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Abstract

The pth (p > 1) moment exponential stability, almost surely exponential stability and
stability in distribution for stochastic McKean—Vlasov equation are derived based on
some distribution-dependent Lyapunov function techniques.

2020 Mathematics subject classification: primary 60B10; secondary 60E0S5.
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1. Introduction

McKean—Vlasov stochastic differential equations (SDEs), originating from the semi-
nal works [15, 18], are also known as mean-field SDEs or distribution-dependent SDEs
which are used to study the interacting particle system and mean-field games. There
are numerous works on the well-posedness, ergodicity and large deviations [10, 13,
17, 19]. Moreover, there are also several works on the stability of the McKean—Vlasov
SDEs. Recently, Ding and Qiao [5] considered the stability for the McKean—Vlasov
SDEs with non-Lipschitz coefficients

dX(f) = b(X(t), LX) dt + o(X(t), LX(1))) dW(1),
X(0) = xo, (L.1)

where £(X(¢)) is the distribution of X(¢), W. = (W', W?,...,W!) is a F;-adapted
standard Brownian motion and the coefficients b :R% x Mp(R?) — R? and
o:RYx Mp(R?Y — R?xR! are Borel measurable functions. The definition of
Mp(R?) is defined in the next section. Sufficient conditions are given for the
exponential stability of the second moments for their solutions in terms of a Lyapunov
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function [12]. Furthermore, the almost surely (a.s.) asymptotic stability of their
solutions is also discussed. Lv and Shan [14] considered the long time behaviour
of stochastic McKean—Vlasov equations, and the exponential and logarithmic decay
are discussed. Bahlali et al. [1] discussed the existence and uniqueness of solutions
under a non-Lipschitz condition and derived various stability properties with respect
to initial data, coefficients and driving processes. Wu et al. [20] studied the stability of
solutions of McKean—Vlasov SDEs via feedback control based on discrete-time state
observation and derived the H,, stability, asymptotic stability and exponential stability
in mean square for the controlled systems.

In this paper, we first provide a sufficient condition for the pth moment exponential
stability and a.s. exponential stability for (1.1) (Theorem 3.2) by using the classical
Lyapunov function method. Furthermore, asymptotic stability in distribution is derived
by introducing a distribution-dependent operator, together with a similar discussion as
that for SDE with Markovian switching [21].

There are many recent works on the stability in distribution for stochastic differ-
ential equations with distribution-independent coefficients. Yuan et al. [22] discussed
the stochastic differential equations with Markovian switching and investigated the
stability in distribution of the equations. Further, Du et al. [6] improved the result of
Yuan et al. [22] by giving a new sufficient condition for stability in distribution. Bao
et al. [2] considered a neutral stochastic differential delay equation with Markovian
switching and obtained sufficient conditions for stability in distribution. Fei et al. [8]
considered the stability in distribution for a highly nonlinear stochastic differential
equation driven by G-Brownian motion [16].

The rest of the paper is organized as follows. In Section 2, we recall some
preliminary knowledge. The pth moment exponential stability and a.s. exponential
stability is presented in Section 3.1. The stability in distribution is established in
Section 3.2.

2. Preliminary and main result

Let C(RY) be the collection of continuous functions on R?. For convenience, we
denote the norm of vectors and matrices by |- | and || - ||, respectively. Furthermore,
let (-, -) denote the scalar product in RY. Let B(R?) be the Borel o-algebra on R? and
P(R?) denote the space of all probability measures defined on B(R?) with the topology
of weak convergence.

For A(x) = 1 + |x|, x € R?, define the Banach space

Cury = {9 € ORIl oo = sup 2 4 qup P00 _ )

xeRd /lz(x) X#y |x — y|

Let M, (R?) be the space of signed measures m on B(R?) satisfying

llmll}, = f{/lp(X)In’ll(dX) <o, p22,
Rl

https://doi.org/10.1017/51446181124000208 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181124000208

[3] Stability analysis for stochastic McKean—Vlasov equation 3

where |m| =m*+m~, and m =m* —m~ is the Jordan decomposition of m. Let
Mp®Y) = M3, (RY) N P(R?) be the set of probability measures on B(R?) with finite
pth moments equipped with the metric,

p(u,v) = sup

Il ey <1

P(0)u(dx) - fR P)v(dx)

R4

Then, (M (R%), p) is a complete metric space.

Given a complete filtered probability space (2,7, {F}ic(0.o0), P), we recall the
definition of the derivative for a function with respect to a probability measure [4].
A function f: M, (RY) —» R is differential at u e MS,(RY) if for f(&) 2 f(Py),
£ e IP(Q;RY), there exists some ¢ € [P(Q;RY) with P; = p such that £ is the
Fréchet differential at ¢, that is, there exists a linear continuous mapping
Df(0) : [7(Q; R — R such that for all n € LP(€; RY),

F&+m =7 = DO + o(nlw),  Inl — 0.

Since Df({ ) € L(L7(Q; RY), R), by the Riesz representation theorem [3], there exists a
P-a.s. unique random variable 6 € L7(Q; R?) such that for € L7(Q; RY),
DFQ) = 6,mwy = E[6 - 7].

Thus, there exists a Borel measurable function / : RY — RY which depends on the
distribution P, rather than ¢ itself such that 6 = h({), and for & € L*(Q; RY),

J(®g) = f(By) = E[()(E = D] + o(I€ = {I12)-
We call 9,f(P)(y) = h(y),y € RY as the derivative of f: My@R?) - R at P,
L € IP(Q;RY).

DEFINITION 2.1. Function f is said to be in C'(M (R%)) if for each & € L>(Q;RY),
there exists a Pe-modification of d,f(P,)(-) which is denoted by d,f(P,)(-) again, such
that 0, : My (RY) x RY — R? is continuous and we identify the function 0,f with the
derivative of f.

DEFINITION 2.2. A function f belongs to Cp' (M (RY) if f € C'(Mp(R?)), and 8,
is bounded and Lipschitz continuous, that is there exists a real number C > 0 such that:

() 9 f (W) < C, p € Mp(R?;
(i) 0/ (W) = Ff W < Clp( V) + Ix =), w1, v € My (RY)

for x,y € R%.

DEFINITION 2.3. The function f is said to be in C>(Myp(RY)) if for every
ue Mp®RY, feC'(MpR?)) and 0uf(Pe)() is differentiable and its derivative
OyOuf - Mp(R?) x R — RY x R? is continuous.

DEFINITION 2.4. The function f is said to be in C;"' (M (R%) if f € CH(Mp(RY) N
C })’I(M »(RY) and its derivative 0,0,f is bounded and continuous.
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DEFINITION 2.5. The function ® € C;>!' (M (R?) x RY) if:

(i) @ is bi-continuous with respect to (x, u);
(i) for any x, ®(x,) € CZ’I(M,U;(R")) and for any u € Myp(RY), O, ) € C*(RY).

If® e €' (Mp(R? x RY) and @ > 0, then we say @ € ;> (RY x My (R%).

DEFINITION 2.6. The function ® € C(R? X M (R%)), if ® € C**(RY x M (RY)) and
for every compact set K € R? x M, (RY),

sup | (10,8, D0c, WP + 10, DCx, ()P paldly) < o

(x ek JRY

If ® € CRY x Mp(R%) and @ > 0, then we say that ® € C,(R? x M (R?)).
For (1.1), we make the following assumptions.

ASSUMPTION 2.7. Functions b, o are continuous with respect to (x, ) € R? x M »(R%),
and there is a constant L; > 0 such that
bCe, W + lloGe, I < Ly (1 + e + [|ull)

ASSUMPTION 2.8. There is a constant L, > 0 such that

20x = y,b(x, 1) = by, ) + llor(x, ) = oI < La(lx =y + p(, v)?).
ASSUMPTION 2.9. There exists a function v(-, -) : RY x M (R?) — R such that:
(i) v € CL(RY x Mp(RY));

(i) [ (Lv0x, ) + yv(x, w)u(dx) < 0;

(iii) for some p > 1, ay L@, [xlP u(dx) < ﬂﬁd v(x, wu(dx) < ap fRd |x[P u(dx).

By the classical result of Wang [19], under Assumptions 2.7-2.9, there
exists a unique strong solution Xf“, with initial value xy, to (1.1), and for
p>2, Esupy,r|X;"l <co. Let C’(RY x Mp(@R?);R*) denote the space of

nonnegative functions which are continuous and twice differentiable. For
V € C2(R? x Mp(R9); R*), we have the following generator of (1.1):

. 1 ) .
LAV (x, ) = (b'0x )(x, ) + 5(((70*)”82)(].)(36,#) + fR B0 @ V)ix, 1 (pdy)

1 .
) Rd((ra*)uwﬂ)ay,,(aﬂ V) (n)u(dy).

REMARK 2.10. In fact, the strong solution to (1.1) defines a Markov process [19]. Let
p(t, xo, dz) be the transition probability distribution to process X;° and p(t, xp, I') be the
probability for the event {X;° € I'} with the initial value x, that is,

P(t,xo,r) = fp(t’xo,dl)’ I'e B(Rd)
r
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DEFINITION 2.11. The process X;” with initial value x is called stable in distribution
if there exists a probability measure I1(-) such that for any initial value xo, its transition
probability p(t, xg, dz) weakly converges to I1(-), as ¢t — oco. Equation (1.1) is said to be
stable in distribution if X;* is stable in distribution.

To study the stability in distribution, we need the following assumption. First, for a
given function U € Cz(Rd; R), we define the operator
L(.X, s s V)U()C - )’) = [b(x’ﬂ) - b(y’ V)] Ux(x - y)
+ 3 Trl(0(x, ) = 07y, V) Unelx = y)(0(x, 1) = (3, W))].

ASSUMPTION 2.12. There exist a function U € C>(R%; R, ) and a constant K > 0, such
that for any two solutions (X;°),»o and (X;°)so with its distributions £(X;°) = , and
L(X)°) = v, and for all couplings 7 € I1(y;, v;),

f L(x,y, u;, v)U(x — y)n(dx, dy) < —-K f U(x — y)rn(dx, dy).
RIxR4

RIXR4

3. Stability analysis

3.1. Exponential stability This section gives the exponential stability in the pth
moment and in a.s. sense.

DEFINITION 3.1. Let p > 1. The solution X;° of (1.1) is said to be pth moment
exponentially stable if there is a pair of constants y > 0 and C > 0 such that

EIX°P < ClxolPe™, t>0.
Further, it is said to be a.s. exponentially stable if

log| X
lim sup # < -y, as.

—o0

For this, we further assume that for some constant N > O and p > 1,
e 408 + llr el < N + f Pt (3.1)
R

THEOREM 3.2. Assume that Assumptions 2.7-2.9 hold. For every xo € R?, X is pth
moment exponentially stable and a.s. exponentially stable. Furthermore, for every
€ > 0, there exists an R > 0 such that for all t > 0, P{|X;°| > R} < e.

PROOF. For xy € RY, let Xf“ be the solution of (1.1), for positive integer k, define the
stopping times

o = inf{r > 0| [X;°| > k},
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then obviously, p; — oo, a.s. as k — oo. Then for the stopped processes (Xfﬁpk),zo,
function v and distribution processes L(X;*);»0, by Itd’s formula [9],
NIV LX) = (X0, 6y,)

A

_ fo N | (X)) ds
v fo O, (K, LX) ds
n % L ' &Y (o )uaixlv)(xfxpk, LX) ds
+f YR, vo"f)(mek,L(Xfo))dwg
f fR BV, LA LO)dy) ds

. f f N oYX, s LX) LK) dy) ds.
0 R4

Then taking expectation, by Assumption 2.9,
E[e” "Xy, LOG))] = v(xo, 6y,) < 0.
Let k — oo and together with the Fatou lemma [7],
Ele”v(X:, LX*))] < v(xo, 6x,) < 0.
Furthermore, by Assumption 2.7,
alEIXP < Bu(X;, LX) < e v(xg, 0y,) < aze ™ |xol’.
Thus,

a
EIXP < 227 |x .
a

Then by Chebyshev’s inequality [7], for R > 0,

ElXP

PUX)"| = R) < —L

Noticing that from (1.1),
1+S I+s
xit =+ [ boce cogyans [ oo o aw,
t t

and forp > 1,7 > 0, by (3.1),
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I+S
E sup X2,/ < CEX P + C,E sup f b, LOG) di
0<s<t 0<s<t ' Jr
+s P
+C,E sup f (X0, LX) dW,
0<s<t t

+T
< CEXP + C,.E f IbCX, LW du
r+7 t
+CE f (X0, LN du
' 1+T
< CEXP + CprnE f (|x;;°|ﬂ + f |x|"1:(x;‘°)(dx))du
Rd
e
< CEX™P + Cprn f EIXP du
t

1+T
—yt —yu —yt
<G + Cprxon f e du < Cprypyne .
t

Thenforn=1,2,...,

X0 —ynt
E sup [X{°F < Cprampyme ™™,
nt<t<(n+1)7

thus, for € € (0,y) and n € N, by Chebychev’s inequality,

o sup P> €070 < Gy e
nr<t<(n+1)t

By the Borel-Cantelli lemma [11], there exists a random constant n(w) such that for
almost all w € Q, for n > ny(w),

X0 —(y—ent
sup  |X;°F < Cprxpyne M, as.
nt<t<(n+1)t

Thus, for any nt <t < (n + 17,

10g|Xf0| _ 10g|X;(0|]7 < IOg supn‘réts(n+1)‘r IX;“0|17 < Y — €

<- , as.,
t pt pnt p
and
log|X;" -
lim sup glX| < Y 6, a.s.
t—00 t P
Now letting € — 0, the proof is complete. ]

REMARK 3.3. From Theorem 3.2, the transition probability family {p(z, x9, dz) | t = 0}
is tight, that is, for € > 0, there exists a compact set K = K(xy, €) such that

P(t,x9,K) > 1—€.
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3.2. Stability in distribution Next, we consider the stability in distribution. For
this, we need to consider the difference between two solutions with different initial
values, that is,

!
X0 = =0 =30+ [ IO LOGY) - b, LOC ) ds
0
v [l 2o - o0 Log 1w,
0

We need two more notation. Let H be the set consisting of nondecreasing functions
K : R, —» R, such that K(0) = 0, and H,, be the set of functions K € H such that
K(x) » o0 asx — oo,

LEMMA 3.4. If there exists a function U € C2(R%;R,) satisfying U(0) =0 and a
function @y € Hy such that

ai(k)) < Ux) for x eRY,
then for every € > 0 and compact set K on RY, there exists T = T(K, €) > 0 such that
P{X° - X > el <1—€ =T, x0, yo €K.

For the convenience of presentation in the following, we rewrite (1.1) as
! » 3
X =x+ f b(u, X)) du + f o, Xy dw,, t=0, (3.2)
0 0

where b(u, X2°) = b(X}?, L(X°)) and &(u, X)*) = oo(X)0, LX°)). Since (1.1) has a
unique strong solution (X;°)o with the initial distribution &,,, the distribution of
process (X;°)>0 is known, and (3.2) is a classic SDE. Then, the solution of (3.2) is
a strong Markov process [5, Lemma 5.3].

PROOF OF LEMMA 3.4. For € > 0, by the continuity of function U with U(0) = 0, we
choose @ € (0, €) small enough such that

SUP|<o U(X) B €
H1(€) 2

Let K be a compact set on RY and for fixed xo, yo € K and 8 > @, we define two
stopping times

T, =inf{r > 0| |X° — X)°| < o},

5 = inf{t > 0| X - X}°| > B}.

By 1t&’s formula for the stopped process U(X:’,, — X>°,,) and Assumption 2.12,

TNt T8N
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T

TNt
EUXS,, ~X20,) < Uwo — yo) — K f U™ — X)) ds
0
TpAL
+ Ef UdX3* = X3°)(07(s, X3°) = 0(u, X3")) AW,
0

Tt
= Uxo = yo) - Kf UX;* - Xi") ds.
0

Then,
a1(B)P{rg < 1} < U(xo — yo),
that is,
U(xo — yo)
Plrg <t} < ————.
g ai(B)
Notice that for all xg, yo € K and U(xy — yo) bounded, there exists 8 = B(K, €) > 0 such
that
P{rg < 00} < €
Tg < oo} < =,
A =4

Fix the B and let t, = T, A 75 A ¢, then similar discussion yields
lo
EUX — X)) < Ulxo — yo) — KE f U — X ds
0

o
< U(xg —yo) — KEf a (X = X3 ds
0
< Uxog —yo) — Kaj(@)E(ty AT A D),

which implies that

U(xo — yo)
Kaj(a)t

Moreover, this implies that for a given € € (0, 1), there exists 7 = T(%, €) > 0 such that

Plro At 21t} <

]P’{Ta/\TﬁST}>1—§.

Thus,
1—2<P{Ta/\TﬁST}SP{TQST}+]P(TﬁST)
<Plry, < T} +P(1p < o0)
€
SPlr, <T}+ -
<Pir } 1
and
Plr, <T}>1- <
Tag S = - —.
2
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Now we define the stopping time
o=inf{t >7, AT |IX" - X)°| > €}.
Lett > T, then

P(t, < TN < Opi(e) < Elr,<r.oa UK Ry = Xino))

< Bl <t UX;Rr, = XiRe,))

< E(L, < UX2 - X)) < P(t, < T) sup U(x).

|x[<a

Thus,

Pt < T)N{o <t}) <

N m

and
Plo<t}<P({r, <T}N{o <t}) +Plresr} <€
Lett — oo, then
P{o < o0} < €.
This indicates that for all xq, yo € K, t > T,
PIX* - X" <€} > 1-e.
This completes the proof. ]
LEMMA 3.5. For every compact set K,
lim p(p(t, o, -), p(t, yo, ) = 0, X0, Yo € K.

PROOF. We only need to show that there exists 7 > 0, such that for all € > 0 and x,
Yo € K,

p(p([s X0, '),p(t’ Yo, )) <e€, t> T.
It is equivalent to show that

sup [Ed(X;*) —Ep(X)°) <€, t>T.
peCa(RY)

However, notice that for every ¢ € Cy(RY),
[Ep(X;") — Ep(X;")| < E[2 A X" — X°[].
By Lemma 3.4, there exists a 77 > 0 such that

E2A XY X"l <e, (>Ty.
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Due to the arbitrariness of ¢ € Cy(RY),

sup [EG(X) ~Eg(X)) <e, 12T,
#eCi(RY)

The proof is now complete. ]

LEMMA 3.6. Under the assumptions of Theorem 3.2 and Lemma 3.4, for xo € R,
{p(t,x0,-),t > 0} is a Cauchy sequence.

PROOF. We need to show that for every xo € R and € > 0, there exists 7 > 0 such that
fort > T and s > 0,

P(P(t + 5, X0, ‘)’P(Lan )) <e€ 5
which is equivalent that for every ¢ € C;(RY),

sup [EG(X

0 ) _Ep(XO) <€, t>T,s>0.
$ECA(RY)

By Lemma 3.2, there exists a compact set K on R¢ such that for € > 0,
pt,x0, K) > 1 - g
Furthermore, by the strong Markov property of X, for ¢ € C;(R?) and t, s > 0,

[Ep(X2,) — E(X)| = [E[E(BX2)IF)] - ESX))
= [E[E¢(X))] - Eo(X)|

- | f BOP(s, 30, ) — BY(X)
< fR EIG) — G065, x0,d2)
- fq{ BIO(X) — 6X)lp(s, 30, d2)
+ fR 05 = 9 Ip(s 30,5)

< [ B0 - 00X pts . ) + 5.
K

By Lemma 3.4, there exists 7' > 0 such that for every € > 0,

3
BIOOG) - 6] < B A =X < 5, 12T,

Thus,
[Ed(X,y

1+s

)-Eo(X")<e =T, s>0,

which completes the proof. ]
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THEOREM 3.7. Under assumptions of Theorem 3.2 and Lemma 3.4, (1.1) is stable in
distribution.

PROOF. By Definition 2.11, we need to show that there exists a probability measure
n(+) such that for every xo € R?, the transition probability family {p(t,xo,) : t > 0}
weakly converges to 71(-). In fact, we show that for every x € R?,

lim p(p(t, %, ), 7()) = 0.

By Lemma 3.6, {p(,0,-) : t > 0} is a Cauchy sequence in P(R?) with the metric p.
Since P(RY) is a complete metric space, there exists a probability measure 7(-) € P(R?)
such that

lim p(p(1, x, ), 7(-)) = 0.
By a triangle inequality,
lim p(p(z, x, -), 7(-)) < lim p(p(#, x, -), p(2, 0, )) + lim p(p(z, 0, -), 7(-))
=0.

The proof is complete. ]

4. Conclusions

In the study, we first prove the pth moment exponential stability and a.s. exponential
stability of the solution of (1.1) by using the distribution-dependent Itd’s formula,
and then obtain the tightness of the transition probability family corresponding to the
solution of (1.1). Based on this, we introduce a distribution-dependent operator, that
is, Assumption 2.12, and combined with the method of Yuan and Mao [21], we get
that when the time is long enough, the transition probability family tends to a unique
probability measure, that is, the solution of (1.1) is asymptotically stable in distribution.
It would be valuable to use a similar method to analyse the long time behaviour of (1.1)
with jump noise.
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