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Abstract

Dirac rings are commutative algebras in the symmetric monoidal category of Z-graded abelian groups with the
Koszul sign in the symmetry isomorphism. In the prequel to this paper, we developed the commutative algebra of
Dirac rings and defined the category of Dirac schemes. Here, we embed this category in the larger co-category of
Dirac stacks, which also contains formal Dirac schemes, and develop the coherent cohomology of Dirac stacks. We
apply the general theory to stable homotopy theory and use Quillen’s theorem on complex cobordism and Milnor’s
theorem on the dual Steenrod algebra to identify the Dirac stacks corresponding to MU and F), in terms of their
functors of points. Finally, in an appendix, we develop a rudimentary theory of accessible presheaves.
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1. Introduction

Whatever it is that animates anima and breathes life into higher algebra, this something leaves its trace
in the structure of a Dirac ring on the homotopy groups of a commutative algebra in spectra. Dirac
geometry is built from Dirac rings in the same way as algebraic geometry is built from commutative
rings. In the prequel to this paper, we developed the commutative algebra of Dirac rings and defined the
category of Dirac schemes. Here, we first embed this category in the larger co-category of Dirac stacks,
which also contains formal Dirac schemes. We next develop the coherent cohomology of Dirac stacks,
which amounts to a functor that to a Dirac stack X assigns a presentably symmetric monoidal stable
oo-category QCoh(X) of quasi-coherent Ox-modules together with a symmetric monoidal subcategory
QCoh(X)so € QCoh(X), which is the connective part of a t-structure. As applications of the general
theory to stable homotopy theory, we use Quillen’s theorem on complex cobordism and Milnor’s theorem
on the dual Steenrod algebra to identify the Dirac stacks corresponding to MU and F), in terms of their
functors of points. Finally, in an appendix, we develop a rudimentary theory of accessible presheaves
of anima on coaccessible co-categories.

To develop the theory of Dirac stacks and their coherent cohomology, we follow Lurie in [23].
The category Aff of affine Dirac schemes is the opposite of the category CAlg(Ab) of Dirac rings. The
category of Dirac rings CAlg(Ab) and the co-category of anima § are both presentable, and we define
the co-category of Dirac prestacks to be the co-category of accessible presheaves of anima on Aff,

P(Aff) ~ Fun 4 (CAlg(Ab), S).

We show in Appendix A that this co-category has excellent categorical properties and that it admits a
number of equivalent descriptions. If « is a small regular cardinal, then we let Aff, c Aff be the full
subcategory spanned by the affine Dirac schemes of cardinality < «. Since it is essentially small, the
oo-category P(Aff,) of presheaves of anima on Aff, is presentable, and we show that

P(AM) = lim P(AfF,).

It follows that the co-category P(Aff) admits all small colimits and limits, both of which are calculated
pointwise. We also show that the Yoneda embedding restricts to a fully faithful functor

Aff — s P(AR)

and that this functor exhibits the target as the cocompletion of the source.

The flat topology on Aff is the Grothendieck topology, where a sieve j: U — h(S) is a covering
sieve if there exists a finite family of maps (7; — §);; such that the induced map T = [[,; T; — S is
faithfully flat and such that each h(7;) — h(S) factors through j.

Definition 1.1. The co-category of Dirac stacks is the full subcategory
Shv(Aff) c P(Af)

spanned by the sheaves for the flat topology.

It is not immediately clear that there exists a ‘sheafification’ functor, left adjoint to the canonical
inclusion of sheaves in presheaves. That this is nevertheless the case is a consequence of a theorem of
Waterhouse [35, Theorem 5.1], which is perhaps not as well known as it deserves. It shows that the flat
topology is well-behaved. What is not well-behaved is the co-category of all presheaves on Aff; once we
limit ourselves to considering accessible presheaves only, the supposed problems with the flat topology
disappear. In the Dirac context, Waterhouse’s theorem is the following statement, and the essential
ingredient in its proof is the Dirac analogue of the equational criterion for faithful flatness, which we
proved in [12, Addendum 3.9].
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Theorem 1.2 (Waterhouse’s theorem). Let k < «k” be small regular cardinals. In this situation, the left
Kan extension along the canonical inclusion

P(AFF,) ——s P(AfF,)

preserves sheaves with respect to the flat topology.

As we have already mentioned, an important consequence of Theorem 1.2 is the existence of a left
exact ‘sheafification’ functor

L
P(Aff) " Shv(Aff),

left adjoint to the canonical inclusion functor. Indeed, if we replace Aff by the essentially small Aff,,
then Lurie has proved in [20, Proposition 6.2.2.7] that a left exact sheafification functor exists, and
Theorem 1.2 and [17, Tag 02FV] show that these left adjoint functors assemble to give the stated left
adjoint functor.

We can now deduce from [20, Theorem 6.1.0.6] that the co-category of Dirac stacks satisfies the
oco-categorical Giraud axioms, except that it not presentable.

Theorem 1.3 (Giraud’s axioms for Dirac stacks). The co-category Shv(Aff) of Dirac stacks has the
following properties:

(i) Itis complete and cocomplete, and it is generated under small colimits by the essential image of the
Yoneda embedding h: Aff — Shv(AfT), which consists of wi-compact objects and is coaccessible.
(ii) Colimits in Shv(Aff) are universal.
(iii) Coproducts in Shv(Af) are disjoint.
(iv) Every groupoid in Shv(Aff) is effective.

The oo-category of Dirac stacks is close enough to being an oco-topos that it retains the important

property of co-topoi that the contravariant functor

Shv(Aff)°P — Cateo

that to X assigns the slice co-category Shv(Aff),x takes colimits of Dirac stacks to limits of co-categories.
This statement is the source of all descent statements in the paper. In typical situations, we wish to show
that flat descent holds for the full subcategory

Shv(Aff)y c Shv(Aff),x

spanned by the maps f: Y — X that have some property P. But this follows from the fundamental
descent statement, once we prove that the property P satisfies descent for the flat topology in the sense
that for every effective epimorphism f: X’ — X, the diagram of co-categories

Shv(Aff)f, —— Shv(Aff)],

| |

Shv(AfF);x —— Shv(Aff);x-

is cartesian. For example, we define a functor that to a Dirac stack X assigns the co-category FGroup(X)
of formal groups over X and use this strategy to show that it descends along effective epimorphisms.

It follows from Grothendieck’s faithfully flat descent for graded modules, which we proved in [12,
Theorem 1.5], that the flat topology on Aff is subcanonical. Here, we prove that, more generally, the
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category of Dirac schemes, which we defined in [12, Definition 2.29], embeds fully faithfully into the
oo-category of Dirac stacks.

Theorem 1.4 (Schemes are stacks). Dirac schemes are Dirac stacks:

(1) If X is a Dirac scheme, then the functor h(X): Aff®® — 8§ that to an affine scheme S assigns
Map(S, X) is accessible and a sheaf for the flat topology.
(2) The resulting functor h: Sch — Shv(Aff) is fully faithful.

This result is the starting point for the definition following Toén—Vezzosi [33] and Lurie [18] of the
property of a map of Dirac stacks f: ¥ — X of being geometric. Informally, the geometric maps span
the smallest full subcategory

ShV(Aff)/g;’m C Shv(Aff)/x
that contains the maps f: ¥ — X that, locally on X, are equivalent to maps of Dirac schemes, and that
is closed under the formation of the geometric realization of groupoids with flat face maps.' However,
the formal definition, which we give in Section 2.3 below, is more complicated, because the notions of
being geometric and being flat must be defined recursively together. The property of being geometric is
well-behaved: it is preserved under composition and base-change, it is local on the target, and maps in
ShV(Aff)}g;()m are automatically geometric.

We now explain the theory of coherent cohomology of Dirac stacks, which we develop following
Lurie [23, Chapter 6]. It consists of the following data:

(Q1) A functor QCoh: Shv(Aff)°? — CAlg(LPr); it assigns to map of Dirac stacks f: ¥ — X a
symmetric monoidal adjunction

4
QCoh(X) Z——" QCoh(Y)
f

between presentably symmetric monoidal stable co-categories.
(Q2) For every Dirac stack X, a symmetric monoidal adjunction

QCoh(X)so :> QCoh(X)

such that i is the fully faithful inclusion of the connective part of a #-structure, and such that for
every map of Dirac stacks f: Y — X, the functor f* is right t-exact, or equivalently, the functor
[ is left t-exact.

First, to produce the functor (Q1), we begin with the functor that to an affine Dirac scheme S =~ Spec(A)
assigns the presentably symmetric monoidal category

QCoh(S)° ~ Mod4 (Ab)

of graded A-modules. It promotes via animation to a functor that to S assigns the presentably symmetric
monoidal co-category

QCoh(S)s0 ~ Mod 4 (Ab)*"

of animated graded A-modules, which, in turn, promotes via stabilization to a functor that to S assigns
the presentably symmetric monoidal co-category

QCoh(S) =~ Sp(Mod (Ab)*")

1'We recall that, in co-category theory, geometric realizations of groupoids play the same role as do quotients by equivalence
relations in 1-category theory; see [20, Section 6.1.2].
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of spectra in animated graded A-modules. Following Grothendieck, we show that this functor is a sheaf
for the flat topology on Aff, a fact, which, in homotopy theory, was first observed and exploited by
Hopkins [14]. This gives us (Q1):

Theorem 1.5 (Faithfully flat descent for quasi-coherent modules). The right Kan extension of the functor
QCoh: Aff°® — CAIlg(LPr) along h: Aff — P(AfF) admits a unique factorization

Shv(Aff)P —=" , CAlg(LPr)

through the sheafification functor.

To spell out this definition of QCoh(X), if we choose a regular cardinal « such that X € Shv(Aff) is
the left Kan extension of X, € Shv(Aff,), then

QCoh(X) =lim . QCoh(s).

where the limit is indexed by ((Aff,),x)°P and is calculated in CAlg(LPr).?

Second, to produce the symmetric monoidal adjunction (Q2), we show that for an affine Dirac scheme
S, the co-category QCoh(S)s¢ is Grothendieck prestable in the sense of [23, Definition C.1.4.2]. Thus,
the symmetric monoidal adjunction

QCoh(S)s0 #” QCoh(s)

is the connective part of a z-structure, and we obtain (Q2) by right Kan extension. More concretely, if
X is a Dirac stack, then F € QCoh(X) is connective if and only if n*(F) € QCoh(S) is connective for
every map n: § — X with § affine. It is also true that if 5*(F) € QCoh(S) is coconnective for every
mapn: S — X with S affine, then F € QCoh(X) is coconnective, but the converse is false. In particular,
the tensor unit Ox belongs to the heart of the #-structure.

In general, the t-structure on QCoh(X) is not left complete or right complete, and the coconnective
part is next to impossible to understand. However, for geometric Dirac stacks, including Dirac schemes,
the situation improves:

Theorem 1.6 (Geometric stacks and z-structure). If X is a geometric Dirac stack, then the t-structure
on QCoh(X) is left and right complete and the coconnective part is closed under filtered colimits.
Moreover, if n: S — X is submersive with S affine, then ¥ € QCoh(X) is coconnective if and only if
7" (F) € QCoh(S) is so.

We let 77 (F) € QCoh(X)” be the ith homotopy Ox-module of F € QCoh(X) with respect to
the canonical #-structure. We refer to i as the ‘animated’ degree to separate it from the ‘spin’ degree
intrinsic to Dirac geometry. If f: ¥ — X is a map of Dirac stacks, then the ‘correct’ relative coherent
cohomology Ox-modules of the Oy-module § € QCoh(Y) are given by

R'£.(9) := n%,(£:(9)).

This functor can generally not be calculated as the derived functor of the left-exact functor between
abelian categories f. induced by the left z-exact functor f;.

Another special class of Dirac stacks that we consider are the formal Dirac schemes. If : § — X
is a closed immersion of Dirac schemes, whose defining quasi-coherent ideal J ¢ Oy is of finite type,
then we define the formal completion of X along § to be the colimit in Dirac stacks

. J
Y ~lim S X
—m
2The forgetful functors CAlg(LPr) — LPr — Cateo preserve and reflect limits.
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of the infinitesimal thickenings 7™ : §U™) — X The mapj is not geometric, but if the closed immersion
n: S — X is regular in the sense that, locally on X, it is defined by a regular sequence, then it behaves
as an open and affine immersion of a tubular neighborhood of S in X, as envisioned by Grothendieck.

Theorem 1.7 (Formal completion and recollement). Let X be a Dirac scheme and letn: S — X be a
regular closed immersion. Let j: Y — X be the formal completion of X along Sand leti: U ~ X\S — X
be the inclusion of the open complement of S. In this situation, there is a stable recollement

i* J
QCoh(U) ien QCoh(X) i QCoh(Y)
(0] Em— (0] E— (0]

and, in addition, the functor j. is t-exact.

The formal schemes that we will consider are the formal affine spaces, defined as follows. If § is
a Dirac scheme and & € QCoh(S)® an Og-module locally free of finite rank, then the affine space
associated with € is the affine map

p

Ag(€) = Spec(Symy (€)) —— S,
and the formal affine space associated with € is its formal completion

A q

As(€) = Spf(Symy (€)) —— S
along the zero section. We define a map of Dirac stacks g: ¥ — X to be a formal hyperplane if its
base change along any map n: S — X from an affine Dirac scheme is equivalent to a formal affine
space. This property is stable under base change, but it does not descend along effective epimorphisms

in general, even if X is a Dirac scheme.> However, if we fix a section, then it does. We consider a formal
affine space to be pointed by the zero section.

Y
7 X
idx

X—X

Definition 1.8. A pointed Dirac stack

is a pointed formal hyperplane if its base change along any map r: S — X from an affine Dirac scheme
is equivalent to a pointed formal affine space.

By definition, the co-category of pointed formal hyperplanes over a Dirac stack is the full subcategory
of the co-category of pointed Dirac stacks

Hyp, (X) c (Shv(Aff)x).
spanned by the pointed formal hyperplanes. We show that it is equivalent to a 1-category and that the

property of being a pointed formal hyperplane descends along effective epimorphisms of Dirac stacks
f: X’ — X in the sense that

3For a counterexample, see [22, Warning 1.1.22].
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f ,
Hyp, (X) —————— Hyp..(X")

| |

(Shv(Aff)x). —L— (Shv(AF)x).

is a cartesian diagram of co-categories. So by Theorem 1.3, the co-category of pointed formal hyperplanes
satisfies descent along effective epimorphisms:

Theorem 1.9 (Flat descent for pointed formal hyperplanes). If f: X’ — X is an effective epimorphism
of Dirac stacks, then the canonical maps
Hyp, (X) —— lim

rxx [n] : rxx [n]
p Hyp (X7 —— lim - Hyp, (XX)

[n]e [n]eA

are equivalences of co-categories.

We recall from [12, Proposition A.1] that the right-hand map in Theorem 1.9 is an equivalence,
because the co-category of pointed formal hyperplanes is equivalent to a 1-category, and moreover, the
right-hand term is equivalent to the 1-category of pointed formal hyperplanes over X’ with descent data
along f: X' — X.

Let € be an co-category which admits finite products. Following Lawvere, we let Lat be the category
of finitely generated free abelian groups and define the co-category Ab(C) of abelian group objects in
the co-category C to be the full subcategory

Ab(C) = Fun*(Lat®®, @) c Fun(Lat’, @)

spanned by the functors that preserve finite products.

Definition 1.10. The co-category of formal groups over a Dirac stack X is the co-category
FGroup(X) ~ Ab(Hyp(X))

of abelian group objects in the co-category of formal hyperplanes over X.

The oo-category FGroup(X) is equivalent to a 1-category. If G is a formal group over X, then the
underlying hyperplane §(Z) is pointed by the zero section §(0) — G(Z). Therefore, by Theorem 1.9, if
f: X’ — X is an effective epimorphism of Dirac stacks, then the canonical map

. xx [n]
FGroup(X) —)&n[n]ﬂ FGroup(X™x1nl)

is an equivalence of co-categories, and the target co-category is equivalent to the 1-category of formal
groups over X’ with descent data along f: X’ — X. Moreover, if G is a formal group over X, then we
define its Lie algebra to be the vector bundle

Lie(G) = Vx (Nx/y) € Vect(X)

associated with the conormal sheaf at the zero section. Since G is abelian, the Lie bracket on this vector
bundle will be zero, so we do not take the trouble to define it.

We end with a number of applications of Dirac geometry to algebraic topology, which we encode
as a six-functor formalism on the co-category of anima following the general theory of Liu—Zheng [16]
and Mann [24, Appendix A.5]. The definition of this six-functor formalism is informed by the fact
that anima are ‘discrete’ objects, as opposed to ‘continuous’ objects. So we declare that every map of
anima f: T — § is a local isomorphism and that a map of anima f: T — S is proper if its fibers
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are equivalent to finite sets, including the empty set. By [24, Proposition A.5.10], this determines a
six-functor formalism on & that to an anima S assigns the functor co-category
Sp =~ Fun(S, Sp)
and that to a map of anima f: T — § assigns the adjoint functors
S
T

Sp" «————=Sp°,

N

where f' ~ f* is the restriction along f, and f; and f, are the left and right Kan extensions along f.
Given a commutative algebra in spectra E and a group in anima G, we apply the general theory to
construct a formal Dirac scheme

YZYE,GL%SZSE

over S =~ Spec(R) with R ~ n.(E), and we will consider situations in which ¢ is a formal hyperplane.
By varying G, we will obtain formal groups, and by varying E, we will obtain formal groups over
geometric Dirac stacks, which we characterize by exhibiting their functors of points.

To this end, we recall from [19, Theorem 5.6.2.10] that every group in anima G is the loop group
QBG of a pointed 1-connective anima

1—3 BG,

and we apply the general theory to the unique map

BG —2 1.

The co-category SpZ¢ is the co-category of spectra with G-action, and p, and p, are the functors that
to a spectrum with G-action Y assign its homotopy orbit spectrum p(Y) = Y5 and its homotopy fixed
point spectrum p. (Y) =~ Y"G | respectively, whereas p* is the functor that to a spectrum X assigns the
spectrum with trivial G-action Y =~ p*(X). We only consider spectra with trivial G-action.

Given a commutative algebra in spectra E, the spectrum

p-p*(E) = map(Z7BG, E)
promotes to a commutative algebra in spectra, and the unit maps
E——p.p*(E) —— p.S.s'p*(E) 2 E

promote to maps of commutative algebras in spectra. Hence, if R =~ n.(E) and A ~ 7. (p.p*(E)) are
the respective Dirac rings of homotopy groups, then these maps give A the structure of an augmented
R-algebra. We now define

Y =Yg g ~ Spf(A) —— S ~ Sk ~ Spec(R)

to be the formal completion of X ~ Spec(A) along the closed immersion

SL>X

defined by the augmentation.
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First, we let G be the Pontryagin dual L=~ Hom(L,U(1)) of L € Lat. If E is complex orientable,
then the formal scheme

q
YZYE’Z%SZSE

is a formal hyperplane, and as L varies, this defines the Quillen formal group

9Q
Lat®® —=— Hyp(S)

associated with E. Moreover, by considering the Postnikov filtration of E, we obtain a canonical isomor-
phism of line bundles

o2 . =0
Ag(1) —— Lie(Sg)

from the spin-1 affine line over S to the Lie algebra of the Quillen formal group. We now let E vary
through the tensor powers of the commutative algebra in spectra MU representing complex cobordism.
In this way, we obtain a simplicial formal group

A°® ——— FGroup

that to [n] assigns the Quillen formal group associated with MU®!"] Its geometric realization is a
formal group G€ over the geometric Dirac stack

Q ~ 1
X= = 1£>n [n]eA°r SMU@M

equipped with a trivialization ¢< of its Lie algebra. We show that Quillen’s theorem on complex
cobordism, [31, Theorem 2], implies and is implied by the statement that (SQ, ¢Q) is the universal
1-dimensional spin-1 formal group equipped with a trivialization of its Lie algebra.

Theorem 1.11 (Quillen’s theorem). Let T be a Dirac stack. The functor that to f: T — X2 assigns the
pair (f*G2, f*¢2) is an equivalence of anima from X2 (T) to the groupoid of pairs (S, ¢) of a formal
group G over T and an isomorphism

Ar(1) —25 Lie(9)

of line bundles over T from the spin-1 affine line.
We also show that if 7 is an affine Dirac scheme and (G, ¢) € X2(T), then the trivialization ¢ lifts
to a spin-1 global coordinate on the formal group G.
Second, we let p be an odd prime number and let G be the p-torsion subgroup
L[p] =~ Hom(L,C,) —— L =~ Hom(L, U(1))

of the Pontryagin dual of L € Lat. If k ~ FF,, then for every commutative k-algebra in spectra E,

Y~Y

q
E.Llp] »S =Sk

is a formal hyperplane, and as L varies, this defines the Milnor formal group

SE
Lat®® —— Hyp(S)
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associated with E. The canonical inclusion i induces a map of formal groups
M —— g2
to the Quillen formal group. It is surjective, and its kernel
Fil' ¥ — 5 Fil’G¥ ~ gM

is again a formal group over S. This filtration gives rise to a grading of the Lie algebra Lie(SZI ), which
we refer to as the ‘charge’ grading.* Moreover, from the Postnikov filtration of E, we obtain a canonical
isomorphism of graded vector bundles over S,

oM )
As(e,y) —— grLie(GM),

where e has spin 1/2 and charge 1 and where y has spin 1 and charge 0.

Letting E vary through the tensor powers of k, we obtain a simplicial filtered formal group that to
[n] € AP assigns the Milnor formal group associated with k€l" with the filtration defined by the
map to the Quillen formal group. Its geometric realization is a filtered formal group Fil G™ over the
geometric Dirac stack

M _1;
XT = h_r)n [n]eAor Skt
equipped with a trivialization ™ of its graded Lie algebra. We show that Milnor’s theorem [29] on the
structure of the dual Steenrod algebra implies and is implied by the following statement.

Theorem 1.12 (Milnor’s theorem). Let S =~ Spec(F,) with p odd and let T be an S-Dirac stack.
The functor that to a map of S-Dirac stacks f: T — XM assigns the pair (f*FilGM, f*¢M) is an
equivalence from XM (T) to the groupoid of pairs (Fil S, ¢) of a filtered formal group Fil G over T, locally
isomorphic to a filtered additive formal group, and an isomorphism of graded vector bundles over T,

Az (e.y) —— grLie(9),

where e has spin /2 and charge 1 and where 'y has spin 1 and charge 0.

Since k = F, is a prime field, the face maps do, d1: Syein1 — Syei are equal, so the groupoid Dirac
scheme S;e[-; is, in fact, a group Dirac scheme GM and

x" ~ g™
is its classifying Dirac stack. The dual Steenrod algebra is the Hopf algebra in Dirac k-vector spaces
corresponding to GM .

Finally, we express the method of descent, which goes back to Adams [1], in Dirac geometric terms.
Given a map of commutative algebras in spectra ¢: k — E, we may form the Dirac stack

~ 1i ®k [n]
X ~ h_r)n[n]erp Spec(m.(E ).

This Dirac stack and its coherent cohomology is particularly useful if the face maps in the simplicial
Dirac scheme are flat, in which case, we construct a functor

Mody (Sp) —2— QCoh(X)?

“4This grading encodes the residual U (1) ~ U (1) /Cj,-action on BC,.
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that to a k-module in spectra V assigns a quasi-coherent Ox-module F (V). This functor gives rise to an
Adams filtration of V, and the associated spectral sequence is the Adams or descent spectral sequence

Efy = H(X.F(V)(2) = 71 (V).

It starts from the coherent cohomology of X with coefficients in the half-integer Serre twists of F(V),
and it converges conditionally to the homotopy groups of the completion of V with respect to the Adams
filtration. A particularly understandable application of this method was given by Liu—Wang [15] in the
situation of the base-change map in topological Hochschild homology

k ~ THH(Ok / Sw) —— E ~ THH(Ox / Sw [2]),

where the descent spectral sequence is concentrated on the lines —1 < i < 0 and therefore degenerates
for degree-reasons.

Terminology. We write Ab for the symmetric monoidal category of Z-graded abelian groups with
the Koszul sign in the symmetry isomorphism, and we define the category of Dirac rings to be the
category CAlg(Ab) of commutative algebras therein. We use the terminology of Clausen—Jansen [8,
Theorem 2.19] and say that a map f: L — K between small oo-categories is a li_n)l-equivalence if for
every diagram X : K — C, the induced map

lim, f (X)*)h—n}KX

is an equivalence. These maps are referred to as cofinal in [20, Section 4.1].

2. Dirac stacks

We wish to define a Dirac stack to be a presheaf X : Aff° — § of anima on the category of affine Dirac
schemes, which is well behaved in the sense that

(1) X to be determined by a small amount of data, and
(2) X to be determined by local data,

and both of these conditions require some care.

In the case of (1), the category Aff of affine Dirac schemes is not small, so not every presheaf of
anima on Aff can be written as a small colimit of representable presheaves. Our solution, which is similar
to the one used by Clausen—Scholze [9], is to only consider the presheaves which can be expressed as
small colimits of representable presheaves. We show in Appendix A that this condition is equivalent to
the functor X being accessible and that it leads to an excellent theory.

In the case of (2), this leads us to consider presheaves which satisfy the sheaf condition with respect
to some Grothendieck topology. We would like to use the fpqc-topology, which is very strong but still
subcanonical. In general, the category of fpqc-covering sieves of a fixed affine Dirac scheme does not
have a small cofinal subcategory, and hence, it is not clear that a sheafication functor exists. We extend
the work of Waterhouse [35] to show our solution to (1) also solves (2) in that an accessible presheaf
admits a sheafification which is again accessible.

Remark 2.1. We will show that there exists a fully faithful embedding

Sch — s Shv(Aff)

of the category of Dirac schemes, which we defined in [12, Definition 2.29], into the co-category of
Dirac stacks defined according to the above principles.
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2.1. The flat topology

The category Aff of affine Dirac schemes is not small, but it is coaccessible in the sense that its opposite
category Aff°P ~ CAlg(Ab) is accessible. We show in Proposition A.2 that a presheaf

b'e
Aff* —— 8
is an accessible functor if and only if it is a small colimit of representable presheaves.

Definition 2.2. The co-category of Dirac prestacks is the full subcategory
P(AfF) c Fun(Aff?,§)

spanned by the accessible presheaves.

We show in Theorem A.10 that P(Aff) is complete and cocomplete and that it satisfies the Giraud
axioms, with the exception that it is not presentable. We also show that the Yoneda embedding factors
through a fully faithful functor

Aff ——s P(AF)

and that this functor exhibits P(Aff) as the cocompletion of Aff.

We proceed to define the flat topology on Aff and to show that it gives rise to a well-behaved
subcategory Shv(Aff) c P(AfF) of accessible flat sheaves. We recall the general notions of sieves and
Grothendieck topologies in Appendix B.

Definition 2.3. Asieve j: U — h(S) on an affine Dirac scheme S is a covering sieve for the flat topology
if there exists a finite family (f;: T; — S);c; of maps of affine Dirac schemes such that the induced map

f
T=[lgTi —S

is faithfully flat and such that each A( f;): h(T;) — h(S) factors through j.

Proposition 2.4. The collection of covering sieves for the flat topology forms a finitary Grothendieck
topology on Aff.

Proof. The assumptions of [23, Proposition A.3.2.1] are satisfied, since coproducts in Aff are universal
and since flat maps in Aff are stable under composition and under base-change along arbitrary maps. O

Proposition 2.5. A presheaf X: Aff°® — 8§ is a sheaf for the flat topology if and only if it has the
following properties:

(i) For every finite family (S;);c; of objects in Aft, the induced map

X(Uier i) —— Tlies X(Si)

is an equivalence of anima.
(ii) For every faithfully flat map f: T — S in Aff, the induced map

; xs[-]
X(8) — lim X (7*s!)

is an equivalence of anima.

Proof. This is [23, Proposition A.3.3.1]. O
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Definition 2.6. The co-category of Dirac stacks is the full subcategory
Shv(Aff) c P(Af)

spanned by the sheaves for the flat topology.

Let us emphasize that for a presheaf X: Aff°® — § to be a Dirac stack, it must be both accessible
and a sheaf for the flat topology. The former is the case if and only if the equivalent conditions of
Proposition A.2 are satisfied, and the latter is the case if and only if the conditions of Proposition 2.5
are satisfied.

Remark 2.7. We will only consider sheaves on Aff for the flat topology. However, it is also possible to
consider sheaves for the étale topology, whose covering sieves are defined by substituting étale for flat
in Definition 2.3. Since étale maps in Aff are flat by [12, Theorem 1.9], the flat topology is finer than
the étale topology.

A priori, it is not clear that the inclusion ¢: P(Aff) — Shv(Aff) admits a left adjoint ‘sheafification’
functor. However, we now show that, by an argument of Waterhouse [35, Theorem 5.1], such a functor
does indeed exist. It will be convenient to work with Dirac rings instead of affine Dirac schemes, and
we will use the following notion throughout the proof.

Definition 2.8. A subextension of a map of Dirac rings f: A — B is a diagram of rings of the form

with 7 and j inclusions of sub-Dirac rings. The subextensions of f: A — B form a partially ordered set
SubExt( f).

Remark 2.9. The partially ordered set SubExt(f) of f: A — B is equivalent to the full subcategory of
Fun(A!, CAlg(Ab)), r spanned by the monomorphisms.

Lemma 2.10. Let k be an uncountable cardinal, let f: A — B be a faithfully flat map of Dirac rings,
and let g’: C' — D’ be a subextension of f: A — B such that C’ and D’ are k-small. There exists a
subextension g: C — D of f: A — B such that g’: C’ — D’ is a subextension of g: C — D, such
that C and D are k-small, and such that g: C — D is faithfully flat.

Proof. In the case of ordinary rings, this is proved in [35, Lemma 3.1]. We recall the argument for the

convenience of the reader and to verify that that it works without much change in the Dirac setting.
We first recall the necessary commutative algebra. By the equational criterion for flatness [12,

Theorem 3.8], a map of Dirac rings f: A — B is flat if and only if for every system of linear equations

Dl<k<n YkCki =0 (1 <i<m), (2.11)

where the c¢y; are homogeneous elements of A, every solution (y); <k <n, consisting of homogeneous
elements of B, is a linear combination

Ve = Di<j<p bizjk (1<k<n),

where the b; are homogeneous elements of B, of solutions (zx)1<k<n to (2.11) consisting of homoge-
neous elements z;; of A.

By the equational criterion for faithful flatness, which we proved in [12, Addendum 3.9], a flat map
of Dirac rings f: A — B is faithfully flat if and only if it is a monomorphism and for every solution
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(yx)1 <k <n consisting of homogeneous elements of B to a system of linear equations

Di<k<n VkChki = d; (1 <i<m), (2.12)

where the c; and d; are homogeneous elements of A, there exists a solution (xg){<k<, consisting of
homogeneous elements of A.

Now, in order to prove the lemma, we let f: A — Bandg’: C’ — D’ be as in the statement. We note
that, as a consequence of [12, Addendum 3.23], the map f: A — B necessarily is a monomorphism,
and therefore, we may assume that it is the inclusion of a sub-Dirac ring.

We will define subextensions g,,: C,, — D, of f: A — B recursively for n > 0. We define go = g/,
and assuming that g, has been defined for n < r, we define g, as follows: We consider all systems of
equations of the form (2.11) and (2.12) with c; and d; homogeneous elements in C,_;. Since f: A — B
is flat, every solution (yg), consisting of homogeneous elements of B, to such a system of equations of
the first kind can be written as a linear combination y; = > bz with the b; and z;; homogeneous
elements of B and A, respectively. Similarly, since f: A — B is faithfully flat, for every solution (yy),
consisting of homogeneous elements of B, to a system of equations of the second kind, there exists a
solution (xg) to the same system of equations consisting of homogeneous elements of A. We now define
D, C B to be the sub-Dirac ring obtained by adjoining to D,_; all the homogeneous elements b}, z i,
and x; of B obtained in this way and define g, : C, — D, to be the inclusion of C, = A N D,.. This
completes the definition of the subextensions g,,: C, — D, forn > 0.

We claim that their union g: C — D is the desired subextension of f: A — B. Indeed, it is faithfully
flat as both the above criteria hold for it by construction, and since « is uncountable, the Dirac rings C
and D are k-small. O

Corollary 2.13. Let f: A — B be a faithfully flat map of Dirac rings and k an uncountable regular
cardinal. Let SubExt, (f) be the poset of those subextensions g: C — D such that both C and D are
k-small, and let SubExtff( f) be the subposet of those g: C — D that, in addition, are faithfully flat. In
this situation, the inclusion

SubExtlf (f) —— SubExt, (f)

is cofinal. In particular, the partially ordered set SubExtf(f( f) is k-filtered.

Proof. The first part is a restatement of Lemma 2.10. The second part is a consequence of the first part,
since SubExt, ( f) is «-filtered as it is a poset which admits x-small upper bounds. O

Lemma 2.14. Let f: A — B be a faithfully flat map of Dirac rings, let k be an uncountable regular
cardinal, and let [n] € A,. The map

SubExt, (f) —— CAlg(Aff,), goain)

from the poset of k-small subextensions of f to the category of k-small Dirac rings over B®A that to
g: C — D assigns the induced map

D®clnl ____ p®aln]

is a lim-equivalence as a functor of co-categories.

Proof. Using Joyal’s version of Quillen’s Theorem A, [8, Theorem 2.19], we must show that for any
k: R — B®al"l with R a k-small Dirac ring, the slice category

SubExt, (f)x/
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is weakly contractible. Explicitly, the objects of this category are pairs
(g: C— D, h: R — D)
of a k-small subextension of f: A — B and a map & such that the composite
R — D®clnl _, p®aln]

coincides with k. Maps are inclusions of subextensions that commute with the given maps from R. In
particular, the category in question is a poset. We will show that it is a «-filtered, which implies that it
is weakly contractible.

Since we are considering a poset, it suffices to show that every subset

i h; .
S={(C 25 D, RIS pP "y ey

indexed by a «x-small index set I has an upper bound. By first choosing an upper bound g: C — D of
the subset

S ={C; 25 Dy | i € I} € SubExty(f),

we can assume that C; = C and D; = D foralli € I.
With this accomplished, we consider the canonical comparison map

lim [1;¢; Map(R, D®¢ ]y —— [Ties lim Map(R, D® [n1),

where the colimits are indexed by the partially ordered set SubExt, ( f). Since this partially ordered set
is k-filtered, and since [ is k-small, the map in question is an equivalence by [20, Proposition 5.3.3.3].
Similarly, the map

ics li_r)nMap(R, Dec [n]) —— [1;¢; Map(R, li_r)nD@)c[n])

is an equivalence, because R is x-small, and therefore a k-compact object in the category of Dirac rings.
Finally, the map

[Tier Map(R, h_r}nD‘X’C["]) —— [1;e; Map(R, BAl"])

is an equivalence since A ~ limC and B =~ li_r)nD and since relative tensor products preserve filtered
colimits in all three variables.

Considering the composite of these maps, we conclude that there exists a x-small subextension
g':C" — D' of f: A — B that contains g: C — D as a subextension and a map of Dirac rings
h: R — D’®c’ll guch that for all i € I, the map

R, pecln] , precn

is equal to the map h. Thus, the pair (g': C’ — D’,h: R — D’®c’l"l) is the desired upper bound of
the subset S. O

For every infinite cardinal «, the flat topology on Aff induces a topology on the full subcategory
Aff, c Aff. A presheaf X : Aff;” — § is a sheaf for this topology if and only if the conditions (i)—(ii)
of Proposition 2.5 hold for all finite families (S;);c; of objects in Aff, and for all faithfully flat maps
f: T — §in Aff, respectively.
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Theorem 2.15. For every uncountable regular cardinal A, the left Kan extension

PAFF,) —— P(AF)

preserves sheaves with respect to the flat topology.

Proof. We extend Waterhouse’s argument in [35, Theorem 5.1] to the case of sheaves of anima. So
we wish to show that if X € P(Aff,) satisfies the hypotheses (i)—(ii) of Proposition 2.5, then so does
i1(X) € P(AfT).

First, if X satisfies (i), then by [20, Lemma 5.5.8.14], it can be written as a sifted colimit of
representable presheaves. Moreover, since i) preserves colimits and takes representable presheaves to
representable presheaves, we deduce that also i;(X) can be written as a sifted colimit of representable
presheaves and hence preserves finite products by [20, Proposition 5.5.8.10].

Second, suppose that X satisfies (ii) and let f: A — B be a faithfully flat map of Dirac rings. We
must show that the induced map of anima

(,(X)(Spee(4)) ——lim . iy(X)(Spec(541")

is an equivalence. Now, for any [n] € A,, the left Kan extension is given by
i1(X) (Spec(B®A1")) = lim X (Spec(R)).

where the colimit is indexed by R — B®A["] in ((Aff;)°P) /gealnl, and a combination of Corollary 2.13
and Lemma 2.14 shows that the functor

SubExtY (f) —— ((Aff2)°P) goain

that to the subextension g: C — D of f: A — B assigns D& "l — B®alnl j5 5 lim-equivalence.
Hence, we can identify the map in question with the map

. . . ®, [}’l]
h_r)nc_ﬂ) X(Spec(C)) —— m lim X (Spec(D®clnly)

[n]leA — C—D

with the colimits indexed by SubExtflf( f). Since the latter is A-filtered, and since A is uncountable, we
can commute the limit past the colimit, and therefore, it will suffice to show that the map

N . . ®, [}’l]
lim ., X(Spec(€)) —— lim ., lim lea X(Spec(DZ)

[n

is an equivalence. However, since every g: C — D in SubExtflf( f) is faithfully flat, and since X satisfies
(ii), this map is a colimit of equivalences and hence is itself an equivalence. This shows that i (X) also
satisfies (ii) as desired. O

Remark 2.16. Let Shv(Aff,) c P(Aff,) be the full subcategory spanned by the sheaves for the flat
topology. Theorem 2.15 shows that the canonical map

li_r>n/l Shv(Aff;) —— Shv(Aff)
from the colimit indexed by the large partially ordered set of uncountable regular cardinals A in the

universe of discourse of the large co-categories Shv(Aff ) to the large co-category Shv(Aff) of accessible
stacks on Aff is an equivalence.
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Corollary 2.17. The inclusion of the full subcategory spanned by the sheaves for the flat topology
admits a left adjoint sheafification functor,

L
P(AFF) Z—— Shv(Aff),

and the sheafification functor L preserves finite limits.

Proof. Given X € P(Aff), by Proposition A.2, we can write X =~ i,(Xy) for some cardinal A and
Xo € P(Aff,). Since Aff, is essentially small, the inclusion

Ly ShV(Aﬂ:/]) — ?(Aﬂ:,l)

admits a left adjoint sheafification functor L, : P(Aff,) — Shv(Aff,) because its domain and target are
both presentable. Now, we claim that the map

X = iy(Xo) ——— iy La(Xo)

is a sheafification. Indeed, by Theorem 2.15, the target is the underlying presheaf of a sheaf, and for
every Y € Shv(Aff), we have

Map(iyaLa(Xo), «(Y)) = Map(taLa(Xo),i*t(Y))
=~ Map(t2La(Xo), tai*(Y)) = Map(L(Xo),i*(Y)) = Map(Xo, tai*(Y))
=~ Map(Xo, i"t(Y)) = Map(i)(Xp), t(Y)) =~ Map(X, «(Y)),

as desired. Hence, we conclude from [17, Tag 02FV] that the desired left adjoint functor L exists. It
preserves finite limits because each L, does so. O

Remark 2.18. The sheafification functor L: P(Aff) — Shv(Aff) is a localization with respect to the
large set W consisting of the following colimit-interchange maps:

(i) For every finite family (S;);e; of objects in Aff, the map
I_[iel h(Si) — h(HieI Si),

where h: Aff — P(Afl) is the Yoneda embedding.
(ii) For every faithfully flat map f: T — S in Aff, the map
lim
s

Ao h(T*s1=1) —— n(S).

Indeed, this follows from Proposition 2.5.

‘We now show that the co-category of Dirac stacks satisfies the following variant on the co-categorical
Giraud axioms.

Theorem 2.19. The co-category Shv(Aff) has the following properties:

(i) Itis complete and cocomplete, and it is generated under small colimits by the essential image of the
Yoneda embedding h: Aff — Shv(Aff), which consists of wi-compact objects and is coaccessible.
(i) Colimits in Shv(Aff) are universal.
(iii) Coproducts in Shv(Aff) are disjoint.
(iv) Every groupoid in Shv(Aff) is effective.

Proof. Corollary 2.17 shows that Shv(Aff) is a left exact localization of P(Aff), so completeness,
cocompletness, the fact that Shv(Aff) is generated under small colimits by the Yoneda image, and parts
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(ii)—(iv) follow from Theorem A.10. It remains to prove that if S is an affine Dirac scheme, then A(S) is
wi-compact. Now, for every Dirac stack X, we have

Map(h(S), X) = X(S$),

so the claim that A(S) is wi-compact is equivalent to the statement that w1 -filtered colimits in Shv(Aff)
are calculated pointwise. By Proposition A.9, all small colimits in P(Aff) are calculated pointwise, so
it suffices to show that Shv(Aff) ¢ P(Aff) is closed under w,-filtered colimits. But by Proposition 2.5,
the sheaf condition is expressed in terms of w;-small limits, so the pointwise colimit of an w-filtered
diagram of sheaves is again a sheaf because w;-small limits and w-filtered colimits of anima commute
by [20, Proposition 5.3.3.3], as w is a regular cardinal. O

Remark 2.20. In the language of Question A.20, part (i) of Theorem 2.19 would be phrased as saying
that Shv(Aff) is an w;-macropresentable co-category.

We next deduce from [20, Theorem 6.1.3.9] the following fundamental descent theorem. We will
use later to prove that co-categories of Dirac formal groups over Dirac stacks descend along effective
epimorphisms.

Theorem 2.21. The slice co-category functor

Shv(Aff),_  —
Shy(Aff) — ", Cate,

preserves small limits.

Proof. Suppose that X ~ li_n)lkeK X} is a colimit of a small diagram in Shv(Aff). We wish to prove that
the canonical map

Shv(Af)x ——Lim _ Shv(Aff)x,

is an equivalence. As in Remark 2.16, we may write

Shv(Aff) ~ h'_r)n/leL Shv(Aff,)
as the filtered colimit indexed by the partially ordered set L consisting of the small uncountable regular
cardinals A for which the diagram in equation factors through Shv(Aff,;) c Shv(Aff). Now, for every

A € L, Shv(Aff,) is an co-topos, so

Shv(Affy)x ——1lim _  Shv(Affa)x,

is an equivalence by [20, Theorem 6.1.3.9]. Therefore, also the induced map of colimits

Shv(Aff)x = lim _ Shv(Affy)x ——lim _ lim Shv(AfF)x,

—> A€l «—keK°p

is an equivalence, so it remains to argue that the canonical map

lim  lim Shv(Aff,)/x, — lim lim  Shv(Affy)/x,

—>Ael «—keK°P —keK® — el

is an equivalence. But there exists a regular cardinal « such that K is x-small and L is k-filtered, so this
follows from [20, Proposition 5.3.3.3] by the same argument as in the proof of [23, Lemma 4.5.3.1]. O
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2.2. Dirac schemes as stacks

We show that that the category of Dirac schemes embeds fully faithfully into the co-category of Dirac
stacks.

Definition 2.22. The restricted Yoneda embedding is the composition
Sch —— Fun(Sch®?, §) —— Fun(Aff°?, §)

of the Yoneda embedding and the restriction along the canonical inclusion.

If X is a Dirac scheme, then we write 2(X) for its image by the restricted Yoneda embedding. We
proceed to show that i(X) is a Dirac stack.

Lemma 2.23. If X is affine, then the presheaf h(X) is a Dirac stack.

Proof. The presheaf h(X) is representable, and hence accessible, as the co-category Aff is coaccessible.
The fact that ~(X) is a sheaf for flat topology is a restatement of faithfully flat descent, which we proved
in [12, Addendum 3.23]. m]

Proposition 2.24. If X is a Dirac scheme, then the presheaf h(X) is a sheaf for the flat topology.

Proof. We must verify that h(X) satisfies conditions (i) and (ii) of Proposition 2.5. In the case of (i),
there is nothing to prove, and in the case of (ii), we must show that if #: T — S is a faithfully flat map
of affine Dirac schemes, then

h(X)(S) —— Lim A(X)(T*s1)

is an equivalence of anima. Now, since the presheaf 4(X) takes values in the full subcategory S<9 C S
of O-truncated anima, the restriction

i xs[-] i xs -1
lim, h(X)(TS17) —— lim | h(X)(751)

is an equivalence by [12, Proposition A.1]. So it suffices to show that

4

. 0
Map(S, X) —— Map(T, X) ——— Map(T xs T, X)
—

is a limit diagram of sets.

We first verify that 2" is injective. So we let fi, f: S — X be maps of Dirac schemes with
fih = fobh: T — X. Since h induces a surjective map of underlying topological spaces by [12,
Proposition 3.15], we deduce that f; and f> have the same underlying map p: |S| — |X| of topological
spaces. So we have f; = (p, ¢;) and wish to show that the maps ¢, ¢»: p*Ox — Og of sheaves of Dirac
rings coincide. This can be checked stalkwise. So we write & = (g, ), let s € |X| with x = p(x) and
choose ¢ € |T| such that s = g(t), where we use that g : |T| — |S| is surjective. Now, by the assumption
that fih = f>h, the two composites

¢i,x ws
OX,x OS,S

Ot

coincide. But the latter map is a flat local homomorphism of local Dirac rings, and therefore, it is

injective by [12, Proposition 3.16]. This shows that ¢ = ¢>  and hence that f; = f5, as desired.
Next, we show that g: T — X with gdg = gdi: T Xs T — X factors through amap f: S — X.

Such a factorization is necessarily unique, by what was proved above. We choose a covering (W;);er

https://doi.org/10.1017/fms.2024.2 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.2

20 L. Hesselholt and P. Pstrqgowski

of X by affine open subschemes and consider the covering (V;);c; of T by the open subschemes
Vi=Txx W; — T. Since

|VixsT| =T xs V;| C|T xs T,

we conclude from [12, Proposition 3.24] that there exists a unique covering (U;);c; of S by open
subschemes such that V; ~ T xg U; — T for alli € I. We observe that any f: S — X with the desired
property necessarily will satisfy f(U;) ¢ W;. Thus, it suffices to show that for every i € I, there exists
a map of Dirac schemes f;: U; — W; with the property that the composite map

hly; Ji
Vi U; W; X

isequal to gly,: V; — X.

Now, for every i € I, we choose a covering (U;, ;);cy, of U; by affine open subschemes and note that
also (Vi j)jes, With V; ; = T Xg U; ; — T is a covering of V; by affine open subschemes. Moreover, the
map hly, ;: Vi ; — U; ; is a faithfully flat map of affine Dirac schemes, and we have a map

8lv; ;
Vi,j — W;

with the property its restriction along the two projections

Vi,j XU; ; Vi,j 4>4) Vi’j
coincide. As everything is affine, we conclude from Lemma 2.23 that g|y; ; admits a unique factorization
through a map f; ;: U; ; — W;. By uniqueness, the maps f; ;j: U; ; — W; glue to give the desired

fi: Ui — W;. This completes the proof. O

Lemma 2.25. Let X be a Dirac scheme and let B be a basis for the topology on its underlying space
| X| such that if U,V € B, then UNV € B. If h(U) is accessible for all U € B, then so is h(X).

Proof. We know from Proposition 2.24 that 2(X) € Fun(Aff°P, 8) is a sheaf for the flat topology, and
we wish to prove that it belongs to the full subcategory

lim Shv(Aff,) = Shv(Aff) c Fun(Aff°?, §).
— K

Since the inclusions i, : Aff, — Aff exhibit Aff as a colimit of the Aff,, it suffices to show that there
exists a A such that for all ¥ > A, the diagram

Affy —— Aff,
i;h<X\ /ahoo
S

exhibits iy 7(X) as a left Kan extension of i 1(X). Now, each h(U) is accessible and B is small, so we
can find a A such that for all « > A, the diagram

Affy —— Aff,

i;h(U\ /ww
IS
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exhibits iz 2(U) as a left Kan extension of i,2(U). Since left Kan extension preserves sheaves by
Theorem 2.15, we conclude that it will suffice to show that the map

lim, o 5A(U) —— D h(X)

in Shv(Aff,) is an equivalence.
To prove that this is so, let us write s, =~ ij‘lh. Since, locally on S, every map n: S — X from an
affine Dirac scheme factors through some U € B, the map

[y ew ha(U) —— ha(X)
in Shv(Aff,) is an effective epimorphism. Therefore, it will suffice to show that the base-change

(im o 72(U)) Xy (x) ha(Uo) —— ha(Uo)

of the map in question along the map induced by the open immersion of any Uy € B into X is an
equivalence. Since colimits in Shv(Aff,) are universal, and since the Yoneda embedding preserves
limits, the canonical map

lim o ha(Uxx Up) —— (lim . ha(U)) Xy (x) ha(Uo)

in Shv(Aff,) is an equivalence. Hence, we wish to show that the map of colimits

lim, ha(U xx Ug) — h—r>nUe%U0 ha(U) = hy(Uyp)

induced by the functor — xx Up: B — B,y,, which exists by our assumption that the basis B is closed
under finite intersections, is an equivalence. In fact, we claim that this functor is a li_I)n-equivalence.
Indeed, by [20, Theorem 4.1.3.1], it suffices to show that

B xp,, (Bjuglv/

is weakly contractible for every V € B,,. But we can identify this category with the poset By, ;, which
has V as a minimal element, so its classifying anima is contractible, as required. O

Proposition 2.26. If X is a Dirac scheme, then the presheaf h(X) is accessible.

Proof. The statement holds for affine Dirac schemes by Lemma 2.23, and we now use Lemma 2.25 to
bootstrap our way to general Dirac schemes.

First, if X admits an open immersion j: X — S into an affine Dirac scheme, then we take B to be the
poset consisting of the open subschemes U C X with the property that j(U) = Sy C S is a distinguished
open subscheme. This B is a basis for the topology on |X]|, it is stable under finite intersection, and
h(U) is accessible for every U € B, because Sy is affine. So h(X) is accessible by Lemma 2.25.

Finally, if X is any Dirac scheme, then we take B to be the poset of open subschemes U c X with
the property that U admits an open immersion into some affine Dirac scheme. Again, this B is a basis
for the topology on |X|, it is stable under finite intersection, and by the case considered above h(U) is
accessible for all U € B. So Lemma 2.25 shows that i(X) is accessible. O

Theorem 2.27. The restricted Yoneda embedding defines a fully faithful functor

Sch —— Shv(Aff)

from the category of Dirac schemes to the co-category of Dirac stacks.
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Proof. It follows from Proposition 2.24 and Proposition 2.26 that the restricted Yoneda embedding from
Definition 2.22 takes values in Shv(Aff) c Fun(Aff°?, 8). So we get the desired functor and must prove
that it is fully faithful. We let X and Y be Dirac schemes and wish to prove that the canonical map

Map(Y, X) —— Map(h(Y), h(X))

is an equivalence of anima. (In fact, the domain and target of this map are both O-truncated anima.) If Y
is affine, then this follows from the Yoneda lemma.

In general, if B is a basis for the topology on the underlying space |Y|, which is stable under finite
intersection, then the canonical map of Dirac schemes

lim U——Y
—U€eB

is an equivalence by [12, Theorem 2.32], and the canonical map of Dirac stacks

h—n>1Ue23 h(U) —— h(Y)
is an equivalence by the proof of Lemma 2.25. Thus, we can bootstrap our way from affine Dirac
schemes to general Dirac schemes in the same way as we did in the proof of Proposition 2.26. O

A small diagram X: K — Sch may not admit a colimit, and even if it does, then the colimit is
generally not meaningful. Instead, it is the colimit of the composite diagram A(X): K — Shv(Aff),
which always exists, that is meaningful. We show, however, that if K is static, then the two colimits do
agree.

Addendum 2.28. The functor h: Sch — Shv(Aff) preserves coproducts.

Proof. The functor in question preserves finite coproducts, so it suffices to show that for a small family
of Dirac schemes (Xg)rek , the canonical map

fim (L ger Xe) — h(tim, e Xo) = A(LLex X0,

where the colimits range over the filtered category of finite subsets I C K, is an equivalence. We claim
that the left-hand colimit is calculated pointwise. Indeed, this claim is equivalent to the statement that
the presheaf given by pointwise colimit satisfies the sheaf condition. But the flat topology on Aff if
finitary and the diagram in question takes values in 8 <o-valued presheaves, so by [12, Proposition A.1],
the sheaf condition amounts to the requirement that certain finite diagrams in § are limit diagrams.
Hence, the claim follows from the fact that finite limits and filtered colimits of anima commute. Finally,
given T € Aff, the canonical map

lim  Map(T, xes Xk) —— Map(T, [1xex Xx)
is an equivalence since T is quasi-compact. i

2.3. Geometric maps

The co-category of all Dirac stacks is quite large, and in practice, one is often interested in the smaller
subcategory of geometric Dirac stacks, which, informally, is the closure of the full subcategory of Dirac
schemes under quotients by flat groupoids. The precise definition, however, is more delicate and follows
Lurie [18, Chapter 26] and Toen—Vezzosi [33]. Geometric Dirac stacks are formally similar to Artin
stacks, the main differences being the following:

1. We consider sheaves of anima, as opposed to sheaves of groupoids.
2. We consider sheaves on affine Dirac schemes, as opposed to affine schemes.
3. We allow quotients by flat groupoids, as opposed to only smooth grouoids.
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More generally, we define the relative notion of a geometric map between Dirac stacks. We follow Lurie
[18, Chapter 26], who sets up the analogous theory in derived algebraic geometry. The definition is
recursive.

Definition 2.29. Let f: Y — X be a map of Dirac stacks.

(1) The map f: Y — X is O-geometric if for every map n: S — X from a Dirac scheme, the
base-change fs: Ys — § of f along 7 is equivalent to a map of Dirac schemes.

(2) The map f: Y — X is O-submersive if for every map : § — X from a Dirac scheme, the
base-change fs: Ys — S of f along 7 is an effective epimorphism and equivalent to a flat map of
Dirac schemes.

Remark 2.30 (Affine source suffices). In Definition 2.29, it suffices to consider maps : S — X with
S an affine Dirac scheme. However, the source of the base-change fs: Ys — S will typically not be an
affine Dirac scheme, even if S is affine.

Remark 2.31 (Effective epimorphisms). It follows from Proposition B.6 that a map of Dirac stacks
p: Y — X is an effective epimorphism if and only if for every map : S — X from an affine Dirac
scheme, there exists a diagram

Ty
b
s—T 4 x
where ¢ is a faithfully flat map of affine Dirac schemes. So p: ¥ — X is an effective epimorphism if and
only if, locally for the flat topology on the source, every map n: S — X from an affine Dirac scheme
admits a factorization through f.

Remark 2.32 (Submersive maps of Dirac schemes). Let f: Y — X be a map of Dirac schemes. The
map f is automatically O-geometric because the embedding of Dirac schemes in Dirac stacks preserves
fiber products, and Remark 2.31 shows that f is O-submersive if and only if it is an fpqc-covering in the
sense that f is flat and for every affine open U C X, there exists a quasi-compact open V ¢ f~!(U)
such that f|y: V — U is surjective. This is the analogue for Dirac schemes of the definition of an
fpqc-covering given in [32, Tag 022B].

Definition 2.33. Let f: ¥ — X be a map of Dirac stacks and n > 1 an integer.

(1) The map f: Y — X is n-geometric if for every base-change fs: Ys — S alongamapn: § - X
from a Dirac scheme, there exists an (n — 1)-submersive map p: T — Ys from a Dirac scheme.

(2) The map f: Y — X is n-submersive if for every base-change fs: Y¢ — S alongamapn: § - X
from a Dirac scheme, there exists an (n — 1)-submersive map p: T — Yg from a Dirac scheme such
that the composite map

T%YSLS

is O-submersive.

The map f: Y — X is geometric if it is n-geometric for some n > 0, and it is submersive if it is
n-submersive for some n > 0.

Remark 2.34 (Stability under base-change). In Definition 2.33, it suffices to consider maps n7: § — X
with § an affine Dirac scheme. The properties of being n-geometric and being n-submersive are preserved
under base-change along any map.
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Warning 2.35 (The value of # is irrelevant). Contrary to what Definition 2.33 might suggest, it is the
properties of a map of Dirac stacks of being geometric or submersive that are important, whereas the
particular n for which the map in question is n-geometric or n-submersive is of little relevance. However,
the recursive nature of the definitions is useful for making inductive proofs.

Lemma 2.36. Let f: Y — X be a map of Dirac stacks and let n > 0 be an integer. If f is n-geometric,
then fis also (n + 1)-geometric. If f is n-submersive, then f is also (n + 1)-submersive.

Proof. We argue by induction on n > 0. If f is 0-geometric, then, by definition, the base-change
fs:Ys — S of f along any map n: S — X from a Dirac scheme is equivalent to a map of Dirac
schemes. Since the identity map id: Ys — Y is a O-submersive map from a Dirac scheme, we conclude
that f is 1-geometric.

So we let n > 1 and assume inductively that the statement has been proved for k < n. If f is
n-geometric, then for every base-change fs: Ys — S of f along amap n: S — X from a Dirac scheme
S, there exits an (n — 1)-submersive map p: T — Yg from a Dirac scheme. By the inductive hypothesis,
the map p is also n-submersive, which shows that f is (n + 1)-geometric. The same argument shows that
if f is n-submersive, then it is (n + 1)-submersive. O

Proposition 2.37. If a map of Dirac stacks f: Y — X is n-submersive for some n > 0, then it is an
effective epimorphism.

Proof. Since Shv(Aff) is generated under small colimits by the image of the Yoneda embedding, and
since the property of being an effective epimorphism is local on the base, we may assume that X is
affine. We proceed by induction on n > 0, the case n = 0 being trivial, because a 0-submersive map is
an effective epimorphism by definition. So we let n > 1 and inductively assume the statement for k£ < n.
Since f: Y — X is n-submersive and X affine, there exists a factorization

Ty L x

with p an (n—1)-submersive map from a Dirac scheme such that f p is O-submersive. Now, by the induc-
tive hypothesis, both p and f p are effective epimorphisms, so we conclude from [20, Corollary 6.2.3.12]
that also f is an effective epimorphism. O

Proposition 2.38. Let g: Z — Y and f: Y — X be maps of Dirac stacks and let n > 0. If f and g are
both n-geometric or both n-submersive, then so is fg.

Proof. We argue by induction on n > 0. The geometric part of case n = 0 follows from definitions,
and the submersive part follows from the fact that both effective epimorphisms and flat maps of Dirac
schemes are closed under composition. So we let n > 1 and assume inductively that the statements have

been proved for k < n. To prove the induction step, we consider the diagram

’ 7"

v— sz, L zi T 7
lgu J Jg

U—" yg " sy

st J{f

s—" 5 x

with S a Dirac scheme and the squares cartesian. Suppose first that f and g are n-geometric. We first
choose an (n — 1)-submersive map p: U — Yg from a Dirac scheme. Since g is n-geometric, so is
gu, and hence, we may choose an (n — 1)-submersive map ¢g: V — Zy from a Dirac scheme. By the
inductive hypothesis, the composition of the (n — 1)-submersive maps p’ and g is (n — 1)-submersive.
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This shows that fg is n-geometric. If f and g are n-submersive, then we may choose the maps p and ¢
such that fsp and gy g are O-submersive. But then also

(fe)s(p'q) = fsgsp'q = (fsp)(guq)

is O-submersive, so we conclude that fg is n-submersive. O

Lemma 2.39. If f: Y — X is an effective epimorphism of Dirac stacks, then for every mapn: V — X
from a Dirac scheme, there exists a diagram

w

14

with p: W — V a O-submersion from a Dirac scheme W.

—

N(T’ﬂ

LN

Proof. Let (S;);e; be a family with S; c V affine open and | J;¢; |S;| = |V|. It follows from Remark
2.32 and Addendum 2.28 that the induced map

Sl Si ——V

is O-submersive. Applying Remark 2.31 to each §; separately, we find O-submersive maps ¢;: T; — S;
with 7; affine and factorizations of the composite maps

TiqiSi ¢ %y M.y

through f: ¥ — X. Thus, we obtain the desired diagram with W ~ [[;; T;. O

Proposition 2.40. Let g: Z — Y and f: Y — X be morphisms of Dirac stacks and n > 0.

(a) Let g be n-submersive. If fg is (n + 1)-geometric, then so is f.
(b) Let fbe (n+2)-geometric. If fg is (n+ 1)-geometric, so is g.

Proof. For part (a), we consider the diagram

V"zs"z

P
b, L

with S a Dirac scheme and the squares cartesian. Since fg is (n + 1)-geometric, we can find an n-
submersive map ¢ from a Dirac scheme, and since g is n-submersive, so is its base-change gs and the
composite map gsq by Proposition 2.38. Hence, gsq is the required n-submersive map to Y.

https://doi.org/10.1017/fms.2024.2 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.2

26 L. Hesselholt and P. Pstrqgowski

For part (b), we consider the diagram

”

/LN . SN Ny
8s 8

k [«
U—L sys—" vy

lﬁs Jf

s—"T o x

with S a Dirac scheme and with the squares cartesian. The maps p and ¢ are an (n + 1)-submersive
map from a Dirac scheme U and an n-submersive map from a Dirac scheme V, and they exist by the
assumption that f and fg be respectively (n + 2)-geometric and (n + 1)-geometric. Now, Proposition
2.37 shows that p is an effective epimorphism, so by Lemma 2.39, we can find a 0-submersive map of
Dirac schemes h: W — V together with the indicated factorization of gggh through p.

Since & is 0-submersive, it is n-submersive by Lemma 2.36, and since also g is n-submersive, it follows
from Proposition 2.38 that g/ is n-submersive. Similarly, since & is 0-geometric, it is (n + 1)-geometric
by Lemma 2.36, and since also p is (n+ 1)-geometric, it follows from another application of Proposition
2.38 that pk is (n + 1)-geometric. So part (a) shows that gg is (n + 1)-geometric, as desired. O

Proposition 2.41. Let f: Y — X be a map of Dirac stacks and let f’: Y’ — X' be the base-change of
falong an effective epimorphism p: X' — X.

(a) If f' is n-geometric withn > 1, then so is f.

(b) If f' is n-submersive with n > 1, then so is f.

Proof. Letn: S — X be a Dirac scheme and let fs: Y5 — S be the base-change of f along 1. We wish
to find an (n — 1)-submersive map U — Yy from a Dirac scheme. Using Lemma 2.39, we can find the
left-hand square

<
~

T X’ Y’
[
s— "1 oxt ¥

with ¢ a 0-submersive map of Dirac schemes. Since f” is n-geometric, we can find an (n— 1)-submersive
map r: U — Y/ from a Dirac scheme. But then

U%YI{:YT L}YS

is (n — 1)-submersive. Indeed, the map gy is the base-change of the 0-submersive map g and hence
0-submersive, so by Lemma 2.36, it is also (n — 1)-submersive, and finally, the composite map is (n—1)-
submersive by Proposition 2.38. This completes the proof of (a), and the proof of (b) is analogous. 0O

Warning 2.42. The statement of Proposition 2.4 1 does not hold for » = 0 since the property of being a
Dirac scheme is not local for the flat topology. In fact, there exists an algebraic space f: ¥ — X over a
scheme X and an étale surjection p: Y’ — Y such that Y’ is a scheme, but Y is not; see [34, §4.4.2].

Lemma 2.43. If a map of Dirac schemes f: T — S is n-submersive for some n > 0, then it is
0-submersive.

Proof. We proceed by induction on n > 0, the case n = 0 being trivial. So we let n > 1 and assume that
the statement has been proved for k < n. Since f: T — S is n-submersive, there exists, by definition, a
scheme V and an (n — 1)-submersive map p: V — T such that the composite map

VLT%S
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is 0-submersive. By the inductive hypothesis, the map p is O-submersive, and since both fp and p are
flat, we deduce that f is flat as well. Similarly, since both fp and p are effective epimorphisms, so is f.
Hence, f is a O-submersion. O

Proposition 2.44. Let f: Y — X be an n-geometric map of Dirac stacks. If f is m-submersive for some
m > 0, then fis n-submersive.

Proof. Using Lemma 2.36 and downward induction, it suffices to show that if f is n-geometric and
(n + 1)-submersive, then it is n-submersive. Since both properties are detected after base-change to a
Dirac scheme, we may assume that X is a Dirac scheme. If n = 0, then there is nothing to prove, so
we assume that n > 1. Since f is n-geometric, and since X is a Dirac scheme, there exists an (n — 1)-
submersive map p: U — Y from a Dirac scheme. We claim that the composite map
14 f
U——Y ——
is a 0-submersive map of Dirac schemes, so that f is also n-submersive.
To prove the claim, we consider the diagram

W Vu %
Jqu Jq
v—" sy ,x

with g an n-submersive map from a Dirac scheme and the square cartesian. The map g exists, because f
is (n + 1)-submersive. The base-change gy is also n-submersive, so we can find the (n — 1)-submersive
map r from a Dirac scheme such that gy r is 0-submersive. The composite map (fp)(gyr) is an n-
submersive map between Dirac schemes and hence 0-submersive by Lemma 2.43. Thus, (fp)(qur)
and gy r are both flat maps of Dirac schemes, so fp is flat, and (fp)(gur) and gyr are both effective
epimorphisms, so fp is an effective epimorphism. This proves the claim. O

We have now established the notions of maps of Dirac schemes being geometric and submersive and
proved that both are stable under composition and base-change as well as local on the base for the flat
topology, so we proceed to specialize and consider the absolute notion of a geometric Dirac stack.

Definition 2.45. A Dirac stack X is n-geometric if the unique map
X L) Spec(Z)

is n-geometric. It is geometric if it is n-geometric for some n > 0.

Remark 2.46. In our definition, a Dirac stack is 0-geometric if and only if it is represented by a Dirac
scheme. Different choices are possible, but as we explained in Warning 2.35, it is the property of being
geometric that is important and not the property of being n-geometric for a particular n > 0.

We record some basic stability properties of geometric Dirac stacks.
Proposition 2.47. Let f: Y — X be a map of Dirac stacks and let n > 0.

(a) Suppose that fis n-geometric. If X is n-geometric, then so is Y.
(b) Suppose that f is n-submersive. If Y is (n + 1)-geometric, then so is X.
(¢) Suppose that X is (n + 2)-geometric. If Y is (n + 1)-geometric, then so is f.

In particular, all maps between geometric Dirac stacks are geometric.

Proof. This is Proposition 2.38 and Proposition 2.40. o

https://doi.org/10.1017/fms.2024.2 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.2

28 L. Hesselholt and P. Pstrqgowski

Proposition 2.48. The full subcategory Shv(Aff)&°™ c Shv(Aff) spanned by the geometric stacks is
closed under finite limits. More precisely, the final Dirac stack is 0-geometric, and given a cartesian
square of Dirac stacks

y -5 .y

b

g
X — X
with X', X and Yn-geometric, also Y' is n-geometric.

Proof. Only the claim concerning fiber products needs proof. If n = 0, then X, X’ and Y are Dirac
schemes, and hence, so is Y’. If n > 1, then by Proposition 2.47 (c), the map f is n-geometric, and
therefore, so is f”. Thus, Proposition 2.47 (a) implies that Y’ is n-geometric as stated. O

Theorem 2.49. The full subcategory Shv(Aff)&°™ C Shv(Aff) spanned by the geometric Dirac stacks
has the following properties:

(1) It contains all small coproducts of affine Dirac schemes.
(2) It is closed under colimits of groupoids with submersive face maps.

Moreover, it is minimal with these properties.

Proof. We first show that Shv(Aff)&°™ satisfies (1) and (2). For (1), we recall from Addendum 2.28
that a small coproduct of affine Dirac schemes is a Dirac scheme — hence, a geometric Dirac stack. For
(2), we let S: A°? — Shv(Aff) be a groupoid with colimit X. By Theorem 2.19, S is effective in the
sense that the square

SlLSO

| f |

So— X

is cartesian. In this situation, we wish to show that if dy is a submersive map between geometric
Dirac stacks, then X is geometric. If we choose an n > 0 such that both Sy and S| are n-geometric,
then Proposition 2.47 (c) shows that dj is n-geometric, and thus Proposition 2.44 shows that dy is n-
submersive. Since (the horizontal) f is an effective epimorphism, we conclude from Proposition 2.4 1
and from the fact that d is n-submersive that (the vertical) f is n-submersive. But then Proposition 2.47
(b) shows that X is (n + 1)-geometric, as desired.

Finally, we let C C Shv(Aff)&°™ be a full subcategory satisfying (1) and (2) and show, by induction
on n > 0, that € contains all n-geometric Dirac stacks. For n = 0, we must show that C contains every
Dirac scheme X. We first suppose that X =~ [[,<; X; is a coproduct of Dirac schemes, each of which can
be embedded as an open subscheme X; C S; of an affine Dirac scheme. We can write each X; as the
union of a family (7; ;);ey, of distinguished open subschemes 7; ; C S;, and therefore, it follows from
Addendum 2.28 that the canonical map

p
Vo= Uier Ujey, Tij — X

is O-submersive. Now, since p is an effective epimorphism, its Cech nerve

AP Y Shv(Aff)
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is a colimit diagram, and since coproducts in Shv(Aff) are disjoint, we have

~~~~~~

for k > 0. But each summand is an affine Dirac scheme, since distinguished open subschemes of an
affine Dirac scheme are closed under finite intersections, so we conclude from properties (1) and (2)
that X is contained in C.

Next, if X is a general Dirac scheme, then we choose a family (S;);¢; of affine open subschemes such
that ;¢ |S:| = | X|. In this case, the canonical map

4
Vo= [l Ui—— X

is an effective epimorphism, and its Cech nerve V: AY — Shv(AfF) has the property that for all k > 0,
the Dirac scheme Vj is a coproduct of open subschemes of affine Dirac schemes. Hence, each Vy is
contained in C by what was proved in the previous paragraph, and therefore, so is X. This proves the
case n = 0.

Finally, we let n > 1 and assume, inductively, that C contains all (n — 1)-geometric Dirac stacks.
Given an n-geometric Dirac stack X, we choose an (n — 1)-submersive map p: Vy — X from a Dirac
scheme and consider its Cech nerve

AP Y Shv(Aff).

Since p is (n — 1)-submersive and V|xor an effective groupoid, we conclude that all face maps in V/|pop
are (n — 1)-submersive — hence, by Proposition 2.38, so is every iterated face map Vi, — Vj. But Vj is
(n — 1)-geometric, being a Dirac scheme, so Proposition 2.47 shows that Vi is (n — 1)-geometric for all
k > 0. By the inductive hypothesis, Vs is a groupoid in € with submersive face maps, so we conclude
from property (2) that X is contained in C, as desired. o

Remark 2.50 (Flat maps). The notion of a flat map of Dirac schemes may be generalized to the notion
of a flat map of Dirac stacks as follows. A map of Dirac stacks f: ¥ — X is flat if, in every diagram of

the form
T
S

with § and T Dirac schemes and with p: S — X and (g, h): T — Ys submersive, the map of Dirac
schemes g: T — § is flat. One can show that a map of Dirac stacks is submersive if and only if it is a flat
effective epimorphism. In particular, if a flat map of Dirac stacks admits a section, then it is submersive.
It follows that, in Theorem 2.49, the property (2) is equivalent to the following:

#}Y

|

g
p
— X

(2°) Itis closed under colimits of groupoids with flat face maps.

Thus, the theorem shows that the full subcategory spanned by the geometric Dirac stacks is precisely
the closure under colimits of groupoids with flat face maps of the full subcategory spanned by the Dirac
schemes.

3. Coherent cohomology

In this section, we construct the functor that to a Dirac stack X assigns the presentably symmet-
ric monoidal stable co-category QCoh(X) of a quasi-coherent Ox-modules that we outlined in the
introduction.
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3.1. Quasi-coherent Ox-modules

We first define the functor that to an affine Dirac scheme S assigns its presentably symmetric monoidal
stable co-category of quasi-coherent Og-modules. The definition uses animation, which we first recall
following [20, Section 5.5.8] and [6].

Let C be a presentable 1-category. An object P € C is compact 1-projective if the map
Map(P, —): € — Set corepresented by P preserves small sifted colimits, and we write 7g: CP — € for
the inclusion of the full subcategory spanned by the compact 1-projective objects. Now, if € is generated
under small sifted colimits by mg: CP — C, then its animation is defined to be the initial map

©cp h , (Gan

to an co-category that admits small sifted colimits. So any map fy: CP — D to an co-category D that
admits small sifted colimits admits a unique factorization

ecp ©an

\/

such that f preserves sifted colimits. The co-category C*" is presentable and the map 4: CP — C*"
preserves finite coproducts. Moreover, if also D admits all small colimits and if f; preserves finite co-
products, then f preserves all small colimits. In particular, the inclusion 7y : CP — C factors uniquely as

©ep s (@an

and the map 7: 7<o(C*) — C induced by x is an equivalence, so that the right adjoint of 7 can be
identified with the inclusion s: € — C*" of the full subcategory spanned by the O-truncated objects.

Lemma 3.1. If R is a Dirac ring, then the animation Modg (Ab)*" of the abelian category Modg (Ab)
exists and is a complete Grothendieck prestable co-category.

Proof. The compact 1-projective objects in the abelian category € =~ Modg(Ab) are the graded
R-modules which are finitely generated and projective, so C°? ¢ € generates C under sifted colimits.
Therefore, the animation i: CP — C exists and agrees, by [20, Proposition 5.5.8.15], with the Yoneda
embedding i: CP — Py(CP) into the full subcategory Py (CP) c P(CP) spanned by the func-
tors (CP)°P — § that preserve finite products. Moreover, since CP is additive, Py (CP) is complete
Grothendieck prestable by [23, Proposition C.1.5.7 and Remark C.1.5.9]. O

Definition 3.2. If S ~ Spec(R) is an affine Dirac stack, then
QCoh(8)s0 ~ Modg (Ab)*"
is the animation of the abelian category of graded R-modules, and
QCoh(S)s0 —— QCoh(S) = Sp(Modg (Ab)a)

is its stabilization.

Warning 3.3. While the inclusioni: QCoh(S)>9 — QCoh(S) is a stabilization for affine Dirac schemes,
this will not be true for general Dirac stacks.
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To assure the reader that the definition in terms of animation is very natural, we record two equivalent
definitions. For (3) below, we recall from [12, §2.1] that the abelian category of graded abelian groups
is equivalent (as a symmetric monoidal category) to the heart of the Beilinson #-structure on graded
spectra, so that any Dirac ring determines a commutative algebra in graded spectra.

Proposition 3.4. If S =~ Spec(R) is an affine Dirac scheme, then the following oco-categories are
canonically equivalent:

(1) The oo-category QCoh(X) =~ Sp(Modg (Ab)?").

(2) The derived co-category D(Modg(Ab)) of the Grothendieck abelian category of R-modules in
graded abelian groups.

(3) The oo-category Modg (Fun(Z, Sp)) of R-modules in Z-graded spectra.

Proof. The oco-categories (1)—(3) are all presentable and stable and equipped with right complete
t-structures. So it suffices to compare connective parts, and by the universal property of animation, it
suffices to verify that (2) and (3) are generated under sifted colimits by the subcategories spanned
by compact projective objects, which coincide with Modg (Ab)P. In the case of (2), this is [19,
Proposition 1.3.3.14], and in the case of (3), the heart of the Beilinson #-structure is given by

Modg (Fun(Z, Sp))® =~ Modg (Fun(Z, Sp)?) =~ Modg (Ab),

and the connective part Modg (Fun(Z, Sp)so is generated under sifted colimits by subcategory spanned
by the compact projective objects in the heart, which precisely is Modg (Ab)°P. O

The symmetric monoidal structure on Modg (Ab) restricts to one on the full subcategory spanned
by the compact 1-projective objects, which, in turn, gives rise to symmetric monoidal structures on
QCoh(S)s0 and QCoh(S), as well as on the Yoneda embedding / and on the canonical inclusion i.

Lemma 3.5. If S ~ Spec(R) is an affine Dirac scheme, then the functors

Modg (Ab)®® — 5 QCoh(S)sg —— QCoh(S)

promote uniquely to symmetric monoidal functors such that the tensor products on the middle and
right-hand terms preserve colimits in each variable.

Proof. This is [19, Propositions 4.8.1.10 and 2.2.1.9]. m]

The symmetric monoidal category of compact 1-projective R-modules in graded abelian groups is
covariantly functorial in R through extension of scalars, and it follows from [19, Proposition 4.8.1.10]
that this gives rise to a functor

AffP — CAlg(LPr)A'
that to S assigns the symmetric monoidal functor
QCoh(8)2, ——— QCoh($)®

provided by Lemma 3.5. Since we were unable to find this argument spelled out in detail in the literature,
we take this opportunity to do so here.

—Y —~—1L —

Construction 3.6. Let Cat_,, Cat,, ¢ Cat,, be the subcategories spanned by the (possibly large) co-
categories that admit finite coproducts and small colimits, respectively, and the functors between them
that preserve the colimits in question. We recall from [19, Corollary 4.8.1.4] that the canonical inclusion

— L —3
Cat,, — Cat,,
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promotes to a lax symmetric monoidal functor such that the induced map

CAlg(Cat.) —— CAlg(Cat.,)

is the canonical inclusion of the co-category of symmetric monoidal co-categories, whose underlying
oco-categories admit small colimits and whose tensor products preserve small colimits in each variable,
in the co-category of symmetric monoidal co-categories, whose underlying co-categories admit finite
coproducts and whose tensor products preserve finite coproducts in each variable. In this situation, it
follows from [19, Proposition 4.8.1.10] that the diagram

CAlg(Cats) — CAlg(Cat)

— L —
Cat, — Cat,,

is left adjointable. If C is small, then the left adjoint of the bottom horizontal map takes C to the co-
category Pz (C) of finite product-preserving presheaves of small anima, which by [20, Theorem 5.5.1.1],
is presentable. Thus, the left adjoint of the top horizontal map restricts to a map

CAlg(CatX) — CAlg(LPr)

from the co-category of small symmetric monoidal co-categories, whose underlying co-categories admit
finite coproducts and whose tensor products preserve finite coproducts in each variable, to the oco-
category of presentably symmetric monoidal co-categories. It follows that the composition

AffP — CAlg(CatZ) —— CAlg(LPr)

of the functor that to S ~ Spec(R) assigns Modg (Ab)°P® and the restricted left adjoint is a functor that
to S assigns QCoh(S)fo. Finally, the map

QCoh(8)%, ——— QCoh($)®

is given by tensor product with Sp € LPr because QCoh(S)s¢ is presentable and therefore is functorial.

We recall from Remark A .4 that the co-category P(Aff) of Dirac prestacks is the free cocompletion
of the co-category Aff of affine Dirac schemes. Therefore, the following definition is meaningful.

Definition 3.7. The unique small limit-preserving extension

AfFOP
h QCoh®

PAf)® —EN ., CAlg(LPr)

of the functor provided by Construction 3.6 is said to be the functor that to a Dirac prestack X assigns
its presentably symmetric monoidal co-category of quasi-coherent Ox-modules.

If f: Y — X is a map of Dirac prestacks, then we write

*

f
QCoh(X) 7 QCoh(Y)

%
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for the adjoint functors provided by Definition 3.7. We call f* and f, the inverse image and the direct
image, respectively. In fact, Definition 3.7 promotes f* to a symmetric monoidal functor, and therefore,
by [19, Corollary 7.3.2.7], it also promotes f; to a lax symmetric monoidal functor.

Warning 3.8. We will often abuse notation and simply write QCoh(X) both for the presentably sym-
metric monoidal co-category QCoh(X)® and for its underlying presentable co-category QCoh(X).

Let X be a Dirac prestack and let p: X — Spec(Z) be the unique map. Since the inverse image p* is
symmetric monoidal, it follows in particular that

Ox = p*(2)
is the tensor unit of QCoh(X). More generally, its spin-s Serre twist defined by
Ox (s) = p*(Z(s))

is a tensor-invertible object of QCoh(X).

Definition 3.9. Let X be a Dirac prestack, let p: X — Spec(Z) be the unique map, and let s be a
half-integer. The spin-s Serre twist of a quasi-coherent Ox-module J is the quasi-coherent Ox-module

F(s) =F @ O0x(s).

Remark 3.10. We may describe QCoh(X) for a Dirac prestack X more concretely as follows. By
Proposition A.2, we may write any prestack X € P(Aff) as the colimit of the diagram given by the
composite map

(Aff ) x — P(AfE ) x —— P(Aff) —— P(Af),

for some small cardinal x. Hence, by definition, we can identify QCoh(X) with the limit of the diagram
given by the composite map

QCoh

((Aff)x)P —— (AfF,)%P AffoP CAlg(LPr).

Remark 3.11. Let f: Y — X be a map of Dirac prestack, such that the induced map of Dirac stacks
L(f): L(Y) — L(X) is an equivalence. We will show in Theorem 3.24 below that the f*: QCoh(X) —
QCoh(Y) is an equivalence.

3.2. The canonical t-structure

We showed in Lemma 3.1 that if S =~ Spec(R) is an affine Dirac scheme, then the co-category
QCoh(S)s0 ~ Modg (Ab)™"

is complete Grothendieck prestable. So by [23, Proposition C.1.2.9], its stabilization QCoh(S) has a
canonical ¢-structure, which is both left complete and right complete. Moreover, its connective part is
the essential image of the fully faithful functor

QCoh(S)s0 —— QCoh(S),

and its coconnective part is stable under filtered colimits.

Remark 3.12. Under the equivalence QCoh(S) ~ D(Modg(Ab)) from Proposition 3.4, the canonical
t-structure corresponds to the #-structure on the derived co-category with F connective if and only if
7;(F) € Modg (Ab) is zero for all i < 0.
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Proposition 3.13. Let X € P(Aff) be a Dirac prestack.

(1) There exists a unique t-structure on QCoh(X) such that F € QCoh(X)sg if and only if n*(F) €
QCoh(8)>o for every map 1: S — X with S affine.

2) If § € QCoh(X) and n*(G) € QCoh(S)<g for every map n: S — X with S affine, then G €
QCoh(X)<o.

(3) For every half-integer s, Ox (s) € QCoh(X)".

Proof. To prove (1), we use Proposition A.2 to write X as a colimit of a small diagram S: K — P(Aff)
of affine Dirac stacks. Hence,

QCoh(X) ~ l(iLnK QCoh(S),
and we wish to show that
QCoh(X)xo = y_n_lK QCoh(S)=0

is the connective part of a ¢-structure. But QCoh(X)x and QCoh(X) are both presentable, and therefore,
it suffices by [19, Proposition 1.4.4.11] to show that

QCoh(X)so c QCoh(X)

is closed under small colimits and extensions, which is clear. This proves (1).

To prove (2), given § € QCoh(X) be as in the statement, we must show that for every & € QCoh(X)xo,
the mapping anima Map(F, 9) is O-truncated. We again write X ~ 1i_n)1K S as a colimit of a small diagram
S: K — Aff of affine Dirac stacks, and for k € K, we write 1 : Sx — X be the canonical map. This
exhibits the mapping anima in question as a limit

Map(J, 9) ~lim _ Map(n; (3),7;(9))

of anima, each of which is O-truncated, by assumption. But then also the limit is O-truncated since the
inclusion § <9 — 8 preserves limits. This proves (2).

Finally, we observe that (3) holds because n* (Ox (s5)) =~ Og(s) € QCoh(S)? forevery mapn: S — X
with § affine. O

Remark 3.14. The opposite implication of (2) in Proposition 3.13 fails in general. Indeed, the inverse
image functor n*: QCoh(X) — QCoh(S) need not in general preserve coconnectivity, even if both S
and X are affine.

We recall that an exact functor F: € — D between stable co-categories with z-structures is defined
to be right -exact, if F(Cxg) C Do, and to be left t-exact, if F(C<o) C D<o. It is z-exact, if it is both
left -exact and right #-exact.

Addendum 3.15. If f: Y — X is a map of Dirac stacks, then the extension of scalars functor and the
restriction of scalars functor

f
QCoh(X) Z— QCoh(Y)
P

%

are right t-exact and left t-exact, respectively.

Proof. Since f* and f, are adjoint, the statement that the former is right #-exact is equivalent to the
statement that the latter is left r-exact. To show that f* is right t-exact, we let F € QCoh(X)>o and wish
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to show that f*(F) € QCoh(Y)so. Butif n: S — Y is map from an affine Dirac scheme, then so is
fon:S— X, so

n"(f*(F) = (f en)*(F) € QCoh(S)0,
since F € QCoh(X)s. O

Remark 3.16 (Comparison with derived co-category). If X is any Dirac prestack, then there is a canonical
exact functor

DP(QCoh(X)¥) —— QCoh(X)

from the bounded derived co-category of the abelian category of quasi-coherent Ox-modules. In this
generality, the functor and the bounded derived oco-category are constructed in [4, Corollary 7.59].
However, it may not be fully faithful, even for qcqs schemes, as Verdier’s counterexample in [36,
Exposé II, Appendice I] shows. In fact, in general, the co-category D”(QCoh(X)?) may not even be
locally small, unlike the presentable co-category QCoh(X).

Remark 3.17. If S ~ Spec(R) is affine, then the canonical ¢-structure on QCoh(S) =~ D(Modg (Ab))
is compatible with filtered colimits by [19, Proposition 1.3.5.21]. We will show that this is true, more
generally, if X is geometric in the sense of Definition 2.45. In particular, for X geometric, the co-category
QCoh(X)x¢ is Grothendieck prestable in the sense of [23, Definition C.1.4.2].

3.3. Descent for quasi-coherent O x-modules

We proceed to show that the functor QCoh of Definition 3.7 admits a factorization through the sheafifi-
cation functor L: P(Aff) — Shv(Aff), and we begin with the following lemma.

Lemma 3.18. Given a cartesian square of affine Dirac schemes

5% 7

[
LN

in which either f or g or both are flat, the diagram

QCoh(T") +—5—— QCoh(T)

T Ir

QCoh(S") +—5—— QCoh(S)

is right adjointable in the sense that the canonical map
S8 — 88" 8 = 8Lf"8 8 —— gL
is an equivalence.

Proof. We write S =~ Spec(A), S’ =~ Spec(A”), T ~ Spec(B) and T’ ~ Spec(B’). The right adjoints g.
and g, exist, and since we consider affine Dirac schemes only, they are given by restriction of scalars,
and hence, they preserve small colimits. Therefore, it suffices to show that for the generator A’ of the
presentable stable co-category QCoh(S”), the map f*g.(A’) — g.f"*(A’) is an equivalence. But this
map is given by the canonical projection

Ak B—— A" @y B~PB,
which is an equivalence by the assumption that either f or g or both are flat. O
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Remark 3.19. If we built animated Dirac geometry by replacing Dirac rings by animated Dirac rings,
then the analogue of Lemma 3.18 would hold without any flatness assumptions.

The following generalization to the relatively affine case will be useful later. Here, given a morphism
f:Y — X of Dirac stacks, we say it is flat affine if for any map 7 : § — X from an affine scheme, the
pullback Y Xx S is an affine scheme and the induced morphism ¥ xx S — § is flat.

Proposition 3.20. If f: Y — X is a flat affine map of Dirac stacks, then the following hold:

(1) The functor f.: QCoh(Y) — QCoh(X) is t-exact and admits a right adjoint.
) If g: X’ — X is any map of Dirac stacks and if f': Y’ — X’ is the base-change of f along g, then

QCoh(X) —L— QCoh(Y)

Jg* J/g,*

QCoh(X’) ——5 QCoh(Y")
is right adjointable in the sense that the base-change map
g*f* *)f*/f/*g*f f/ /*f f* *>f/ %

is an equivalence.

Proof. We first prove (1). Since f: ¥ — X is affine, we have an adjunction
Affyy ¢ N
v

with u given by composition with f and v given by base-change along f. A counit p of the adjunction
induces a natural transformation

QCoh(S) ——s QCoh(S xx Y)

of functors from (Aff,x)° to Cat, given by extension of scalars along the canonical projection
p: SxxY — S, and we have a commutative diagram

@1(5,%;0 QCoh(S) —) hm(T To¥) QCoh(T)
\
Eln(s,sqx) QCoh(S xx Y)

with the top horizontal map and the right-hand slanted map the maps of limits induced by u°? and v°P,
respectively. Moreover, the latter map is an equivalence. Indeed, this follows from [20, Example 2.21]
since v admits a left adjoint and hence is a hm equivalence. Hence, to prove that f, admits a right adjoint,
we may instead prove that p* admits a rlght adjoint p, which itself admits a further right adjoint.

We may view p* as a map in LPr, so it is clear that it has a right adjoint p.., and to understand p.,
we employ [19, Proposition 4.7.4.19]. The assumption (*) in loc. cit. that for every map A: T — S in
Aff/x, the square

QCoh(S) — L5 QCoh(S xx Y)

(pT)*

QCoh(T) —2—5 QCoh(T xx Y)
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be right adjointable holds by Lemma 3.18 since f: ¥ — X is flat affine. So we conclude that p. is the
map of limits induced by a natural transformation

QCoh(S xx ¥) —25 4 QCoh(S)

of functors from (Aff,x)°P to Cateo.

Now, for every (S,S — X), we may identify (pg). with the restriction of scalars along a map of
Dirac rings, and hence, it is right -exact. This implies that the induced map of limits p.. is right -exact,
which shows that f; is right t-exact. But by Addendum 3.15, f; is also left -exact, so we conclude that
f« is t-exact.

Similarly, for every (S,S — X), the functor (pg). admits a right adjoint given by coextension of
scalars. Therefore, we may view (ps). as a natural transformation of functors from (Aff,x )" to LPr,
and since the forgetful functor

LPr —— Caty,

preserves limits, we conclude that p, admits a right adjoint.> So f, admits a right adjoint, which
completes the proof of (1).

It remains to prove (2). First, if X’ is affine, then with notation as in the proof of (1) above, we may
equivalently prove that the diagram

. 1T
m(s,SHX) QCoh(S) —— @(S,SHX) QCoh(S xx Y)
-

-
(px)”

QCoh(X") — X QCoh(X’ xx Y)

is right adjointable. But this follows from [19, Proposition 4.7.4.19], since for every : § — X and
h: T — S with S and T affine, the diagram

QCoh(S) 225 QCoh(S xx Y)

(pr)*

QCoh(T) ——— QCoh(T xx Y)

is right adjointable by Lemma 3.18.

In general, we use that a map in QCoh(X’) is an equivalence if and only if its image by the inverse
image h*: QCoh(X’) — QCoh(X"’) is an equivalence for every map h: X" — X’ with X" affine. So
we consider the diagram

QCoh(X) —L— QCoh(Y)

.

QCoh(X’) —— QCoh(¥")

f Al

QCoh(X"") —— QCoh(¥")

SThe right adjoint of p, is typically not the map of limits induced by a natural transformation.
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with f’ the base-change of f along g and f’’ the base-change of f’ along A. Since X" is affine, both
the outer square and the bottom square are right adjointable by what was already proved. Thus, in the
diagram of canonical maps

h*g*f* % h*f*lg’*
>‘h/*gl*
the two slanted maps are equivalences, and hence, so is the top horizontal map. Therefore, we conclude
that the canonical map

frge—— flg"”

is an equivalence, as we wanted to prove. ]

Remark 3.21. A useful way to interpret the second part of Proposition 3.20 is that if f is flat affine, then
[« can be calculated locally on the target.

Remark 3.22. A consequence of Proposition 3.20 is that coherent cohomology can be calculated by
means of ‘relative injective’ resolutions in the situation

y—' .x
(N /o
S

with f affine flat and an effective epimorphism, with Y affine, and with § ~ Spec(Z). The direct image
q. is t-exact because ¢ is a map between affine Dirac schemes, and f. is t-exact, by Proposition 3.20.
Therefore, given a resolution

0—F—G'—gl —...

in the abelian category QCoh(X)® such that the terms S§" belong to the essential image of
f«: QCoh(Y)” — QCoh(X)?, the coherent cohomology

p«(F) € QCoh(S)<o = D(Ab)<o

is represented by the complex

p+(§") — p.(§") — - -
in the abelian category QCoh(S)” ~ Ab. In the homotopy theory literature, the objects in the essential
image of f.: QCoh(Y)” — QCoh(X)? are referred to as relative injective objects.

We now proceed to show that the co-category of quasi-coherent Ox-modules descends along effective
epimorphisms.
Proposition 3.23. If f: T — S is a faithfully flat map of affine Dirac schemes, then the diagram
QCoh(T*sl=1y: A, — LPr is a limit diagram.

Proof. We let U ~ T*sI71: A% — Aff be the Cech nerve of f and wish to show that
QCoh(U): Ay — LPris a limit diagram. By [20, Lemma 6.2.3.7], we may instead show that its restric-
tion QCoh(U)|a,, : As+ — LPr along the inclusion of the (nonfull) subcategory Ag, C A, spanned
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by the injective order-preserving maps is a limit diagram. The advantage of restricting to Agy C A

is that, in the diagram Ul : Ay — Aff, every map is a base-change of f and hence flat. So by

Proposition 3.20, for every map 0: [n] — [m] in A, we have a diagram

i P
QCoh(Up)>0 = QCoh(Uyn) =" QCoh(Up)<-1

T P

QCoh(Un)20 — QCoh(Un) T QCoh(Up)<-1

in which the rows are semi-orthogonal decompositions. It follows that the retractions r define a map of
diagrams from QCoh(U)|a,, to the limit of the diagrams

- —2 5 QCOh(U)sola,, —2—+ QCoh(U)sola

s+

and this map is an equivalence, by the definition of QCoh(U) as the stabilization of QCoh(U)s¢. There-
fore, since limits commute with limits, it will suffice to show that the diagram QCoh(U)xq|a,, : As+ —
LPr, or equivalently, the diagram

Coh(U)> —
A, QCoh(U)z0 Catw

is a limit diagram. To this end, we use that by (the dual of) Barr—Beck-Lurie theorem [19,
Theorem 4.7.5.3], it suffices to verify the following:

(1) The functor f*: QCoh(U-1)s¢o — QCoh(Uy)so is comonadic.
(2) Forevery map 6: [m] — n in A4, the diagram

-
QCoh(Up)50 — QCoh(Ups1)30
le* l(lOJ*H)*

d

QCoh(U,,)30 — QCoh(Ups1)50

is right adjointable.

But (1) holds by [23, Proposition D.6.4.6] since the map f: T — S is faithfully flat, and (2) holds by
Lemma 3.18 because the map do: U, — U4 is flat. ]

Theorem 3.24. Up to contractible choice, there exists a unique factorization

P(AF)® —L 5 Shv(Af)*P

QCo\ %Coh

CAlg(LPr)

through the sheafification functor L, and moreover, the functor

Shv(Af)P —=" , CAlg(LPr)

takes small colimits of Dirac stacks to limits of symmetric monoidal oo-categories.

Proof. We must show that the functor QCoh: P(Aff)°? — CAlg(LPr) takes the colimit-interchange
maps in Remark 2.18 to equivalences of co-categories, and since the forgetful functor CAlg(LPr) — LPr
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preserves and reflects limits, it suffices to show that the functor QCoh: P(Aff)°? — LPr does so. Thus,
we must show that for every faithfully flat map f: T — S of affine Dirac schemes, the map

i xs[-]
QCoh(S) —— @A QCoh(T*st1)
is an equivalence, and that for every pair (S, S2) of affine Dirac schemes, the map

QCoh(S; LU S») — QCoh(S;) X QCoh(S,)

is an equivalence. The former statement follows from Proposition 3.23, whereas the latter statement
follows from the idempotent decomposition of graded modules over a product of two graded rings. O

Remark 3.25. We note that Theorem 3.24 is equivalent to the statement that for every Dirac prestack X,
the map induced by unit of the sheafification adjunction

QCoh((1 o L)(X)) —"— QCoh(X)

is an equivalence. In homotopy theory, this fact was first observed by Hopkins [14].
Corollary 3.26. If p: Y — X is an effective epimorphism in Shv(AfT), then the following hold.:

(1) The diagram QCoh(Y>**I=1): A, — CAlg(LPr) is a limit diagram.
(2) The inverse image p*: QCoh(X) — QCoh(Y) is conservative.

Proof. That p: Y — X is an effective epimorphism means, by definition, that the diagram
y*xI=1: A% — Shv(Aff) is a colimit diagram. Thus, the assertion (1) follows from Theorem 3.24. The
assertion (2) follows from (1) and from the folklore fact, which we prove in [12, Lemma B.1], that if
C: A — Cat,, is a cosimplicial co-category, then the canonical map liLnA € — @ is conservative. O

3.4. Quasi-coherent Ox-modules on geometric stacks

An advantage of geometric Dirac stacks is that the ¢-structure on the stable co-category of quasi-coherent
Ox-modules is particularly well-behaved, as we now show.

Theorem 3.27. If X is a geometric Dirac stack, then the following hold:

(1) The canonical t-structure on the presentable stable co-category QCoh(X) is left complete, right
complete, and compatible with filtered colimits.
(2) The presentable co-category QCoh(X)sq is complete Grothendieck prestable, and the inclusion
i: QCoh(X)so — QCoh(X) is a stabilization.
(3) For ¥ € QCoh(X), the following are equivalent:
(a) F € QCoh(X)<o.
(b) There exists a submersion p: V — X, where V is a small coproduct of affine Dirac schemes,
such that p*(F) € QCoh(V)«y.
(c) For every submersion p: V — X, where V is a small coproduct of affine Dirac schemes, we
have p*(F) € QCoh(V)<o.

Proof. Wenote (1) and (2) are equivalent by [23, Corollary C.3.1.4]. To prove the theorem, let us say that
a geometric stack X is good if the statements (1)—(3) hold for X. So we wish to prove that all geometric
stacks are good, and by the minimality part of Theorem 2.49, it suffices to verify the following:

(i) If X ~ [], Ug is a small coproduct of affine Dirac schemes, then X is good.

(i) If X: A°?P — Shv(Aff) is a groupoid in good geometric stacks with submersive face maps, then the
colimit lim X, is good.

—>[n]eA°r
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To verity (i), we let X ~ [], U, be a small coproduct of affine Dirac schemes and first show X satisfies
(1) in the statement. By the definition of QCoh, we have

QCoh(X) =[], QCoh(U,),
and by definition of the canonical ¢-structure, we have

QCoh(X)>0 = [14 QCoh(Uq)s0.

Moreover, since a product of anima is contractible if and only if all of its factors are so, the coconnective
part of the canonical #-structure is given by

QCoh(X)<o = [T4 QCoh(Ua)<o.
By Proposition 3.4, for U, ~ Spec(R), we have an equivalence

QCoh(U,) = D(Modg, (Ab))

with the derived co-category of an abelian category with enough projectives, and hence, by [19,
Propositions 1.3.3.16, 1.3.5.21, and 1.3.5.24], the canonical ¢-structure on QCoh(U,,) is left and right
complete and compatible with filtered colimits. But the properties of being left and right complete are
expressed in terms of limits and hence are stable under products of co-categories, as is compatibility
with filtered colimits by [23, Proposition C.3.2.4]. This shows that (1) holds for X.

To prove that (3) holds for X, let F € QCoh(X). It is clear that (c) implies (b), so we proceed to prove
that (a) implies (c) and that (b) implies (a). We first assume that F € QCoh(X)<g and let p: V — X
be a submersion with V' =~ [[4zVp a small coproduct of affine Dirac schemes. We wish to show
that p*(F) € QCoh(V)<g, or equivalently, that p}}(?) € QCoh(Vg)<o for all B, where jg: Vg — V
the canonical open immersion and pg = pjg. Since Vg is quasi-compact, the map pg: Vg — X
factors as pg = iggp with ig: Xz — X the canonical open immersion of some finite sub-coproduct
Xp = [laerz Ua- So we have a diagram of Dirac schemes

Vs —L v

b, I

Xg ——— X

with p a submersion and with jz and ig open immersions. Now, we conclude from Lemma 2.43 that p
is flat, and hence, so is pjg = igqg. Since ig is an open immersion, it follows that gg is flat. Since gg is
a flat map between affine Dirac schemes, we conclude that qz; is t-exact. But 7%, is also t-exact because
ip is the inclusion of a summand, and hence, so is p7, = q;i;. We conclude that p;(?) € QCoh(Vg)<o,
as we wanted to prove. This shows that (a) implies (c).

Finally, to prove that (b) implies (a), we let F € QCoh(X) and let p: V — X be a submersion with
V =[]z Vp a small coproduct of affine Dirac schemes such that p*(5) € QCoh(V)<o. Now, for every
a, we conclude from Lemma 2.43 and Remark 2.31 that we have a diagram

Ja
Wy ——

qa p

M <

UQ la
withi, and j, open immersions and with gz a faithfully flat map between affine Dirac schemes. Hence,

https://doi.org/10.1017/fms.2024.2 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.2

42 L. Hesselholt and P. Pstrqgowski

in the diagram

QCoh(X) — 5 [T, QCoh(U,)

lp* J{Ha a5
(Ja)

QCoh(V) ——— [1, QCoh(W,),

the top horizontal map is an equivalence, and the bottom horizontal map preserves (connectivity
and) coconnectivity, whereas the right-hand vertical map preserves and reflects (connectivity and)
coconnectivity. Since p*(F) € QCoh(V)<g, we find that F € QCoh(X)<o, as desired. This shows that
(b) implies (a), which completes the proof of (i).

It remains to prove (ii). We claim that if f: ¥ — X is any submersion of good geometric Dirac stacks
and if F € QCoh(X), then F € QCoh(X)<q if and only f*(F) € QCoh(Y)<o. Indeed, if we choose a
submersion p: V — Y with V a small coproduct of affine Dirac stacks, then alsog ~ fp: V — Xisa
submersion, so (3) shows that F € QCoh(X)«g if and only if ¢g*(F) =~ p*(f*(F)) € QCoh(V)g if and
only if f*(F) € QCoh(Y)<o, as claimed.

Now, to prove (ii), we let X: A°? — Shv(Aff) be groupoid in good geometric stacks, whose face
maps are submersions, and show that

| X]| ~ lim X, ~lim X
—[n —

JeA®? [n]ea%® =7

is good. Here, A C A is the subcategory spanned by the injective order-preserving maps, and the right-

hand equivalence follows from [20, Lemma 6.5.3.7]. The claim that we proved above shows that the
diagram QCoh(X)sg: Ay — LPr admits a factorization through the canonical inclusion

Groth!®™ —— LPr
of the (nonfull) subcategory spanned by the Grothendieck prestable co-categories and the functors

between them that preserve small colimits and finite limits. But Lurie proves in [23, Proposition C.3.2.4]
that this subcategory is closed under small limits, so we conclude that the co-category

QCoh(|X|)s0 = lim _ QCoh(X,)s0
is Grothendieck prestable. It is also complete, since completeness is a property expressed in terms of
limits and truncations, both of which are preserved by limits along left-exact functors, and it follows
from [23, Corollary C.3.2.5] that

QCoh(|X[)z0 —— QCoh(|X)
is a stabilization. This shows that (2), or equivalently (1), holds for | X|.

Finally, to see that also (3) holds for |X|, let p: V — |X]| be a submersion with V a small coproduct
of affine Dirac schemes. Since f: Xy — |X| is an effective epimorphism, we may use Lemma 2.39 to
obtain a diagram

q
W—>Xp
I, I

p
V——X|

where both g and g are submersions from a small coproduct of affine Dirac schemes. Since Xy and V
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are good, we conclude that in the diagram

QCoh(|X]) —*— QCoh(V)

lf* J"

QCoh(Xe) —L—5 QCoh(W),

the maps g* and ¢* preserve and reflect coconnectivity, and so does f*, being the stabilization of a
cocontinuous left-exact functor between prestable co-categories. Therefore, also p* preserves and reflect
coconnectivity, which shows that (3) holds for | X|. This completes the proof of (ii), and hence, of the
theorem. O

Remark 3.28. As outlined in Remark 2.50, it is possible to generalize the notion of a flat map from
Dirac schemes to geometric Dirac stacks. Moreover, one may show that if f: Y — X is a flat map
between geometric Dirac stacks, then the inverse image functor f*: QCoh(X) — QCoh(Y) is t-exact.

3.5. Affine maps and vector bundles

We discuss the relationship between quasi-coherent Ox-modules and affine maps of stacks, which we
now define.

Definition 3.29. A map of Dirac stacks f: ¥ — X is affine if the domain of its base-change fs: Ys — S
along every map n7: S — X from an affine Dirac scheme is an affine Dirac scheme.

We write Shv(Aff);‘g for the full subcategory Shv(Aff),x spanned by the affine maps f: ¥V — X.

Example 3.30. A map of Dirac stacks f: ¥ — § to an affine Dirac scheme is affine if and only if Y is
an affine Dirac scheme. Hence, the Dirac spectrum functor

CAlg(QCoh(8)%)° — " Shy(Aff)3!

is an equivalence of co-categories.

It is clear that the property of being affine is preserved under base-change, and we now prove that it
is local on the base.

Proposition 3.31. If p: X’ — X is an effective epimorphism of Dirac stacks, then
ShV(Aff);‘;(f — Shv(AfF)aT

|

is a cartesian diagram of oo-categories.

Proof. We first suppose that p: X’ — X is a faithfully flat map ¢: T — S of affine Dirac schemes and
consider the expanded diagram

Shv(Aff);‘gf — lln[n]eA Shv(Aff ;;fXS ] —— Shv(Aff);l;f

J | |

Shv(AfF)s —— lim | ShV(AM) st —— Shv(AfD)r.
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The right-hand square is cartesian since the property of being affine is preserved under base-change,
and the left horizontal maps are both equivalences. Indeed, for the bottom map, this follows from
Theorem 2.2 1, and for the top map, it follows from faithfully flat descent for modules [ 12, Proposition 1.4]
and Example 3.30.

Next, in the general case, we must show that if f: ¥ — X is a map of Dirac stacks with the property
that its base-change f’: Y’ — X’ along p is affine, then f is affine. So we let : § — X be a map from
an affine Dirac stack and must show that the base-change fs: Ys — X of f along 5 is affine. Since p is
an effective epimorphism, we conclude from Proposition B.6 that there exists a diagram

T*>X’

s—14x
with g a faithfully flat map of affine Dirac schemes. By what was already proved, it suffices to show that

the base-change fr: Yy — T of f along nq is affine. But f7 is also the base-change of f” along &, and
since f” is affine, so is fr. O

Example 3.32. A geometric Dirac stack X admits an effective epimorphism
p
S=1liesSi— X

from a coproduct in Shv(Aff) of a family of affine Dirac schemes. Since coproducts in Shv(Aff) are
universal, Proposition 3.31 shows that f: ¥ — X is affine if and only if its base-change f;: Y5, — §;
along p;: S; — X is affine for all i € I.

Let X be a Dirac stack and let x be a regular cardinal such that X is a left Kan extension along
Aff, — Aff. Theorem 1.3 shows that the canonical map

Shv(AfT)x —— lim Shv(AfT);s

to the limit indexed by nn: § — X in ((Aft,);x)° is an equivalence, and it follows directly from
Definition 3.29 that this equivalence restricts to an equivalence of the respective full subcategories
spanned by the affine maps.

Definition 3.33. Let X be a Dirac stack. The Dirac spectrum relative to X is the left-hand vertical map
in the essentially unique diagram

CAlg(QCoh(X)*)® ——lim CAIlg(QCoh($)")°

l Spec J Spec

ShV(Aﬂ:);l 4>hm Shv(Aff)/S,

whose right-hand vertical map is provided by the Yoneda embedding.

Remark 3.34. In Definition 3.33, the right-hand vertical and bottom maps are equivalence. The top
horizontal map is a right adjoint, and therefore, so is the Dirac spectrum relative to X. Its left adjoint
takes an affine map f: Y — X to the quasi-coherent Ox-algebra £ Oy =~ f.Oy.

Warning 3.35. In general, the Dirac spectrum relative to X, or equivalently, the top horizontal map in
Definition 3.33 is not an equivalence. If it were, then

X > CAlg(QCoh(X)®)
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would take colimits of Dirac stacks to limits of categories. To see that this is not the case, we let k be a
commutative ring and let X be the Dirac stack obtained by gluing two copies of the affine line A}{ along
the origin. Let f: X — X’ be the unique map to the corresponding pushout in the category of Dirac
schemes. It follows from [23, Theorem 16.2.0.2] that the map

, I
QCoh(Spec(k[x,y]/(xy))s0 = QCoh(X")>0 —— QCoh(X)>o
is an equivalence, and therefore, so is the induced map of hearts. Thus, it suffices to show that the

diagram of categories

CAIg(Modg [x.y]/(xy) (Ab)) ——s CAlg(Mody ] (Ab))

| |+

CAlg(Mody ] (Ab)) ——— CAlg(Mody (Ab))

is not cartesian. If it were, then for every k[x, y]/(xy)-algebra A, the diagram
A—— fIf"Axglg"" A2 flg.g" fPA = glff* 8" A
would be a limit diagram. But for A = k[x, y]/(xy,x — y) = k[t]/#2, this becomes

k[t]/? —— kxk Sk,

which is not a limit diagram.

Theorem 3.36. If X is a geometric Dirac stack, then
© Spec F
CAlg(QCoh(X)")? —— Shv(Aff)?X

is an equivalence.

Proof. Let € C Shv(Aff)&°™ be the full subcategory spanned by the geometric Dirac stacks X for
which the Dirac spectrum relative to X is an equivalence. To show that € = Shv(Aff)&°™, it suffices by
Theorem 2.49 to show that

(1) € contains all small coproducts of affine Dirac stacks, and that
(2) C closed under colimits of groupoids with submersive face maps.

For (1), we observe that the source and target of the Dirac spectrum relative to X both take coproducts
of Dirac stacks to products of co-categories. Since the Dirac spectrum relative to an affine Dirac stack is
an equivalence by Example 3.30, we conclude that (1) holds. For (2), we let X =~ li_r>nAop S be a colimit

of a groupoid in € with submersive face maps and consider the diagram

S
CAlg(QCoh(X)?)°P P Shv(Aff)il

J |

Spec
. vyop . aff
hm{nleA CAlg(QCoh(S,)")P ——— Lm[n]GA ShV(Aff)/Sn.

Now, the left-hand vertical map is an equivalence by Theorem 3.27, the right-hand vertical map is an
equivalence by Theorem 2.21 and Proposition 3.3 1, and the lower horizontal map is an equivalence by
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assumption. Hence, also the top horizontal map is an equivalence, which shows that X is contained in C.
So (2) holds. |

Finally, we define the co-category of vector bundles on a Dirac stack. To this end, we consider the
composition

S S
(QCoh(X)?)°P —= CAlg(QCoh(X)?)°P —— Shv(Aff):l
of the symmetric algebra and the relative Dirac spectrum functors. We write
Ax(F) = Spec(Symo, () —— X

for the affine map given by the image of the quasi-coherent Ox-module J under this composite functor
and call it the affine space associated with .

The symmetric algebra has a natural grading, which gives rise to an action of the multiplicative group
Gy, on the affine space functor. It follows that the affine space functor promotes to a functor

(QCoh(X)?)°P Y, LModg,, (Shv(Aff)¥)

that takes values in the oco-category of affine Dirac stacks over X with a left action by the underlying
E;-group of G,,. The functor Vj, admits a left adjoint that to an affine map with G,-action p: V — X
assigns the degree 1 part of the quasi-coherent Ox-algebra p.Oy . It is fully faithful if X is geometric,
but not in general.

Definition 3.37. Let X be a Dirac stack. A quasi-coherent Ox-module € is locally free of finite rank if
for every map np: S — X with S affine, *(€) € QCoh(S) is compact and in the heart of the ¢-structure.

If a quasi-coherent Ox-module € is locally free of finite rank, then we also say that € is perfect with
Tor-amplitude in [0, 0], and we write

QCoh(X)™¢ c QCoh(X)

for the full subcategory spanned by the quasi-coherent Ox-modules that are locally free of finite rank.
It is contained in the heart of the ¢-structure.

Example 3.38. If S ~ Spec(R) is affine, then QCoh(S)'® is canonically equivalent to the category of
finitely generated projective graded R-modules.

Let X be a Dirac stack. If we write X ~ h_n)l S« as a small colimit of affine Dirac schemes, then, by
a
Definition 3.37, the canonical map

QCoh(X)! ——— 1lim QCoh(S,)'®
—a
is an equivalence. It follows that the difficulties appearing in comparing affine maps and quasi-coherent

Ox-modules outlined in Warning 3.35 do not occur in the locally free of finite rank case, so that the
functor V7§ restricts to a fully faithful functor

(QCoh(X)'*)® —* 3 LMods,, (Shv(Af)*1).

Definition 3.39. The co-category of vector bundles on X is the full subcategory
Vect(X) € LModg,, (Shv(Aff)/§

given by the essential image of the functor Vx.
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Remark 3.40. Since QCoh(X)'*® and Vect(X) are canonically anti-equivalent, they are both equivalent
to 1-categories. The inverse of Vx assigns to a vector bundle (p: V — X, u: G, XV — V) the degree 1
part of the graded Ox-algebra pY Oy .

Remark 3.41. The full subcategory QCoh(X)!*¢ ¢ QCoh(X)" agrees with the full subcategory of
dualizable O x-modules. In particular, it is canonically selfdual, so it is possible to identify QCoh(X)!°¢
and Vect(X) via the covariant equivalence

QCoh(X)"¢ ~ (QCoh(X)*¢)P —* ., ect(X).

However, we will follow Grothendieck [11, Definition 1.7.8] and use the contravariant equivalence
Vx between QCoh(X)" and Vect(X), which, among other things, leads to the correct geometric
interpretation of the Lie algebra of a formal group.

4. Formal stacks and formal groups

We extend the definition of formal groups to the setting of Dirac stacks. To do so, we follow Lurie
[21,22] and define the co-category FGroup(X) of formal groups over a Dirac stack X to the co-category
of abelian group objects in the co-category Hyp(X) of formal hyperplanes over X, which we define first.
We show that the co-category FGroup(X) descends along effective epimorphisms f: X’ — X.

4.1. Formal completion and quasi-coherent Ox-modules

We define the formal completion of a Dirac scheme along a closed immersion and prove that, in the case
of a regular closed immersion, the co-category of quasi-coherent modules on the formal completion
participates in a ‘local cohomology’ stable recollement.

Definition 4.1. Let g: Z — X be a closed immersion of Dirac schemes defined by a quasi-coherent
ideal J ¢ Ox. For each m > 0, the m-th infinitesimal neighbourhood is the Dirac scheme given by

(m)
ZM ~ Spec(Ox /Im+1) £ x.

The formal completion of X along g is the map of Dirac stacks
Y ~lim zm L x
—m

from the colimit in Shv(Aff) of the infinitesimal neighborhoods.

Remark 4.2. The colimit in Definition 4.1 agrees with the colimit calculated in the co-category P(Aff),
or equivalently, the latter colimit is automatically a sheaf for the flat topology on Aff. Indeed, since the
Dirac stacks Z"™ are N-truncated for a fixed N (namely, N = 0) and since the flat topology on Aff is
finitary, the sheaf condition amounts to the statement that a finite diagram is a limit diagram. But this
condition is preserved under filtered colimits by [20, Proposition 5.3.3.3].

In Grothendieck’s philosophy, the formal completion of X along g: Z — X plays the role of the
nonexisting tubular neighborhood of Z in X. So we should expect that j: ¥ — X behaves as an open
and affine immersion with i: U =~ X \ Z — X as its complement. The following result bears out this
expectation.

Theorem 4.3. Let X be a Dirac scheme and letnn: Z — X be a regular closed immersion. Let j: Y — X
be the formal completion of X alongn: Z — X and leti: U ~ X \ Z — X be the inclusion of the open
complement of S. In this situation, there is a stable recollement
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i* Jt

QCoh(U) i QCoh(X) < QCoh(Y)
) E— ) I EEEE— o)
NS NS

and, in addition, the functor j. is t-exact.

Proof. We will prove the statement in detail in the case where X is affine and : Z — X is a closed
immersion defined by a regular sequence (fi,..., fg) of homogeneous global sections. To reduce the
general case to this special case, we will admit the following base-change result, the proof of which is
similar to that of [23, Corollary 3.4.2.2]: If f: U — X is a qcgs and flat map of Dirac schemes, and if
f’: U’ — X' is the base-change of f along any map g: X’ — X of Dirac schemes, then the square

QCoh(X) —— QCoh(V)

J/g* lg,*
43

QCoh(X’) — QCoh (1)
is right adjointable in the sense that the base-change map
§fe —— LI fe = L& fe —— flg”

is an equivalence. The open immersion i: U — X is flat, and we claim that it is qcgs. Indeed, the
property of being qcgs is local on the target, so we assume that X is affine and that: Z — X is defined
by a regular sequence of global section (fi, ..., f4). Buttheni: U = X5 U--- U Xy, — X is the open
immersion of a finite union of distinguished open subsets and hence is quasi-compact, and it is also
quasi-separated because the diagonal A: U — U Xx U is an isomorphism.

We now suppose that B is a basis for the topology of | X|, which is closed under finite intersections,
and that the statement has been proved for all V € B. The proof of Lemma 2.25 shows that

QCoh(X) —— lim _ QCoh(V)

is an equivalence. A stable recollement is determined uniquely by a functor i, =~ i; with the property
that it is fully faithful and admits both a left adjoint i* and a right adjoint i*. The base-change property
above implies, by [19, Proposition 4.7.4.19], that the B-indexed family of functors

(iluav )«

QCoh(U N V) —2™5 QCoh(V)

promotes to a map of B*-indexed limit diagrams in LPr. In particular, the map of limits
QCoh(U) —*— QCoh(X)

is a map in LPr and hence admits a right adjoint i', as desired. It is also fully faithful since this property
is preserved under limits. Moreover, the fiber of i' is identified with j,: QCoh(Y) — QCoh(X) since
limits commute, and j. is t-exact since it is left 7-exact and since the property of being right #-exact can
be tested after base-change to V € B.

Now, for a general X, we take B to be the poset of open subschemes V c X that admit an open
immersion in an affine Dirac scheme. And if X admits an open immersion j: X — § in an affine Dirac
scheme, then we take B to be poset of open subschemes V C X with the property that j(V) C Sisa
distinguished open subscheme. This reduces us to the special case where X ~ Spec(A) is affine and
where the graded ideal I C A that defines n: Z — X is generated by a regular sequence (fi, ..., fq)

https://doi.org/10.1017/fms.2024.2 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.2

Forum of Mathematics, Sigma 49

of homogeneous elements. In this case, we find as in [23, Chapter 7] that there are semi-orthogonal
decompositions

. Jt i
Mod (D (Ab))NiI) " Moda(D(Ab)) — Mod 4 (D(Ab))Lec)
J' i

J* i
Mod 4 (D (Ab))CPI() <:) Mod 4 (D(Ab)) : Mod (D(Ab))kec()
Jx +!

i
with i, =~ 7, and that the composite adjoint functors
i Ji J*
Moda (D (Ab))NI) = Mod, (D (Ab)) " Moda(D(Ab))cPIt)
J' Js
are equivalences. Moreover, one proves as in [23, Proposition 7.2.3.1] that
QCoh(U) —“ 5 QCoh(X) ~ Mod(D(Ab))

is fully faithful and that its essential image is the full subcategory spanned by the /-local A-modules. So
we must prove that the functor

QCoh(¥) = lim Mod /1 (D(Ab)) —— QCoh(X) = Mod4(D(Ab))

is fully faithful and that its essential image is the full subcategory spanned by the /-complete A-modules.
The functor j. factors as

QCoh(Y) —E— Mod, (D(Ab))CP) — QCoh(X) =~ Mod,(D(Ab)),

and since the full subcategory spanned by the /-complete A-modules is closed under small limits, the
functor G admits a left adjoint functor

F
QCoh(Y) = 1im Mod,;m+1 (D(Ab)) T Mod4 (D(Ab)) P,
G

It follows from the definition of /-completeness that the unit map

M —— (GF)(M) ~lim M ®4 A/I"™!
«—m

is an equivalence. By the triangle identities, this, in turn, implies that the natural transformation GFG —

G induced by the counit is an equivalence, so it remains to prove that G is conservative. The functor

G takes a compatible family (M,,)n>1 with M,, € Mody; m+ (D(Ab)) to the limit M = 1(£1 M, €
m

Mod (D(Ab))CPD) and we must show that if M ~ 0, then M,, ~ 0 for all m > 1.

To do so, we rewrite the limit in question. We write P for the set of positive integers considered as a
category with a single map i — j if i > j and recall from [20, Proposition 5.3.1.20] that the diagonal
A: P — P4 is a lim-equivalence. Given e = (e1,...,eq) € P4, welet I, = (f,.. o f7*) € Aand
observe that I () C I"™ C Ian([m/a))- It follows that the canonical maps define equivalences

QCoh(Y) = lilnmep Mod 4, ;= (D(Ab))
~lim _ Modyi,,, (D(ADb))
= l(iLl’leEpd MOdA/[()('D(Ab)).
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Hence given a compatible family (M,),cps With M, € Mody,;, (D(Ab)), we must prove that if

~ hm M, ~ 0, then M, ~ 0 for all ¢ € P, and to do so, we proceed by induction on d > 1. We
ﬁrst cons1der the case d = 1, where we abbreviate f = f} and e = ¢;. Given any N € Mod4(D(Ab)),
we write N/ f€ for the cofiber of ¢ -id: N — N. Since f € A is a non-zero-divisor, the canonical map
A/ f¢ — A/(f€) is an equivalence. Hence, the cofiber A/f¢ has a ring structure. We observe that

Mc[f =M ®asrey ((A/f)]f) = Me ®aycrey (A1) f€)
=M ®ayfe) (A/f @ A/f[1]) = My & Mi[1]

and that, under this equivalence, the map M, — M,._; induces the identity map on the first summand
and the zero map on the second summand. It follows that

M/f:@eMe/f =~ M.

Soif M =~ 0, then M| =~ 0, which implies that M, ~ O for all ¢ € P by dévissage. This proves the case
d = 1. So we assume that the statement holds for d = r and proceed to prove that it holds ford = r + 1.
We assume that M ~ El M, =~ 0 and must show that M, ~ 0 for all e € P™*'. We first write

e

~hm M, ~1lim lim M, ~1lim N, .
€T ey —(eryemey) ¢ —epy O

By the inductive hypothesis, it will suffice to show that N, = 0 for all e,,; € P. But the A-module
structure on N,,,, extends to a structure of module over the completed Dirac ring

~ Ti e er
Axtim, A )

and the image of f.,; in A is a non-zero-divisor. Indeed, it follows from [27, Theorem 16.1] that the
image of f,41in A/(f°',..., £") is a non-zero-divisor for all (eq, ..., e,) € P". Therefore, the same
argument as in the case d = 1 shows that N, , ~ 0 for all ;.1 € P, as desired. This establishes the two
semi-orthogonal decompositions.

Finally, we know that j. is left 7-exact and must prove that it is also right -exact, or equivalently, that
it restricts to a functor

r+l

lim Mod /et (D(4))z0 —— Moda(D(Ab)):o.

But this follows from the Milnor sequence and from the fact that the maps

MmHMm ®A/1m+l 14/1"12 m—1
induce surjections on 7. O

4.2. Formal hyperplanes

We define a map of Dirac stacks g: ¥ — X to be a formal hyperplane if, locally on X, it is isomorphic
to the formal affine space associated with a locally free Ox-module €. In older literature, including
[10, 28], formal hyperplanes are called formal Lie varieties.

Let S be a Dirac scheme and let € be an Og-module locally free of finite rank. The rank is locally
constant, and we do not require that it be constant. We define the associated affine space over S to be
the Dirac S-scheme

As(&) = Spec(Symy (&) —— S,
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and we define the zero section

S = Ag(0) —1— Ag(€)

to be the map induced by the unique map of Os-modules & — 0. Finally, we define the formal affine
space over S associated with € to be the formal completion

As (&) = Spf(Symy, (€)) —— S

of the affine space p: Ag(E) — § along the zero section.

Definition 4.4. Let X be a Dirac stack. A map of Dirac stacks g: ¥ — X is a formal hyperplane over
X if for every map n: S — X from an affine Dirac stack S, its base-change along 7 is equivalent to a
formal affine space.

We write Hyp(X) C Shv(Aff),x for the full subcategory spanned by the formal hyperplanes over X.
It is a priori an co-category, but we now show that it is, in fact, equivalent to a 1-category.

Lemma 4.5. If g: Y — X is a formal hyperplane, then for any map of Dirac stacks n: Z — X,
the mapping anima Map(Z,Y) calculated in Shv(Aft),x is O-truncated. In particular, the co-category
Hyp(X) is equivalent to a 1-category.

Proof. The inclusion S<g — § of O-truncated anima preserves limits, and it also preserves filtered
colimits. In particular, by writing Z as a colimit of affine Dirac schemes, we may assume that Z ~ S is
affine. Since g is a formal hyperplane, its base-change gs: Ys — S along : § — X is equivalent to the
formal affine space associated with some locally free Og-module of finite rank €. Hence, we have

~ ~ i M)y ~ 14 (m)
Mapy (S,Y) = Mapg(S,Ys) = MapS(S,h_n)lmS ) = 1_1r_)anapS(S,S ),

where the latter equivalence follows from Remark 4.2. The right-hand side is a filtered colimit of 0-
truncated anima and hence is itself O-truncated. O

It follows immediately from the definition that if f: X’ — X is any map of Dirac stacks, then the
base-change along f restricts to a functor

s ,
Hyp(X) ——— Hyp(X").
There functors are part of the functor

o HPO)
Shv(Aff)® —— Cate,

which classifies the cartesian fibration
Hyp AN Shv (Aff)

given by the restriction of the target map Fun(A', Shv(Aff)) — Shv(Aff) to the full subcategory
spanned by the formal hyperplanes; see [20, Notation 6.1.3.4].

Warning 4.6. The co-category Hyp(X) of formal hyperplanes over X does generally not descend along
effective epimorphisms, even if X is a Dirac scheme. We refer to [22, Warning 1.1.22] for an instructive
counterexample.
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We proceed to show that for pointed formal hyperplanes, the above descent issue goes away. As far
as formal groups are concerned, it makes no difference if we work with formal hyperplanes or pointed
formal hyperplanes. By definition, the co-category of pointed Dirac stacks over X is the slice category

(Shv(Af)x). = (Shv(Af)x)x, > (Shv(Aff)x)x.

Its objects are diagrams o : A> — Shv(Aff) of the form

Y
% X
X“j;X)X,

and we view ¢ as a structure map and 77 as a section thereof.

Definition 4.7. Let X be a Dirac stack. A pointed Dirac stack over X is a pointed formal hyperplane if
its base-change along every map n7: S — X from an affine Dirac scheme is equivalent to

As(&)
7 X
idg
§———S§

for some locally free Og-module of finite rank £. Here, 7 is the zero section.

We will show that a pointed formal hyperplane admits a canonical exhaustive filtration. A map
of Dirac stacks f: Z — X is (—1)-truncated if and only if the map of anima fs: Z(S) — X(S) is
(=1)-truncated for all affine Dirac schemes S. By [20, Proposition 6.2.3.17], the property of being (—1)-
truncated is preserved by base-change along arbitrary maps and descends along effective epimorphisms.
Also, if f: Z — X is (—1)-truncated and r7: ¥ — X any map, then the anima of lifts

A
/ f
/
s n

Yy ———mX

is (—1)-truncated so that for n to factor through f is a property. We now extend the definition of
infinitesimal neighborhoods to Dirac stacks as follows.

Definition 4.8. Let g: Z — X be a (—1)-truncated map of Dirac stacks and let m > 0 be an integer. The
mth infinitesimal neighbourhood of Z in X is the essentially unique (—1)-truncated map of Dirac stacks

(m) 8™

Z," — X

8

such that a map 77: § — X from an affine Dirac scheme factors through g if and only if there exists
an effective epimorphism p: T’ — § from an affine Dirac scheme and a closed immersioni: 7 — T
defined by a quasi-coherent ideal, whose (m + 1)th power is zero, such that 5|y : T — X factors
through g.

We will often abbreviate and write g™ : Z(™) — X for the mth infinitesimal neighborhood of Z in
X. Definition 4.8 implicitly contains the assertion that Z(™ is a Dirac stack. We now verify that this is
indeed the case.
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Proposition 4.9. Let g: Z — X be a (—1)-truncated map of Dirac stacks and let g™ : Z(™) — X be
its mth infinitesimal neighborhood with m > 0. In this situation, the presheaf Z™ : Aff® — 8 is a
Dirac stack.

Proof. We must show that the presheaf Z " is accessible and that it is a sheaf for the flat topology. To
this end, we define g(™’: Z("™’ — X to be the essentially unique (—1)-truncated map of presheaves
such that amap : S — X from an affine Dirac scheme factors through g if and only if there exists a
closed immersioni: S” — S defined by a quasi-coherent ideal, whose (m + 1)th power is zero, such that
nls: S’ — X factors through g. By definition, the inclusion Z(™’ — Z ("™ is a sheafification for the flat
topology, so in order to show that Z(" is a Dirac stack, it will suffice to show that Z("™" is accessible.

There exists a regular cardinal « such that X and Z are k-accessible in the sense that they agree with
the left Kan extensions of their restrictions along the inclusion i: Aff, — Aff of the full subcategory of
«-small affine Dirac schemes. We claim that also Z(™" is k-accessible.

To prove the claim, we consider the diagram

lim Z™W"(T) —— 2™ (8)
—

|

lim X (7) ———— X(S)

with the colimits indexed by p: § — T in (Aff,)s,. The bottom horizontal map is an equivalence, by
the assumption that X is «x-accessible, and we wish to show the same for the top horizontal map. The
right-hand vertical map is (—1)-truncated by definition, and the left-hand vertical map is (—1)-truncated
since it is a filtered colimit of (—1)-truncated maps. Indeed, by Lemma A.1, the category (Aff,)s; is -
filtered and hence filtered. We conclude that also the top horizontal map is (—1)-truncated, so it remains
to show that it is essentially surjective.

Let us switch to ring notation. Given a point x of Z™’(Spec(A)), we must show that there exists
a map of Dirac rings B — A such that B is «k-small and such that x is in the essential image of
Zm’(Spec(B)) — Z™’(Spec(A)). By definition, we can identify x with a point of X (Spec(A)) with
the property that there exists an ideal I ¢ A with I"*! = 0 such that the image of x by

X (Spec(A)) —— X (Spec(A/I))

belongs to Z(Spec(A/I)). If we write A as the k-filtered colimit A =~ li_n)lB of its k-small sub-Dirac
rings B C A, then also A/I =~ lim B/(B N I). Moreover, since X and Z are assumed to be k-accessible,
they preserve «-filtered colimits, so we conclude that there exists a k-small sub-Dirac ring Ag C A such
that x lifts to a point xo of X (Spec(Agp)) with the property that its image by

X (Spec(Ag)) — X (Spec(Ao/(Ao N 1)))

belongs to Z(Spec(Ag/(Ag N I))). But we have (Ag N I)™*! = 0 as an ideal of Ay because I"*! = 0
and because Ay C A is a sub-Dirac ring, so we conclude that the point x( belongs to Z"™’(Spec(Ay))
as desired. O

Remark 4.10 (Base-change for infinitesimal neighbourhoods). Let g: Z — X be a (—1)-truncated map
of Dirac stacks, let m > 0 be an integer and let f: X’ — X be any map of Dirac stacks. In this situation,
the base-change g’: Z’ — X’ of g along f is (—1)-truncated, and g’ "™ : Z’(™) — X’ is the base-change
of g™ Z(m _ X along f.

We also verify that the notion of infinitesimal neighborhoods for Dirac stacks of Definition 4.8
extends the notion of infinitesimal neighborhoods of a closed embedding Dirac schemes introduced in
Definition 4.1.

https://doi.org/10.1017/fms.2024.2 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.2

54 L. Hesselholt and P. Pstrqgowski

Lemma4.11. Let g: Z — X be a closed immersion of Dirac schemes. The induced map h(g): h(Z) —
h(X) of Dirac stacks is (—1)-truncated and the canonical map

h(Z{"™) —— h(Z);(l'("g))

is an equivalence for every m > Q.

Proof. 1t is clear that the map in the statement exists and is (—1)-truncated, so only the essential
surjectivity of this map is at issue. So we let 7: S — X be a map from an affine Dirac scheme such that
h(n) factors through 4(g) ™ and wish to show that 7 factors g™,

Since /() factors through A(g) "™, there exists, by definition, a faithfully flat map p: 77 — S from
an affine Dirac scheme and a closed immersion i: T — T defined by a quasi-coherent ideal of O/,
whose (m + 1)th power is zero, such that n|r : T — X factors through g. We now consider the diagram

i

T T’ N X
L
(m) (m) (m)
z" zZ zJ" zm
T 1k
Zr Zr Zs z

with all squares cartesian. Since g™ is a monomorphism, the statement that 7 factors through g™,
which we wish to prove, is equivalent to the statement that the base-change of g™ along 5 is an
isomorphism. And since p is faithfully flat, the common statement, in turn, is equivalent to the statement
that the base-change of g™ along 7 o p is an isomorphism. By the same reasoning, the assumption that
nlr factors through g ~ g™ h,, implies that the base-changes of both g™ and h,,, along n o p o i are
isomorphisms.

We now consider the two left-hand columns in the diagram above together with the horizontal maps
between them. The maps in this part of the diagram all induce homeomorphisms of underlying spaces,
and moreover, the maps in the left-hand column are isomorphisms. Hence, if I,/ C Or- are the quasi-
coherent ideals that define g7+ and i, respectively, then I C J. But then [t ¢ gm+l = 0, which shows
that the base-change of g™ along 77 o p is an isomorphism, as desired. O

Definition 4.12. Let g: Z — X be a (—1)-truncated map of Dirac stacks. The formal completion of X
along g is the induced (—1)-truncated map

Y, ~ lim Z[E,m) L .x
—m

from the colimit of the infinitesimal neighborhoods of Z in X. The Dirac stack X is formally complete
along g if the map j is an equivalence.

We next show that the formal completion along a (—1)-truncated map of Dirac stacks is an idempotent
operation in the following precise sense.

Proposition 4.13. Let g: Z — X be a (—1)-truncated map of Dirac stacks, let j: Y — X be the formal
completion of X along g and let h: Z — Y be the unique map such that g ~ j o h. In this situation, the
map j induces an equivalence

(m) (m)
Zh Zg

forallm > 0. In particular, the Dirac stack Y is formally complete along h.
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Proof. 1t is clear that the map in the statement exists and is (—1)-truncated. So we let : § — X be a
map from an affine Dirac scheme and assume that ) factors through g . In particular, it factors through
j, so that 7 ~ j o5’ for a unique map n’: S — Y, and we wish to show that " factors through /(™.
Now, since n factors through g, there exists, by definition, a faithfully flat map p: T’ — S with T’ affine
and a closed immersion i: T — T’ defined by a quasi-coherent ideal, whose (m + 1)th power is zero,
such that 5| factors through g ~ j o h. Since j is (—1)-truncated, this implies that r’|r factors through
h, so n’ factors, by definition, through A as we wanted to prove. O

We now specialize to the case of the (—1)-truncated map of Dirac stacks given by the zero section of
a pointed formal hyperplane.

Corollary 4.14. Let q: Y — X be a formal hyperplane pointed byn: X — Y.

(1) The Dirac stack Y is formally complete along n.
(2) The composite map q,, ~ q o n'™: X,(]m) — X is finite affine for all m > 0, and it is flat for
0<m< 1

Proof. The statement (1) is a special case of Proposition 4.13. The statement (2) can be verified after
base-change along any map from an affine Dirac scheme, so it suffices to consider the case where
g:Y =~ Ag(&) — S is the formal affine space associated with a locally free Og-module € and where
n: S — Y is the zero section. In this case, Proposition 4.13 identifies

m
S0 = Spec(Symy (€)/Sym™ (€)) —-— As(€) = Spf(Syme (£)).

from which (2) follows. O

Warning 4.15. We note that, in the presence of sections of half-integer spin, the symmetric powers
Sym‘és (&) of alocally free Og-module of finite rank € are not necessarily flat for d > 2. For instance,

Z(d/2) for0<d <1,
Symg (2(1/2)) = {Z/Z(d/z) ford > 2

is not a flat Z-module for d > 2.

Remark 4.16. If g: Y — S is the formal affine space associated with a locally free Og-module € of
finite rank pointed by the zero section r7: S — Y, then, by the proof of Corollary 4.14, there is a cofiber
sequence of quasi-coherent Og-modules

Oy —— ql*OSm — E.
n

In particular, the cofiber of the left-hand map is a locally free Og-module.
The following definition globalizes this observation.

Definition 4.17. Let g: Y — X be a formal hyperplane pointed by : X — Y.

(1) The conormal sheafof g: Y — X atn: X — Y is the cofiber

Nx/y ~cof(Ox — ¢1.0 ) € QCoh(X).

xM
(2) The tangent space of g: ¥ — X atp: X — Y is the vector bundle

TY/X,77 = VX(NX/Y) € Vect(X).
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The assignment of the conormal sheaf defines a functor
Hyp* (X)Op — QCOh(X) s
or equivalently, the assignment of the tangent space defines a functor

Hyp, (X) —— Vect(X).

Proposition 4.18. Let f: X’ — X be a map of Dirac stacks, let q: Y — X be a formal hyperplane
pointed byn: X — Y and let q’: Y’ — X’ be the base-change of q along f pointed by n’ ~ (n,id). In
this situation, the canonical map

f"Nxjy —— Nx/jyr

is an equivalence.
Proof. Since f*: QCoh(X) — QCoh(X’) is exact and f*Ox =~ Ox, it will suffice to show that in the

cartesian diagram

the base-change map f*q1. — ¢}, f'" is an equivalence. But this follows from Proposition 3.20 since
q is affine flat by Corollary 4.14. O

Corollary 4.19. If q: Y — X is a formal hyperplane pointed at n: X — Y, then the conormal sheaf
Nx y is a locally free Ox-module of finite rank.

Proof. By Proposition 4.18, we can assume that X is affine, in which case the statement follows from
Remark 4.16. o

If g: Y — X isaformal hyperplane, then so is its base-change ¢’ : Y’ — Y along itself, and moreover,
the formal hyperplane ¢’: Y’ — Y is canonically pointed by the diagonal A: ¥ — Y.

Definition 4.20. Let g: Y — X be a formal hyperplane.
(1) The Oy-module of differentials of g: ¥ — X is the conormal sheaf

Q sx = Ny v € QCoh(Y)

of the base-change ¢’: Y’ — Y of ¢ along itself pointed by the diagonal.
(2) The tangent bundle of g: Y — X is the vector bundle

Ty/X ~ Vy (Q;/X) (S Vect(Y).

Remark 4.21. Let g: Y — X be a formal hyperplane and let ¢’: Y’ — Y be the base-change of ¢ along
itself, pointed by the diagonal A: Y — Y’'. If n: X — Y is a point of g: ¥ — X, then the base-change
of ¢’: Y’ — Y pointedby A: Y — Y’ along: X — Y is canonically identified with ¢ : ¥ — X pointed

byn: X =7,
Y Y’ Y
D DL
x—1 sy —2 sx,

so Proposition 4.18 shows that Ny = n*Q;/X and Ty /x , = 1"Ty x.
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Remark 4.22. Our definition of the tangent bundle is provisional. In [13], we will define the cotangent
complex Ly x of aformal hyperplane g: ¥ — X and prove thatitis alocally free Oy -module isomorphic
toQl ..

Y /X

If g: Y — X is a formal hyperplane pointed by n: X — Y, then the rank of the conormal sheaf
Ny y is locally constant in the sense that for every map f: § — X from a Dirac scheme, the rank of the
locally free Og-module f*Nx/y is a locally constant function on the underlying topological space [S].

Definition 4.23. The dimension of a pointed formal hyperplane is the rank of its conormal sheaf.

Warning 4.24. It is tempting to also define the spin of a pointed formal hyperplane as the spin of local
generators of its conormal sheaf. But said spin is not well defined, so this is not possible. For example,
if k is the Dirac field F,[x*!] with x of spin 1/2, then as a k-vector space, k is generated by x¢ for any
integer d.

Remark 4.25. If X is an affine Dirac scheme, then Remark 4.16 shows that every pointed formal
hyperplane over X is isomorphic to the formal affine space of its conormal sheaf pointed by the zero
section. However, such an isomorphism is highly noncanonical, and if X is not affine, then it may not
exist.

4.3. Automorphisms of pointed formal hyperplanes and descent

Given a formal hyperplane ¢: Y — X, a point n: X — Y determines by Corollary 4.14 an exhaustive
increasing filtration of Y by the infinitesimal neighborhoods of X in Y. This filtration, in turn, induces a
filtration of the automorphism group, which we proceed to describe. We first promote the automorphism
group to a group stack.

We show in Theorem A.14 that the oco-categories of accessible sheaves of anima have the same
functoriality as do co-topoi. So, given amap f: ¥ — X in Shv(Aff), we have adjoint functors

b

N
Shv(Aff) x ,% Shv(Aff)y
R

with f; given by composition with f and f* given by base-change along f. Moreover, the base-change
formula holds in the sense that given a cartesian square

’

v —L sy

[ ]

x —1x
in Shv(Aff), the base-change maps f,' j’* — j*fi and j*f. — f/j’" are equivalences. This has the
following consequence:
Proposition 4.26. The slice co-category Shv(Aff),x is cartesian closed.

Proof. Supposethat f: Y — Xandg: Z — X are two objects of the slice category, and letidx : X — X
be the terminal object. We claim that internal mapping object Hom( f, g) is given by f. f*g1g*idx. To
see this, note that forany h: R — X,

Map(h, f. f"g18"idx) =~ Map(fif*h,gg"idx) ~ Map(f x h, g),

where the mapping spaces and the product f X & are calculated in the slice category Shv(Aff),x. O
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Remark 4.27. Given an object f: Y — X in Shv(Aff)/x, the internal mapping object Hom(f, f)
canonically promotes to an E;-monoid End( f) in Shv(Aff),x. We denote its maximal sub-E;-group by
Aut( f) and refer to it as the classifying stack for automorphisms of f.

Remark 4.28. Suppose that o € (Shv(Aff),x). is a pointed object in Shv(Aft),x. In a similar manner,
we have a classifying stack

Aut(o) € Grpg, ((Shv(Aff)/x).) = Grpg, (Shv(Aff),x)

for automorphisms of o~ as a pointed object. Writing o as a diagram

Y
/ X/
x—% x
in Shv(Aff), we also use the notation Aut,,(Y/X) instead of Aut(o).

Let g: Y — X be a formal hyperplane pointed by : X — Y. The infinitesimal neighborhoods of X
in Y define a filtered object in (Shv(Aff),x). with

(m)
X77

VN
x— 9 Jx

Definition 4.29. Let g: Y — X be a formal hyperplane pointed by 7: X — Y and let G =~ Aut,,(Y/X)
be its classifying stack for automorphisms. The canonical filtration of G is the filtered object in
Grpg, (Shv(Aff),x) with

as its mth term.

G™ ~ Aut,,, (X\" /X).

Remark 4.30. We recall from Corollary 4.14 that, in the situation of Definition 4.29, the Dirac stack Y
is formally complete along 7: X — Y. Thus, the canonical filtration of G is complete in the sense that

G ~lim G™
«—m

Since ¢, : X,(;") — X is affine, it is in particular O-truncated. This implies that also the E;-group G
is O-truncated, or equivalently, that it represents a functor taking values in ordinary groups.

Remark 4.31. Given F € QCoh(X), we similarly have a classifying stack
Aut(F) € Grpg, (Shv(Aff)/x)

that represents the functor Shv(Aff),x — Grpg, () that to j: X" — X assigns the E;-group of
automorphisms of j*(F) € QCoh(X’). Indeed, this functor descends along effective epimorphisms
because QCoh(X) does so, and one may show that it is accessible.

Remark 4.32. If & € QCoh(X)"° is a locally free Ox-module with corresponding vector bundle
V =~ Vx (&) € Vect(X), then the E;-group

Aut(V) = Aut(€)°P € Grpg, (Shv(Aff)x)
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represents the functor Shv(Aff),x — Grpg, (8) that to the map j: X’ — X assigns the E;-group of
automorphisms of j*(V) € Vect(X’).

Let g: Y — X be a formal hyperplane pointed by nn: X — Y. Taking the tangent space at n defines
a map of classifying stacks for automorphisms

G =~ Aut,, (Y/X) — Aut(Ty x,,)

that to an automorphism f assigns its derivative df;, at 1.

Lemma 4.33. The derivative at 1 factors through an equivalence
1
G' ~ Aut,,, (X" /X) —— Aut(Ty/x.,)-

Proof. We must show that the induced map of functors represented by the map in the statement is an
equivalence pointwise for all j: X’ — X. It will suffice to consider the case where X’ =~ Spec(A)
is affine. Indeed, we show in Appendix A that the Yoneda embedding extends to an equivalence
Shv(Aff;x) — Shv(Aff),x. In this case, the statement follows from the well-known fact that the map

CAlg(Ab)a/—j4 — Moda(Ab)
that to an A-algebra g1 : A — B augmented by r7;: B — A assigns the cokernel of g, is an equivalence
of categories. O
Lemma 4.34. For all m > 2, the following hold:

(1) The canonical map G™ — G™ is an effective epimorphism.
(2) If j: X’ = X has X’ =~ Spec(A) affine, then

ker(G™ — Gm_])(X’ — X) =~ Homyu (P, Sym’y (P))

with P = Ny ;x (X’ — X). In particular, the kernel is an abelian group.

Proof. (1) We claim that the map is a mp-surjection pointwise for every j: X’ — X with X’
affine. Granting this, the lemma follows because the Yoneda embedding extends to an equivalence
Shv(Aff;x) — Shv(Aff);x by Appendix A. To prove the claim, we write X’ =~ Spec(A) and
Y’ ~ Spf(Sym,(P)) for some finitely generated projective A-module P. We let g: A — Sym,(P)
and 77: Symy (P) — A be the structure map and the augmentation, respectively, and let / ¢ Sym 4 (P)
be the augmentation ideal. We wish to prove that the canonical map

Aut(Sym 4 (P)/I™') —— Aut(Sym, (P)/I™)

is surjective. By the universal property of the symmetric algebra, an endomorphism of the augmented
A-algebra Sym 4 (P)/I"™*! determines and is determined by an A-linear map P — I/I™*!. Since P is
projective, any A-linear map P — I/I™ factors through the projection I/ — I/I™, so

End(Sym , (P)/I"™*') —— End(Sym 4 (P)/I™)

is surjective. But an endomorphism of the augmented A-algebra Sym 4(P)/I"™*! is an automorphism if
and only if the induced map of the associated graded for the /-adic filtration is an isomorphism if and
only if the induced A-linear map

P I/rm+! I/1?

is an isomorphism. This proves the claim.
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(2) The proof of (1) shows that
ker(G™ — G™ ) (X’ — X) =~ Homu(P, I/ I"™*Y),

and I /I"™*! ~ Sym'} (P), as we wanted to show. O

We return to our purpose in this section of showing that the co-category of pointed formal hyperplanes
descends along effective epimorphisms.

Lemma 4.35. If f: S — S is a faithfully flat map of affine Dirac stacks, then

rr ,

| ]

(Shv(Aff)s). —— (Shv(Aff),s).

is a cartesian square of co-categories.

Proof. By definition, pointed formal hyperplanes are preserved under base-change, so the square exists.
Thus, to complete the proof, we must show that if o is a pointed Dirac stack over S, whose base-change
o’ along f: S” — S is a pointed formal hyperplane, then ¢ is itself a pointed formal hyperplane. We
write ¢g: Y — Sandn: S — Y for the structure map and point of o, and similarly for o”’.

We claim that Y is formally complete along S. Indeed, the canonical map

lim S ——y
—m
is an equivalence because its base-change
lim §/m ——y’
—m

along the effective epimorphism f is so. We also claim that ¢;: ) — § is affine flat. Indeed, its base-
change g} along f is affine flat by Corollary 4.14, and the property of being affine flat descends along
effective epimorphisms. Now, the cofiber

& ~cof (05 — ql*OS(l)) € QCoh(S)

is a candidate for the conormal sheaf N,y of o as in Definition 4.17, except that we do not yet know
that o is a pointed formal hyperplane. Since

J7E€ =Ny

is a locally free Og--module of finite rank, and since the property of being locally free of finite rank
descends along effective epimorphisms, we conclude that € is a locally free Og-module of finite rank.
To complete the proof, we will show that there exists an equivalence

Z~Ag(8) sy

of pointed Dirac stacks over S from the formal affine space associated with £ pointed by the zero section
{: S — Z. Since both Y and Z are formally complete along S, it will suffice to show that there exists a
compatible sequence of equivalences

(m)
s A sy
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for all m > 0. The case m = 0 is trivial, and the case m = 1 follows from the definition of €. So we let
m > 2 and show that an equivalence 4"~ admits an extension to an equivalence 4™ . To this end,
we let I be the sheaf on Aﬁ/bs that to g: U — S affine flat assigns the anima of diagrams

_ him=1 _
U Xs Siym D v U Xg Sslm D
U Xg S((m) %UXS Sﬁ,m)

with hg") an equivalence. The sheaf I is naturally a torsor for the E;-group
K™ =~ ker(G™ — G™ 1)

of automorphisms of S 5,’" ) that extend the identity on S Sim_l). The isomorphism classes of such torsors

are parametrized by the sheaf cohomology group H'(S,X™). But Lemma 4.34 identifies this group

with a coherent cohomology group of the affine Dirac scheme S, and therefore, it is zero. Hence, the
torsor J™ is trivial, so it admits a global section, which is the desired equivalence h(m), O

Theorem 4.36. The functor Hyp, : Shv(Aff)P? — Cate preserves small limits.

Proof. Suppose that X =~ h_r)n X is a colimit of a small diagram in Shv(Aff). We consider the diagram
a

Hyp, (X) ————1lim Hyp,(Xa)

| |

(Shv(Aff)/x). —— lim_(Shv(Aff)x, ).

and wish to prove that the top horizontal map is an equivalence. We claim that the bottom horizontal
map is an equivalence. By Theorem 2.2 1, the map

Shv(Aff) x —— liLna Shv(Aff)/x,
is an equivalence, so it suffices to show that the canonical map
(lina Shv(Aff)/x ). — @a(ShV(Aﬁ)/X,I)*

is an equivalence, which follows from the adjunctions

Cato, Cat., Cat?,

Here, the bottom left-hand map is the inclusion of the (nonfull) subcategory spanned by the co-categories
that admit a final object and the maps that preserve final objects, and the top right-hand map is the
inclusion of the full subcategory spanned by the pointed co-categories. The former is a right adjoint,
by (the dual of) [20, Corollary 5.3.6.10], and therefore, it preserves limits. Moreover, the latter admits
a right adjoint that to an co-category € that admits a final object assigns the co-category €, =~ €y, of
pointed objects in C. This proves the claim.

Now, in the diagram at the beginning of the proof, the vertical maps are fully faithful, so the claim
shows that the top horizontal map is fully faithful. It remains to prove that it is essentially surjective. So
we fix o € (Shv(Aff),x). such thati7, (o) € Hyp, (X,) for all @ and proceed to show that o~ € Hyp, (X).
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First, we consider the special case, where T ~ [ [, T, is a finite coproduct of affine Dirac schemes.
In this case, the desired statement follows from that the fact that for a locally free O7-module of finite

*

rank &, the O, -modules €, ~ i}, (&) are locally free of finite rank, and the diagram

oAz, (Ea) —— A7 (€)

L]

HoTog ———T

is cartesian with the horizontal maps equivalences.

Next, in the general case, we must show that for : S — X with S affine, " (o) € Hyp,(S). By
Lemma 4.35, if suffices to show that there exists a faithfully flat map of affine Dirac schemes g: T — S
such that g*n* (o) € Hyp, (T). To this end, we consider the canonical map of presheaves

lim «(X,) —— «(lim X,).
—a —a

It becomes an equivalence and therefore an effective epimorphism after sheafification, so it follows from
Proposition B.6 that there exists a diagram of presheaves

i i .
Hier BT —22 i (X,

JZ,‘ h(gi) J

h(S) —— (lim Xo)

with (g;: T; — S);es a finite covering family. Moreover, since colimits of presheaves are calculated
pointwise, each 7j; factors through some ¢(X4,), so
gin" (o) = ij;ig, (o) € Hyp,(T)

for all i € I. Now, the coproduct g: T — S of the g;: T; — S is a faithfully flat map of affine Dirac
schemes, and the special case that we considered above shows that g*n* (o) € Hyp, (T), as desired. This
completes the proof. O

Corollary 4.37. If f: X’ — X is an effective epimorphism of Dirac stacks, then
: rxx [-]
Hyp. (X) —— lim, Hyp, (X"*1™)

is an equivalence of co-categories.

Proof. This is a special case of Theorem 4.36. O

Corollary 4.38. For every Dirac stack X, Hyp, (X) is essentially small.

Proof. If X =~ Spec(R) is affine, then the cardinality of the set of equivalence classes of formal
hyperplanes over X is equal, by Remark 4.16, to that of isomorphism classes of finitely generated
projective graded R-modules, which is small. In general, we can write X =~ li_rr)1X0, as a small colimit of
affine Dirac schemes, and since Hyp, (X) =~ 121 Hyp, (X4) by Theorem 4.36, the corollary follows. O

4.4. Formal groups
In this section, we define the groupoid of formal groups over a Dirac stack and show that it descends

along effective epimorphisms.
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Definition 4.39. Let Lat be the category of finitely generated free abelian groups. If € is an co-category,
which admits finite products, then the co-category of abelian group objects in € is the full subcategory

Ab(C) =~ Fun*(Lat®®, ) c Fun(Lat’, @)

spanned by the functors that preserve finite products.

Remark 4.40. We note that the full subcategory Ab(€) c Fun(Lat?, C) is closed under sifted colimits
and limits by [20, Proposition 5.5.8.10]. Therefore, it follows from [20, Corollary 5.1.2.3] that small
limits and small sifted colimits in Ab(C) are calculated pointwise.

By Corollary 4.38, the functor Hyp, takes values in the co-category Cat,, of small co-categories.
In fact, it takes values in the subcategory Cat!! c Cat,, spanned by the co-categories that admit finite
products and the finite product preserving functors, and hence, we may compose it with the functor

Ab
Cat! ——— Cat,,

that to C assigns Ab(C) =~ Fun*(Lat°®, ©).

Definition 4.41 (Formal groups). The functor that to a Dirac stack X assigns the co-category FGroup(X)
of formal groups over X is the composite functor

Ab

Hyp.
Cat!! Cate, .

Shv (Aff)°P

Example 4.42 (Formal additive groups). Let X be a Dirac stack and let € be a locally free Ox-module
of finite rank. The functor G, (&€): Lat®® — Hyp(X) that to L assigns g1 : Ax(L®zE) — X is a formal
group over X, which we call the formal additive group associated with €. Its dimension is equal to the
rank of €.

Proposition 4.43. The functor FGroup: Shv(Aff)°? — Cats, takes small colimits of Dirac stacks to
limits of co-categories.

Proof. Indeed, this is a consequence of Theorem 4.36 and from the fact, which is proved in (the dual
of) [20, Corollary 5.3.6.10], that Catglo C Cat,, is closed under limits. O

Remark 4.44 (Formal groups and formal group laws). We spell out the definition of a formal group in
more concrete terms. So let §: Lat®® — Hyp(X) be a formal group over X and let g: ¥ — X be its
underlying formal hyperplane G(’Z). The canonical inclusions Z — Z @ Z induce an equivalence

S(ZeZ) — 5(Z) x 5(2),

and a composition of an inverse of this equivalence and the map induced by the diagonal mapZ — Z&2Z
defines the addition

YXxY ——Y
in the formal group. Similarly, the unique map Z — 0 defines the zero section

X"y,

Conversely, a formal hyperplane ¢: ¥ — X together with maps +: Y Xx ¥ —» Yandn: X — Y

satisfying the abelian group axioms determine a formal group G: Lat®® — Hyp(X), which is unique
up to contractible choice.
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Suppose that X ~ Spec(R) and ¥ =~ Spf(A) with I C A the ideal that defines the zero section
n: X — Y. Themap +: ¥ Xx Y — Y is a point of the anima

~ 1 : p+l m+1 n+l
Mapy (Y xx Y,Y) &inm’nh_n}pMapR(A/I LA™ @p AT

which is O-truncated. Moreover, Zariski locally on X, we may choose homogeneous coordinates
Xl,...,Xg € A such that the family (x,...,x;) generates I C A and such that the family
(x1+12, ..., xq+I?) is abasis of the R-module I /I?. In terms of these coordinates, themap +: YxxY — Y
determines and is determined by a family f(y, z) = (fs(y, z)) of d power series in 2d variables,

fS :fs(y92) =fS(y17"'7yd7Z1»"'5zd) € R[[y1»~~-,)’d,Z17~~,Zd]],

such that

deg(fs) = deg(x,) = deg(ys) = deg(zy).

Moreover, the map +: Y Xx ¥ — Y defines a structure of formal group on the formal hyperplane
q:Y — X with zero sectionp: X — Y defined by I C A if and only if the following identities among
families of power series hold.

@ f(x,0)=x=f(0,x)
®) f(f(x,9),2) = fx, f(y,2)
© fx,y)=f(,x)

A family of power series satisfying these conditions is classically known as a formal group law; the
above discussion implies that any formal group is locally described (in a noncanonical way) by a formal
group law.

We remark that the above three axioms imply the existence and uniqueness of an inverse with respect
to addition. Indeed, a map —: ¥ — Y determines and is determined by a family i(x) = (iz(x)) of d
power series in d variables,

is = ls(x) = i.\‘(xls- . .,)Cd) € R[[)C],. . '9xd]]9

such that deg(iy) = deg(x;), and the map —: ¥ — Y is an inverse with respect to addition if and only if
the following identity holds.

(d) fx,i(x)) =0=f(i(x),x)
But it follows from (a) that this system of equations admits a unique solution.

Example 4.45. Let R be a Dirac ring and let M be a free R-module. If we choose a basis (x1, . ..,xq)
of M that consists of homogeneous elements, then the additive formal group G, (M) associated with M
determines and is determined by the family of power series f(y,z) =y + z with fs(y,2) = ys + Zs-

Definition 4.46. Let X be a Dirac stack. The Lie algebra is the functor

FGroup(X) % Vect(X)

that to a formal group G assigns the tangent space Lie(G) = Tyx ,, of its underlying formal hyperplane
q:Y — X at the zero sectionn: X — Y.

Since § is abelian, it serves no purpose to define a Lie bracket on the vector bundle Lie(5) because
it will turn out to be zero.

https://doi.org/10.1017/fms.2024.2 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.2

Forum of Mathematics, Sigma 65

The functor FGroup: Shv(Aff)°P — Cat,, classifies a cartesian fibration

FGroup —— Shv(Aff),

and we refer to its domain, which by abuse of notation we also denote by FGroup, as the co-category
of formal groups. Its objects are formal groups G over varying base Dirac stacks. Amap f: §* — Gin
FGroup determines a diagram

Y ——Y
L
X —X

in Shv(Aff), where ¢ and ¢’ are the underlying formal hyperplanes of G and G’, respectively, and the
map f is p-cartesian if and only if this diagram of Dirac stacks is cartesian. We recall that a functor
G: K — FGroup is said to be cartesian if it takes every map a: k’ — k in K to a cartesian map in
FGroup.

Proposition 4.47. Let G: K — FGroup be a cartesian diagram in the co-category of formal groups.
There exists an essentially unique pair of a cartesian diagram

K- i) FGroup

and an equivalence G|g ~ G. Moreover, the diagram G(Z): K> — Shv(Aff)A] of underlying formal
hyperplanes is a colimit diagram.

Proof. We consider the following diagram of co-categories:

FGroupg SN FGroup

6x < J”/ Jp

K ~——%  Shv(Afp),

where pk is the base-change of p along X ~ p o G. Since p is a cartesian fibration, so is pg, and
since § is a cartesian functor, so is the induced section G of pg. We fix a pair of a colimit diagram
X: K> — Shv(Aff) and an equivalence X |x ~ X and consider the diagram

FGroupg —— FGroupg- X, FGroup

< ka Jp,@ ) l”

K K Shv(AfF),

where pg- is the base-change of p along X. We proved in Proposition 4.43 that the functor
FGroup: Shv(Aff)°P — Cat,, takes colimits of Dirac stacks to limits of co-categories. Therefore, it fol-
lows from [20, Proposition 3.3.3.1] that a cartesian section G of px extends essentially uniquely to a
cartesian section Gg+ of pg-. This determines a cartesian functor G: K" — FGroup and an equivalence
9|K ~ G, as desired.

It remains to prove that G(Z): K~ — Shv(Aff)Al is a colimit diagram. Let us write qx: Yix — Xi
for the value of Q(Z) at k € K” and let o € K” be the cone point. Since G: K" — FGroup is a cartesian
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functor, the diagram

Ye — Yoo

qu qu

Xy — Xoo
is cartesian, for all k¥ € K, and since colimits in Shv(Aff) are universal, so is

lim Y —— Yo
—>keK

i,

lim Xy — Xoo.
—>keK

But the lower horizontal map is an equivalence, and hence, so is the top horizontal map. O

5. Stable homotopy theory

The purpose of this final section is to demonstrate that Dirac geometry is the natural geometric framework
in which to formulate various statements in stable homotopy theory.

5.1. The descent spectral sequence

Suppose that 7: k — E is a map of commutative algebras in spectra.® We may form the augmented
cosimplicial object in the co-category of k-modules in spectra

® [-]
Ay 55 Mody (Sp),

which is known as the cobar construction of r7. We recall that [n] = {0, 1,...,n} so that E®* ("] is an
(n + 1)-fold tensor power of E over k. Given a k-module in spectra V, the restriction

Valim Ve E® — sV ~lim Ve, E®]
—A, «—A

along the inclusion A C A is known as the n-nilpotent completion of V. It is typically not a particularly
well-behaved operation, but it has the advantage that its target can be analyzed by means of the descent
spectral sequence, which we now explain.

We let A" C A be the full subcategory spanned by the objects [m] with m < n and recall that
Lurie’s co-categorical Dold—Kan correspondence

Fun(A, Mody (Sp)) —— Fun(Z> , Mody (Sp))

>0’

from [19, Theorem 1.2.4.1] takes the cosimplicial k-module in spectra V ®; E®* (-1 to the filtered k-
module in spectra Fil,, (V) that to n assigns

1N ~ 1: ® [_]
Filj, (V) = linASn V @, E®<L71
SWe assume that 17: k — E is a map of commutative algebras in spectra for ease of exposition, but less will do: If k is
an Ej-algebra, then Mody (Sp) promotes to an Ej-monoidal co-category, and we can ask that E be an E-algebra therein. We

refer to [26, Construction 2.7] for the definition of the cobar construction in this generality. Since the graded ring 7, (E) is not
automatically Dirac, we must assume this to be the case, too.
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The descent spectral sequence is the associated spectral sequence

El =i j(gn (V) = i (V),

which converges conditionally in the sense of Boardman [3] to the homotopy groups of the n-nilpotent
completion of V. We recall the following result concerning the convergence of the descent spectral
sequence.

Lemma 5.1. Letn: k — E be a map of commutative algebra in spectra, let I be the k-module in spectra
given by the fiber of n and let V be any k-module in spectra. In this situation, there is a fiber sequence
of k-modules in spectra

V& 18" —— v —— Fil}) (V)

Jor all n > 0. In particular, if k is connective, n is I-connective and V is right bounded, then the

completion map V. — V is an equivalence.

Proof. This is proved in [26, Proposition 2.14]. m
The proof of the co-categorical Dold—Kan correspondence identifies

d' d!

E! d' d'

1
1 1 d 1
i-1,j Eij EL ko,

with the normalized cochain complex associated with the cosimplicial 7o (k)-module 7; (V ® E®* =1y,
It follows that the descent spectral sequence takes the form

E? =77 (n(V @ E® 1)) = mi i (V),

and we proceed to identify the E2-term in Dirac geometric terms.
The map n7: k — E of commutative algebra in spectra gives rise to the groupoid

S =~ Spec(r, (E®+I71))
in affine Dirac schemes, so we may form the Dirac stack given by the colimit
X ~lim S € Shv(Aff)
—A®

in Dirac stacks. We henceforth assume that the groupoid S has flat face maps so that, by Theorem 2.49,
the Dirac stack X is geometric.”

Construction 5.2. In this situation, we define a pair (F, ) of a functor

Mody (Sp) ——— QCoh(X)®

that to a k-module in spectra V assigns a quasi-coherent Ox-module F(V) and a natural isomorphism
of quasi-coherent Ox-modules

FEV) — 2 F(V)(=1)2),

7Equivalently, we assume that 77 is descent-flat in the terminology of [5], where it is proved that this property of 177 is not stable
under composition.

https://doi.org/10.1017/fms.2024.2 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.2

68 L. Hesselholt and P. Pstrqgowski

which is a homology theory in the sense of [30, Definition 2.8]. To this end, we let
QCoh” —Z— Aff

be the cartesian fibration classified by the functor Aff? — Cat,, that to an affine Dirac scheme T assigns
the abelian category QCoh(T)". Now, we have a lift

QCoh?
>
4
AP 5 AR
defined by
S(V) = (S, . (V @ E®LT1Y),

and it takes injective maps in A to p-cartesian maps in QCoh" by the assumption that S takes injective
maps in A to flat maps in Aff. So let A; € A be the subcategory spanned by the injective maps. It
follows from Corollary 3.26 and by [20, Corollary 3.3.3.2] that the canonical maps

QCoh(X)>p —— lim, QCoh(S)>0 —— lim, QCoh(S)>o

are equivalences and from Theorem 3.27 that the composite map restricts to an equivalence

QCoh(X)? —— lim, QCoh(S)°".

By [20, Corollary 3.3.3.2], the cartesian lift S (V) defines a point on the right-hand side, and we define
F(V) € QCoh(X)? to be the essentially unique corresponding point on the left-hand side.

It is clear that the cartesian lift S(V) — and hence, the point F(V) — is functorial in V, so we obtain
the desired functor J. Moreover, the natural isomorphism

T (ZV @ E® )y — 5 (Vv @ E®L71)(<1)2)

from [12, Example 2.4] induces the natural isomorphism dy : F(ZV) — F(V)(-1/2).

Remark 5.3. Let n: k — E be a map of commutative algebras in spectra with the property that the
groupoid S =~ Spec(mr, (E®+171)) has flat face maps and let X ~ |S|. Since f,: S,, — X is a submersion,
Theorem 3.27 implies that f,; is -exact, so we may consider the composition

Mody (Sp) ——— QCoh(X)® ——+ QCoh(S,)? = Mod,,_ (e, (Ab).
We note that the definition of F in Construction 5.2 provides an equivalence between this composite
functor and the functor that to V assigns 7, (V ® E®k[]),

Definition 5.4. Let n: k — E be a map of commutative algebras in spectra such that the groupoid
S =~ Spec(r,(E®*[71)) has flat face maps. The homology theory associated with 7 is the pair (F,d)
defined in Construction 5.2.

Theorem 5.5. Let n: k — E be a map of commutative algebras in spectra such that the groupoid in
affine Dirac schemes S ~ Spec(m.(E®* [-1y) has flat face maps and let X =~ |S| be the geometric Dirac
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stack given by its geometric realization. The descent spectral sequence for a k-module in spectra V takes
the form

E2 . = H(X,F(V) (/) = mir; (V),

where (F, d) is the homology theory associated with n.

Proof. Let p: X — 1 be the unique map to the final Dirac stack 1 =~ Spec(Z). The coherent cohomology
of any F € QCoh(X) is defined by

H_i(X’:T) = o Map(ol,z_ip*(f}d)),

and we first explain how to use the affine submersion fy: So — X to understand its structure. To this
end, we consider the diagram

N
1
and observe that the canonical map
F— lin[n]eA o fn(F)

is an equivalence. Indeed, for any § € QCoh(X), we have a diagram of anima

Map(§. F) —————— Map(G.lim fo. £ (5)

| |

lim  Map(f;(9). £ () ——lim  Map(3, fuef; (F)),

where the left-hand vertical map is an equivalence because the canonical map

QCoh(X) ——1lim . QCoh(S,)

is an equivalence of co-categories. Since also the right-hand vertical map and the lower horizontal maps
are equivalences, we conclude that the top horizontal map is an equivalence, as desired. It follows that
the canonical map

p«(F) —— liln[n]EA DS (9) = liLn[n]eA DPnsfp (%)

is an equivalence. Hence, we find that

H7(X.5) = mo Map(01, 7p.(F) = m map(O1. p. (5)
~milim | map(O1. e (F)).

Now, suppose that F € QCoh(X)®. Since f,,: S, — X is a submersion from an affine Dirac stack,
Theorem 3.27 shows that f;(F) € QCoh(S,)", and since p, is affine flat, Proposition 3.20 further
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shows that p,. f,:(F) € QCoh(1). Thus, the mapping spectrum map(Oy, p,. fi (F)) is the Eilenberg—
MacLane spectrum given by the degree O part p,. f,; (F)o of the graded abelian group p,.f, (F). It
follows that the Bousfield—Kan spectral sequence

EZ, =n5([n] = 7, map(O1, pu.fy (F)))
= g (lim  map(O1, pef;i ()

is concentrated on the line ¢ = 0, and therefore, it collapses to an isomorphism
—i * ~ . (1; 5
7] > paefi(Pho) = milim, | map(O1. pa- £ ().
Hence, for F € QCoh(X)", its coherent cohomology is given by

H_i(X,\"JF) =~ ﬂ_i([n] (d pn*f;:(?)()),

and more generally, the coherent cohomology of F(J/2) is given by
H™ (X, 5(if2)) = 77 ([n] & pusf (5);)-

Finally, if F ~ F(V), then £*(F) € QCoh(S,)" is the graded x,(E®*[")-module . (V & E®*["]),
and p,. fir (F) € QCoh(1)7 is its underlying graded abelian group, and therefore, we conclude that

H (X, F(V)(/2) = 27 ([n] = 7, (V & E*")) = E2

as we wanted to prove. O

Remark 5.6. In the situation of Theorem 5.5, the descent spectral sequence does not depend on the map
of commutative algebras in spectra n: k — E, but only on its associated homology theory (&, 7). We
refer to [30, Construction 2.24] for the construction in these terms, but we show below that the homology
theory (&, ) is indeed adapted in the sense of [30, Definition 2.19], as the construction requires.

In the situation of Theorem 5.5, the counit of the adjunction

*

n
Mod (Sp) <? Modg (Sp)

given by the extension of scalars along 7 and the restriction of scalars along r7 induces a map of graded
n.(E)-modules 7. (17°n.(W)) — m.(W), or equivalently, a map f;F(17.(W)) — G(W) in QCoh(Sp)”,
the mate of which is a natural map

F(.(W)) —— fo.(5(W))

in QCoh(X)".

Lemma 5.7. In the situation of Theorem 5.5, the canonical map

Fn.(W)) —— f0.(5(W))
is a natural isomorphism.

Proof. Since QCoh(X) =~ @{nleA QCoh(S,), it suffices to show that the map
Ja (F(1(W))) —— f fo.(§(W))
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induced by the map in the statement is an equivalence for all n > 0. In fact, it suffices to consider the
case n = 0, but the argument becomes more transparent by considering all n > 0. We consider the
diagram of finite ordinals

[n+1] == [0] * [n] +— [0]
e jem
[n] =—= 0% [n] «—0.

The induced diagram of commutative algebras in spectra

E®k[n+l] # E
TU’ Tn
E®kln] . ™ 4
is cocartesian, and the induced diagram of Dirac stacks

f;ll
Sn+1 —— S0

L
Jn
Sy ——X

is cartesian because S is a groupoid. Since fy is affine flat, Proposition 3.20 shows that the base-change
map associated with the latter square is an equivalence, so it suffices to show that the composition

T Jo- (SW)) —— [ fo. (S(W)) —— fo, i (5(W))

of the map in question with the base-change map is an equivalence for all n > 0. Changing to graded
module notation, we have a diagram

e (M1 (W) ——— fo. fu" (7 (W)

N,

7 (1, (W)

of graded ,(E®+[")-modules, and we wish to prove that the top map is an equivalence. The left-
hand slanted map is the base-change map associated with the above cocartesian square of commutative
algebras in spectra, so it is an isomorphism, and the right-hand slanted map is the Kiinneth map, which
is an isomorphism because .(7;,) is a flat map of Dirac rings by the assumption that S has flat face
maps. O

Proposition 5.8. In the situation of Theorem 5.5, the homology theory (¥, 3) associated withn: k — E
is adapted.

Proof. We recall that, by [30, Definition 2.19], the homotopy theory (&, d) is adapted if for every
injective object J € QCoh(X)?, there is an isomorphism ¢: F(I) — J with I € Mody (Sp) such that for
every V € Modg (Sp), the composite map

moMap(V,I) —— Map(F(V), F(I)) —— Map(F(V),J)
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is an isomorphism. We notice that the class of injective objects J € QCoh(X)" for which such an
isomorphism ¢: F(I) — J exists is closed under retracts.
Now, since f =~ fy: So — X is affine flat, both functors in the adjunction

*

f
QCoh(X) | * QCoh(Sy)
i
are r-exact, so they restrict to an adjunction

;-
QCoh(X)¥ " QCoh(Sp)”

%

with both functors exact. Moreover, the unit 7: F — f, f*(F) is a monomorphism because f: Sy — X
is an effective epimorphism. Thus, every injective object on the left-hand side is a retract of an injective
object of the essential image of f..

SoweletJ ~ £,.(J) with J € QCoh(Sy)? injective and proceed to find an isomorphism ¢: F(1) — J
with I € Modg(Sp) with the required property. It follows from Brown representability, [19, Theo-
rem 1.4.1.2], that the functor

Map(§G(-),d
hModg (Sp) M) Set

with §: Modg (Sp) — QCoh(Sy)? as in Lemma 5.7 is representable. Therefore, we obtain a map
Y 9(J) — J with J € Modg (Sp) such that the composite map

mo Map(—, J) —— Map(§(-), 5(J)) —— Map(5(-).J)
is a natural isomorphism, and since QCoh(Sy)® has a family of generators contained in the essential
image of G, we conclude that the map  is an isomorphism. Accordingly, we let I ~ n,(J) and define
¢: F(I) » I = f.(J) to be the composition

FUI) — f.(§()) — f()
of the isomorphism provided by Lemma 5.7 and the isomorphism induced by . Since the composite
[ FV) —— T (V) — [ 150" (V) —— S (V)

is an isomorphism for all V € Mody (Sp), we conclude that the composite map

moMap(V,I) —— Map(F(V), F(I)) —— Map(F(V),J)
is an isomorphism, as desired. This completes the proof. O

Remark 5.9. We briefly discuss the second author’s categorification of the descent spectral sequence
associated with n: k — E. By Proposition 5.8, the homology theory (&, d) associated withp: k — E
is adapted, so [30, Theorem 6.40] exhibits the homological functor J as the Oth truncation

D(F)s0
/ e \

Mody (Sp) ——— QCoh(X)”

https://doi.org/10.1017/fms.2024.2 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.2

Forum of Mathematics, Sigma 73

of a fully faithful embedding as a reflexive subcategory in a Grothendieck prestable co-category.®
Moreover, if we exhibit D(F)sq as the connective part of a presentable stable co-category D (F) with
a t-structure compatible with filtered colimits, then [30, Theorem 5.60] identifies the descent spectral
sequence in Theorem 5.5 with the spectral sequence associated to the filtered spectrum®

F*(V) = map(v(k),Z*v(Z7*V)) € Fun(Z°, Sp)

with structure maps given by the colimit interchange maps 7: Xv(W) — v(EW). However, the
Grothendieck prestable co-category D(F)so encodes a great deal more information than does the de-
scent spectral sequence, whence its usefulness.

Remark 5.10. In Construction 5.2, we used the equivalences
Q . Q . Q
QCoh(X)” —— MA QCoh(S)” —— @As QCoh(S)

where, in the middle term, it is important that we use the truncated extension of scalars maps 6,
associated with 8: S,,, — S, because not every such map @ is flat. Since the diagram QCoh(S)? is a
diagram of 1-categories, we conclude from [12, Proposition A.1] that the restriction map

. V] . v
lim QCoh(8)? —— lim _, QCoh(S)

is an equivalence. An object of the right-hand side, in turn, is a pair (o, €) of an object Fy € QCoh(Sy)”
and a ‘descent structure’ map'©

d3(Fo) —— di(Fo)
in QCoh(S;) that makes the diagrams

* * S*,V(e) * *
sp.od}(Fo) ——— 5, ,dg(Fo)

N

Fo

g di(e) -
did{(Fo) ——— d;d;(Fo)

e N\

d3d; (Fo) dyd;(Fo)
d;& /;;(e)
dydy(Fo) === dyd}(Fo)

8As for the derived co-category of an Grothendieck abelian category, there are several variants of the derived co-category
attached to (&, 9); compare [30, Remarks 6.38 and 6.39]. We consider the unseparated variant only.

°The slice filtration on the stable motivic co-category encodes the motivic spectral sequence
EI2 =H(X,Z(i])) = K;.j(X) in a similar manner. In the case of the descent spectral sequence, the role of the
slice filtration is played by the z-structure on D (F), as the tower

s svETlv) s v(v) s EhvEv)

is a Postnikov tower with respect to this 7-structure.
10The map € is necessarily an isomorphism.
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in QCoh(S()” and QCoh(S,)” commute. The equality signs indicate the various unique isomorphisms.
We say that (5o, €) is a quasi-coherent Og,-module with descent structure along f: Sop — X, and we
refer to the fact that the map € makes these diagrams commute by saying that it satisfies the cocycle
condition. A map a: (Fy,€) — (F), €’) of quasi-coherent Og,-modules with descent structure along
the map f: So — Xisamap a: Fp — Fjin QCoh(Sp)? that makes the diagram

d;(Fo) —=—— d3(Fo)

ldf(a) J/dg (@)

d;(Fg) —— dy()

in QCoh(S;)Y commute.

Remark 5.11. Suppose that (F9, €) is a quasi-coherent Og,-module with descent data along f: Sop — X
as in Remark 5.10. The map of quasi-coherent O, -modules

d;(Fo) —— dj(Fo)

determines and is determined by the map of quasi-coherent Og,-modules

v, .
?0 E— dl*d()(§0)

given by its mate. The cocycle condition for € translates to a Leibniz rule for the map V., which behaves
as a connection. !

5.2. Quillen’s theorem

Given a commutative algebra in spectra E and a group in anima G, we defined, in the introduction, a
formal Dirac scheme

Y=~Ye G L> S=Sg
over S =~ Spec(R) with R ~ . (E). We consider the case where
G ~ L ~Hom(L, U(1))

is the Pontryagin dual of a finitely generated free abelian group L. The Postnikov filtration of E defines
the Atiyah—Hirzebruch spectral sequence converging to

A = (p.p"(E)) = m.(map(EYBG, E)),
and since the integral cohomology groups of BG are free, it takes the form
E? ~ Symg (L ®7 R(1)) => A.

We define I C A to be the kernel of the edge homomorphism §: A — R and recall that E is said to be
complex orientable if the canonical map

~ 2 2 o
ES =1/IP —— E?, ~L®&;R(1)
""The map V¢ is a comodule structure for the descent comonad f*fi = dy.dj.
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is an isomorphism. In this case, all differentials in the spectral sequence are necessarily zero, so we
conclude that g: ¥ — § is a formal hyperplane.

Definition 5.12. Let E be a complex orientable commutative algebra in spectra. The Quillen formal
group associated with E is the functor

9Q
Lat®® —=— Hyp(S)

that to L assigns the formal hyperplane g: Y, ; — S.

Remark 5.13. Let £ be a complex orientable commutative algebra in spectra. The canonical isomor-
phism 7/I> — R(1) provided by the Atiyah—Hirzebruch spectral sequence in the case L = Z defines a
canonical isomorphism

¢Q
Ags(1) ——— Lie(39)

of line bundles over S. This isomorphism provides a canonical trivialization of the Lie algebra, which
we defined in Definition 4.46, of the Quillen formal group. In particular, the Quillen formal group Sg
is 1-dimensional and spin-1 over S.

We now let E =~ MU®"] be a tensor power of the commutative algebra in spectra representing
complex cobordism. It is proved in [2, Lemma 4.5 and Theorem 8.1] that the homotopy groups of E are
concentrated in even degrees, so E is complex orientable. Therefore, the Quillen formal group provides
the simplicial formal group

Sl
ol
AP M FGroup,

whose value at L € Lat is the simplicial formal hyperplane
Spf (7, (map(EXBL, MU®!-1))) —— Spec (., (MU®L1)).
It satisfies the hypotheses of Proposition 4.47, so the geometric realization
G2 ~ |91\Qxlu®l-ll € FGroup
exists and its value at L € Lat is the formal hyperplane
| Spf (7. (map(=L BL, MU®!-1)))| —— | Spec(zr, (MU®I-1y)].
We write X for the Dirac stack on the right-hand side so that G2 € FGroup(X). By the descent

of modules along effective epimorphisms, the canonical trivializations of Remark 5.13 determine a
canonical isomorphism of line bundles over X,

o

Ax(1) = Lie(59).
We now use Quillen’s theorem to show that (G2, $<) is the universal 1-dimensional spin-1 formal
group equipped with a trivialization of its Lie algebra in the following sense.

Theorem 5.14. Let T be a Dirac stack. The functor that to f: T — X assigns the pair (f*S2, f*¢2)
is an equivalence from Map(T, X) to the groupoid of pairs (G, ¢) of a formal group G over T and an
isomorphism ¢: A (1) — Lie(S) of line bundles over T.
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Proof. We let p,: Y, — S, be the underlying formal hyperplane of the Quillen formal group asso-
ciated with MU®"] and note that a complex orientation of MU determines and is determined by an
isomorphism

h ~
Y — AS()(I)

e o)

of pointed formal hyperplanes over Sy such that the diagram

Ag, (1)

Y

Ty fsu0 — T, Asy (1)/50.0

of line bundles over Sy commutes. Here, ‘f’ﬁu and « are the canonical trivializations provided by
Remark 5.13 and Proposition 4.13. Moreover, under the identification provided by a choice of complex
orientation /, the Quillen formal group 91\Q/IU is encoded by a formal group law f(y, z) € n.(MU)[[y, z]],
which, in turn, determines and is determined by a map of affine Dirac schemes

Spec(m.(MU)) LA Spec(L)

with L the Lazard ring. Quillen shows in [31, Theorem 2] that 6 is an isomorphism; see also [2,
Theorem II.8.2] for a purely homotopy theoretic proof of this fact.

Next, we note that the face maps dy, d;: Y1 — Yy and the complex orientation h: ¥ — Ago(l) of
MU give rise to two complex orientations of MU®!1,

ho

Y T> AS} (1).
1

The composite map g =~ hgo hl’1 is an automorphism of the pointed spin-1 formal affine line Asl (1) that
induces the identity automorphism on conormal sheaves. It defines an S;-valued point g of the affine
group scheme G’ of automorphisms of the pointed spin-1 formal affine line Az (1) which induce the
identity map of tangent spaces at the zero section.'> Quillen shows that the map of affine Dirac schemes

d
SlﬁG/XSO

is an isomorphism. Moreover, there are commutative diagrams

s, &M LGS, $, &N L Grxs,

NS N

where the action map u is given as follows. Let T = Spec(B) be any affine Dirac scheme. A T-valued
point of Sy determines and is determined by a formal group law f = f(y,z) € B[[y,z]], and a T-
valued point of G’ determines and is determined by a power series g = g(#) € B[[¢]] with g(0) = 0 and

12We have studied G’ earlier. Indeed, by Lemma 4.33, we have G’ ~ ker(G — Gh.
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g’(0) = 1. Here, the generators y, z and ¢ are all spin-1, and f and g are also required to be spin-1. Now,
the image of (f, g) by u is the formal group law g(f (g~ (y), g7 (z))). It follows, in particular, that the
groupoid S: A°? — Shv(Aff) has flat face maps, so by Theorem 2.49, its geometric realization X = |S|
is a geometric stack.

Let X’(T) be the groupoid consisting of pairs (G, ¢) of a formal group G over T and an isomorphism
¢: Ar (1) — Lie(G) of vector bundles over T. We wish to prove that the functor

X(T) —— X'(T)
thatto f: T — X assigns (f*G2, f*¢2) is an equivalence. To this end, we consider the colimit
9” ~ |9MU®|_]| € FG]‘OUp(X”)

calculated in presheaves, so that X is the sheafification of X”’. As colimits of presheaves are calculated
pointwise, we have X"’ (T) =~ |S(T)| € 8, and Quillen’s theorem shows that the functor

X"(T) —— X'(T)

thatto f: T — X" assigns (f*G”, f*¢"’) is fully faithful and that its essential image is the subgroupoid
spanned by the pairs (G, ¢) such that G admits a global coordinate in the sense that G(Z) is isomorphic
as a formal hyperplane over T to the spin-1 formal affine line. Hence, to prove that X (T) — X’(T) is an
equivalence, we must show that the presheaf X’ is a sheaf. But this is precisely flat descent for formal
groups, which we have proved in Proposition 4.43. O

5.3. Milnor’s theorem
We next let p be an odd prime number and let
G = L[p] = Hom(L,C,) —— L ~ Hom(L, U(1))

be the p-torsion subgroup of the Pontryagin dual of a finitely generated free abelian group L. We claim
that if : F, — E is a map of commutative algebras in spectra,’® then the formal Dirac scheme

Y2YE’GL>S’:SE

over S =~ Spec(R) with R ~ . (E), which we defined in the introduction, is a formal hyperplane. Since
p is odd, the F,-cohomology of BC, is a free Dirac F-algebra on a spin-1/2 generator e and a spin-1
generator y. It follows that the Atiyah—Hirzebruch spectral sequence converging to

A =7m,(p.p*(E)) =~ m.(map(X]BG, E))
takes the form
E? ~ Symg (L ®z R(e,y)) = A,

and we claim that all differentials are zero. Indeed, the spectral sequence is a spectral sequence of
R-algebras, and the generators of the symmetric Dirac R-algebra are all defined over F,, where the
differentials vanish for degree-reasons. This proves our claim that g: ¥ — S is a formal hyperplane.

13By the Hopkins—Mahowald theorem [25, Theorem 4.16], if E is an E,-algebra in spectra and if p = 0 in 7z, (E), then there
exists a map of Ey-algebras in spectra 17: F, — E.
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Definition 5.15. Let E be a commutative F,-algebra in spectra, where p is an odd prime number. The
Milnor formal group associated with E is the functor

9M
Lat®® —=— Hyp(S)

that to L assigns the formal hyperplane g: Y, Lip) S.

Remark 5.16. The Milnor formal group associated with a commutative F,-algebra in spectra E is
additive in the sense that, as a formal group over S, it is noncanonically isomorphic to an additive formal

group.

If £ is a commutative [Fj,-algebra in spectra with p odd, then i: Z[ rl— L induces a map of formal
groups from the 2-dimensional Milnor formal group to the 1-dimensional Quillen formal group,

g¥ — g2
This map is surjective and its kernel
Fil' ¥ — 5 Fil’ G¥ ~ g
is again a formal group over S. This filtration gives rise to a grading of the Lie algebra Lie(Sg ), which

we refer to as the grading by charge. The Atiyah—Hirzebruch spectral sequence determines a canonical
isomorphism of graded vector bundles

oM .
As(e,y) — gr(Lie(S)),
where e has charge 1 and y has charge 0. As in Remark 4.27, we have a classifying stack
Aut(Fil G} ) € Grpg, (Shv(Aff),s)

for automorphisms of the Milnor formal group associated with E that preserve the canonical filtration
and induce the identity map on gr(Lie(gg” ).

Proposition 5.17. Let So ~ Spec(F,) with p prime. The classifying stack

Aut(Fil gfgj, ) € Grpg, (Shv(Aff)s,)
is an affine Dirac group So-scheme represented by the Hopf algebra

C= Fp[To,Tl,Tz, .. .,fl,fz,. . ]

with 1; and &; generators of spin p' — /2 and p' — 1, respectively, and with comultiplication given by

(1) =1 ® 1+ Yo ffjj ®T;

j

W) = o<j<i £ ® €5

where &y = 1 by convention.

Proof. Let Go be the Milnor formal group associated with F,, and let gg: Yo — So be its underlying
hyperplane G (Z). So Yy = Spf(Ag) with Ag = Fj, [e, v] and with the zero section defined by the graded
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ideal I = (e, y). Now, given any Dirac F,-algebra R, we have

Homs, (Yo, Yo) (R) =~ Homg (Spf (A ®z, R), Spf(Ao @z, R))
~ Hompg(R[e, y], R[[e,¥]]),

so f € Homg, (Yp, Yp) (R) determines and is determined by the two power series

f(e) = Xisolai +cie)y’
F(y) = Xiso(bi + dje)y'
with a; € Ryj—1, b; € Ryj—2, ¢; € Ry; and d; € Ry;—;. Now, let T =~ Spec(R) and Yo7 = Yy Xs, T. The

statement that f is a map of formal groups is equivalent to the statement that the diagram

.
Yoor Xr Yor — Yor

s

+
Yoor Xr Yor —— Yor
commutes. Each of the two composites in the diagram are elements of

Homg, (Yo Xs Yo, Yo)(R) = Homg (R[e, y], R[[e1, 1, €2, ¥2]]),

and by comparing the images of e and vy by the two composites, we see that the diagram commutes if
and only if the following equations hold:

Yisolai +ci(er +€2))(y1 +72)" = Yisolai + cie))yh + Tisolai + ciea)yh,
Yizo(bi +di(e1 +e2)) (Y1 +72)" = Xino(bi + die))y + Xiso(bi + diea) s,

These are satisfied if and only if ¢; and d; are zero for all i > 0 and a; and b; are zero for all i > O that
are not a power of p. Moreover, the map f preserves the canonical filtration of the Milnor formal group
if and only if dy = 0, and, finally, the induced map of gr(Lie(Gp)) is the identity map if and only if
co =1 and b; = 1. Hence, a choice of e and y determines an identification of the set of R-valued points
of Aut(Fil Gy) and the set of pairs of power series of the form

fle)=e+Yisgary”
F) =y +Sisy biy?

with a; € Rypi_y and b; € R i_,. This shows that the underlying So-stack of the E;-group Aut(Fil Go)
is represented by the stated Dirac F-algebra C, so in particular, we conclude that Aut(Fil Go) is an
affine Dirac group Sp-scheme.

The multiplication in the Dirac group So-scheme Aut(Fil Gp) is given, on R-valued points, by the
composition of maps

Homy (Yo, Yo,r) xr Homy (Yo 7, Yo.7) —— Homr (Yo7, Yo.1).
So let (f, g) be a pair of maps with f given by

fle)=e+Yisgay”
F) =y + Sisg biy?

https://doi.org/10.1017/fms.2024.2 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.2

80 L. Hesselholt and P. Pstrqgowski

and with g given by
gle) = e+ Nsgcry”
g(Y) =y +Nis1 diy”.
Since Spf is contravariant, we have
(fog)(e)=2g(f(e) =gle+Tizoaiv?) =gle) +g(Tiz0aiv?")
i J i+f
=e+Yis0civ? +2ijs0 af’ djy? !

i J i+j
(fo)(¥) =8(Zisobiv?) = i js0 Y djy?"”
with by = dg = 1. This shows that the comultiplication on C is as stated. ]

We recall Milnor’s calculation of the dual Steenrod algebra at an odd prime. To this end, we consider
the groupoid S: A%’ — Aff /g, defined by

NES Spec(ﬂ*(PS[_J)).
Since its face maps are flat, the geometric realization
X ~ |S] € Shv(Aff)/g,

is a geometric Dirac Sp-stack. Moreover, the face maps dy, d;: S| — So are necessarily equal because
F, is a prime field, so we conclude that X is the classifying stack

X ~BG

of the affine Dirac So-group G corepresented by the dual Steenrod algebra A ~ 7, (F 1;@ tm ). The geometric
realization of the simplicial Milnor formal group

gM ~ |911[:é[,]| € FGroup(X)
r

comes equipped with a canonical filtration and a canonical isomorphism of graded vector bundles

Ax(ey) -2 ar(Lie(5M)).

We now use Milnor’s theorem to determine the structure of the pair (Fil(G™), pM).

Theorem 5.18. Let So = Spec(F),) with p an odd prime and let T be a Dirac So-stack. The functor
that to f: T — X assigns the pair (f*Fil(SM), f*¢M) is an equivalence from X(T) to the groupoid
X'(T) of pairs (Fil(S), ¢) of a filtered formal group Fil(G) over T that is locally isomorphic to a filtered
additive formal group and an isomorphism ¢: Ax (e,y) — gr(Lie(G)) of graded vector bundles over T.

Proof. By definition, we have X’ ~ BG’, where G’ =~ Aut(Fil §y). Moreover, the map of Dirac Sy-stacks
h: X — X’ in the statement determines and is determined by a map of Dirac Sy-groups p: G — G'. It
follows from Proposition 5.17 that the latter map determines and is determined by the power series

p(e), p(y) € m(FE ) [[e, y]]
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of the form

ple) =e+ 50 ary”
p(y) =7y + Zis1 biy?

with a; € mpi_ (IF?[]]) and b; € mypi_» (]F?[l]). Now, the statement that p is an isomorphism of Dirac
So-group schemes is equivalent to the statement that all a; and b; are nonzero. But this is precisely the
statement of [29, Lemma 6]. m]

A. Accessible presheaves

In the body of the paper, we have occasion to consider presheaves of anima on the co-category Aff
of affine Dirac schemes. The oco-category Aff is not small, but it is coaccessible in the sense that
Aff° ~ CAlg(AD) is accessible. In this context, it is natural to only consider accessible presheaves. We
will show that, in general, the oco-category P(C) of accessible presheaves of anima on a coaccessible
oo-category € has the following properties:

(1) The Yoneda embedding restricts to a fully faithful functor #: € — P(C), which exhibits P(C) as
the cocompletion of C.

(2) The oco-category P(C) satisfies the Giraud axioms, with the exception that, in general, it is not
presentable.

(3) If € admits pullbacks, then there are adjoint functors

fi

Py T 90

X ———— Y
~_f_~

associated with every map f: Y — X in P(C), where f; is given by restriction along f and where

S given by base-change along f.

This appendix does not go as far as one would want. We expect that there is a larger and more systematic
theory of co-categories which behave as co-categories of accessible presheaves on coaccessible co-
categories. However, this is not the place to develop such a theory, but to encourage work in this
direction, we end with a list of properties that we expect such a theory to have; see Question A.20.

We now proceed to prove the properties (1)—(3) of accessible presheaves listed above. We recall from
[20, Definition A.2.6.3] that the relation 4 <« x among regular cardinals indicates that for every xg < k

and Ay < A, we have Kgo < K.

Lemma A.1. Let k > A be regular cardinals. If D is a A-accessible co-category, then the slice category
(D*),a is k-filtered for all d € D.

Proof. Givenadiagram p: K — (D)4 with the property that K is k-small, we must produce a diagram
p: K* — (D¥);4 and an equivalence p|x =~ p. We identify

D = Indy (DY) c P(DY)
with the full subcategory of presheaves of anima on D* generated under A-filtered colimits by the full
subcategory of representable presheaves. In these terms, we can identify p with a pair (¢, g) of a diagram

q: K — D¥ ¢ P(D*) and a map

lim ¢ SELENY
—K
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from the colimit calculated in P(D*), and we must show that g factors through an object of DX. We
recall from [20, Proposition 5.4.2.11] that since x > A, every A-accessible co-category is k-accessible.
So we can write d € D as a «-filtered colimit

d ~limd,
ﬁ
a
with d, € D¥ c D, and the proof of loc.cit. shows that we can arrange that each of the d, is a colimit
of a k-small A-filtered diagram in D* ¢ D. Accordingly, each of the d,, is also k-compact as an object
of P(D4). Now, the inclusion D c P(D?) preserves A-filtered colimits, so, in particular, it preserves
k-filtered colimits. Therefore, we also have

dzl_ilgada

with the colimit calculated in P(D*). Since the domain of the map g in question is a k-small colimit of
k-compact objects in P(D?), it is itself k-compact, and therefore, we conclude that g factors through
some d, as we wanted to prove. O

Notation. If « is a regular cardinal and if C is a k-coaccessible co-category, then we write C, c € for
the full subcategory spanned by the x-cocompact objects. The co-category C, is essentially small, and
C = Pro, (€, ) is its completion under small «x-cofiltered limits.

Proposition A.2. Let C be a coaccessible oo-category. For a functor X: C°° — §, the following
conditions are equivalent:

(1) The functor X: C°° — § is accessible.

(2) The functor X : C°P — 8§ is the left Kan extension of a functor Y : (C,)°? — 8 along the canonical
inclusion i: (C,)°P — C°P for some regular cardinal k.

(3) The functor X : C°° — § is a colimit in Fun(C°P, 8) of a small diagram of representable functors.

Proof. To prove that (1) implies (2), we first choose a regular carcinal A such € is A-coaccessible and
such that X : C°° — 8 is A-accessible. We next choose a regular cardinal « such that x > 1. We claim
that the counit map

it (X) —— X

is an equivalence. The value of i)i* (X) at ¢ € C°P is the colimit of the diagram
()P = (€ —— P .

Now, by Lemma A.1, the slice category on the left is «-filtered, and since X preserves A-filtered and
hence «-filtered colimits, we conclude that the counit map

0" (X)(¢) — X(c)

is an equivalence, which shows that (2) holds with ¥ =~ i*(X).

To prove that (2) implies (3), we assume that X ~ i,(Y) with ¥ € Fun(C,’, 8). Since C, is essentially
small, we can identify Y with a small colimit of representable functors. But left Kan extension preserves
colimits and takes representable functors to representable functors, so we conclude that (3) holds.

Finally, to see that (3) implies (1), we note that, since C°P is accessible, every representable functor
X: G — § is accessible. Hence, given a small diagram of representable functors X,, we can find a
small cardinal A such that each of the X, preserves A-filtered colimits. Since colimits commute with
colimits, their levelwise colimit again preserves A-filtered colimits and hence is accessible. O

https://doi.org/10.1017/fms.2024.2 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.2

Forum of Mathematics, Sigma 83

Definition A.3. Let C be a coaccessible co-category. The co-category of accessible presheaves of anima
on C is the full subcategory

P(C) ~ Funy (C°?, 8) c Fun(C?, §)

spanned by the functors that satisfy the equivalent conditions of Proposition A.2.

Remark A.4 (Universal property of accessible presheaves). If C is a coaccessible co-category, then the
Yoneda embedding factors through a functor

(G 1)

which, by abuse of language, we also refer to as the Yoneda embedding. It follows from Proposition
A.2 that this functor is characterized by the following universal property: If D is any co-category, which
admits small colimits, then composition with the Yoneda embedding gives rise to an equivalence

Fun® (P(€), D) —— Fun(C, D)

from the full subcategory Fun® (P(@), D) ¢ Fun(P(€), D) spanned by the functors that preserve small
colimits. An inverse takes F: C — D to its left Kan extension i (F): P(€) — D, which exists
because every accessible presheaf is a small colimit of representables and D is cocomplete; see also
[20, Remark 5.3.5.9].

Warning A.5. Let C be a coaccessible co-category. We write i: ¢ — P(C) for its cocompletion. If C
is small, then [20, Corollary 5.4.3.6] shows that its cocompletion agrees with the Yoneda embedding
h: € — Fun(C°P,8) to the functor co-category. In general, however, the functor co-category is larger
and pathological. For example, we show in Lemma A.7 that P(C) is locally small, but this is generally
not true for the functor co-category.

Remark A.6. We recall from [20, Corollary 5.4.3.6] that a small co-category C is accessible if and
only if it is idempotent complete. However, if j: € — €’ is an idempotent completion of C, then €’
is again small and j,: P(C) — P(C’) is an equivalence. Thus, the theory of accessible presheaves on
coaccessible co-categories is a strict generalization of the theory of presheaves on small co-categories.

Lemma A.7. Let C be coaccessible co-category. The co-category P(C) of accessible presheaves of
anima on C is locally small.

Proof. Given X,Y € P(C), the mapping anima Map(Y, X) is potentially large. We must show that it is
small. By Proposition A.2, we may write ¥ =~ ll_n)] , h(cq) as a small colimit of representable functors.
Thus, the anima

Map(Y, X) ~ Map(li_n}a h(cq), X) = l(iLna X(ca)
is a small limit of small anima, and hence, it is indeed small. O

Lemma A.8. Suppose that C is A-coaccessible and let 1 < k < k’ be infinite regular cardinals. In this
situation, the left Kan extension

P(C) —— P(Cy)
along the inclusion i: (C,)°P — (C,)°P preserves all colimits and k-small limits.
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Proof. Since left Kan extension is a left adjoint, it preserves colimits. For limits, we note that if
X € P(Cy) and ¢ € (C,)°P, then i, (X)(c) is the colimit of the diagram

((C)P)je —2— (€ ) —X58,

where p is the projection. Thus, the statement follows from Lemma A.1 and from the fact proved in [20,
Proposition 5.3.3.3] that k-filtered colimits and «-small limits of anima commute. O

Proposition A.9. Let C be a coaccessible co-category. The oo-category P(C) of accessible presheaves
of anima on C admits all small limits and colimits, and both are calculated pointwise.

Proof. We claim that P(C) c Fun(C°, §) is closed under small limits and colimits. This is clear from
condition (3) of Proposition A.2 in the case of colimits. To prove the claim for limits, we fix a diagram
p: K — P(€) with K small. We can choose a cardinal « such that

1. @is k-coaccessible,
2. forevery k € K, p(k): C°P — § preserves k-filtered colimits, and
3. K is k-small.

With this choice, the limit of p calculated in Fun(C°P, 8) preserves «-filtered colimits, and therefore,
condition (1) of Proposition A.2 shows that it belongs to P(C). O

Theorem A.10. The co-category P(C) of accessible presheaves on a coaccessible co-category C enjoys
the following properties:

(i) It is cocomplete, complete and generated under small colimits by the essential image of h: C —
P(C), which consists of compact objects and is coaccessible.
(ii) Colimits in P(C) are universal.
(iii) Coproducts in P(C) are disjoint.
(iv) Every groupoid in P(C) is effective.

Proof. Since colimits in P(C) are pointwise, we conclude that all representable presheaves are compact.
Moreover, Proposition A.2 shows that P(C) is generated under small colimits by the representable
presheaves, and Proposition A.9 shows that P(€) is complete and cocomplete. This proves (i). The
statements (ii)—(iv) concern the interaction of limits and colimits in P(C), and since both are calculated
pointwise, these statements follow from the corresponding statements about the co-category 8 of anima,
which are proved in [20, Theorem 6.1.0.6]. O

We proceed to discuss localization. We recall that if € is small, then for every presheaf X : CP — §,
there is a canonical equivalence

PC/x) —— P(C)x

with j: €/x — C the base-change of p: P(C);x — P(C) along h: C — P(C). There is an essentially
unique diagram

Cx —L—¢

o,k

P(Cx) —1 P(C)

with j, cocontinuous, and j, factors through an equivalence as stated. We wish to show that there is an
analogous picture in the case, where € is coaccessible.

https://doi.org/10.1017/fms.2024.2 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.2

Forum of Mathematics, Sigma 85

Lemma A.11. Suppose that C is a coaccessible co-category. Let X € P(C) and let j: C/x — € be the
base-change of p: P(C);x — P(C) along h: C — P(C). In this situation, the slice co-category Cx
and the functor j: C;x — € are coaccessible.

Proof. The functor jP: (€,;x)°? — C°P is the left fibration classified by the functor X: C%® — §. So
there is a cartesian diagram of co-categories

(C/x)® —— &,

J/] ! lp
X

CP ——8§
with the right-hand vertical map given by the universal left fibration, which is the canonical projection

p: 8« =~ 8,1 — 8. Since p and X both are accessible functors between accessible co-categories, we
conclude from [20, Proposition 5.4.6.6] that the same is true for j°P. m]

Remark A.12. In the context of Lemma A.11, j: C;x — C€is aright fibration. Since every «-cofiltered
oco-category is weakly contractible, it follows from [17, Tag 02KS] that if C is x-coaccessible, then €, x
admits k-cofiltered limits and j preserves and reflects them. This does not necessarily mean that C/x is
k-coaccessible, since it may not be generated under k-cofiltered limits by xk-cocompact objects.

Proposition A.13. Let C be a coaccessible co-category, and X € P(C). In this situation, the Yoneda
embedding induces an equivalence

P(C/x) —— P(C)/x.

Proof. Since Cx is coaccessible by Lemma A.11, and since P(C),x admits small colimits by Proposition
A.9, the map h;x: C/x — P(C)/x induced by the Yoneda embedding extends essentially uniquely to
the map in the statement. We may view this map as the restriction of the corresponding map

P(Cx) — P(C)x

between the co-categories of presheaves of large anima. The latter is an equivalence because C is small
with respect to this larger universe, so we conclude that the map in the statement is fully faithful. It
remains to show that it is essentially surjective. Given (Y, f: ¥ — X) in P(C),x, we can find a diagram

K—"—e

L, L

k2P

with K small such that p is a colimit diagram, whose value at the cone point is Y. Thus, the maps p and f
determine a diagram g : K — C/x, and the map in the statement takes the colimit of the composite map

K—1sex —spEx)
to the given object (Y, f: ¥ — X)), as desired. O
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We recall from [20, Lemma 6.1.1.1] thatamap f: ¥ — X in an co-category D that admits pullbacks
gives rise to an adjoint pair of functors

and from [20, Lemma 4.4.2.1] that given a cartesian diagram

y —5 sy

I

x —$x
in D, the composite ‘base-change’ map

[P

1e" ——gaf/g" =g figlg" —— g f

is an equivalence. If D ~ P(C) with € coaccessible, then Theorem A.10 shows that f* preserves small
colimits. However, since P(C) may not be presentable, we cannot invoke the adjoint functor theorem
to conclude that f* admits a right adjoint f.. We will prove that this is nevertheless the case, under the
assumption that € admits pullbacks. We do not know if this assumption is necessary.

Theorem A.14. Let C be a coaccessible oo-category and let f: Y — X be a map in the co-category
P(C) of accessible presheaves on C. If C admits pullbacks, then the functor f*: P(C);x — P(C))y
admits a right adjoint f,: P(C);y — P(C)/x.

Before we begin the proof of Theorem A.14, which will occupy the remainder of this appendix, we
give an example to demonstrate the subtleties of the situation.

Example A.15. Under the equivalence of Proposition A.13, we can identify the functor f* in Theorem
A.14 with the functor f*: P(C;x) — P(C)y) given by restriction along fi: C;y — C€;x. Thus, one
might expect that for every coaccessible functor f: D — € between coaccessible co-categories, the
functor

pe) — 5 (D)

given by restriction along f admits a right adjoint. Surprisingly, this is not the case in general! For an
explicit counterexample, we consider the functor

1;)8019

that to the unique object assigns the set {0, 1}. In this case, the functor

f]?(SOP) L}

takes an accessible functor X : § — 8§ to its value at {0, 1}. We claim that this functor f* does not admit
aright adjoint f. If it did, then we would have

f*({o’ 1})(_) = Map(MaP(_, {Ov 1})’ {0’ 1})’

but this functor is not accessible, since any accessible functor X: § — § preserves x-compact objects
for some «.
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Let € be a coaccessible co-category and let f: ¥ — X be a map of accessible presheaves on C. We
consider the composite functor

Cix — s P(C)x —L s P(C)y —L s P(€)

and compose it with the functor represented by Z € P(C) to obtain a functor

F
(€/x)°P Iz s,

which takes values in the co-category of small anima because P(C) is locally small, as we proved in

Lemma A.7.

Lemma A.16. Let « be a regular cardinal and let C be a k-coaccessible co-category which admits
pullbacks. Let f: Y — X be a map of accessible presheaves on C with X a representable presheaf and
with Y a k-small colimit of representable presheaves and let Z be a k-accessible presheaf on C. In this
situation, the functor

€x)? —125 s

preserves k-filtered colimits.

Proof. We note that by Remark A.12, the slice co-category C;x admits k-cofiltered limits. If we write

Y ~lim Y, as a k-small colimit of representable presheaves and let f,: h(b,) — X be the restriction
—a

of f along Y, — Y, then

Fy z(c,h(c) = X) ~Map(Y xx h(c),Z) ~ Map(li_n} Yo Xx h(c),Z)
o7
~lim Map(Yo Xx h(c),Z) = lim Fy, z(c, h(c) = X),
and since «x-small limits and k-filtered colimits of anima commute, we may assume that Y is representable.
So we write X ~ h(x) and Y =~ h(y) and suppose that (c, h(c) — X) is the limit of a «-cofiltered

diagram (cq, h(cqe) — X) in C/x. We conclude from Remark A.12 that c is the limit of the underlying
diagram (¢, ) in €. Since the Yoneda embedding preserves all limits that exist in C, we have

Y Xx h(c) = h(y) Xh(x) h(c) = h(y Xy ¢) = h(y Xx lina/ Ca) = h(linay Xx Ca)-
Therefore, since Z is «-accessible, we have

Fr z(e.h(e) = X) = Map(¥ xx h(c). Z) = Z(lim_yx, cq)

o~ h_n)la Z(y Xy Cq) = ll_II)ld Fr 7z(ca,h(ca) = X),
as we wanted to prove. O

We will need the following notion.

Definition A.17. Let C be a coaccessible co-category and let x be a regular cardinal. Amap f: Y — X
of accessible presheaves on C is k-compact if for every map g: h(c) — X from a representable presheaf
on C, the domain Y’ of the base-change f": Y’ — h(c) of f along g can be written as a k-small colimit
of representable presheaves on C.

Lemma A.18. If C is a coaccessible co-category which admits pullbacks, then everymap f: Y — X of
accessible presheaves on C is k-compact for some k.
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Proof. Suppose first that X =~ h(x) is representable. We can write ¥ =~ li)n h(ys) as a k-small colimit
a

of representable presheaves for some regular cardinal k. Now, for any map g: h(c) — X from a
representable presheaf, we find that

Y xx h(C) = h_r>na h(ya) Xh(x) h(C) = li_n;la h(y(l Xx C),

which is a xk-small colimit of representable presheaves on C.

In general, we write X =~ h_n)la X, as asmall colimit of representable presheaves, and we let f,: Yo —
X be the base-change of f along X, — X. Since colimits in P(C) are calculated pointwise, any map
g: h(c) — X from a representable presheaf will factor through X, — X for some @. Moreover, by the
special case that we considered above, we find that

Y Xx h((,‘) ~Y, XX o /’Z(C)

is kq-compact for some regular cardinal . Thus, if we choose a regular cardinal « such that « > «,
for all @, then f is k-compact. m]

We now improve Lemma A.16 to the general case.

Lemma A.19. Let C be a coaccessible co-category which admits pullbacks, let f: Y — X be a map of
accessible presheaves on C and let Z be an accessible presheaf on C. In this situation, the functor

(C/x)*P L I

is accessible.

Proof. Using Lemma A.18, we can choose a regular cardinal « such that C is x-coaccessible, f is «-
compact and Z is k-accessible. We proceed to show that for this «, the functor F; 7 preserves k-filtered
colimits. Here, we use Remark A.12 to conclude that C,x admits k-cofiltered limits.

So we fix a diagram p: K — €,x, where K is k-cofiltered, and we wish to prove that the canonical
map of anima

lim  (Ffzop®) ——Fyz(im p)

—KoP
is an equivalence. For any k € K, the projection j: K;, — Kisa 11m -equivalence, and therefore, by

replacing p by pj, if necessary, we may assume that K has a final ob_]ect So let 1 € K be final and let
(d,g: h(d) — X) be its value under p. In this situation, the functor p: K — €,x factors canonically as

7N\

G/d —> e/x
and, by base-change, we have a diagram

(€/a)® —2" 5 (@3

Ff,’x/ \%f'z
S
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with f’: Y’ — h(c) the base-change of f along g. Since g, preserves k-cofiltered limits by Remark
A.12, it suffices to show that the canonical map

lim  (Ffrzop™™®) —— Fyz(im p’)

—Kop

is an equivalence. But Y’ is a x-small colimit of representable presheaves because f is k-compact, so
this follows from Lemma A.16. m]

We now give the proof of the main result of this section.

Proof of Theorem A.14. By [17, Tag 02FV], it will suffice to show that for every object g: Z — Y in
P(€)y, the functor

(P@x)® — 58

given by the composition of f* and the functor represented by g is representable. As we already
remarked, the functor f* preserves colimits because colimits in P(C) are universal, so R, preserves
limits. Hence, since the canonical map

P(C/x) — P(O))x
is an equivalence by Proposition A.13, it suffices to show that the restriction
Tg
(C/x)? ——8

of R, along the Yoneda embedding is an accessible functor. Indeed, if so, then the image of 7, by the
equivalence above is the object f,(g) that represents R,.
Let g: Y — 1 be the unique map to the final object. The adjunction

POy T ()
q

is comonadic, and hence, the cobar construction of g: Z — Y, which is constructed in [19, Exam-
ple 4.7.2.7], is a limit diagram

CS
Ay —— POy
whose value at [n] is the (n + 1)th iterate of g*¢, applied to g. It follows that
Re(=) = Map(f*(-), g) = lim, Map(f* (=), Cg(I-1)) = lim  Re,(-1)(-),

and since accessible presheaves are closed under small limits, it suffices to show that r, is accessible in
the case, where g =~ ¢*(W) for some W € P(C). But

rg=(w) (=) = Map(f*(h(-)).q"(W)) = Map(q,f*(h(-)). W) = Fy w(-),

which is accessible by Lemma A.19. This completes the proof. m}
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Question A.20. Let us say that an co-category D is the following:

1. macroaccessible, if it can be written as D ~ Ind, (C) for some regular cardinal « and some coacces-
sible co-category C.

2. macropresentable, if it is macroaccessible and cocomplete.

3. a macrotopos, if it is macropresentable and satisfies Giraud’s axioms (ii)—(iv).

We expect that the following questions have affirmative answers:

1. If D is macroaccessible, then for every regular cardinal «, is the full subcategory D c D spanned
by the x-compact objects coaccessible?

2. If D is macropresentable, then is it automatically complete?

3. Is it possible to formula an adjoint functor theorem that characterizes left adjoint functors between
macropresentable co-categories?

4. Does there exist a good theory of localizations of macroaccessible categories, and if so, then can the
properties of being macropresentable and of being a macrotopos be characterized in terms of being
a suitable localization of an co-category of accessible presheaves?

5. Are macropresentable co-categories and macrotopoi closed under the formation of slice categories,
limits, etc.?

B. Effective epimorphisms of sheaves

In this appendix, we spell out some folklore results on effective epimorphisms of sheaves for which we
have not been able to find a suitable reference.

Let € be a small co-category and let 2: € — P(C) be the Yoneda embedding into the co-category of
presheaves of anima on C. Asieve on S € Cis an equivalence class of (—1)-truncated maps j: U — h(S)
in P(C). It determines and is determined by the full subcategory C/s(U) C C;s spanned by the maps
g: S” — § with the property that i(g) factors through j.

Example B.1. If f: T — S is a map in C, then [20, Proposition 6.2.3.4] shows that the colimit of its
Cech nerve provides the essentially unique factorization

W)~ U = tim (TS ] ()

A(
of h(f) as the composition of a (—1)-connected map and a (—1)-truncated map. Therefore, a map
g: §” — Sin C factors through f if and only if the map A(g) in P(C) factors through j. In particular, the
full subcategory of C,;s(U) C C/s spanned by the maps with this property is closed under coproducts.

Example B.2. If (f;: T; — S);¢; is a family of maps in €, then there is a smallest sieve j: U — h(S)
with the property that A(f;) factors through j for all i € 1. We say that j: U — h(S) is the sieve
generated by (fi: T; — S)ies-

Definition B.3. Let C be a small co-category. A Grothendieck topology on C is an assignment to every
S in C of a set J(S) of sieves on S, called the covering sieves on S, such that the following hold:

(1) The class of idj(s): h(S) — h(S) is a covering sieve for every S in C.

(2) If j: U — h(S) is a covering sieve on S, and if f: T — S is any map in C, then the base-change
j': U — h(T) of j along h(f) is a covering sieve on T.

(3) Let j: U — h(S) and k: V — h(S) be sieves on S. If k is a covering sieve, and if for every
f: T — S with the property that i4( f) factors through &, the base-change j’: U’ — h(T) of j along
h(f) is a covering sieve on 7, then j is a covering sieve on S.

“The notions of class-accessible and class-presentable co-categories from [7] are more general and include co-categories of
small presheaves on not necessarily coaccessible co-categories.
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A family (f;: T; — S)ier of maps in € is a covering family if the sieve j: U — h(S) that it generates is
a covering sieve. A Grothendieck topology is finitary if every covering sieve contains a finite covering
family.

Remark B.4. Let C be a small co-category equipped with a Grothendieck topology. We claim that if
Jj: U — h(S) is a sieve on S, which contains a covering sieve in the sense that there exists a covering
sieve k: V — h(S) such that k factors through j, then j is a covering sieve. Indeed, if f: T — S has
the property that i(f) factors through %, then h(f) also factors through j, and hence, the base-change
Jj': U’ — h(T) of j along h(f) is a (—1)-truncated map, which admits a section. But then j’ is equivalent
to the identity map and hence is a covering sieve by (1), so we conclude from (3) that j is a covering
sieve, as claimed.

Definition B.5. Let C is a small co-category equipped with a Grothendieck topology, let f: ¥ — X be
map of presheaves of anima on € and let j: U — X be the canonical map from the colimit of its Cech
nerve. The map f: Y — X is a local epimorphism if the base-change js: Ys — h(S) of j along any
map n7: h(S) — X with S in C is a covering sieve.

Proposition B.6. Let C be a small co-category equipped with a Grothendieck topology andlet f: Y — X
be a map of presheaves of anima on C. The following are equivalent:

(1) The map L(f): L(Y) — L(X) in Shv(C) is an effective epimorphism.
(2) The map f:Y — X is a local epimorphism.
(3) Forevery Sin C and every S-valued point n € X(S), there exists a diagram

[ h(T) — 2y

J/Zi h(gi) lf

hs) —1 s x

with (g;: T; — S)ier a covering family. If the Grothendieck topology is finitary, then said covering
family can be taken to be finite.

Proof. We recall from [20, Proposition 6.2.3.4] that

Y25 U=~lim yxil Ly
—SA0P

is the essentially unique factorization of f as the composition of a (—1)-connected map and a (—1)-
truncated map. Now, to prove that (1) and (2) are equivalent, let us say that : X’ — X is good if the
base-change j': U’ — X’ of j along 5 is a covering sieve, or equivalently, if L(;j"): L(U") — L(X’) is
an equivalence. So (1) is the statement that the identity map idx : X — X is good, whereas (2) is the
statement that every map n7: S — X from a representable presheaf is good. Now, if : X’ — X is good,
and if g: X" — X' is any map, theng: X" — X is good, so (1) implies (2). And the full subcategory
of P(€),x spanned by the good maps 77: X’ — X is closed under colimits, so (2) implies (1).

Finally, to prove that (2) and (3) are equivalent, we note that (2) is the statement that for every S in C
and every n € X(S), the base-change js of j along 7 is a covering sieve. But the sieve jg is a covering
sieve if and only if there exists a covering family (g;: T; — S);e; and a diagram

Wies h(T) —2— U

JZ,' h(gi) JJ'

n(s) —1— X.
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Moreover, this diagram exists if and only if the diagram in (3) exists, so we have proved that (2) and (3)
are indeed equivalent. O

If a covering family (g;: 7; — S)ier consists of a single map g: 7 — S, then we will also say that
the map g: T — S is a covering.

Corollary B.7. Let C be a small co-category equipped with a finitary Grothendieck topology and
suppose that C admits finite coproducts. A map f:Y — X of sheaves of anima on C is an effective
epimorphism if and only if for every S in C and every map n: h(S) — X, there exists a diagram

W) — sy

lh () Jf

h(s) —1 X

withg: T — S a covering.

Proof. Proposition B.6 shows that f: ¥ — X is an effective epimorphism of sheaves on C if and only
if for every n: h(S) — X with S in C, there exists a diagram

Uies h(T) —2—

\LZIA h(gi) Jf

h(s) —1 x

with (g;: T; — S);er a finite covering family. But Y preserves finite products, so the map 7 factors
essentially uniquely through the canonical map

I_[iel h(Tt) — h(UiGI Tl)’

and since (g;: 7; — S) is a covering family, we conclude from Remark B.4 that the induced map
g: T ~1l;e; T; — S is acovering. O
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