mr=809866
http://www.ams.org/mathscinet-getitem?mr=809866
http://www.ams.org/mathscinet-getitem?mr=809866
http://www.ams.org/mathscinet-getitem?mr=809866
http://www.ams.org/mathscinet-getitem?mr=809866
http://www.ams.org/mathscinet-getitem?mr=809866
http://www.ams.org/mathscinet-getitem?mr=809866
http://www.ams.org/mathscinet-getitem?mr=1124982
http://www.ams.org/mathscinet-getitem?mr=1124982
http://www.ams.org/mathscinet-getitem?mr=1124982
http://www.ams.org/mathscinet-getitem?mr=1124982
http://www.ams.org/mathscinet-getitem?mr=1124982
http://www.ams.org/mathscinet-getitem?mr=1124982
http://www.ams.org/mathscinet-getitem?mr=1124982
http://www.ams.org/mathscinet-getitem?mr=1124982
http://www.ams.org/mathscinet-getitem?mr=1124982
http://www.ams.org/mathscinet-getitem?mr=1124982
http://www.ams.org/mathscinet-getitem?mr=2083214
http://www.ams.org/mathscinet-getitem?mr=2083214
http://www.ams.org/mathscinet-getitem?mr=2083214
http://www.ams.org/mathscinet-getitem?mr=2083214
http://www.ams.org/mathscinet-getitem?mr=2083214
http://www.ams.org/mathscinet-getitem?mr=2083214
http://www.ams.org/mathscinet-getitem?mr=2083214
http://www.ams.org/mathscinet-getitem?mr=2083214
http://www.ams.org/mathscinet-getitem?mr=2083214
http://www.ams.org/mathscinet-getitem?mr=2083214
http://www.ams.org/mathscinet-getitem?mr=1717613
http://www.ams.org/mathscinet-getitem?mr=1717613
http://www.ams.org/mathscinet-getitem?mr=1717613
http://www.ams.org/mathscinet-getitem?mr=1717613
http://www.ams.org/mathscinet-getitem?mr=1717613
http://www.ams.org/mathscinet-getitem?mr=1717613
http://www.ams.org/mathscinet-getitem?mr=1717613
http://www.ams.org/mathscinet-getitem?mr=1717613
http://www.ams.org/mathscinet-getitem?mr=1717613
http://www.ams.org/mathscinet-getitem?mr=1717613
http://www.ams.org/mathscinet-getitem?mr=1834500
http://www.ams.org/mathscinet-getitem?mr=1834500
http://www.ams.org/mathscinet-getitem?mr=1834500
http://www.ams.org/mathscinet-getitem?mr=1834500
http://www.ams.org/mathscinet-getitem?mr=1834500
http://www.ams.org/mathscinet-getitem?mr=1834500
http://www.ams.org/mathscinet-getitem?mr=1834500
http://www.ams.org/mathscinet-getitem?mr=1834500
http://www.ams.org/mathscinet-getitem?mr=1834500
http://www.ams.org/mathscinet-getitem?mr=1834500
http://www.ams.org/mathscinet-getitem?mr=1878556
http://www.ams.org/mathscinet-getitem?mr=1878556
http://www.ams.org/mathscinet-getitem?mr=1878556
http://www.ams.org/mathscinet-getitem?mr=1878556
http://www.ams.org/mathscinet-getitem?mr=1878556
http://www.ams.org/mathscinet-getitem?mr=1878556
http://www.ams.org/mathscinet-getitem?mr=1878556
http://www.ams.org/mathscinet-getitem?mr=1878556
http://www.ams.org/mathscinet-getitem?mr=1878556
http://www.ams.org/mathscinet-getitem?mr=1878556
http://www.ams.org/mathscinet-getitem?mr=3370622
http://www.ams.org/mathscinet-getitem?mr=3370622
http://www.ams.org/mathscinet-getitem?mr=3370622
http://www.ams.org/mathscinet-getitem?mr=3370622
http://www.ams.org/mathscinet-getitem?mr=3370622
http://www.ams.org/mathscinet-getitem?mr=3370622
http://www.ams.org/mathscinet-getitem?mr=3370622
http://www.ams.org/mathscinet-getitem?mr=3370622
http://www.ams.org/mathscinet-getitem?mr=3370622
http://www.ams.org/mathscinet-getitem?mr=3370622
http://www.ams.org/mathscinet-getitem?mr=3484114
http://www.ams.org/mathscinet-getitem?mr=3484114
http://www.ams.org/mathscinet-getitem?mr=3484114
http://www.ams.org/mathscinet-getitem?mr=3484114
http://www.ams.org/mathscinet-getitem?mr=3484114
http://www.ams.org/mathscinet-getitem?mr=3484114
http://www.ams.org/mathscinet-getitem?mr=3484114
http://www.ams.org/mathscinet-getitem?mr=3484114
http://www.ams.org/mathscinet-getitem?mr=3484114
http://www.ams.org/mathscinet-getitem?mr=3484114
http://www.ams.org/mathscinet-getitem?mr=575344
http://www.ams.org/mathscinet-getitem?mr=575344
http://www.ams.org/mathscinet-getitem?mr=575344
http://www.ams.org/mathscinet-getitem?mr=575344
http://www.ams.org/mathscinet-getitem?mr=575344
http://www.ams.org/mathscinet-getitem?mr=575344
http://www.ams.org/mathscinet-getitem?mr=575344
http://www.ams.org/mathscinet-getitem?mr=575344
http://www.ams.org/mathscinet-getitem?mr=575344
http://www.ams.org/mathscinet-getitem?mr=0347836
http://www.ams.org/mathscinet-getitem?mr=0347836
http://www.ams.org/mathscinet-getitem?mr=0347836
http://www.ams.org/mathscinet-getitem?mr=0347836
http://www.ams.org/mathscinet-getitem?mr=0347836
http://www.ams.org/mathscinet-getitem?mr=0347836
http://www.ams.org/mathscinet-getitem?mr=0347836
http://www.ams.org/mathscinet-getitem?mr=0347836
http://www.ams.org/mathscinet-getitem?mr=0347836
http://www.ams.org/mathscinet-getitem?mr=0347836
http://www.ams.org/mathscinet-getitem?mr=1696489
http://www.ams.org/mathscinet-getitem?mr=1696489
http://www.ams.org/mathscinet-getitem?mr=1696489
http://www.ams.org/mathscinet-getitem?mr=1696489
http://www.ams.org/mathscinet-getitem?mr=1696489
http://www.ams.org/mathscinet-getitem?mr=1696489
http://www.ams.org/mathscinet-getitem?mr=1696489
http://www.ams.org/mathscinet-getitem?mr=1696489
http://www.ams.org/mathscinet-getitem?mr=1696489
http://www.ams.org/mathscinet-getitem?mr=1696489
http://www.ams.org/mathscinet-getitem?mr=2632405
http://www.ams.org/mathscinet-getitem?mr=2632405
http://www.ams.org/mathscinet-getitem?mr=2632405
http://www.ams.org/mathscinet-getitem?mr=2632405
http://www.ams.org/mathscinet-getitem?mr=2632405
http://www.ams.org/mathscinet-getitem?mr=2632405
http://www.ams.org/mathscinet-getitem?mr=2632405
http://www.ams.org/mathscinet-getitem?mr=2632405
http://www.ams.org/mathscinet-getitem?mr=2632405
http://www.ams.org/mathscinet-getitem?mr=2632405
http://www.ams.org/mathscinet-getitem?mr=771383
http://www.ams.org/mathscinet-getitem?mr=771383
http://www.ams.org/mathscinet-getitem?mr=771383
http://www.ams.org/mathscinet-getitem?mr=771383
http://www.ams.org/mathscinet-getitem?mr=771383
http://www.ams.org/mathscinet-getitem?mr=771383
http://www.ams.org/mathscinet-getitem?mr=771383
http://www.ams.org/mathscinet-getitem?mr=771383
http://www.ams.org/mathscinet-getitem?mr=771383
http://www.ams.org/mathscinet-getitem?mr=1278263
http://www.ams.org/mathscinet-getitem?mr=1278263
http://www.ams.org/mathscinet-getitem?mr=1278263
http://www.ams.org/mathscinet-getitem?mr=1278263
http://www.ams.org/mathscinet-getitem?mr=1278263
http://www.ams.org/mathscinet-getitem?mr=1278263
http://www.ams.org/mathscinet-getitem?mr=1278263
http://www.ams.org/mathscinet-getitem?mr=1278263
http://www.ams.org/mathscinet-getitem?mr=1278263
http://www.ams.org/mathscinet-getitem?mr=1278263
http://www.ams.org/mathscinet-getitem?mr=2141705
http://www.ams.org/mathscinet-getitem?mr=2141705
http://www.ams.org/mathscinet-getitem?mr=2141705
http://www.ams.org/mathscinet-getitem?mr=2141705
http://www.ams.org/mathscinet-getitem?mr=2141705
http://www.ams.org/mathscinet-getitem?mr=2141705
http://www.ams.org/mathscinet-getitem?mr=2141705
http://www.ams.org/mathscinet-getitem?mr=2141705
http://www.ams.org/mathscinet-getitem?mr=2141705
http://www.ams.org/mathscinet-getitem?mr=2141705
http://www.ams.org/mathscinet-getitem?mr=1411570
http://www.ams.org/mathscinet-getitem?mr=1411570
http://www.ams.org/mathscinet-getitem?mr=1411570
http://www.ams.org/mathscinet-getitem?mr=1411570
http://www.ams.org/mathscinet-getitem?mr=1411570
http://www.ams.org/mathscinet-getitem?mr=1411570
http://www.ams.org/mathscinet-getitem?mr=1411570
http://www.ams.org/mathscinet-getitem?mr=1411570
http://www.ams.org/mathscinet-getitem?mr=1411570
http://www.ams.org/mathscinet-getitem?mr=1411570
https://doi.org/10.1112/S0010437X17007011

RAPOPORT-ZINK SPACES FOR SPINOR GROUPS

RTW14 M. Rapoport, U. Terstiege and S. Wilson, The supersingular locus of the Shimura variety for

RV14

RZ96

SW13

Ser73

Shil0

Viel4d

Voll0

VW11

Worl3

Zhal3

Zhalb

Zhul7

Zin01

Zin02

GU(1,n — 1) over a ramified prime, Math. Z. 276 (2014), 1165-1188; MR 3175176.

M. Rapoport and E. Viehmann, Towards a theory of local Shimura varieties, Miinster J. Math.
7 (2014), 273-326; MR 3271247.

M. Rapoport and Th. Zink, Period spaces for p-divisible groups, Annals of Mathematics Studies,
vol. 141 (Princeton University Press, Princeton, NJ, 1996); MR 1393439 (97{:14023).

P. Scholze and J. Weinstein, Moduli of p-divisible groups, Camb. J. Math. 1 (2013), 145-237;
MR 3272049.

J.-P. Serre, A course in arithmetic, Graduate Texts in Mathematics, vol. 7 (Springer, New York,
1973), translated from the French; MR 0344216 (49 #8956).

G. Shimura, Arithmetic of quadratic forms, Springer Monographs in Mathematics (Springer,
New York, 2010); MR 2665139 (2011m:11003).

E. Viehmann, Truncations of level 1 of elements in the loop group of a reductive group, Ann. of
Math. (2) 179 (2014), 1009-1040; MR 3171757.

I. Vollaard, The supersingular locus of the Shimura variety for GU(1,s), Canad. J. Math. 62
(2010), 668-720; MR 2666394.

I. Vollaard and T. Wedhorn, The supersingular locus of the Shimura variety of GU(1,n — 1) II,
Invent. Math. 184 (2011), 591-627; MR 2800696 (2012j:14035).

D. Wortmann, The p-ordinary locus for Shimura wvarieties of Hodge type. Preprint (2013),
arXiv:1310.6444.

C. Zhang, Fkedahl-Oort strata for good reductions of Shimura varieties of Hodge type. Preprint
(2013), arXiv:1312.4869.

C. Zhang, Stratifications and foliations for good reductions of Shimura varieties of Hodge type.
Preprint (2015), arXiv:1512.08102.

X. Zhu, Affine Grassmannians and the geometric Satake in mized characteristic, Ann. of Math.
(2) 185 (2017), 403-492.

Th. Zink, Windows for displays of p-divisible groups, Moduli of abelian varieties (Texel Island,
1999), Progress in Mathematics, vol. 195 (Birkh&user, Basel, 2001), 491-518; MR 1827031
(2002¢:14073).

Th. Zink, The display of a formal p-divisible group, in Cohomologies p-adiques et applications
arithmétiques, I, Astérisque, vol. 278 (Société Mathématique de France, Paris, 2002), 127-248;
MR 1922825 (2004b:14083).

Benjamin Howard howardbe®@bc.edu
Department of Mathematics, Boston College, Chestnut Hill, MA 02467-3806, USA

Georgios Pappas pappas@math.msu.edu
Department of Mathematics, Michigan State University, East Lansing, MI 48824-1027, USA

1118

https://doi.org/10.1112/50010437X17007011 Published online by Cambridge University Press


http://www.ams.org/mathscinet-getitem?mr=3175176
http://www.ams.org/mathscinet-getitem?mr=3175176
http://www.ams.org/mathscinet-getitem?mr=3175176
http://www.ams.org/mathscinet-getitem?mr=3175176
http://www.ams.org/mathscinet-getitem?mr=3175176
http://www.ams.org/mathscinet-getitem?mr=3175176
http://www.ams.org/mathscinet-getitem?mr=3175176
http://www.ams.org/mathscinet-getitem?mr=3175176
http://www.ams.org/mathscinet-getitem?mr=3175176
http://www.ams.org/mathscinet-getitem?mr=3175176
http://www.ams.org/mathscinet-getitem?mr=3271247
http://www.ams.org/mathscinet-getitem?mr=3271247
http://www.ams.org/mathscinet-getitem?mr=3271247
http://www.ams.org/mathscinet-getitem?mr=3271247
http://www.ams.org/mathscinet-getitem?mr=3271247
http://www.ams.org/mathscinet-getitem?mr=3271247
http://www.ams.org/mathscinet-getitem?mr=3271247
http://www.ams.org/mathscinet-getitem?mr=3271247
http://www.ams.org/mathscinet-getitem?mr=3271247
http://www.ams.org/mathscinet-getitem?mr=3271247
http://www.ams.org/mathscinet-getitem?mr=1393439
http://www.ams.org/mathscinet-getitem?mr=1393439
http://www.ams.org/mathscinet-getitem?mr=1393439
http://www.ams.org/mathscinet-getitem?mr=1393439
http://www.ams.org/mathscinet-getitem?mr=1393439
http://www.ams.org/mathscinet-getitem?mr=1393439
http://www.ams.org/mathscinet-getitem?mr=1393439
http://www.ams.org/mathscinet-getitem?mr=1393439
http://www.ams.org/mathscinet-getitem?mr=1393439
http://www.ams.org/mathscinet-getitem?mr=1393439
http://www.ams.org/mathscinet-getitem?mr=3272049
http://www.ams.org/mathscinet-getitem?mr=3272049
http://www.ams.org/mathscinet-getitem?mr=3272049
http://www.ams.org/mathscinet-getitem?mr=3272049
http://www.ams.org/mathscinet-getitem?mr=3272049
http://www.ams.org/mathscinet-getitem?mr=3272049
http://www.ams.org/mathscinet-getitem?mr=3272049
http://www.ams.org/mathscinet-getitem?mr=3272049
http://www.ams.org/mathscinet-getitem?mr=3272049
http://www.ams.org/mathscinet-getitem?mr=3272049
http://www.ams.org/mathscinet-getitem?mr=0344216
http://www.ams.org/mathscinet-getitem?mr=0344216
http://www.ams.org/mathscinet-getitem?mr=0344216
http://www.ams.org/mathscinet-getitem?mr=0344216
http://www.ams.org/mathscinet-getitem?mr=0344216
http://www.ams.org/mathscinet-getitem?mr=0344216
http://www.ams.org/mathscinet-getitem?mr=0344216
http://www.ams.org/mathscinet-getitem?mr=0344216
http://www.ams.org/mathscinet-getitem?mr=0344216
http://www.ams.org/mathscinet-getitem?mr=0344216
http://www.ams.org/mathscinet-getitem?mr=2665139
http://www.ams.org/mathscinet-getitem?mr=2665139
http://www.ams.org/mathscinet-getitem?mr=2665139
http://www.ams.org/mathscinet-getitem?mr=2665139
http://www.ams.org/mathscinet-getitem?mr=2665139
http://www.ams.org/mathscinet-getitem?mr=2665139
http://www.ams.org/mathscinet-getitem?mr=2665139
http://www.ams.org/mathscinet-getitem?mr=2665139
http://www.ams.org/mathscinet-getitem?mr=2665139
http://www.ams.org/mathscinet-getitem?mr=2665139
http://www.ams.org/mathscinet-getitem?mr=3171757
http://www.ams.org/mathscinet-getitem?mr=3171757
http://www.ams.org/mathscinet-getitem?mr=3171757
http://www.ams.org/mathscinet-getitem?mr=3171757
http://www.ams.org/mathscinet-getitem?mr=3171757
http://www.ams.org/mathscinet-getitem?mr=3171757
http://www.ams.org/mathscinet-getitem?mr=3171757
http://www.ams.org/mathscinet-getitem?mr=3171757
http://www.ams.org/mathscinet-getitem?mr=3171757
http://www.ams.org/mathscinet-getitem?mr=3171757
http://www.ams.org/mathscinet-getitem?mr=2666394
http://www.ams.org/mathscinet-getitem?mr=2666394
http://www.ams.org/mathscinet-getitem?mr=2666394
http://www.ams.org/mathscinet-getitem?mr=2666394
http://www.ams.org/mathscinet-getitem?mr=2666394
http://www.ams.org/mathscinet-getitem?mr=2666394
http://www.ams.org/mathscinet-getitem?mr=2666394
http://www.ams.org/mathscinet-getitem?mr=2666394
http://www.ams.org/mathscinet-getitem?mr=2666394
http://www.ams.org/mathscinet-getitem?mr=2666394
http://www.ams.org/mathscinet-getitem?mr=2800696
http://www.ams.org/mathscinet-getitem?mr=2800696
http://www.ams.org/mathscinet-getitem?mr=2800696
http://www.ams.org/mathscinet-getitem?mr=2800696
http://www.ams.org/mathscinet-getitem?mr=2800696
http://www.ams.org/mathscinet-getitem?mr=2800696
http://www.ams.org/mathscinet-getitem?mr=2800696
http://www.ams.org/mathscinet-getitem?mr=2800696
http://www.ams.org/mathscinet-getitem?mr=2800696
http://www.ams.org/mathscinet-getitem?mr=2800696
http://www.arxiv.org/abs/1310.6444
http://www.arxiv.org/abs/1310.6444
http://www.arxiv.org/abs/1310.6444
http://www.arxiv.org/abs/1310.6444
http://www.arxiv.org/abs/1310.6444
http://www.arxiv.org/abs/1310.6444
http://www.arxiv.org/abs/1310.6444
http://www.arxiv.org/abs/1310.6444
http://www.arxiv.org/abs/1310.6444
http://www.arxiv.org/abs/1310.6444
http://www.arxiv.org/abs/1310.6444
http://www.arxiv.org/abs/1310.6444
http://www.arxiv.org/abs/1310.6444
http://www.arxiv.org/abs/1310.6444
http://www.arxiv.org/abs/1310.6444
http://www.arxiv.org/abs/1312.4869
http://www.arxiv.org/abs/1312.4869
http://www.arxiv.org/abs/1312.4869
http://www.arxiv.org/abs/1312.4869
http://www.arxiv.org/abs/1312.4869
http://www.arxiv.org/abs/1312.4869
http://www.arxiv.org/abs/1312.4869
http://www.arxiv.org/abs/1312.4869
http://www.arxiv.org/abs/1312.4869
http://www.arxiv.org/abs/1312.4869
http://www.arxiv.org/abs/1312.4869
http://www.arxiv.org/abs/1312.4869
http://www.arxiv.org/abs/1312.4869
http://www.arxiv.org/abs/1312.4869
http://www.arxiv.org/abs/1312.4869
http://www.arxiv.org/abs/1512.08102
http://www.arxiv.org/abs/1512.08102
http://www.arxiv.org/abs/1512.08102
http://www.arxiv.org/abs/1512.08102
http://www.arxiv.org/abs/1512.08102
http://www.arxiv.org/abs/1512.08102
http://www.arxiv.org/abs/1512.08102
http://www.arxiv.org/abs/1512.08102
http://www.arxiv.org/abs/1512.08102
http://www.arxiv.org/abs/1512.08102
http://www.arxiv.org/abs/1512.08102
http://www.arxiv.org/abs/1512.08102
http://www.arxiv.org/abs/1512.08102
http://www.arxiv.org/abs/1512.08102
http://www.arxiv.org/abs/1512.08102
http://www.arxiv.org/abs/1512.08102
http://www.ams.org/mathscinet-getitem?mr=1827031
http://www.ams.org/mathscinet-getitem?mr=1827031
http://www.ams.org/mathscinet-getitem?mr=1827031
http://www.ams.org/mathscinet-getitem?mr=1827031
http://www.ams.org/mathscinet-getitem?mr=1827031
http://www.ams.org/mathscinet-getitem?mr=1827031
http://www.ams.org/mathscinet-getitem?mr=1827031
http://www.ams.org/mathscinet-getitem?mr=1827031
http://www.ams.org/mathscinet-getitem?mr=1827031
http://www.ams.org/mathscinet-getitem?mr=1827031
http://www.ams.org/mathscinet-getitem?mr=1922825
http://www.ams.org/mathscinet-getitem?mr=1922825
http://www.ams.org/mathscinet-getitem?mr=1922825
http://www.ams.org/mathscinet-getitem?mr=1922825
http://www.ams.org/mathscinet-getitem?mr=1922825
http://www.ams.org/mathscinet-getitem?mr=1922825
http://www.ams.org/mathscinet-getitem?mr=1922825
http://www.ams.org/mathscinet-getitem?mr=1922825
http://www.ams.org/mathscinet-getitem?mr=1922825
http://www.ams.org/mathscinet-getitem?mr=1922825
https://doi.org/10.1112/S0010437X17007011

	1 Introduction
	1.1 Rapoport–Zink spaces for Hodge type Shimura varieties
	1.1.1 
	1.1.2 
	1.1.4 

	1.2 Spinor similitude Shimura varieties
	1.2.1 
	1.2.2 
	1.2.3 

	1.3 Applications and directions of further inquiry
	1.3.1 
	1.3.2 
	1.3.3 

	1.4 Organization and contents
	1.5 Notation and conventions

	2 Rapoport–Zink spaces of Hodge type
	2.1 Preliminaries
	2.1.1 
	2.1.2 
	2.1.3 
	2.1.4 
	2.1.5 
	2.1.6 
	2.1.7 

	2.2 Local Shimura data
	2.2.1 
	2.2.6 
	2.2.7 
	2.2.8 

	2.3 Rapoport–Zink formal schemes and functors
	2.3.1 
	2.3.2 
	2.3.6 
	2.3.7 

	2.4 Field-valued points and affine Deligne–Lusztig sets
	2.4.1 
	2.4.4 
	2.4.5 
	2.4.7 
	2.4.9 


	3 Shimura varieties and representability
	3.1 Integral models of Shimura varieties of Hodge type
	3.1.1 
	3.1.2 
	3.1.3 
	3.1.4 
	3.1.5 
	3.1.6 

	3.2 A global construction of Rapoport–Zink formal schemes
	3.2.4 

	3.3 Formal uniformization of the basic locus
	3.3.1 


	4 Rapoport–Zink spaces for spinor similitude groups
	4.1 Quadratic spaces, Clifford algebras, and spinor similitudes
	4.1.1 
	4.1.2 
	4.1.3 
	4.1.4 
	4.1.5 

	4.2 The GSpin local Shimura datum
	4.2.1 
	4.2.3 

	4.3 The GSpin Rapoport–Zink space
	4.3.1 
	4.3.2 
	4.3.3 
	4.3.4 
	4.3.5 


	5 Vertex lattices and special lattices
	5.1 Vertex lattices
	5.2 Special lattices
	5.3 The variety SΛ
	5.3.1 


	6 Structure of the spinor similitude Rapoport–Zink space
	6.1 Closed subschemes defined by vertex lattices
	6.1.1 

	6.2 Special lattices and the points of RZΛ
	6.2.1 

	6.3 Comparison of RZΛ and SΛ
	6.4 The main result
	6.5 The Bruhat–Tits stratification
	6.5.1 
	6.5.2 
	6.5.3 
	6.5.4 
	6.5.5 


	7 Shimura varieties for spinor similitude groups
	7.1 The GSpin Shimura variety
	7.1.1 
	7.1.2 
	7.1.3 
	7.1.4 

	7.2 Uniformization of the supersingular locus
	7.2.1 
	7.2.6 

	7.3 Structure of the supersingular locus
	7.3.1 
	7.3.2 


	Acknowledgements
	Appendix A  Maximal lattices
	A.1 Eichler's theorem and the elementary divisor theorem

	References



