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HOMOLOGY OF ABELIAN COVERINGS
OF LINKS AND SPATIAL GRAPHS

MAKOTO SAKUMA

ABSTRACT.  We give (1) a formula of the first Betti numbers of abelian coverings of
links in terms of the Alexander ideals, (2) certain estimates of the orders of the torsion
parts of their first homology groups in terms of the Alexander polynomials, and (3) a
structure theorem of the first homology groups of Z‘,_’ -coverings of spatial graphs. As an
application, we generalize a result of E. Hironaka on polynomial periodicity of the first
Betti numbers in certain towers of abelian coverings of complex surfaces.

Introduction. Classical results of Goeritz [Ge] and Fox [F] show that the rank and
the order of the first homology group of a cyclic covering of the 3-sphere S branched
over a knot can be expressed in terms of its Alexander invariants. (Closely related results
had been obtained by Zariski [Z], where he had studied the first Betti numbers of cyclic
branched coverings of the complex projective plane.) Since then, the homology groups of
abelian coverings have been studied extensively. (See [GS, Gr, GL, He, Hl1, 2, HK, MM,
P, Ri, Sk1, 2, SS, Sul, 2, VW, W]; for related studies from the view point of complex
surfaces, see [Hrl, L1, 2, Sr] and references therein.) In particular, in the crucial article
[MM], Mayberry and Murasugi obtained a formula which expresses the order of the first
homology group of an arbitrary abelian covering of S* branched over a link L in terms
of the Alexander polynomials of the sublinks of L. They also gave a formula on the
orders of the torsion parts of the first homology groups of unbranched coverings under
certain conditions. However we don’t have a general formula for the first Betti numbers
of abelian coverings except for the formula for “strictly cyclic” coverings of links (see
[HK]) and the formula for those of unbranched coverings corresponding to “product
representations” (see [L2, Hrl, Sr]). Further, the formulae in [MM] are proved only for
links in $3, and give no information on the torsion parts of the homology groups in case
they have nontrivial ranks.

The purpose of this paper is to consider these remaining problems. In fact, we give a
precise formula of the first Betti numbers of (branched or unbranched) abelian coverings
of links in homology 3-spheres (Theorem 1.1), and certain estimates of the orders of
the torsion parts of their first homology groups (Theorem 8.1). As an application of the
proof of Theorem 1.1, we give a refinement of a certain weak version of Torres’ second
condition (Proposition 6.3). Our formula of the Betti numbers are actually valid under
more general situations (Theorem 7.3); and as an application, we give a generalization
of the result of Hironaka [Hrl, Theorem 1.7] on “polynomial periodicity” of the first
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Betti numbers in certain towers of abelian coverings of complex surfaces (Theorem 7.5).
After having completed this work, I was informed that she had also obtained a similar
generalization of her result [Hr2].

Our basic idea is to decompose the homology group of an abelian covering into the di-
rect sum of the “pure parts” of the homology groups of smaller cyclic coverings. Though
this idea is very natural from the view point of the elementary representation theory of
finite groups, I came to the idea through the article of Nakao [Nk1], where he proved the
following theorem by using Reidemeister-Schreier method:

THEOREM [NK1].  Let 0 be a O-curve (i.e., a graph with two vertices and three edges,
where each edge joins the two vertices) embedded in S3 and let K; (i = 1,2,3) be its
constituent knots. Then

H\(Ma2(0):Z) = P Hy (My(K:): 7).

3
i=1

where Mo (0) [resp. My(K;)] is the Z> ® 7, [resp. 7] covering of S* branched over 0
[resp. K;].

In [Nk2], he generalized this result to the Z, ® Z, covering of S3 branched over a
complete graph with 4 vertices. In this paper, we also give a generalization of these
results to Z§ coverings of homology 3-spheres branched over graphs (Theorems 14.1
and 14.2).

This paper consists of three chapters. Sections 1, 2, and 3, respectively, are focused on
the first Betti numbers of abelian coverings of links in homology 3-spheres, the torsion
parts of their homology groups, and the structure of the first homology groups of Z4-
coverings of spatial graphs in homology 3-spheres. In Section 1, homology groups are
considered to be with coefficients C, the complex number field, unless otherwise stated;
in Sections 2 and 3, homology groups are considered to be with coefficients Z, the ring
of the integers, unless otherwise stated.

1. Betti numbers of abelian coverings of links.

1. Statement of results. Let L = K; UK, U--- UK, be an oriented link in a homology
3-sphere M and let E(L) = M — int N(L) be its exterior, where N(L) denotes a regular
neighbourhoodof Lin M. Put G = H, (E(L); Z), and let #; be the element of G represented
by a meridian of K; for each i (1 < i < p). We recall the definition of the elementary
ideals of L. Let E(L) be the universal abelian covering of E(L), and let ¥ be the inverse
image in E(L) of a base point x € E(L). Then H, (E"(L), g Z) has a structure of a module
over Z[G], the integral group ring of G. This module is called the Alexander module of
L, and the d-th elementary ideal G 4(L) of L is defined to be the d-th elementary ideal, or
the d-th determinantal ideal (c¢f. [Bo, p. 101]), of the Alexander module of L. To be more
precise, consider a finite presentation of the Alexander module

216y % 216G — H\(E(L), #:7) — 0.
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Then @,4(L) is the ideal in Z[G] generated by the (¢ —d) X (¢ — d) sub-determinants of the
matrix Q. If d < 0 [resp. d > ¢, G4(L) is defined to be O [resp. Z[G]]. The elementary

ideals of a link can be calculated from the link group. In fact, if (x|, ... Xy | Flyooos r,,) isa
presentation of the link group (E(L)), then the matrix (g—;% I <p.1<j<q 18 @ presentation

matrix of the Z[G]-module H, (E(L), X; Z). Here a% is Fox’s free derivation, and 7 is
(the ring homomorphism between group rings induced by) the Hurewicz homomorphism
T (E(L)) — G (cf. [BZ, Chapter 9]). For a group homomorphism ¢ from H; (E(L); Z)
to S!, the multiplicative group of complex numbers of modulus 1, we define null (L; ¢),
the p-nullity of L, by

null (L; p) = max{d | @(@d(L)) = 0}.

Here the symbol ¢ in the parenthesis denotes the ring homomorphism Z[G] — C induced
by (. It should be noted that (1) null (L; ¢) is defined even if L = (), and (2) rank Q¥ =
g—null (L; ¢)— 1 for any presentation matrix Q with size (p, g) of the Alexander module
of L.

Let A be a finite abelian group, and let m: G = H, (E(L); Z) — A be an epimor-
phism. Then E,(L) and M (L) are, respectively, the unbranched covering of E(L) and the
branched covering of M branched over L associated with 7. Let Z4 denote the set of the
irreducible representations of A over C, i.e., Zy is the set of the group homomorphisms
(:A — S' (C C). Z} denotes the set of the nontrivial irreducible representations of A
overC, ie., Zy = Zy—{l}.Foranelement{ € Zy, let L, be the sublink of L consisting
of those components K; such that {rr(7;) # 1. Note that

Hy (E(Lgr): Z) = Hy(E(L):Z) /(1 | Ki € Lex)
=~ H\(E(L):Z) /{1 | ¢rt) = 1),

and therefore, (7 induces a homomorphism H; (E(LQF); Z) — §'. We denote this homo-
morphism by the same symbol. In this chapter, we prove the following theorem:

THEOREM 1.1.  The first Betti numbers of E(L) and M (L) are determined as fol-
lows:

(1) Bi(Ex(L)) = 1+ gez, mull(L; ) = pt + ez null (L: Gm).

(2) Bi(Me(D)) = 1+ ez, null (Lgr; (m) = Tge z null (Lrs G).

2. Outline of the proof of Theorem 1.1. First, we quickly review some elementary facts
in the representation theory of finite groups (¢f. [NT]). For each { € Zy4, put
1 —
e = Al > aa,

acA

where |A| denotes the order of A (¢f. [NT, p. 197]). Then e, is an element of the group
ring C[A] of A over C, and the following holds:
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LEMMA 2.1. (1) ae; = ((a)e; for any a € A.
e if¢=C¢,
0 if¢#(¢

(2) ecec = {
(3) Let B be a subgroup of A. Then

1
> ey =—=TrB,
n€Zy(B) ! |B|

where Tr B = Y pcp b and Z4(B) = {n € Z4 | Ker(n) D B}. In particular,

ZECZI

€2y

For { € Zy, let ({) be the irreducible C[A]-module determined by (, i.e., the 1-
dimensional complex vector space C where the action of A is defined by az = ((a)z
(a € A,z € C). Let H be a finitely generated C[A]-module. For each { € Z,, put
[H]; = ecH. We call it the (-component of H. Then by Lemma 2.1, we have the fol-
lowing (cf. [NT, pp. 16-17]):

LEMMA 2.2. (1) [H]; is a C[A]-submodule of H, which is isomorphic to the direct
sum (CY’ for some non-negative integer p.

(2) H= D¢z, [H].

Schur’s lemma asserts the following (c¢f. [NT, p. 23]):

LEMMA 2.3.  Let ¢ and ' be mutually different elements of Zy. Then the 0-map is
the only C[A]-homomorphism from (Y’ to (') for any positive integers p and q.

The proof of Theorem 1.1 is divided into the following steps. Throughout this chapter,
homology groups are considered to be with coefficients C unless otherwise stated.

STEPO. H,(Ex(L)) and H|(M(L)) are finitely generated C[A]-modules, and hence,
by Lemma 2.2,

H, (Ex(L)) = 462 [Hi(Ex(L))]
H\ (M (L)) = @ [Hi(M(L))]

(€2

¢
¢

STEP 1. For each { € Zy, the (-components of the first homology groups of the
abelian coverings are isomorphic to those of certain cyclic coverings, i.e.,

()] = (o),
()], 2 11 (o)

Here E¢; and M, respectively, denote the unbranched cyclic covering and the branched
cyclic covering corresponding to the homomorphism {7 with the covering transformation
group Im(¢) = Im((m).
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STEP2.  [H)(Mix(L))] = [Hi(Eg(Len)) | :

STEP 3. The dimensions of the above modules over C are determined by the nullities
of L as follows:
null (L; () if(#£1,
null(L;¢m)+1 if (=1,

. C(null(LgsCm) ifC# L,
dim(H (Eqr(Ln) |, = {null (Lg¢m+1 if¢= 1.

dim[H, (Ecr(L)) | = {

We can now obtain Theorem 1.1. [Note that if ( = 1, then [H, (ECW(L)) ](w [
H(E(L)) = C* and [H, (Eg(Lr))] o S HI) = 0.]

3. Proof of Step 1. Put B = Ker(() C A. Then M, (L) = M.(L)/B. Hence, by an
argument using transfer (see [Br, pp. 118-120]), we obtain

H\(M(L)) = H\(M(L)/B) = (Tr B)H, (Mx(L)).

Further,
(TrB)Hl(M,r(L)):_"-’< S ey )Hi(MA(L)) byLemma2.13)
n€EZp(B)
~ P [H,(M,,(L))] by Lemmas 2.1(2) and 2.2(2).
n€Zy(B) K

Hence, by using Lemma 2.1(2) and the fact that { € Z4(B), we see

) 2 [ @ ()] ] = monm)],

n€Zx(B)
This proves the second part of Step 1. The first part of Step 1 is proved similarly.

4. Proof of Step 2. Put n = | Im({)| and identify Im({) with the abstract group (¢ | #* =
1). Let ¢ be the homomorphism A — Im(() 2 (¢ | #* = 1) determined by ¢. Then any
C(t| #" = 1)-module is regarded as a C[A]-module via {. Note that M (L) = Mr(Le). If
¢=1,then Mz (L¢r) = M = E(L¢r), and the assertion holds trivially. Suppose ¢ #1,ie.,
n > 1. For each componenet K; of L, let b; be the element of H, (EQr(LQr)) represented
by a lift of a meridian of K; in E¢y(L¢r). Then Hy (Mcr(Ler)) = Hy (Egr(Lex)) /B, where ‘B
denotes the C(t | #* = 1)-submodule generated by {b; | K; C L, }. For each component
K; of L, there is an integer d; such that (% —1b; = 0and 0 < d; < n. [In fact,
let n; be the order of (n(t;) € (¢t | ' = 1); then n; is a nontrivial divisor of n, and
d; = n/n,- satisfies the condition.] Hence, ‘B is contained in D/ 1mem)|<n [H. (Ecw(LCw))]

So, BN [H, (ECW(LCW)) L =0, and we see

0

[H(Mex(D)) ], = [H1(EcelLer)) | B],
= [Hy (Eex(Leo)) |/ (B0 [H1 (Eeten) )

= [H(Egr(Lgr)) | -
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5. ProofofStep 3. Let Q be a finite presentation matrix of the C[G]-module H, (E(L), 4?)
ie.,

clGy % elGl — Hy (E(L). %) — 0.

Then we obtain the following exact sequence of C[A]-modules (cf. [BZ, Chapter 9.C});
o ~
Ot " =1y = C{t| ' = 1)? — Hy(Egi(L). %) — 0.

Here % denotes the inverse image in E¢(L) of a point x € E(L). By Lemma 2.3, this exact
sequence induces the following exact sequence;

o Lo — [Hi(Ecr(L), %) ]( — 0.

Hence,
dim[H, (EQ,(L), >F) ]( = g —rank Q<W = null (L;{m) + 1.

On the other hand, from the homology exact sequence of the pair (EC,F(L), >F) and
Lemma 2.3, we see

1 o [ [H(EaL)] @ ©. if¢#1
[Hi(Egr(L). 7)] = {H.(E(L)) ol

This completes the proof of the second part of Step 3. The same argument also proves
the second part of Step 3. [Note that the above argument works even if L = {).] Now the
proof of Theorem 1.1. is completed.

6. Relation to Torres’ second condition. For each i (1 < i < p), let P be the image
of H,(ON(K;): Z) in Hy(E(L); Z). Then Torres’ second condition [T] (cf. [HI1, p. 83])
implies the following:

PROPOSITION 6.1.  Suppose p = |L| > 2. Let p: H, (E(L);Z) — S'' Cc Chea
homomorphism such that P; C Ker(p) for some i. Then null (L; p) > 1.

PROOF.  Suppose P, C Ker(y). Then ¢(t,) = 1 and 4,0(1?' --'tﬁ“ |

Ai = Ik(K;, K,). Hence AL(ap(tl), R <p(t“)) = 0 by Torres’ second condition, except
when ¢ = 2 and ¢ = 1. Since G (L) = I,(Ar), where [, = (t) — 1,...,1, — 1) (see
[HI1, p. 86]), we obtain the desired result.

) = 1, where

In this section, we improve this proposition by using the previous arguments. To do
this, consider the homomorphism j: H, (aE,r(L)) — H, (E,,(L)) induced by the inclusion.
The following proposition gives the structure of Im(j) as a C[A]-module.

PROPOSITION 6.2, Im(j) = @ C[A/n(P)].

PROOF.  Note that H, (dE(L)) = @' {CIA/n(F))] @ C[A/n(P)]}. So, we have
only to show that the following identity holds for any ( € Zy;

dim Im(j¢) = % dim|H, (0E(L)) L,.
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By the homology exact sequence and Lemma 2.3, we obtain the following exact sequence
for each ( € Zy;

9 J¢
[H2(En(L), 0ER(L)) |, — [Hi(0EA(L)) | — [Hi (Ex(D)) ]
Here d; and j, respectively, are the restrictions of the boundary homomorphism d and
the homomorphism j to the (-components. On the other hand, by considering restrictions
of intersection forms, we obtain the following commutative diagram, where ¢, and ¢»
are A-equivariant and non-singular:

[ (OE)]. x [ (0E,w)]. 5 ¢
Tac J'<l /‘oz

[H2(E(L). 0EA(L)) |, x [Hi (Ex(D)) ],
DIAGRAM 6.1

Thus we see;

x € Ker(jo) & ¢» (y,jc(x)) =0 foranyy€ [Hz (EW(L)’ aEn(L))L.,
& ¢1(9().x) =0 forany y € [Ha(Ex(L).0Ex(L))] .
& x e (Im@p) .

Here L denotes the the orthogonal complement with respect to ¢;. Hence,
. 1 S L
Ker(jc) = (Im(i)g)) = (Ker(;c)) .

This implies that dim Ker(j,) = %dim[H] (aE,r(L))]C, and hence, we obtain the desired
result.

For each ¢ € Zy, put m(¢) = #{i | P C Ker((m)}. Then

=

i=1"BCKer((r) CE€Zy

é@[A/W(?i)] ’E’@{ ) (Q} >~ @ .
i=1

Hence we have [Im(j)]; 2 ({)"©. So, by Step 3 and Proposition 6.2,

dim[Hy (Ex(L) | > dim[Im()]; = m(¢) if ¢# 1.

H(L; =
null(E:¢m) {dimH](E(L))—]:p—l if¢=1.

Thus we have the following proposition, which refines Proposition 6.1.
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PROPOSITION 6.3.  Let ¢: Hy (E(L);Z) — S' C C be a nontrivial homomorphism
with a finite image. Then

null (L; @) > #{i | & C Ker(p)}.

7. Polynomial periodicity. A sequence {(3(n)},en of integers is said to be of polynomial
periodic if there is an integer N and a finite sequence of polynomials py(x), p1(x),...,
pn—1(x) such thatif n = i (mod N) and 0 <i < N — 1 then B(n) = p;(n). Sarnak [Sr]
and Hironaka [Hr1] proved polynomial periodicity of the Betti numbers in certain towers
of abelian coverings. In this section we give a generalization of their results. To do this,
we generalize Theorem 1.1. In this section, (M, L) denotes a pair which satisfies one of
the following conditions:

(7.1) M is a compact n-manifold (possibly with boundary), and L is a (possibly
empty) union of mutually disjoint codimension 2 locally flat proper subman-
ifolds K,..., K, of M.

(7.2) M is a compact smooth complex surface, and L is a (possibly empty) union of
(possibly singular) complex curves K, ..., K, in M.

Let E(L), G = H\(E(L);2), t; € G (1 < i < p), Cu(l) (C Z[G]), null(L; p), A,
m G — A, E; (L) and M.(L) be as in Section 1, except that in case (M, L) is as in (7.2),
M (L) does not denote the branched covering itself but denotes a desingularization of
the branched covering. (For branched coverings of complex manifolds, see [Nm].) In
this case, we denote the branched covering by the symbol M,(L). Note that all desingu-
larizations of a given complex surface are mutually birationally equivalent, and hence,
they have the same first Betti numbers. Theorem 1.1 is generalized as follows:

THEOREM 7.3.  Suppose (M, L) is as in (7.1) or (7.2). Then
(1) Bi(Ex(D) = 1+ Yoz, null (L;¢m) = Bi (EW)) + Xge z: null (L3 Gr).
(2) Bi(Ma(L)) = 1+ Te z, null (Lers Gm) = Bi(M) + T 72 null (L ).

PROOE. If (M, L) is as in (7.1), then the proof of this theorem is the same as that of
Theorem 1.1 except that 8;(M) = null (B; 1) + 1 does not vanish in general.

Suppose (M, L) is as in (7.2). Let S be the set of the singularities of L, and let N(S)
be a regular neighbourhood of S in M. Let 1\7(5) be the inverse image of N(S) in MW(L).
Then, by [L1, (3.2)1, H(Mx(L)) = H\(Mn(L) — int N(S)). [Here, we essentially use the
fact that M is 2-dimensional over C, because the arguments in [L1, (3.2)] uses the fact
that the intersection matrix of the exceptional curves of a desingularization of a complex
surface is negative definite.] On the other hand, the pair (M — intN(S), L — int N(S))
satisfies (7.1), and M,,(L) — intN(S) is a branched covering of M — int N(L) branched
over L — int N(S). Hence we obtain the desired result from the corresponding result for
the case where (7.1) is satisfied.
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REMARK 7.4. Suppose (M, L) is as in (7.2) and L consists of smooth curves with
normal crossings. Then M, (L) has only rational singularities, and we see (3, (M,,(L)) =
B1(Mx(L)).

By using Theorem 7.3, we prove the following theorem, which generalizes the result
of Hironaka [Hr1, Theorem 1.7] (¢f. [Sr]):

THEOREM 7.5.  Let A be an abelian group, and let ¢: G = H, (E(L); Z) — A be
an epimorphism. Put A(n) = A ® Z,, and let m,: G — A(n) be the composite of ¢ and
the projection A — A(n). Then the first Betti numbers (3, (E,," (L)) and (3, (Mw,,(L)) are
polynomial periodic with respect to n.

REMARK 7.6. Hironaka [Hrl1] proved the above theorem in case (M, L) is as in (7.2)
and satisfies certain homological conditions. She also observed in [Hr1, Remark 2.3] that
in case M = S, the above theorem immediately follows from Sarnak’s result [Sr, Corol-
lary 1.4] by using the special presentation matrix of H| (MW(L)) given by Mayberry and
Murasugi [MM]. This is a generalization of the result of Gordon [Gr, Theorem 4.1(ii)]
that the first Betti numbers of the branched cyclic coverings of a knot in a homology
3-sphere is periodic.

The following lemma is a reformulation of [Sr, Proposition 1.7] (see also [Hr1, Propo-
sitions 1.9 and 2.5]), and it is a key for the proof of the above theorem:

LEMMA 7.7.  Let F be a finitely generated free abelian group, and let G be an ideal
in Z[F). For each positive integer n, put F(n) = F ® Z,, and let n,:F — F(n) be
the projection. Let V(S), = {{ € Zgyy | (ma(C) = 0}. Then the number |V(Q),| is
polynomial periodic.

COROLLARY 7.8. Let G, A, A(n), mp: G — A(n) be as in Theorem 7.5, and let G

be an ideal in Z[G). Let V(C;m,) = {( € Zaw) | (m(C) = 0}. Then |V(C;7,)| is
polynomial periodic.

PROOF. Since G is finitely generated, there is a finitely generated free abelian group
F and an epimorphism : F — G. Let G be the ideal in Z[F] generated by ¢~ (C) and
Ker[q&zp: Z[F] — Z[A~]]. Then we can see that there is a bijection between V(C;7,) and
V(Q),. Hence, the desired result follows from Lemma 7.7.

Keeping the above corollary in mind, we reformulate Theorem 7.3. Let L’ be a “sub-
link” of L, i.e., a (possibly empty) union of comoponents of L. [Here a component of
L means a connected component or an irreducible component of L according as (M, L)
is as in (7.1) or (7.2).] Let p: Z[G) = Z[H,(E(L);Z)] — Z[H,(E(L");Z)] be the nat-
ural projection. For each non-negative integer d, put G (L) = p“'(@d(L')). Let L”
be a sublink of L'. Then Gy(L’, L") denotes the ideal in Z[G] generated by G ,(L’) and
{t;— 1| K; € L"}. Note that C4(L") = G (L', L’). Let

Val'sm) = {¢ € Zn | gr(Cu(l))) = 0},
VL im) = {CE€ Vylsm) | Cm(ti — 1) # 0if K; C L'},
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VL', L";m) = {CE Vol m) | Crlty — 1) = 0if K; € L3,
={¢e Zu | ¢r(Cul’, L") = 0}.
Then we can see that Theorem 7.3 is equivalent to the following:

THEOREM 7.9.  Suppose (M, L) is as in (7.1) or (7.2). Then
(1) Bi(Ex(L)) = 1+ Xy |Va(Li)|.
(2) Bi(Mn(L)) =1+ Srcr Sa |V i),

Further, we have the following:
LEMMA 7.10.  |Vi(L'sm)| = S (= DIEL V!, L m).

PROOF. We prove this lemma when L’ = L. The other cases can be proved similarly.
For each sublink L' of L, put [L'] = V4(L,L’;7) and [L']* = {C € [L] ]| {m(t; — 1) = 0 if
and only if K; € L'}. Then, [L'] = [/ [L"]* and [L]* = V}(L; 7). We show that

“L/]*I — Z (_1)\L’7L”\|[L//”
Lrcr
for any sublink L’ of L, by using induction on |L'|. For L' = {), we see [@]* = [(], and
the desired identity clearly holds. Next, we show that if the identity holds for any proper
sublink of L/, then the identity holds for L. We show this when L’ = L. (The same
argument works for any L'.) By using the fact that [L] = [I.;[L']*, we see

L] = L1 = 2 LT
ver

=i = X { ¥ i)

rcrLor'cr
#

=Ll = > { ¥ e

L'CL L"CLl'CL

# #
|L—L"|—1 L—1"
—ii- 3y <~1>'<' ‘)}lw'n
L"CL r=0 r
#

=Ll = 3 (=D L)
L'CL
#

= Y (D)L,

L'cL
This completes the proof of Lemma 7.10.
We now prove Theorem 7.5. By definition,
ValL;my) = V(@d(L)’ 71—;1),
Vo', " my) = V(Cu(L, L"), my ).
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Hence, by Theorem 7.9 and Lemma 7.10,
B1(En, (L) = 1 +;\V(@d<m;m)
Bi(Ma, (L)) = 1+3 5 3 (=DF (Gl L") my )
d L'cLLcr

Hence, by Corollary 7.8, 31 (Ex, (L)) and 8 (Mr, (L)) are polynomial periodic.

’

2. Torsion numbers of abelian coverings of links.

8. Statement of results. In this chapter, we study the Z-torsion parts of the integral ho-
mology groups of abelian coverings of links in homology 3-spheres. Throughout this
chapter, homology groups are considered to be with coefficients Z unless otherwise
stated, and we use the following notation. If H is a finitely generated abelian group and p
is a prime number, then H'”’ denotes the p-torsion part of H, i.e., H” = {x € H | p’x =0
for some e > 0}. Then Tor H, the Z-torsion part of H, is the direct sum @, H”', where p
runs over the set of the prime numbers. If {a) },cn is a set of complex numbers indexed
by a finite set A, then [T caay denotes the product of all non-zero a’s. If oy = 0 for
any A € A, it is defined to be 1. For an integer n and a prime number p, n”’ denotes the
p-component of n. Thus | Tor H|”), the p-component of the order of Tor H, is equal to
|H'")|, the order of the p-component H" of H.
LetM, L, A, m, E.(L), and M, (L) be as in Section 1. Then we have the following:

THEOREM 8.1.  Let p be a prime number which does not divide |A|.
L g ~ )
(1) |H, (E,,(L))|(”) is divisible by ‘HQEZ;AL(QT(“ ) I ,{W(Ilt))‘ "
{12 B A P
(2) |Hi(M(L))[" is divisible by [[eez;Ar,, (Gr(tr), ... ()]

REMARK 8.2. (1) Unfortunately, the above estimates are not so good as explained
in Section 13. However, we have the following:

(i) The two numbers in Theorem 8.1(1) are equal, provided that either (a)
Bi (M,r(L)) = 0 and 7 is “indivisible” in the sense of [MM], i.e., m(‘P) = A for any i
(1 <i<p),or(b) m(E(L)) is generated by two elements.

(ii) The two numbers in Theorem 8.1(2) are equal, provided that either (a)
B (MN(L)) =0, or (b) m (E(L)) is generated by two elements.

(2) In case M is S* and Condition (a) (in (i) or (ii)) holds, each of the above identities
follows from the results of Mayberry and Murasugi [MM]. In fact, they gave precise
formulae for the orders of Tor H, (E,,(L)) and H, (M,,(L)) under these conditions.

9. Outline of the proof of Theorem 8.1. The proof of Theorem 8.1 is parallel to the proof
of Theorem 1.1. Let C4 denote the set of the subgroups B of A such that A /B is cyclic.
For each B € (4, put !

L=l ¥ a=Y{ > (@l

Ker (=B g€G “Ker(=B

Then ‘Eg is an element of the integral group ring Z[A] of A, and we can easily prove the
following by using Lemma 2.1.
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LEMMA 9.1. (1) bEg = Ep forany b € B.

. _ |A|£B lfB = BI,
(2) Bg-Ep =1 i’BLB
(3) Let B be a subgroup of A, and put Cs(B) = {B’ € Cx | B’ D B}. Then

> Ep =[A;B]TrB.
B'ECAB)

In particular,

> Es=A]
Be(Cy

Let H be a finitely generated Z[A]-module. For each B € (4, put [H]p = EgH. This
is a Z[A]-submodule of H, and it can also be considered as a Z[A / B]-module, since the
action of B on [H]p is trivial by Lemma 9.1(1).

LEMMA 9.2.  Let ‘¥ be the Z|A]-homomorphism @pec,[Hlp — H induced by the
inclusions. Then we have the following:

(1) |A| Ker(®) = 0.

(2) Coker(®) is a quotient of H/|A|H.

PROOF. (1) Let (Epxp)gcc, be an element of Ker®, i.e., Ypcc, Epxp = 0 in H.
Then for any By € (4, we have the following by Lemma 9.1(2), which proves (1);

0= ‘EBO( Xé foB) = |A|£Box30'
Be(Cy

(2) By Lemma 9.1(3), we see Im(®) D Im(¥ g, Es) = |A|H. This implies the
desired result.

In the remainder of this chapter, p denotes a prime number which does not divide |A|.
LEMMA 9.3, E(H?) = (EsH)?.

PROOF. Since H? C H, Ez(H?P) is contained in (EgH)"). Conversely, let x = Egy
be an element of (EgH)"). Since p does not divide |A|, there is an element z € H?) such
that x = |A|z. Then,

|A|Esz = Epx = Ep(Epy) = |A|Epy = |A]x.

Since x and ‘Egz are elements of H?, we see x = Egz € Eg(HP).

Let [H]?’ denote the submodule Ez(H™) = (EzH)™. Then by Lemma 9.2, we have
the following:

LEMMA 9.4.  H? = @pc [H]].

The following lemmas can be proved easily:
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LEMMA 9.5.  Suppose the Z[A)-module structure of H comes from a Z[A | B)-module
structure for some B € Cy. Then [H](,f) (of the Z[A)-module H) is 7[A / Bl-isomorphic to

[H]({”l)} (of the Z[A / Bl-module H).

LEMMA 9.6.  Let B and B’ be two mutually distinct elements of C4. Then for any pair

of finitely generated 7[A]-modules H and H', the O-map is the only Z|A]-homomorphism
from [H1D 10 [H']).

We now give an outline of the proof of Theorem 8.1.

STEP 0. H, (E,,(L)) and H, (M,r(L)) are finitely generated Z[A]-modules. So, by
Lemma 9.4,

H(E)" = @ [Hi(E«D)]).

Be(Cy
Hy (ML) " 2 62 [Hi (M)
Be(a

STEP 1. Let B be an element of (4, and p be the projection A — A /B. Then
)
[ (EL) ) = [HiEmD)])

® o)
[H(M ()], = [HMpr(D)], -
STEP 2. Let L,, be the sublink of L consisting of those components K; such that
pm(t;) # 1. Then
) ~ )
[ (Mo D) |y = [H1 (Epn(Ly) ] -
STEP 3.a. Let n be the order of the cyclic group Im(p). We can identify Im(p) with
(t | " = 1) and find an epimorphism § from H, (E(L)) to the infinite cyclic group (¢),
such that the following diagram is commutative:

Hi(ELy) — H(EL) — A 5 A/B

DIAGRAM 9.1

Here the vertical map () — (¢ | #* = 1) is the natural projection, and the homomorphism
H, (E(Lp,r)) — (r) induced by p is denoted by the same symbol. Then we have

H,(E5(L)) ]W’
(" — DH (Ex(D) 1y

Hi(E;(L,m) 1
(" — DH, (E5(Lyr)) ]{.}‘

e o)) =

[ (Entim)) > |
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Here E; denotes the infinite cyclic covering corresponding to 5, and the modules in the
parentheses on the right-hand sides are regarded as Z(r | " = 1)-modules.

STEP 3.b. By using the results in Step 3.a, we prove the following:

(1) HHI( pﬂ(L))]Z’) 4BAL(C7T([1 ). ,Qr(ty))rm, provided that the right-

hand side is not 0. - -

@) |[H(EpnLpn)) ]y | = [Tkerc=sAr,, (Cre1), ... Cr(t)] " provided that the right-
hand side is not 0. We can obtain Theorem 8.1 through these steps. [Note that, if B = A,
then E,-(L) = E(L) and E,r(L,r) = M.]

10. Proof of Step 1. As in Section 3, we see

(V2]

Hy (Mye(D)" 2 H\ (MA(L)/ B)
= (Tr B)H\ (M(L))
= ([A:B]Tr B)H (M, (L)) since p does not divide |A|

" by [Br, pp. 118-120]

14

zB,)Hl (M) by Lemma9.1(3)
ECA(B)

&b [H, (M (L))](” by Lemmas 9.1 (2) and 9.4.
B'€Ca(B)

R

Hence, by using Lemma 9.1(2) and the fact that B € C4(B), we see
()] = | @ [(Maw)]y] = [ ()]
B'€Cu(B)

This completes the proof of the second part of Step 1. The first part can be proved simi-
larly.
11. Proof of Step 2. Put A,y = Z{t | " = 1) (¥ Z[A/B]), and regard H, (Mp,,(L)) and

H, (Ep,r(Lp,,)) as A(,-modules. Then, by Lemma 9.5, the assertion in Step 2 is equivalent
)

to the assertion that [H,( ,,,(L))] m = [ (Epr(Lyn)) | {1y @ Au-modules. As in Sec-
tion 4, for each component K; of L,, let b; be the element of H| (Ep,,(L,,,r)) represented
by a lift of a meridian of K; in E,(L,x). Since M, (L) = Mp(L,r), H) (Mp,r(L)) &
H\(Epr(Lyx)) /B, where B is the A,-submodule of Hi(Eyr(Lyr)) generated by {b; |
Ki C Lye}. Put Ey = Efy € A

LEMMA 11.1.  For any divisor d of n with 0 < d < n, ¢ — 1 divides E, in A).

PROOF. Let ‘(1) be the integral polynomial defined by E,(1) = ¥, A o'ty
where w runs over all primitive n-th roots of 1. Then Ei(r) = E, in A For any d-th
root w’ of 1, we can easily see ‘E;(w') = 0. Thus # — 1 divides E,(7) in Z(t), and we
obtain the desired result.

LEMMA 11.2. E,B=0.

PROOF. For each K; C L, there is a divisor d; of n such that % — 1)b; = 0 and
0 < d; < n (see Section 4). Thus we see E1b; = 0 by Lemma 11.1.
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LEMMA 11.3.  Foranyx € BN‘EH, (Ep,r(Lm)), we have nx = 0.

PROOE.  Since x € ‘B, we have Ejx = 0 by Lemma 11.2. On the other hand, x = E,y
for some y € H, (E,,,r(Lm,)). Hence ‘Ejx = flzy = n‘E;y = nx by Lemma 9.1 (2). Thus
we have nx = 0.

Since p does not divide n, we see the following:

) ~ HI E rr(L 7r) 2
)y = ()

N ( EiH, (Epr(Lyn)) )‘f”
B BN ‘Z:IHI (Emr(LpTr))

p)

= (flﬂl (Epﬂ'(Lpﬂ')))

= [H ! (EM(LM)) ]({pn)}'

12. Proof of Step 3.a. First, we prove the existence of the epimorphism g. Let s be
a generator of Im(p), and let n; be an integer such that n7(#;) = s™ (1 < i < p). Put
d=g.c.d.{ni,....n,}, then s is also a generator of Im(p). Put r = s¢ € Im(p). Then
Im(p) is identified with (r | #* = 1). Consider the infinite cyclic group (¢) generated by
the symbol ¢, and let 5 be the homomorphism from H, (E(L)) = (t1,....1,) to (r) defined
by 4(t;) = /4. Then j satisfies the required conditions.

The first isomorphism follows from Lemma 9.6 and the exact sequence induced by
the following short exact sequence of chain complexes;

0 — C.(E;(L)) e, (E5(L)) — C.(E,(L)) — 0.

The second isomorphism can be proved similarly.
13. Proofs of Step 3.b and Remark 8.2.

LEMMA 13.1.  Let H be a finitely generated Z(t)-module and p a prime number
which does not divide n. Then

H ) H »)
[(t”—l)HLn} [qbn(t)HLn}’
where ¢,(t) is the n-th cyclotomic polynomial.

Suppose further that H has a square presentation matrix whose determinant is A(t),

and that Aw) # O for any primitive n-th root of 1. Then |[H/(t" — l)H]({”l’}| =

’R (A(r), o (t)) )(p). Here R (A(t), bn (t)) denotes the resultant of A(t) and ¢,(1); so it is equal
to T1, A(w), where w runs over all primitive n-th roots of 1.

IR

This lemma will be proven later. Now the first part of Step 3.b follows from the fol-
lowing facts:
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(1) the Z(t)-module H, (E,g(L)) has a square presentation matrix with determinant
(t— I)AL(ﬁ(t,), e ,ﬁ(tﬂ)) or AL(/B(!] ), .. .,ﬁ(tu)) accoringas u > 2or u = 1 (c¢f. [Sal,
Theorem 1(i)]).

(2) Since IR(t i 1,(1),,(1‘))‘ = |#,(1)| is a divisor of n, and p is not a divisor of n,

(p)

R(( = D (0. 500). 6u0)|” = R8G50 6400)|

‘(P)

[T AL(Grn), ... ¢r(e)

Ker(=B
The second part of Step 3.b is proved similarly.

We now discuss the effectiveness of Theorem 8.1. Let B, p, and p be as in the above.
Then we can see that, for any { € Z, with Ker({) = B, the following holds (see Sec-
tion 1):

H\(E,x(L);C)| =
[H1 (Epr(L) )]c [(tn_ DH\(E5(L); C) ¢n(OH (E5(L); C)

On the other hand, by the proof of Proposition 6.2,
dim[Hy (E,r(L); C) ] > #{i| B C Ker(¢m}.
The latter number is equal to m(B; ) = #{i | 7(‘?) C B}. Thus we have
m( Hy(E5(L); C)
bu(OH, (E5(L);C
where ¢ denotes the Mdbius function, i.e., ¢(n) is equal to the number of positive
integers less than n that is relatively prime to n. In particular, if m(B;m) # 0, then
H, (E,;(L)) / on(HH, (E,;(L)) has a nontrivial rank, and hence the corresponding resul-
tant vanishes; so, in Theorem 8.1(1), we ignore the order of |H, (Epﬂ(L))|g” . [The author
does not know an estimate of the above order in terms of the Alexander invariants in
case m(B; ) # 0.]
Keeping the above observation in mind, we prove the assertion (i) in Remark 8.2(1).

Suppose the condition (a) is satisfied. Then, for each { € Z4 with Ker({) = B, the
following holds:

0 = [Hi(Mpn(L);C)] . since By (ML) =0
B [ H,(E5(L);C)

du()H, (E5(L); C)

So, the corresponding resultant does not vanish. Hence, we obtain the desired result.
Next, suppose the condition (b) is satisfied. Then for each sublink L, of L, m, (E(L,,,r))
is generated by two elements. Hence the Z(¢)-module H, (E ,;(L,,,r)) is generated by one el-
ement. So, if the corresponding resultant is zero, then H (E ,;(L)) [ én(HH, (E,;(L)) is iso-
morphic to Z(z) / ($.(1)) (since ¢,(2) is irreducible over Z), and therefore, it is Z-torsion

free. Hence, we obtain the desired result.

The assertion (ii) in Remark 8.2(1) is proved similarly.
In the rest of this section we prove Lemma 13.1.

H\(E;5(L); C) ]g[ H\(E;(L); C) }
¢ ¢

)) > p(mym(B; ),

} since L = L, by the indivisibility of 7.
¢
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LEMMA 13.2.  Let R be the Z(t)-module determined by the following short exact
sequence;

0 I @ T .

(=1) g (ga(®)

Here the map from the first term to the middle term is the natural one. Then R _is a finite
Z(t)-module such that | R | contains only prime factors of n.

PROOF. Let {d|,...,d,} be the set of the divisors of n, and let R; (1 < i < k—1)
be the Z(r)-module determined by the following exact sequence;
B R VNP )
(Hj:i ¢d,(t)> <¢d,(t)> <Hj:,'+| ¢d/ (t)>

Here the first homomorphism is the natural one. Then we have |R | = [1'Z] | R/, since
1" — 1 =TI, ¢4(1). On the other hand, we see

o Z(1)
RS (¢a, (1), HL,-H b4 (D)
and hence,
k
&) = [R(840. T 64)|
Jj=i+l
k
= HJR(%U% ¢4, 0)|-
Jj=i+
Note that

’R(¢d,(t), ¢dj(t))] = ‘H(w; - wz)’ = ’H(] — @,wz)’,

where w [resp. w,] runs over all primitive d;-th [resp. dj-th] roots of 1; so @jw; is a d-th
root of 1 for some nontrivial divisor d of d\d,. Thus the above number is a product of
|¢4(1)|’s and therefore it contains only prime factors of d;d;. Hence |&;| contains only

rime factors of []_;d;. So |R | contains only prime factors of n.
p =i " yp

PROOF OF LEMMA 13.1.  Let M be a presentation matrix of the Z(t)-module H, i.e.,

2y 2L 7 — H —0.

Then we have the following exact sequence

Al’ _M_,Aq N H

(n) (n) (" — DHH —0,
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Hence, we obtain the following commutative diagram of exact sequences:

0 0
/\£ M £ H
(n) - A(n) - m - 0
| |
) @( nM q
(@din @%)I ! <®d]n ﬁ;)_})l I ®clln Hd — 0

! !
g LR

| |

0 0

Here K is as in Lemma 13.2, ®,, M and M are the natural homomorphisms induced by

M, and A Y ALY
H, = Coker[Mi (m) - (m) }

H
da(OH’

By the snake lemma, we have the exact sequence;

1

_ H H _
Ker(M) — m — % W — Coker(M).

By Lemma 13.2, Ker(M) and Coker(M) are finite abelian groups whose orders are not
divisible by p. Hence we have

H (V2 H (V2]
[(r"—l)H} _[ﬁ?qsd(nﬁ] ’

and therefore we obtain the first part of Lemma 13.1. The second part follows from [Sk1,
Lemma 2] or [W].

3. Homology of abelian coverings of spatial graphs.
14. Statement of results. Throughout this chapter, homology groups are considered to
be with coefficients Z. Let I' be a finite graph embedded in a homology 3-sphere M, such
that the valency of any vertex of I" is 2 or 3. In this chapter, we use the term “edge”
to denote the closure of a component of I' — {vertices with valency 3}. For each edge
e of T, let 1, be the homology class in H;(M — I') represented by a small simple loop
around e. We call it the meridian of e. Let A be a finite abelian group isomorphic to Z4
for some positive integer d, and let m: H(M — I') — A be an epimorphism such that
n(t,) # 1 for any edge e of I'. Then I" can be considered as a “colored” graph with color
set A— {1} satisfying the following condition: Let e}, €2, €3 be edges of I" with a common
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vertex, and let aj, a,, az be their colors; then ajaya; = 1. Let M (') be the covering of
M branched over I' determined by 7. Then M, (') is a 3-manifold. In fact, an abelian
covering of a 3-manifold branched over a graph is again a 3-manifold, if and only if each
of the vertices of the graph has valency 2 or 3, and the monodromy group is Z4 for some
d > 0. This is the reason why we restrict our attention to the situation described in the
above. As in Section 9, let C4 be the set of all subgroups B of A such that A /B is cyclic.
Put Cf = Cy — {A}. For an element B of C;, let I'z be the subgraph of I" consisting of
those edges e such that 7(z,) # 1 in A/B >~ 7,. Then I'p is a link in M, and the double
cover M,(I'g) of M branched over I'g is homeomorphic to M(T") / B.

THEOREM 14.1. (1) Hi(Mx(T);C) = @pec: Hi (Ma(Tp);C).

(2) For any odd prime p,

H, (Mo (D))" = P i (MaT))".
Be r

For special cases, we can also determine the 2-torsion parts, and obtain the following:

THEOREM 14.2. (1) Suppose A = Z%, and I'g is connected for any B € C;. Then

Hi(MD) = (@ H\(MaTw) ) @ 2577,
BeCy

where v is the number of edges of T.
(2) Suppose A = 73 and T is the complete graph with 4 vertices. Then

H, (M (T)) = G? H,(My(T's)).
Be(C?

A

EXAMPLE 14.3. LetT'; = (a circle) U (d arcs) be the colored graph as illustrated in
Figure 14.1. Then it satisfies the assumption of Theorem 14.2(1). Hence,

Hl(MT\'(rd)) = (B@*HI (Mz((rd)3)>) ® 74"

The cases where d = 1 and 2 correspond to the results of [Nk1] and [Nk2] respectively.

¥ y y y v
LN XN
X xy X Xy x

X Xy X

A=@x|2=Nae@|yY=1

FIGURE 14.1
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15. Proof of Theorems 14.1 and 14.2. Note that the generator of the covering trans-
formation group of each of the double coverings M,(I's) — M acts on H, (MQ(FB)) as
multiplication by —1 (see [Br, pp. 118-120]). Theorem 14.1(1) and (2) can be proved
by using this fact and the arguments in Steps 0 and | in the proofs of Theorems 1.1 and
8.1. Theorem 14.2(2) follows from Theorem 14.1(2) and the fact that M (') is a Z,-
homology 3-sphere when I" and 7 satisfy the assumption of Theorem 14.2(2); this fact
follows from Proposition 15.5, which is proved later.

In the following we prove Theorem 14.2(1). To do this, we need to refine the argu-
ments in Section 9. This refinement is based on the following observation: Let A 2 Z‘ZI,
B an element of Cj, and a an element of A which is not contained in B; then g =
(1 — a) Tr B. The following can be proved by direct calculation.

LEMMA 15.1. (I) ForB,B' € Ci, we have

2-'TrB ifB=FH,

TrB-TrB =
e {2d-2TrA ifB#B.

(2) Spee, TrB =241 4201 TrA.

Since HI(M"(L)/A) = HM) = 0, we see TrA = 0 as an endmorphism of
H, (M,r(L)) (see [Br, pp. 118-120]). Thus from the above lemma, we have

LEMMA 15.2.  In End (H. (MML))), we have the following identities;
(1) ForB,B' € C},

24=1Tr ifB=B

TrB-TrB' = ’

e {o ifB#B.

(2) Spec; TrB =21

Suppose I' is connected for any B € C;. Then M»(I'g) is a Z,-homology 3-sphere (cf.
Sublemma 15.4), and therefore we have the following by the argument of [Br,
pp. 118-120];

H\(M2(Ty)) = (Tt B)H, (M(I)).

Hence, by using Lemma 15.2, and noting the fact that the above groups are of odd order,
we can see

(Z TrB)Hl(M,((l")) >~ @ (Tr B)HI(MW(‘F)) > @ H (MaT)).

BeCy BeCy BECT
On the other hand, by Lemma 15.2(2),
H\ (M(I)) L H(MD)
(Csec: TrBH (Mn(D)) — 297'H, (M(D))”

Hence, we obtain the following short exact sequence:

H, (M)
0— @ H\(Mx(p)) — H(MT)) —» ———rtr
D 1(Ma(T'g)) — Hi(M(T)) ST TH (M)
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In this short exact sequence, the first term has an odd order and the last term has an even
order. Thus H, (M,r(r)) is the direct sum of these two terms. Suppose, further, d = 2.
Then the last term is isomorphic to H| (M,(r); Zz). Thus, Theorem 14.2(1) follows from
the following lemma.

LEMMA 15.3.  Suppose T, m, and A satisfy the condition of Theorem 14.2(1). Then
H (M(D):2,) = 257",
where v is as in Theorem 14.2(1).

To prove this we need the following fact, which is probably well-known.

SUBLEMMA 15.4.  Let M be a Z,-homology 3-sphere, and L a p-component link in
M. Let M (L) be the double cover of M branched over L. Then

H\(M(L); 2,) = 757"

PROOF.  Since M is a Z,-homology sphere, there is a compact surface V in M with
0V = L. Asin [GL, Section 2], we define a bilinear form Gy: H,(V; Z2)xH(V; Z,) — Z
as follows: Suppose a, 3 € H,(V;Z,) are represented by 1-cycles a,b. Then 2b can
be pushed off V into M — V, obtaining b, say. Define Gy(a, 3) to be the Z,-linking
number of a and b. Let {ay,...,a,} be a basis of H,(V;Z,), and let G be the matrix
(gv(ai, aj)). Then as in [Ro, p. 212] (cf. [GL, Section 3]), we see G is a relation matrix
of H; (MZ(L); Zz). On the other hand, since Gy is equal to the Z-intersection pairing on
H\(V;Z,) (cf. [Ro, p. 202]), we see the nullity of G is equal to 4 — 1. Hence, we obtain
the desired result.

PROOF OF LEMMA 15.3.  Choose an element B of C;. Then we have the following
tower of double branched coverings;

M(T) 2 My(Ty) L5 M.

Here the branch set for p; is p,’1 (I's), where I'y = cl(T" — T'g). Since I'p is connected by
the assumption, M>(I') is a Z,-homology 3-sphere by Sublemma 15.4. Each component
of I'§ is an arc with endpoints in I'z. [Proof: Since I'j; has the single color b where {b} =
B — {1}, each component of I'; is an arc or a circle. If there is a circle component, then
some constituent link [y (B" € Cy) is disconnected, contradicting the assumption.] Let
v(B) be the number of the components of I';. Then p; ! (I'y) is a link of v(B)-components,
and therefore H, (M,r(l"); Zz) = ZZ(BFI by Sublemma 14.4. Noting that v(B) is equal to
the number of edges of I' whose colors are equal to b, we have v(B)+v(B,)+v(B3) = v,
where C; = {Bi, B>, B3 }. Since all v(B;)’s are equal, v(B) = 1 /3.

Finally, we present a proposition, which completes the proof of Theorem 14.2(2), and
justifies its condition.
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PROPOSITION 15.5.  Let M be a Z,-homology 3-sphere, and let T, m,A = Zi,_[, and
M (') be as described in the beginning of Section 14. Then M (') is again a
Z>-homology 3-sphere, if and only if one of the following conditions is satisfied;

(1) d=1andT is a knot,

(2) d =2andT is a2-component link with linking number 1 (mod 2),

(3) d =2andT is a f-curve,

(4) d = 3 and T is the complete graph with 4 vertices.

PROOF. By repeatedly using Sublemma 15.4, we can prove the “if”” part. So, we
prove the “only if” part. Incase d = 1, the proposition is a special case of Sublemma 15.4.
So, we assume d > 2. Choose an element B of (C;, and identify A with B ® Z,. Let
p:A = B® Z, — B be the projection, and let I'y be the subgraph of I" consisting of those
edges e such that pn(7,) # 1. Then we obtain the following tower of coverings;

M) 5 M, (To) 25 M.

Here p» is a double covering whose branch set is the link pf'(r};), where Iy = cl(I'—T).
Since p, induces an epimorphism between the fundamental groups, we see M (T) is a
Z>-homology sphere, if and only if M,.(I"y) is a Z-homology sphere and p; () is a
knot. Suppose these conditions hold. Then I is connected, and therefore it is either a
circle or an arc.

CASE 1. d = 2: Then Iy is a knot by Sublemma 15.4. If T, is a circle, then
k(Iy, T;) = 1 (mod 2), since p]"'(l";;) is a knot. Thus (2) is satisfied. If T{; is an an
arc, then (3) is satisfied.

CASE 2. d = 3: Then, by the above, I'j satisfies (2) or (3).

SUBCASE (1). Ty satisfies (2); i.e. Iy is a 2-component link K; UK> with Ik(K |, K>) =
1 (mod 2): Note that the covering projection p) is the composite of the following cov-
ering projections

M, (Iy) o, M, (K,) Lom,

where the branch set for p/ is the inverse image K> of K> in Mo (K)). If I is acircle, then
the inverse image I, of I in M>(K)) satisfies 1k(I';, K2) = 21k(Iy, K3) = 0 (mod 2),
and therefore p; () = (p{)~'(I) is a 2-component link. Thus I'; must be an arc. If T,
joins K and K>, then the meridian ¢ of I'f; is null-homologous, and therefore 7(r) = 1.
If 81"}; is contained in either K| or K>, then I" is the disjoint union of a f-curve and a
circle. This situation is treated in the next subcase, where it is concluded that this does
not occure. Hence this subcase does not occur.

SUBCASE (11). T satisfies (3); i.e., Iy is a -curve: Suppose [T, is a circle. Then we
can see Z?,f, Ik}, K;) = 0 (mod 2), where K, K>, and K3 are the constituent knots of
I'y. [This following from the fact that Z?ZI [Ki] = 0in H{(I'g; Z5).] Thus Ik(I';, K;) = 0

(mod 2) for some K;, and therefore we see p;'(I';) is not connected. Hence I'; must
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be an arc. Suppose oI lies in an edge of T'y. Then there is a constituent knot Ky of Ty
which is disjoint from TF,. The covering p; is the composite of the following covering
projections;

M,r(To) —5 Ma(Ko) —5 M.

We see (p})~1(Iy) is a union of two arcs; so p; (') is a union of two loops, a contradic-
tion. Hence I joins different edges of Iy, and therefore I' is the complete graph with 4
vertices.

CASE 3. d = 4: Then I is the complete graph with 4 vertices. If I'jj is a circle, then
as in the argument in the first half of Subcase (ii) of Case 2, we can find a constituent knot
K; of I'; such that Ik(I'j, K;) =0 (mod 2), and hence p" (I'y) is not connected. Thus I
is an arc. Then, by an argument similar to that in the latter half of Subcase (ii) of Case 2,
we see this case does not occur.

CASE4. d > 5: Then we have the following tower of coverings
M (D) 2 Mo (T) = M,

where p/ is a Z3-branched covering, and p} is a iteration of double branched coverings.
By Case 3, M(I") is not a Z,-homology sphere. Since p} induces an epimorphism be-
tween the fundamental groups, M, (I') is not a Z,-homology sphere; so this case does not
occur. Now the proof of Proposition 15.5 is complete.
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