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ABSTRACT

We start developing a notion of reciprocity sheaves, generalizing Voevodsky’s homotopy
invariant presheaves with transfers which were used in the construction of his
triangulated categories of motives. We hope that reciprocity sheaves will eventually
lead to the definition of larger triangulated categories of motivic nature, encompassing
non-homotopy invariant phenomena.
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Introduction

In this paper, we start developing a notion of reciprocity sheaves modelled on Voevodsky’s theory
of presheaves with transfers. Reciprocity is a weaker condition than homotopy invariance, used
by Voevodsky as the main building block for constructing his triangulated categories of motives
in [Voe0Ob]; as in [Voe0Ob, p. 195], we hope that reciprocity sheaves will eventually lead to
the definition of larger triangulated categories of motivic nature, encompassing non-homotopy
invariant phenomena which emerged in [Kah91, TR12, Rus13, KS11, BS14].

In the whole paper we fix a base field k. Our reciprocity sheaves form a full abelian
subcategory Rec of PST, the abelian category of presheaves with transfers on the category
Sm of smooth schemes over k (see §1.1.3 for the definition). It contains the subcategory HI
of objects F' € PST which are homotopy invariant (i.e. F(X) ~ F(AL) for X € Sm). It also
contains the object represented by a smooth commutative algebraic group G over k (recall that
such an object is in HI if and only if G° is a semi-abelian variety). Typical examples of objects
of Rec not contained in HI are the additive group G, and the modules of absolute Kéahler
differentials Q.
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As predecessors of reciprocity sheaves, there were notions of reciprocity functors studied in
[Kah91, IR12]. All definitions are inspired by the following theorem of Rosenlicht-Serre [Ser59,
ch. I11].

THEOREM 1. Assume that k is algebraically closed. Let G be a smooth connected commutative
algebraic group over k and o : C — G be a morphism, where C' is a smooth irreducible curve
over k. Let C — C be its smooth compactification. Then there is an effective divisor D on C
supported in C — C such that o has modulus D in the sense of Rosenlicht—Serre, which means
that
Z ve(fla(z) =0 in G(k) for any f € G(C, D),
zeC(k)

where v, : k(C)* — Z is the normalized valuation at x and

G(C,D):= ) Ker(OF  — O} ,). (1)
zeD

A distinguished feature of our reciprocity sheaves is their relation to relative Chow groups
of zero cycles with moduli studied in [KS11]. Let X be a smooth variety over k and choose a
compactification X < X with X integral and proper over k. For a (not necessarily reduced)
closed subscheme Y C X with X = X — Y, the relative Chow group CH(X,Y) of zero cycles is
the quotient of the group of zero cycles Zy(X) on X by ‘rational equivalence with modulus Y.
More precisely, one defines in [KS11]

CHo(X,Y) = Coker(®(X,Y)(Speck) -L Zo(X)),

where
O(X,Y)(Speck) = P G(C,¢"Y), (2)
p:C—X
the direct sum being over all finite morphisms ¢ : C — X, where C is a normal proper curve
over k such that o(C) ¢ Y, G(C, ¢*Y) is defined as (1) with ¢*Y = C x %Y and 9 is induced
by the divisor map on C' and the pushforward of zero cycles by .

Now the key idea to define reciprocity sheaves is to enhance the abelian group CHo(X,Y)
into an object h(X,Y) in PST. It is the cokernel of a map in PST:

O(X,Y) - Zy(X),

where Z(X) is the object of PST represented by X and ®(X,Y) € PST is defined by an
analogue of (2). We have

h(X,Y)(Speck) = CHy(X, Y). (3)

To give more details, we introduce a terminology: a pair (X,Y) is called a modulus pair
if X is integral and proper over k, Y C X is a (possibly non-reduced) closed subscheme and
X := X — Y is smooth and quasi-affine. Then, for a modulus pair (X,Y) and for a section
a € F(X) of a presheaf with transfers F', we define the notion of a having modulus Y, or Y
being a modulus for a (see Definition 2.1.2), as a generalization of the modulus in the sense of
Rosenlicht—Serre (see Theorem 1).

Then F € PST is defined to have reciprocity (or to be a reciprocity presheaf) if for any
a € F(X) with X quasi-affine smooth over k& and for any dense open immersion X — X with X
integral proper over k, there exists a closed subscheme Y C X such that X = X — Y and that
Y is a modulus for a. The first main result is the following.
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THEOREM 2 (see Theorem 2.1.5). Let (X,Y) be a modulus pair with X = X — Y. Then the
functor

PST — Ab, F — {a € F(X) |a has modulus Y}

is represented by an object h(X,Y) € PST. If moreover Y is a Cartier divisor on X, then
h(X,Y) has reciprocity.

It will become clear from its construction that h(X,Y) satisfies Formula (3). When X is
smooth of dimension one, h(X,Y’) recovers Rosenlicht’s generalized Jacobian of [Ser59, ch. VJ;
see Proposition 9.4.1.

It is easy to see that reciprocity sheaves form a full abelian subcategory Rec of PST.
Theorems 3-5 show that Rec contains reasonably many interesting objects of PST.

THEOREM 3 (see Theorem 3.1.1). If F € PST is homotopy invariant, F' has reciprocity.

Recall from [SS03, BK16] that a presheaf represented by a commutative algebraic group has
the structure of a presheaf with transfers.

THEOREM 4 (see Theorem 4.1.1). If F' € PST is represented by a smooth commutative algebraic
group, F' has reciprocity.

In the appendices, Kay Riilling proves the following.

THEOREM 5 (see Theorems A.6.2 and B.2.2). (a) The presheaf with transfers X — HY(X, Q%)
has reciprocity, where Q% denotes the sheaf of absolute Kihler differentials. If k is perfect, the
same is true with QZX replaced by relative differentials Q’X Ik

(b) If k is perfect of positive characteristic, the de Rham-Witt presheaves X — HY(X,
W,Q% ) have structures of presheaves with transfers and have reciprocity.

An open problem is the following.
Question 1. Is Rec closed under extensions in PST?

The next results extend part of Voevodsky’s main theorems for homotopy invariant
presheaves with transfers to reciprocity sheaves: cf. [MVWO06, Proposition 11.1] for Theorem 6
and [MVWO06, Theorems 22.1, 22.2 and 22.15] for Theorem 7.

THEOREM 6 (See Theorem 7.1.1 and Corollary 7.1.3). Let F' € PST be a reciprocity presheaf.

(1) Let X be a smooth semi-local k-scheme and V' C X an open dense subset. Then the map
F(X) — F(V) is injective.

(2) For an open dense immersion U C X in Sm, Fy,.(X) — Fz..(U) is injective, where Fya,
is the Zariski sheafification of F' as a presheaf.

(3) If F(E) =0 for any field E, then Fyz,, = 0.

We note that in this theorem, (2) and (3) are easy consequences of (1) (cf. [MVWO06, Lemma
22.8 and Corollary 11.2]).
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https://doi.org/10.1112/50010437X16007466 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16007466

RECIPROCITY SHEAVES

THEOREM 7 (see Theorems 9.1.2, 9.2.2 and 9.3.2). Let F' € PST be a reciprocity presheaf.

(1) Fyzar has a unique structure of a presheaf with transfers such that F' — Fy,, is a morphism
in PST.

(2) If k is perfect, Fy,, has reciprocity.
(3) We have Fy,. = Fnis, where Fyis is the Nisnevich sheafification of F' as a presheaf.

Theorems 6 and 7 may be viewed as the degree-0 part of the following conjecture.

CONJECTURE 1. Suppose that k is perfect. Let F' be a reciprocity presheaf which is a sheaf for
the Nisnevich topology.

(1) (Gersten’s conjecture.) For any smooth semi-local k-scheme X essentially of finite type,
the Cousin resolution

0> F(X)> P Fla)> P HAX.F)—> > P HI(X,F)—>--
e X (0) xeX @) reX (n)

is universally exact in the sense of [Gra85].

(2) The presheaves Hy. (—, F) and Hi; (—, F) coincide, and have reciprocity.

Note that the conjecture is known if F' is homotopy invariant [Voe0Oa, Theorems 4.37, 5.6
and 5.7].

As remarked before, there are objects of Rec which are not homotopy invariant. But we
show the following result in § 6.

THEOREM 8 (see Theorem 6.1.1). Let F' be a reciprocity presheaf which is separated for the
Zariski topology. Then F is P'-invariant, namely for any X € Sm, the projection px : Pg( - X
induces p% : F(X) — F(P%).

This is related to the approach to Gersten’s conjecture in [CHK97, §5.4] (where
the perfectness of k is not required). Note that Pl-invariance is weaker than reciprocity
(Remark 6.1.2).

1. Notation

In the whole paper we fix a base field k. Let Sm be the category of separated smooth schemes
of finite type over k. For S € Sm, let Sch/S be the category of schemes of finite type over S.
We put Sch := Sch/Speck.

1.1.1.  For an integral scheme C and a closed subscheme D C C, we put

G(C,D) = ﬂ Ker(O5 — Op )
zeD 7
= hin (U, Ker(Of; — Op)), (1.1)

DcuccC

where U ranges over open subsets of C containing D.
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https://doi.org/10.1112/50010437X16007466 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16007466

B. KAHN ET AL.

1.1.2.  Let S € Sm. For X € Sch/S, ¢(X/S) denotes the free abelian group on the set of
closed integral subschemes of X which are finite over S and surjective over a component of S:
this group is denoted by Cy(X/S) in [SV96, §3] and by cequi(X/S,0) in [Voe00a, §2].

For any morphism f : T — S in Sm, there is a homomorphism

F* i e(X/S) = o(X x5 T/T)

called pullback of cycles (see [SV00, §3.5] and [VoeOOa, p. 90], where f* is denoted by cycl(f);
see also [MVWO06, Example 1A.12]).
For a morphism f: X — Y in Sch/S, a pushforward

fe1e(X/S) = e(Y/5)

is defined as follows (see [VoeOOa, paragraph before Proposition 2.1]): let Z C X be a closed
integral subscheme which belongs to ¢(X/S). Since it is finite over S, its image f(Z) in Y
defines an element of ¢(Y/S), and f|z : Z — f(Z) is finite and surjective. We then define

f(Z) = deg(f|2)f(Z).

1.1.3.  Recall the category Cor of finite correspondences and the category of presheaves
with transfers PST [VoeOOb, §§2.1 and 3.1]: the objects of Cor are those of Sm and, for
X,Y € Sm, the group of morphisms Cor(X,Y) is ¢(X x Y/X). The category PST is the
category of contravariant functors Cor — Ab.

Let Sm be the category of k-schemes X which are written as limits X = LEIZ IX,- over a
filtered set I, where X; € Sm and all transition maps are open immersions. We frequently allow
F € PST to take values on objects of Sm by F(X):= li_n)lie[F(Xi).

2. Reciprocity sheaves and representability
In this section, we introduce reciprocity sheaves, our fundamental objects of study in this paper,

and prove Theorem 2.

2.1 Definition of reciprocity sheaves

DEFINITION 2.1.1. A modulus pair is a pair (X,Y), where X € Sch/k is integral and proper
over k and Y C X is a closed subscheme such that X = X — |Y| is quasi-affine and smooth over
k, where |Y| is the support of Y.

Let (X,Y) be a modulus pair with X = X — |Y|. For S € Sm, we consider commutative
diagrams (which we denote by (¢ : C — X x S))

%
®

C—=

T
N

1856
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where:

(A) C € Sch is integral normal and ¢ is a finite morphism;
(B) for some generic point 7 of S, dimC xgn = 1;
(C) the image of 7, is not contained in Y.

These conditions imply that p, is proper and surjective over a connected component of S.

Let G(C,74Y) be as in (1.1) for D = 7Y = ¢*(Y x S). We will see in §2.5 that the divisor
map on C induces

divg : G(C,7.Y) — ¢(C/9), (2.2)
where C' = C — |73Y] and ¢(C/S) is defined in §1.1.2.

DEFINITION 2.1.2. Let F be a presheaf with transfers, (X,Y) a modulus pair with X = X —|Y|
and a € F(X). We say that Y is a modulus for a (or a has modulus Y') if, for any diagram (2.1),
we have

(¢« diva(f))*(a) = 0in F(S) for any f € G(C, VoY), (2.3)
where @, : ¢(C/S) — ¢(X x S/S) = Cor(S, X) (see §1.1.2).

DEFINITION 2.1.3. We say that F' € PST has reciprocity (or F is a reciprocity presheaf) if for
any quasi-affine X € Sm, any ¢ € F(X) and any open immersion X < X with X integral
proper over k, a has modulus Y for some closed subscheme Y C X such that X = X — |Y|. Let
Rec be the full subcategory of PST consisting of reciprocity presheaves.

Remark 2.1.4. Tt is evident that Rec is closed in PST under taking sub and quotient objects,
so that Rec is an abelian subcategory of PST.

We now state the main result of this section.

THEOREM 2.1.5. Let (X,Y) be a modulus pair with X = X — |Y|.
(1) The functor

PST — Ab, F+ {a€ F(X)|a has modulus Y}

is represented by a presheaf with transfers h(X,Y).
(2) Suppose that Y is a Cartier divisor on X. Then h(X,Y) has reciprocity.

This theorem is proven as follows. The object h(X,Y") is constructed as the cokernel of a map
7:®(X,Y) - Zy(X) in PST, which we describe in §2.2 (see Proposition 2.2.2). After proving
auxiliary lemmas in §2.3, we construct ®(X,Y) and 7 in §2.4 and in §2.5, respectively. Then
(1) becomes obvious from its construction. The proof of (2) occupies §§2.6-2.9. We introduce a
notion of admissible correspondences in §2.6. Using a preliminary result proven in § 2.7, we show
in §2.8 a functoriality of ®(X,Y’) with respect to admissible correspondences, from which (2) is
deduced in §2.9.

Remark 2.1.6. Let (X,Y) and X be as in Theorem 2.1.5(1). By definition, there is a surjection
7 : Zp(X) — h(X,Y) with the following universal property: let F' € PST and a € F(X), which
we regard as a morphism a : Z(X) — F by Yoneda’s lemma. Then a factors through 7 if and
only if Y is a modulus for a.
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COROLLARY 2.1.7. Let F' € PST. Then F has reciprocity if for any quasi-affine X € Sm and
any a € F(X), there is a modulus pair (X,Y) with X = X — |Y| such that Y is a Cartier divisor
on X and Y is a modulus for a.

Proof. Let X € Sm be quasi-affine and a € F(X). Let (X,Y) be a modulus pair given by the
hypothesis. Take any open immersion X — X' with X' integral proper over k. We need to
find a closed subscheme Y’ C X' such that |Y’| = X' — X and that Y’ is a modulus for a. Let
a: Z(X) — F be the map in PST corresponding to a € F(X). By the assumption, it factors

as
Zu(X) > W(X,Y) 2 F.

Noting that Y is a Cartier divisor on X, h(X,Y) has reciprocity by Theorem 2.1.5(2). Hence,
there exists a closed subscheme Y’ C X such that Y'| = X' — X and that Y is a modulus for
7 € h(X,Y)(X). This implies that 7 factors through Z,(X) — h(y/, Y”) and hence so does a,
which means that Y’ is a modulus for a. O

Remark 2.1.8. For any given X € Sm, we can use Nagata’s compactification theorem, then
blowup and normalization to find a modulus pair (X,Y) such that X is normal and Y is a
Cartier divisor. If ch(k) = 0, then X can be taken to be smooth and X — X to be the support
of a normal crossing divisor on X.

2.2 Reformulation of Theorem 2.1.5(1)
DEFINITION 2.2.1. Let (X,Y) be a modulus pair. For S € Sm, let Cix,y)(5) be the class of all

morphisms ¢ : C — X x S satisfying Conditions (A), (B), (C) of §2.1, and put (see (2.1))

(X, Y)(S) = &y G(C,7Y).
(p:C—XxS) €Cx v)(9)

For (C % X x §) € Cxy)(5) and f € G(C,~3Y), we prove that ¢. diva(f) belongs to
Cor(S, X) in §2.5 below, thereby obtaining a map
G(C,7;Y) — Cor(S, X). (2.4)
Collecting these maps, we get
75 : ®(X,Y)(S) - Cor(S,X). (2.5)

Theorem 2.1.5(1) follows immediately from the following proposition.

PROPOSITION 2.2.2. The assignment S — ®(X,Y)(S) gives a presheaf with transfers, and the

Tg define a morphism
7:9(X,Y) - Z(X) in PST.

Moreover,
h(X,Y) := Coker(®(X,Y) — Zi, (X)) € PST

represents the functor in Theorem 2.1.5(1).
Remark 2.2.3. Formula (3) is obvious from the definition.

The proof of this proposition is given in §§2.4-2.5. Before this, we need some preparation,
which is the object of the next subsection. Until the end of §2.5, we fix a modulus pair (X,Y)
and put X =X —Y.

1858

https://doi.org/10.1112/50010437X16007466 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16007466

RECIPROCITY SHEAVES

2.3 Auxiliary lemmas
Let (p:C — X x8) € Cixy)(S) with S connected. Put C' := C—|y}Y|. We consider a condition

for a Cartier divisor o on C':

the support |a| of a is contained in C. (2.6)

LEMMA 2.3.1. (1) If o satisfies (2.6), then any irreducible component D of |«| is finite and

surjective over S.
(2) For any g € G(C,7}Y), a = div(g) satisfies (2.6).

Proof. (1) Since X is quasi-affine, C' is quasi-affine over S and hence D is quasi-affine over S.

Since D is closed in C, it is proper over S and hence finite by Lemma 2.3.2 below. Since D is

pure of codimension one in C, dim(D) = dim(S) and D — S must be surjective, hence (1).
Part (2) is obvious from the definition. O

LEMMA 2.3.2. Let X, S € Sch. Then a morphism f : X — S which is quasi-affine and proper is
finite.

Proof. Factor f as X 2 x i> S, where j is a dense open immersion and f’ is affine. Since f

is proper, j is proper and hence is an isomorphism. Therefore, f is affine and the lemma is well
known. O

Let Z € Sch be integral with generic point 7 and let f : Z — S be a morphism in Sch. We
denote by A(yp, Z) the set of all irreducible components of C' xg Z and by 8 : C xg Z — C' the
projection map. Define

A, Z) :={T € My, 2) | dimT,, = 1.T ¢ [3*(7;Y)]}, (2.7)
where T}, :=T Xz n.

LEMMA 2.3.3. Let T € A(p, Z) and let o be a Cartier divisor on C satisfying (2.6). (Note that
B*(«) is well defined by Lemma 2.3.1(1).)

(1) Let s € Z and let ¥ be an irreducible component of Tg :=T X z s.

(a) We have dim¥ > 1 and ¥ ¢ |5*(a)|.
(b) If XN |B*(av)| # 9, then we have dim ¥ = 1.

(2) IfT N |B* ()| # 9, then T € A(ep, Z).

Proof. (1a) The first assertion follows from Chevalley’s theorem applied at f(s) [EGAIV,
Lemme 13.1.1]. As all components of *(a) X g s are finite over s by Lemma 2.3.1(1), the second
assertion follows from the first.

(Ib) On the one hand, we have dim¥ > 1 by (la). On the other hand, ¥ N |5* ()| is
of codimension < 1 in X since it is the support of a Cartier divisor on ¥ and hence we get
dim ¥ < 1, noting that dim 3 N |5*(«)| = 0 by Lemma 2.3.1(1). This proves (1b).

(2) The assumption that 7' N [3*(a)| # @ and (2.6) imply that T' ¢ |8*(7;Y)[. It remains
to show that dim 7}, = 1. Let W C Z be the closure of the image of T' — Z and £ € W be the
generic point. We separate two cases.

(i) Assume that W = Z (so that £ = 7). Then T, N |3* ()| # ¥ by Lemma 2.3.1(1). Thus,
we may apply (1b) with s =7 to conclude that dim T}, = 1.
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(ii) Assume that W # Z. We show that T N |5*(«)| = @. By Lemma 2.3.4 below, we have
dim T > dim Z+1 and hence dim T = dim 7' —dim W > 1 since W # Z. By Chevalley’s theorem,
this implies that for any s € W and for any irreducible component ¥ of T, we have dim X > 1.
Hence, by (1b), we conclude that ¥ N [5*(«)| = . This proves that T'N |5*(a)| = @. O

LEMMA 2.3.4. Let S,Z,C € Sch and let p: C — S, f: Z — S be two morphisms. Then, for
any irreducible component T of C' Xg Z, one has

dim7T > dimC + dim Z — dim S.

Proof.! Viewing C xg Z as the inverse image in C' x Z of the diagonal Ag C S x S via the
projection C' x Z — S x S, we reduce to showing that

codimgoyz T < codimgyg Ag,

which easily follows from [Bou85, ch. VIII, p. 34, Proof of Corollary 4]. O

2.4 ®(X,Y) is a presheaf with transfers
For S,5" € Sm and Z € Cor(5', S), we define a homomorphism

75 B(X,Y)(S) - &(X,Y)(S) (2.8)

(see Definition 2.2.1). We may assume that S,5’, Z are integral; the definition is then extended
linearly to the general case.

Take (p: C — X x S) € Cxy)(S) and T € A(p, Z). Let TN — T be the normalization and
consider the composite map

@T:TN—>6XSZ('D§>ZYXZ—>YXS,. (2.9)

Noting that ¢ and Z — S’ are finite, so is o7 and we have
(pr: T - X x 8') € Cx.y) () (2.10)

We have a commutative diagram

X
e T'W’T
ot pN
We define a map

h% —
Zy 1 G(C,7Y) — G(TN,~},.Y) — (X, Y)(S), (2.11)

where the second term comes from (2.10). To explain A7, take g € G(C,~;Y) and put
¥ = |divg(g)]- Note that g € T(C\X, (’)%) since C' is normal. By Lemma 2.3.3(1a), TV — h.!()
is a dense open subset of TV and we get h(g) € (TN —h' (%), OFn)- As 75, (Y) = hp(,(Y)),
we find that h}.(g) € G(TN,’yj;T(Y)).

! We thank J. (Bsterlé for his help with this proof.
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Letting mqs be the multiplicity of T in C' xg Z, we then define
Z*= Y mp-Zp:GCAY) - (X, Y)(S),
TeN(p,Z)

which induces the desired map (2.8).
Let S,5’,5” € Sm and Z € Cor(5,S), Z' € Cor(S”,5’). We need to show that

277" = (22')* : (X, Y)(S) = ®(X,Y)(S"), (2.12)

so that ®(X,Y) is an object of PST. To verify (2.12), one may suppose that S,S’, Z and Z’
are integral. Let Wy,..., W, be the irreducible components of Z xg Z' C S x §” and n; the
multiplicity of W;. Then we have ZZ' = 3. n;W; (see [Dég07, Proof of Lemma 4.1.15]). Consider
the following two subclasses of C(yjy)(S”) (where A(—,—) is as in (2.7) and @7~ is as in (2.9)):

E1 = {pr | T' € A(pr, Z') for some T € Ay, Z)},
o= |J {or | T € Aw, W))}.

1<g<r

(1]

Note that in the definition of =j, the sum is disjoint since the morphism 7" — W; for
T € A(p, W;) is surjective. For T' € A(p, Z) and T € A(pr, Z') (so that ¢ € Z1), we have a
commutative diagram

T ——=>TN xg 7'

| | (2.13)

T’L>T X gt Z/;>6XSZXS/ Z,<i€XSWj

where T” is the image of 7" in T x g Z'. It suffices to prove the following.

(i) There is an inclusion Zg — =j.

(ii) For o € 2y, if there is a Cartier divisor a on C such that || C C and that TN (|| X g
Z xg Z') # ¥, then o € E.

(ii) Let T € A(p, 2), T € A1, Z"), T" € A(p,W;), 1 < j < r and suppose that ¢ € =)
corresponds to ¢r» € Zg by (i). Then we have mpmyg = njmpn.

We show (i). Take @r» from Z3. The canonical map 7" N C must factor through the
normalization TV of some irreducible component T of C' xg Z. We claim that T € A(p, Z) (see
(2.7)), which yields a desired correspondence. It is obvious that T' ¢ [8*(y;Y)|. If dimT;, # 1,
Lemma 2.3.3(1a) shows that dim 7, > 1 and hence we get dim7”,, > 1 by Chevalley’s theorem
[EGAIV, 13.1.1], which contradicts 7" € A(p, W;). Thus, we get dim 7T}, = 1, and (i) is proved.

Next we show (ii). In view of (2.13), there are j € [1,7] and an irreducible component of 7"

of C' xg Wj such that the map T" — C xg Z xg Z' factors through T”. By the assumption, we
have T N (Ja| xg W;) # ¢. By Lemma 2.3.3(2), this implies that 7" € A(p, W;).
Finally, (iii) can be seen by a computation:

mopmopr = Z(OTXS/Z’WT/)l(06><5Z,77T)
= Z(OZXS/Z/J]W]')Z OTXZWj:TIT//)l(OéxsZWT)

(
= Z(OZXS/Z’,nWj)l(oéxswj,qhw) = ngmrr,

where we denote by [(R) the length of an Artin local ring R and by 1y the generic point of an
integral scheme V.

1861

https://doi.org/10.1112/50010437X16007466 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16007466

B. KAHN ET AL.

Remark 2.4.1. Here is an example where the inclusion Z5 < =; in (i) is not surjective.? Let
X =P! xPland Y := co x PLUP! x 0o. Let B be the blow-up of S := A? at 0, regarded as
a closed subscheme of P! x S. Denote by i : B < P! x S the inclusion map. Put C := P! x B
and define ¢ = idp1 x i : C — X x S. Then ¢ defines an element of C(XY)(S)' Set S =A% >

Z=8=0xA'>272 =8"=0x0.Let EC B be the exceptional curve, L C B the strict
transform of S’ and p := L N E. Then Zy = @, because C xg S” = P! x E does not belong
to A(p, Z') (2.7). On the other hand, we have Z1 = {¢p1y,} because Ay, Z) = {P* x L} and

A(ppixr: Z') = {P! x p}.
2.5 Construction of 7
Let S€Sm, (p:C — X x8) € Cix,y)(5) and put €' = @ 1(X x ). Lemma 2.3.1 shows that

dive(g) satisfies (2.6) for any g € G(C,~5(Y)). Hence, the divisor map on C induces (2.2). We
obtain the map 7g in (2.5) by composing (2.2) with

s 1 c(C/S) - Cor(S,X) =c(X x5/9).

To show that 7 is a morphism in PST, we need to show that the following diagram commutes
for any Z € Cor(5’,S5), S,5" € Sm:

®(X,Y)(S) —= Cor(S, X)
lz* iz* (2.14)
(X,Y)(S") —~ Cor(S", X)

As Cor (5", X) — Cor(S’' x k', X x k') is injective for any extension k'/k, we may suppose that
k is perfect. Also note that Cor(S’, X) — Cor(V, X) is injective for any open dense immersion
V — S’. After such a base change, we may assume that Z is regular and hence Z € Sm by the
assumption that k is perfect. By (2.12), we may assume that Z is either (i) the transpose of
a finite surjective morphism S = Z — S’ or (ii) the graph of a morphism f: S =27 — S. In
the case of (i), we have ¢(C/S) = ¢(C/S’) and the statement becomes trivial. We consider the
case (ii). By shrinking Z further, f : Z — S can be written as the composite of a flat map and
regular immersions of codimension one in S. Again by (2.12), we may assume that f is one such
morphism. Here we present a proof of the commutativity of (2.14) assuming that f is a regular
immersion of codimension one in S. We omit the proof for the case f is flat, as it can be shown
in a similar (and much easier) way.

Let (p : C — X x 9) € Cxy)(S5). Then the desired assertion will follow from the
commutativity of the diagram

_ div=
G(C, YY) < o(C)S) — 2= (X x S/89)
Lzh} r r
P caV,,y) o(Cz)Z) —2—= (X x Z)Z)
TeA(p,Z)
\ >omr(iT)«
@diVTN

@D «1°/2)

TeA(p,Z)

2 This example was communicated to us by R. Sugiyama.
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where C = C — [1}Y], 70 :=TN — V5, Y], Cz = C x5 Z and ir : T% — Cy is the natural map.
(See (2.11) for A% and §1.1.2 for f*). The commutativity of the right-hand squares is obvious.
To prove that of the left-hand pentagon, we use the following facts.

(1) For a Cartier divisor ¢ : D — C, we have an identity
D -[Cz] =Cyz-[D] ascycleson DNCyg,

where [Cz] (respectively [D]) is the cycle on C associated to the Cartier divisor C'z (respectively
D) and D - — (respectively Cz - —) is the intersection product (see [Ful98, Theorem 2.4]).

(2) If D =dive(g) for g € E(C)* and W C C is integral closed such that W ¢ |D|, we have
D- [W] = diVW(g|W) = T diVWN (g|WN),

where 7 : W& — W is the normalization of W.
Take g € G(C,7}Y). We have divg(g) = dive(g) and

fdive(g) = Cy - [dive(9)] 2 dive(g) - [C4].

For each T' € Ay, Z), we have

. @ .. . *
dive(g) - [T°] = divgo(glro) = divew (hp(9))-
Noting that Cz = 3 rep(p.2) mrT? as a divisor on C, we get the desired commutativity.
The last claim of Proposition 2.2.2 (representability) is now tautologically true. This
completes the proof of Proposition 2.2.2. O

2.6 Admissible correspondences
In order to prove Theorem 2.1.5(2), we need to show a functoriality of ®(X,Y’) with respect to
modulus pairs (X,Y): this will be done in Proposition 2.8.1. In this subsection, we introduce a
notion of admissible correspondences, and prove their existence in suitable cases.

For two closed subschemes Y7, Y5 in a scheme X, we write Y7 > Y5 if the inclusion Y, — X
factors through Y; — X (equivalently, if for all x € X one has Iy, o C Ly, &, where Iy, is the
ideal sheaf of Y;).

DEFINITION 2.6.1. Let M; = (X;,Y;) (i = 1,2) be modulus pairs and put X; = X;\|Y;|. Let
7 € Cor(X1, X2) be an integral finite correspondence. We write ZV for the normalization of the
closure of Z in X1 x X9 and p; : ZV — X for the canonical morphisms for i = 1, 2. We say that
Z is admissible for (M, Ms) if piY1 > p3Ya. An element of Cor(X;, X») is called admissible if
all of its irreducible components are admissible.

LEMMA 2.6.2. Let Z € Cor(X;, Xs), where X1, X9 € Sm are quasi-affine. For i = 1,2, let
X, € Sch be a normal proper k-scheme which contains X; as an open dense subset. Let Yo C X
be a closed subscheme supported on X9 — Xo. Then there exists a closed subscheme Y; C X
supported on X1 — X7 such that Z is admissible for ((X1,Y1), (X2, Y2)).

Proof. We may assume that Z C X1 xX> is integral and finite surjective over X;. Let Z C X1xX»
be the closure of Z and p; : Z — X; (i = 1,2) be the natural maps. We remark that

pfl(yl ~X1)red =Z — Z and pgl(Yg)red cZ-2Z. (2.15)
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The first assertion follows from Lemma 2.6.3 below, noting that Z — X; is finite. The second
assertion is obvious since py induces Z — X5. Hence, one can find a closed subscheme Y; C X1

supported on X; — X such that p1Y1 = p5Ys on 73 and therefore on ZN. O
LEMMA 2.6.3. Let

pi 5
-/

) (A, v
be a commutative diagram of schemes, where j,j’ are dense open immersions and p is proper.
Then p~1(Y) = X.

Proof. Let Z = p~1(Y'). The dense open immersion X — Z is proper and hence an isomorphism.
O

2.7 An invariance property for G(C, D)

PRrROPOSITION 2.7.1. Let f: C - C bea proper surjective morphism of k-varieties and D C C
. . L, —
be an effective Cartier divisor. Assume that f.Og = Og . Then, for D' = C" xg D, we have

f*:G(C,D) = G(C', D).
For the proof, we need a lemma.

LEMMA 2.7.2. Let f : C' - C be a proper surjective morphism of schemes. Let D C C be a
closed subscheme. Then the system

{f~Y(U)| U 2> D,U open}
is cofinal among the open neighbourhoods of f~'(D) in c.

Proof. Let U’ be an open neighbourhood of f~!(D) and Z = C' —U’. Then f(Z) is closed and
YD) c 7Y U) CU with U =C — f(2). O

Proof of Proposition 2.7.1. By Lemma 2.7.2, it suffices to show that
Ty e

for U running through the open neighbourhoods of D in C and U’ = f~1(U). In the commutative
diagram of exact sequences

0——Ofp o3 05

I

0—— f*O[*Jl|D1 - f*O?]/ — f*O*D/

3 Note that if F < W is a closed immersion in Sch defined by the ideal sheaf Z, there exists n > 0 such that
7 DO Iy, where Zy is the ideal sheaf of Fieq.
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b is an isomorphism by the assumption that f,OF = Og. Hence, it suffices to show that c is
injective. For this, it suffices to show that ¢’ is injective in the diagram

0 ) Oy Op 0
I
0 J+Lp [+Oyr —— f«Opr

which will follow from the surjectivity of a’. To see this, note that
[*Ip =1Ip ®o, O = IpOy =TIp
by the assumption that D is a Cartier divisor. Thus, we get
[:Op @ Ip =~ fu(f*Ip) — fIp
by the projection formula and hence the claim since Oy —> f,Op. O

2.8 Functoriality of ®(X,Y)
PROPOSITION 2.8.1. Let M; = (X;,Y;) (i = 1,2) be modulus pairs with X; = X;\|Y;|, and let
Z € Cor (X1, X2) be admissible for (Mi, Ms). We assume that Ys is a Cartier divisor. Then there
is a morphism

Z* : (I)(Yl,yl) — @(YQ,YQ) in PST

which fits into a commutative diagram
Q(Ylv Yl) e Ztr(Xl)
iz* J{ Z. (2.16)
q)(f% YQ) e Ztr(XQ)

so that Z, induces a map h(X1,Y1) — h(X2,Ys).

Proof. We may assume that Z C X x Xj is integral and finite surjective over X;. Let Z C X1 x X
be the closure of Z and p; : Z — X; (i = 1,2) be the natural maps. Take S € Sm connected and

((p : 6 — Yl X S) S C(yhyl)(S) with C' = (p_l(Xl X S)

Let Cz; (i € I) be the irreducible components of C x x, Z, éz,i be the closure of C'z; in C x X, Z

N . . . .
and C'z; be its normalization. We have the composite map

><§127

—N — ) —
V;:Cpy > Cxx, Z — Zx8— Xax8.
By construction, ] is proper. Let

Oy 3 Cxpi 25 Xax S (2.17)

be its Stein factorization. Note that éxm is normal and ); is finite. Let J C I be the subset of

those i € I such that dim(C'x,; xsn) = 1, where 7 is the generic point of S.
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For ¢ € J, we have
(77/)1 . CXg,i — X2 X S) S C(Y27Y2)(S).

Indeed, it suffices to check that the image of ¢} is not contained in Y5 x S. The normalization

. . =N . .
C]Z\{ ; of Cz; is dense open in C';; and ¢; induces a morphism

N SDXYl?
OZ,i_)CXXlz — Z xS — X9x8,

which implies the desired assertion. We obtain a commutative diagram

— DPii —=N P2i —
¢ Cyi Cxy,i
’Ysol \L'yz,i lvxw'
~ p1 2 p2 ~
X1 Z X9

From this, we get a composition

; % —N * % N x Kk N * ok
Zy G(C’,fy@Yl) e G(Cz,z‘apu%yl) = G(Cz,z‘a’YZ,z‘MYl) hd G(Cz,z‘a’YZ,iPQY2)
~ G(Cxyi, 7, Y2) C (X2, Y2)(5),

where the first map is the pullback by pi;, the middle inclusion comes from the assumption
that piY7 > p3Y> and the isomorphism is the inverse of the pullback along ps;, which is an
isomorphism by Proposition 2.7.1 (here we use the assumption that Y5 is a Cartier divisor; also,
p2,i satisfies the assumption of Proposition 2.7.1 by the construction (2.17)). Letting m; be the
multiplicity of Cz; in C' x x, Z, we then define

Zo=Y miZL: G(C, A1) - (X2, Y2)(S),
ieJ
which induces Z, : ®(X1, X1)(S) — (I)(YQ,YQKS). It is easy to check (essentially as a special
case of (2.12)) that this induces a map Z, : ®(X1,Y1) » ®(X2,Y2) in PST.
To prove the commutativity of (2.16), we may assume that S = Spec K for a field K by the

. ol —N . .
same reason as for the commutation of (2.14). Then C and C';; are regular of dimension one, so
that py; is flat. We are reduced to showing the commutativity of the diagram

— dive »
G(C, Y1) < ¢(C/K) —Z > ¢(X; x K/K)
Smip2,ixp7 ; ®mip2,i+P7 ; LZ*
. . @dlv6x2 i @wz i
@G(C'Xg,i,’YXQ,iB) @C(CXQ,i/K)Hc(XQ x K/K)
icJ icJ

where pj; is the flat pullback of cycles. Each square of the diagram is easily seen to be
commutative. This completes the proof of Proposition 2.8.1. O

2.9 Proof of Theorem 2.1.5(2)

Let (X,Y) be as in the theorem. Assume that we are given a connected quasi-affine V'€ Sm and
a € h(X,Y)(V). Let V be a proper normal scheme over k containing V' as a dense open subset.
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Let a € Zy(X)(V) = Cor(V, X) be a lift of a under the canonical surjection Z(X)(V) —
h(X,Y)(V). We have a commutative diagram

a

Ly (V) —— Zn(X)

RN

h(X,Y)

where a, and a, are respectively induced by a and a via the Yoneda embedding. By Lemma 2.6.2
and Proposition 2.8.1, there is a closed subscheme W C V supported on V — V such that a,
factors through Z, (V) — h(V, W), which implies that a has modulus W. O

3. Homotopy invariance implies reciprocity

3.1 Introduction
In this section, we prove Theorem 3. Actually, we prove the following stronger result.

THEOREM 3.1.1. Let F' € PST. We consider the following condition.

(¢) If X € Sm and a € F(X), then Y is a modulus for a for any modulus pair (X,Y) with
X = X — Y. (Equivalently: for any modulus pair (X,Y) with Y reduced, Y is a modulus for a.)

Then we have the following.

(1) If F is homotopy invariant, then (<)) holds.
(2) If F is separated for the Zariski topology and satisfies (), then F' is homotopy invariant.

For the proof, we need some preliminary results on relative Picard groups and relative Suslin
homology, which will occupy §§ 3.2 and 3.3. The proofs of (1) and (2) will be given in §§ 3.4 and
3.5, respectively.

3.2 Relative Picard group

We recall [SV96, §§2-3] with some modifications. Let X be an integral scheme and Y a closed
subscheme of X. We denote by Pic(X,Y) the group of all isomorphism classes of pairs (L, o)
of an invertible sheaf L and an isomorphism o : L]y = Oy. Note that Pic(X) = Pic(X, ). We
have an exact sequence

[(X,0%) = I'(Y,05) — Pic(X,Y) — Pic(X) — Pic(Y)
and an isomorphism o B
PiC(Xa Y) = H%ar(Xv GY Y)a

where G iy := ker(Ox — Oy). An element (L, o) of Pic(X,Y) is called liftable if there exists
a pair (U, &) consisting of an open subset U C X and an isomorphism & : L|y = Op such that
Y C U and G|y = 0. We define Pic (X,Y) to be the subgroup of Pic(X,Y) consisting of liftable

elements. Let Div(X,Y) be the group of Cartier divisors on X whose support does not intersect
with Y.

LEMMA 3.2.1. Let X and Y be as above.

(1) We have an exact sequence

div+

0 I'(X,Gyy) > G(X,Y) — Div(X,Y) — Pic(X,Y) - 0.
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(2) If X is normal and Y is reduced, the pullback by the projection p : X x A — X induces
isomorphisms
p*: Pic(X,Y) ~ Pic(X x ALY x AY), (3.1)
p*: Pic(X,Y) ~ Pic(X x ALY x A1).
(3) IfY has an affine open neighbourhood in X, then f’E(Y, Y) = Pic(X,Y).

Proof. The assertions are shown in [SV96, 2.3 and 2.5] except for (3.2), which we deduce from
(3.1). Let
i* : Pic(X x AlY x Al) - Pic(X,Y)

be the pullback along the zero section i : Speck — A'. By definition,

*(Pic(X x ALY x A)) C Pic(X,Y)
and ¢*p* is the identity. Hence, (3.2) follows from the fact that Ker(:*) = 0, which follows from
(3.1). O

3.3 Relative Suslin homology
We take a connected S € Sm and X € Sch/S. Let Y C X be a closed subscheme. Suppose that
X is normal and set X := X — Y. Let ¢(X/S) be as in §1.1.2. We define for each n € Zxg

Cr(X/S) := c(X x A™/S x A,

where A™ = Spec klto, ..., t,]/(>_ t;—1) is the standard cosimplicial scheme over k. The complex
C(X/S) of abelian groups thus obtained is called the relative Suslin complez. Its homology group
is denoted by HZ(X/S) and called the relative Suslin homology.

Now suppose that the generic fiber of X — S is one dimensional and that X is quasi-affine
over S. By definition, the components of Z € C,,(X/S) are closed in X x A", so that Z is a Weil
divisor on X x A" Let C,(X/S) C C,(X/S) be the subgroup of all Z € C,,(X/S) which are
Cartier divisors on X x A™. We have

Cn(X/S) = Div(X x A", Y x A™). (3.3)
As a pullback of a Cartier divisor is Cartier, C,(X/S) is a subcomplex of C,(X/5S). Its homology
groups are denoted by HZ(X/S).
THEOREM 3.3.1. Assume that Y reduced. Then we have
= Pic(X,Y) (n=0)
o5 (X/S) = ’ ’
n(X/S) {O (n > 0).
Proof. By Lemma 3.2.1(1) and (3.3), we have an exact sequence of complexes of abelian groups
0= T(X x A", Gxaryxa-) = GX x A" Y x AY)
— Cp(X/S) = Pic(X x A*)Y x A*) - 0.
The assumption that X is quasi-affine over S is preserved under any base change [EGAII,
(5.1.10)(iii)] and hence remains true after passing to the geometric fibers. This shows that Y
meets every component of these fibers, which implies as in [SV96, Proof of Theorem 3.1] that the

first term vanishes: I'(X X A*, G, yxax) = 0. It is also proved in loc. cit. that G(X x A*,
Y x A*) is acyclic. Now the theorem follows from Lemma 3.2.1(2). O

COROLLARY 3.3.2. Under the same assumption as in the previous theorem, the following
composition is zero:

G(X,Y) = Co(X/S) - H5(X/S).
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3.4 Proof of Theorem 3.1.1(1)
Suppose that F € PST is homotopy invariant. Let (X,Y) and a € F(X) be as in (). We show
that Y is a modulus for a. Let S € Sm and (p : C — Xg) € Cxy)(5). Put Yz = ¢*(Ys),

C=C- Y=. We need to show that the composition
G(C,Yg) — ¢(C/8) 25 ¢«(Xs/S) = Ziu(X)(S) > F(S) ()

is zero. By [MVW06, Lemma 7.5], the homotopy invariance of F' implies that the last map factors
as
c(Xs/S) — Hy (Xs/S) — F(S).

Therefore, the map (x) factors as
G(C,Y5) C G(C, (Ya)rea) — Co(C/S) — HS (Cs/S) — HF(Cs/S) — H5(Xs/S) — F(S),
which is zero by Corollary 3.3.2. O

3.5 Proof of Theorem 3.1.1(2)

This proof is adapted from [Voe00Oa, Proposition 3.11]. Suppose that F' € PST is separated for
Zariski topology and satisfies (), and take S € Sm. Let p: S x Al — S be the projection and
i : Speck — A! be the 0-section. We must show that p* : F(S) — F(S x A') is an isomorphism,
which will follow from the injectivity of (idgx)* : F(SxA') — F(S) (see Proof of Lemma 3.2.1).
Since F' € PST is separated for Zariski topology, we may assume that S is affine. Consider the
commutative diagram

idgxé pxid1
Sx Al =25 (S x Al x Al — 5 § x Al
ideAl XZ‘T idg X1

S x Al P S

Since (p x idp1)(idg x 0) = idgy a1, it suffices to show that
(idg x 0)* = (idgy a1 x )" : F((S x AY) x A1) = F(§ x A!). (%)

Take a proper integral variety S which contains S as an open dense subscheme. Put X :=
(SxANx Al X := (SxPH)xPland Y := (X —X)eq, s0 that (X,Y) is a modulus pair (here we
used the assumption that S is affine). Let C := (Sx Al)x P! and let o : C — X x (S x Al) be the
morphism defined by the natural inclusion C' < X and the projection C — S x Al. Then ¢ is an
element of C 1 (Sx Al) (cf. Definition 2.2.1). Since Y is a modulus for any a € F(X) by (), we
get (¢s divg(f))*(a) =0 for any f € G(C,Y |5), where Y|z = ¢* (Y x (S x Al)) = (S x Al) x 0.
If we write z,y for the coordinates of P! x P!, then the function f = 1 — (z/y) belongs to
G(C,Y|g), and ¢, diva(f) € Cor(S x A, (S x Al) x Al) agrees with the difference of the
graphs of idg x ¢ and idg, a1 X . This proves (x) and hence completes the proof. O

Remark 3.5.1. Let (X,Y) be a modulus pair with Y reduced. Put X = X — |Y|. Let ho(X)
be the presheaf with transfers introduced in [VoeOOb, p. 207], which is characterized as the
maximal homotopy invariant quotient of Z(X). By Theorem 3, we get a (surjective) map
h(X,Y) — ho(X). It is an interesting problem to know when this is an isomorphism: it is true
(after Zariski sheafification) if dim X = 1 by Theorem 9.4.1 below.
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4. Algebraic groups have reciprocity

4.1 Introduction
In this section, we show the following result by adapting an argument of [Ser59].

THEOREM 4.1.1. Any smooth commutative group scheme G locally of finite type over k, regarded
as a presheaf with transfers, has reciprocity.

The proof goes as follows. In § 4.2, we reduce the proof to the case k is algebraically closed and
G connected. We then prove Theorem 4.1.1 for characteristic zero in §4.3, and for characteristic
p>0in §4.4.

In what follows we identify G with the object of PST represented by G (cf. [SS03, Proof of
Lemma 3.2] and [BK16, Lemma 1.4.4]). Before going to the proof of Theorem 4.1.1, we make a
simple remark, which will be used frequently in this paper.

Remark 4.1.2. Assume that k is perfect. Let (X, Y’) be a modulus pair with X = XY, F € PST
and a € F(X). Assume that F has global injectivity, which means that for any dense open
immersion j : U — X in Sm, j*: F(X) — F(U) is injective. Then, in order to show that Y is
a modulus for a, it suffices to verify the following condition (cf. (2.3)).

Let K = k(S) be the function field of a connected S € Sm, C a normal integral proper curve
over K and ¢ : C — X x K a finite morphism such that ¢(C) ¢ Y x K. Put C = ¢~ }(X x K)
and let 1 : C — X be the induced map. Since C is regular and k is perfect, we have C' € gn,
whence ¢* : F(X) — F(C) (cf. §1.1.3). Then

(divg(9))*(¥*(a)) =0 in F(K) for any g € G(C, D),

where D = ¢*(Y x K) and divg(g) € ¢(C/K) is viewed as an element of Cor(kK, C) by the map
C — (C x K induced by the identity on C' and the projection C' — Spec K.

4.2 Reduction to algebraically closed and connected cases

Let k be an algebraic closure of k. We assume that Gfy, has reciprocity (over k), and prove that G
has reciprocity (over k). Take X € Sm connected quasi-affine, a € G(X) and X a compactification
of X: we must find a closed subset Y C X with support X — X which is a modulus for a. By
hypothesis, there is such a Y C X}, for the image aj of a in G(X}) (more accurately, this is true
component by component in case X is not geometrically connected). We may choose Y such

that Zy = I(”yf Xo)ee for some n > 0, which implies that Y is defined over k. We claim that
k™ k/re

Y is the desired modulus for a. Indeed, let S € Sm and C € C(y Y)(S): with the notation of
Definition 2.1.2, we obviously have for f € G(C, 75Y)

(s dive(f))*(a)z = ((g)s divg, (fp))"(az) = 0 € G(Sk)

and hence the claim since G(S) — G(Sg) is injective.

Now assume that k is algebraically closed. We reduce the proof of Theorem 4.1.1 to the case
G is connected. Indeed, G then splits as a direct product G x D, where G° is the connected
component of 0 and D is discrete; in particular, the choice of such a splitting yields a translation
isomorphism 75 : G —> GO for any § € D. By construction of the action of finite correspondences,
a finite correspondence of degree d in Cor(S,X) maps G°(X) to G¥(S) for any § € D; in
particular, (¢, divg(f))*(a) maps G°(X) to G°(S). Since the action of (¢, diva(f))*(a) clearly
commutes with 75, reciprocity for G° implies reciprocity for G.

From now on wuntil the end of this section, we assume that k is algebraically closed
and G connected.
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4.3 Proof of Theorem 4.1.1 in characteristic zero

We take an integral quasi-affine X € Sm and a € G(X) = Morg(X,G). Let X be a proper
smooth integral variety that contains X as an open dense subset and W := (X — X),q be a
normal crossing divisor (Remark 2.1.8). In view of Corollary 2.1.7, it suffices to find n € Z~g
such that (X,nW) is a modulus for a.

Letﬁ{wl, ...,wq} be a basis of the space of invariant differential forms on G. Noting that
li_n)lnF(X, Qly/k ®o Ox(nW)) =T(X, Qé(/k), take n > 0 such that

a*w; € T(X, Qly/k ®oy Ox(nW)) foralli=1,....d.

We claim that Y := nW is a modulus for a. For this, it suffices to verify the condition in
Remark 4.1.2, but it follows from the following result from [Ser59]. O

PROPOSITION 4.3.1 [Ser59, 111, Proposition 10]. Let G be a commutative algebraic group over a

field K of characteristic zero, and let {w1,...,wq} be a basis of the space of invariant differential

forms on G. Let C be a proper normal curve over K, C an open dense subscheme of C and

a: C — G a morphism. Let D be an effective divisor on C' such that |D| = C' — C' and that
a*w; € T(C, Q%/K ®oz Og(D)) foralli=1,...,d.

Then we have (divg(g))*(a) = 0 € G(K) for any g € G(C, D), where a is viewed as a section

over C of the object of PST represented by G.

4.4 Proof of Theorem 4.1.1 in positive characteristic
In this case, the following lemma is proved in [Ser59, III, §§7 and 9.

LEMMA 4.4.1. There exist a semi-abelian variety (G1, a unipotent group U and a homomorphism
0 : G — G1 x U with finite kernel.

Here we include a sketch of the proof taken from [Ser59]. Let A be the maximal abelian
quotient of G, and put L = ker(G — A). Write L = L,, X L,, where L,, is a unipotent group and
Ly, is a torus. Put Gy := G/L,, which is semi-abelian. Take an N € Z~q such that pV L, = 0
and put U := (G/Ly,)/p", which is unipotent. Define § to be the product of the canonical
surjective maps G — G7 and G — U. One checks that ker(#) is finite. O

PROPOSITION 4.4.2 (cf. [Ser59, III, Proposition 14]). Let 6 : G — G’ be a morphism of smooth
connected commutative algebraic groups such that Ker() is finite. Let (X,Y) be a modulus pair
such that'Y is a Cartier divisor on X. Put X = X —Y and let a € G(X). If (X,Y) is a modulus
for 0(a) € G'(X), then (X,Y) is a modulus for a € G(X).

Proof. Since G satisfies global injectivity, it suffices to check the condition in Remark 4.1.2. We
use the notation therein.

Let g € G(C, D) be non-constant and g : C — P}( be the corresponding morphism. Let
Uy, =PL —g(C—C) cPL and C; = g"}(U’) C C. Then C, is finite over U, and we let
lg] € Cor(Uy, C) denote the finite correspondence given by Cy, which induces [g], : G(C) —
G(Uy). It is proved in [Serb9, III, Proposition 9] that, for any effective divisor D on C such that
|D| = C — C and b € G(C), the following conditions are equivalent:

(1) (dive(g))*(b) =0 € G(K) for any g € G(C,D);
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(2) for any non-constant g € G(C, D), [g]«(b) € G(Uy), viewed as a morphism U, — G, is
constant.

Thus, we are reduced to showing (2) for D = p*(Y x K) and b = ¢*(a) with ¢ : C - X x K.
Let us take a non-constant g € G(C, D). Since 6(a) € G'(X) has modulus (X,Y) by assumption,
(1) holds for 6(b) € G'(C) instead of b € G(C'). Hence, the morphism [g],(0(b)) : Uy — G’ is
constant. Note that [g].(6(b)) factors as

Since ker (@) is finite and Uy is connected, [g]«(b) must be constant too. O
ProprosITION 4.4.3. If G is unipotent, it has reciprocity.

Proof. We take integral quasi-affine X € Sm and a € G(X). We also take a modulus pair (X, W)
such that X is normal, that W is an effective Cartier divisor on X and that X = X — |W|
(Remark 2.1.8). In view of Corollary 2.1.7, it suffices to find n € Z-( such that (X,nW) is a
modulus for a.

We fix an embedding G — GL,. Then our section a € G(X) can be represented as a matrix
(aij)i j=1 € GLy(X), where a;; € O(X) are regular functions on X. Take such n > 0 that

aij €T(X,0x(nW)) foralli,j=1,...,r

We claim that ¥ = nW is a modulus for a. For this, it suffices to verify the condition in
Remark 4.1.2, but it follows from the following result from [Ser59]. O

PROPOSITION 4.4.4 [Ser59, III, Proposition 15]. Let G be a connected unipotent commutative
algebraic subgroup of GL,. Let C be a proper normal curve over K, C' an open dense subscheme
of C and a : C — G a morphism. Write a;; € O(C) for the (i, j)th-entry of a € G(C) C GL,(C).
Let D be an effective divisor on C such that |D| = C — C and that

aij €T(C,05(D)) foralli,j=1,...,r.

Then we have (divg(g))*(a) = 0 € G(K) for any g € G(C, D), where a is viewed as a section
over C of the object of PST represented by G.

Proof of Theorem 4.1.1 in positive characteristic. Lemma 4.4.1 and Proposition 4.4.2 reduce us
to the cases of a semi-abelian variety and of a unipotent group. We have proved the theorem for
unipotent groups in Proposition 4.4.3. A semi-abelian variety is homotopy invariant and hence
has reciprocity by Theorem 3. O

Remark 4.4.5. Let G be a commutative algebraic group over an arbitrary field k. Let C be a
smooth projective curve over k, D an effective divisor on C, C':= C — D and a € G(C). If D is
a modulus for a in the sense of Rosenlicht—Serre (cf. Theorem 1), then D is a modulus for a in
our sense. Indeed, by Remark 4.1.2 it suffices to show that, for any field K € é}/n, the image ag
of a in G(C x K) has modulus D x K. But this follows from the proof in this section.
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5. Weak reciprocity

In this section, we introduce the notion of ‘weak reciprocity’. It is weaker than reciprocity defined
in Definition 2.1.3 but strong enough to imply the injectivity property stated in Theorem 6.
An advantage of reciprocity in Definition 2.1.3 over weak reciprocity is that the analogue
of Theorem 2 fails for weak reciprocity (Remark 5.1.8). Weak reciprocity can be formulated
for pretheories, a more general notion than presheaves with transfers (see Definition 5.1.3).
Theorem 6 follows from Theorem 7.1.1.

5.1 Definition of weak reciprocity
DEFINITION 5.1.1. For S € Sm, relC(S5) is the class of the morphisms p : X — S in Sm which

are quasi-affine and equidimensional of relative dimension one. We sometimes write X /S for
p: X —> S.

5.1.2. For S €Sm and (p: X — 5) € relC(S), we have a map
Vx5 c(X/S) — Cor(S, X) = c(X x S/9) (5.1)

induced by X idxxp X x §. For F' € PST, we define a pairing
(x5 : c(X/S) X F(X) — F(5),
(Z,a) x5 = ¥xs(Z)"(a) for Z € e(X/S), a € F(X).

It satisfies the following conditions.
(i) Ifi: S — X is a section of X — S, then (i(S),a)x/g = i*a for a € F(X).
(ii) If f : S" — S is a morphism, then f*(Z,a)x/g = (f*Z, 9" a) x/ /g for Z € ¢(X/S) and any
a € F(X), where X' = 5" xg X and g: X’ — X is the second projection (see §1.1.2 for f*Z).
(iii) For (p; : X; — S) € relC(S) with i = 1,2 and for an S-morphism f : X; — Xo, we have
<f*(Z),a>X2/S =(Z, f*(a)>X1/S for Z € ¢(X/S) and a € F(X2).

5.1.3.  Following Voevodsky [Voe00Oa, Definition 3.1], a pretheory over k is defined as a
presheaf F': Sm° — Ab, commuting with coproducts and provided with bilinear pairings (5.2)
for all S € Sm and X/S € relC(S) subject to the conditions (i) and (ii). If it satisfies additionally
(iii), F is called of homological type. Pretheories form an abelian category containing PST as a
(non-full) subcategory via (5.1).

DEFINITION 5.1.4. Let S € Sm and X/S € relC(S). A good compactification of X/S is a dense
open immersion j : X < X of S-schemes such that:

(1) X is normal and p : X — S is proper and equidimensional of dimension one;
(2) X — X has an affine neighbourhood in X.

A good compactification of X/S with modulus is a pair (j : X — X,Y) of a good
compactification of X/S and a closed subscheme ¥ C X with X = X — Y. We sometimes
write (X/S,Y) for (j : X — X,Y) for simplicity. Note that this is not a modulus pair in the
sense of Definition 2.1.1 unless S is proper [EGAII, 5.4.3(ii)].
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5.1.5.  Let (X/S,Y) be as in Definition 5.1.4 with X = X —Y. Let Pic(X,Y) be the relative
Picard group (see §3.2). As in the proof of [SV96, Theorem 3.1], it follows from [SV96, Lemma
2.3] that we have a short exact sequence

0— G(X,Y) i 4 ¢(X/S) - Pic(X,Y) = 0 (5.3)

(compare (3.3)). The map 7 can be described as follows. The components of Z € ¢(X/S) are
closed and of codimension one in X, so that Z is a Cartier divisor on X whose support is disjoint
from Y and that there is a natural isomorphism o : O (Z)|y =~ Oy. Then 7 sends Z to the class
of the pair (O+(2),0).

DEFINITION 5.1.6. Let F' be a pretheory.

(1) Given S € Sm and X/S € relC(S) and a good compactification (X/S,Y) of X/S with
modulus and a € F(X), we say that Y is a weak modulus for a € F(X) (or a has weak modulus Y)
if

(div¢(g),a)x/g =0 for any g € G(X,Y);
equivalently, the morphism
(=,a)x/s: c(X/S) — F(5)
factors through 7 in (5.3).

(2) We say that F' has weak reciprocity if, for any affine S € Sm and X/S € relC(S) with a
good compactification X — X, any section a € F(X) has a weak modulus.

LEMMA 5.1.7. If F € PST has reciprocity, it has weak reciprocity.

Proof. Let S € Sm be affine and take C/S € relC(S) with a good compactification C' — C. (Note
that C' is quasi-affine because S is affine and X/S € relC(S).) Take a € F(C). We must show
that a has a weak modulus. Take an integral proper k-scheme X which contains C' as a dense
open subset. By the assumption on F, a has a modulus Y C X in the sense of Definition 2.1.2
such that |[Y] = X — C. Let ¢ be the composite map

C 2 T0x8—>XxS

with p : C — S the projection and ~; its graph. Then (¢ : C — X x S) € C(y’y)(S) and
C x 5,4 (Y x8)is a weak modulus for a (cf. Definition 2.2.1). O

Remark 5.1.8. The analogue of Theorem 2.1.5(1) still holds for weak reciprocity, but the analogue
of Theorem 2.1.5(2) does not hold. More precisely, for (X/S,Y) as in Definition 5.1.4 with
X = X — Y, the functor

PST — Ab, F i+ {a€ F(X) |a has weak modulus Y}
is representable. But the representing object does not have weak reciprocity, even if S = Speck.

5.2 Local symbols

In this subsection, we show the equivalence between weak reciprocity for F' € PST in the sense
of Definition 5.1.6 for curves over a function field and the existence of local symbols satisfying
‘Weil reciprocity’, in analogy with [Ser59, ch. III].
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Let E = k(S) be the function field of a connected S € Sm. Let X be a normal projective
irreducible curve over E with function field K = F(X). Let X (g be the set of closed points of X.

For each x € X(q), let vy : K™ — Z be the normalized valuation at x.
We fix F' € PST. Set, for a € F(Ox ),

a(r) = (z,4)u/E,

where U is an open neighbourhood of x such that a is the image of some a € F(U). Note that a(x)
is independent of choices of U and a. In fact, we have a(z) = f;,i5a, where i, : © — Spec Ox 4
is the closed immersion and f, is the finite morphism z — Spec E. (By Proposition 6.1.5 and
Lemma, 6.3.3 below, this formula holds more generally for a pretheory which is P!-rigid in the
sense of Definition 6.1.3.)

ProproSITION 5.2.1. The following conditions are equivalent.

(1) For any dense open affine U C X and a € F(U), there exists an effective divisor Z C X
such that U = X\|Z| and that

(divx (f),a)y/p =0¢€ F(E) forall f e G(X,Z). ()
(2) There exists a family of bilinear pairings
{(=,7)a : K% X F(K) - F(E)}zex,
which satisfies the following conditions:

(a) for any v € X(g), a € F(Ox,) and g € K*, we have (g,a|k). = vz(g)a();
(b) for any x € X (o) and a € F(K), we have (U;,gm), a), = 0 for sufficiently large m > 0, where

U = {ue K | va(u—1) > m};
(c) Zzex(o)(g,a)x =0 for any a € F(K) and g € K*.
Moreover, if (2) holds, (&) for a € F(U) is equivalent to the condition
(Um) ), =0 forallze X —U, (V)

where m,, is the multiplicity of x in Z.
Proof. Assume (1). By (5.3), we have an isomorphism

Coker(G(X,Z) — ¢(U/E)) ~ Pic(X, Z).
Hence, passing to the limit over all U C X and Z, the pairings (—, —)y/p induce

(=, =)x/E  imPic(X, Z) x F(K) - F(E).
Z

By weak approximation, we have an isomorphism

Pic(X, Z) ~ Coke1r<KX — GB A @ KX/Uémw)>’
z€X(0)—1Z] z€|Z|
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where m,; is the multiplicity of x in Z. Whence a natural map

et K™ — lim Pic(X, Z) for z € X(g)
Z

is induced by the projections K* — K*/ Uém“). Define
(—, =)z : K* X F(K) —> F(E)

by (f,a)e = (mz(f),a)g/p for f € K* and a € F(K). It is easy to verify (a)-(c). Hence,
(1) = (2).

Now suppose (2) and take a € F(U),U C X as in (1). For each x € X\U, there exists an
integer m, > 1 such that (U;Em””),a)w = 0 by (b). Define Z = Z:peX\U mgx. For g € G(X, 2),
we get

(divx(g)ae 2 S (g0, 2 S (g.a). Lo

uelU(g) z€X(0)
Here (!) holds since g € G(X, Z) implies that g € U™ for x € |Z|. This proves (2) = (1) and
the implication (V) = ().

It remains to show the implication (&%) = (©). Fix x € X — U and let m, be the multiplicity
of x in Z. Take f € Ui, By (2)(b), for each y € X — U there exists n, > m, such that
(Uy(ny),a)y = 0. By the approximation theorem, we find g € K* such that g/f € U;Enz) and
g€ U@Sny) for all y € X —U. This implies that g € G(X, Z) and hence (&) and (2)(a) imply that

0= (divx(9).a)up = Y vy(g)ay).
yeU(g)
Then, using properties in (2), we compute
() (@)
(fﬂ)z:(g,a);c = - Z (gaa’)y:_ Z (Qaa)y = = Z Uy(g)a(y)zo

yEX(0y—{z} y€U(0) y€U (o)

The proposition is proved. O

6. Pl-invariance

In this section, we discuss P'-invariance and P!-rigidity for a pretheory with weak reciprocity,
and draw a few consequences.

6.1 Pl-invariance and Pl-rigidity

THEOREM 6.1.1. Let F' be a pretheory which is separated for the Zariski topology. If F' has
weak reciprocity, then it is P'-invariant, namely 7 : F(S) — F(P}) for any S € Sm, where
T Pls — S is the projection.

Remark 6.1.2. The property of Pl-invariance is clearly stable under arbitrary products in PST.
On the other hand, one can easily see that the Zariski separated presheaf with transfers G does
not have (weak) reciprocity, by checking that the evaluation in the proof of Proposition 4.4.3 is
optimal.
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Theorem 6.1.1 will be deduced from Proposition 6.1.5 below, for which we need to introduce
the notion of P'-rigidity. For t € P1(k), let i, : S — P} be the corresponding section of 7 at ¢.

DEFINITION 6.1.3. A presheaf F': Sm° — Ab of abelian groups is Pl-rigid if iy = i’ : F(PL) —
F(S) for any S € Sm.

PROPOSITION 6.1.4. For a presheaf F of abelian groups, P'-invariance implies P'-rigidity. The
converse is true if F' is separated for the Zariski topology.

Proof. Tt is obvious that P!-invariance implies P'-rigidity. We prove the converse: it suffices to
show that Ker(F(Py) z—6> F(S)) =0 for any S € Sm. We apply Pl-rigidity to X = AL to get
in =1 : F(PY) - F(X), (6.1)
where (for clarity) #; is relative to the base X. Consider the morphisms
1,00 : P =Pl x AL - PL
given by
01 ((ug : u1),t) = (ug : up +tug), w2((ug:u1),t) = (ug + tug : ug).
Letting p : Ag — S be the projection, we compute

gploio:joo:A}q%Pklg, t— (1:1),
¢1oilzilop:A}9—>P}g, t— 1,
gpzoiozjo:A}geP}g, t— (t:1),
gpzoil:’ioop:A}g—)P}S, t— 0.

(6.2)

ix

Take a € Ker(F(PY) —> F(S)). Then a € Ker(F(P}) BN F(S)) by rigidity. By (6.1),
oey(a) =ip,(a) (v=1,2).
By (6.2), this implies that
Jaca =plisca =0, jya=p iga=0.
Noting that F' is separated for the Zariski topology, this implies that a = 0 since Pé = jo(A}g) U
ji1(A}) is an open covering of P§. O
Theorem 6.1.1 now follows from the next proposition.

PROPOSITION 6.1.5. A pretheory F' having weak reciprocity is P'-rigid.

Proof. Let S € Sm and a € F(P}). Let t be the standard coordinate on A} = P} — {oo}.
Let jo : A}g — P}g be the natural inclusion and j,, be the composite of jy and the morphism
P}g — P}g; t — t~1. These define two good compactifications of A}g. Since F' has weak reciprocity,
there exists ng > 0 such that for all n > ng, we have

(divar (1 4+17"),joa) arys = (divar (1 +1"),j5a) a1 s = 0 € F(S).

Noting that
14"

1+t

we deduce that
n(iga —is.a) = 0.

Replacing n by n + 1, we get the desired rigidity. O
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6.2 Application to 0-cycles
COROLLARY 6.2.1. Let F' € PST be such that the associated pretheory has weak reciprocity,
and let X be a smooth proper k-variety. Then the natural pairing (,)x : Zo(X) x F(X) — F(k)
factors through a pairing

CHy(X) ® F(X) — F(k).

Proof. Let C' C X be an irreducible curve and let f € k(C)*: we must show that the map
F(X) — F(k) induced by pairing with div(f) is 0. Let C' be the normalization of C: we have a
diagram

Let a € F(X). We have

(div(f),a)x = (div(f),i"a)e = (0 — o0, fui*a)pr =0,

where the last equality follows from Proposition 6.1.5. O

6.3 Functoriality for pretheories with weak reciprocity

We apply the above to show that weak reciprocity is sufficient to yield some important properties
to a pretheory, which are automatic for presheaves with transfers. This generalizes [VoeOOa,
Propositions 3.12, 3.14 and 3.15] (the homotopy invariant case).

PROPOSITION 6.3.1. Let F be a Pl-rigid pretheory. Let S € Sm and X/S € relC(S) and j :
U — X be an open embedding. Then, for any (Z,a) € ¢(U/S) x F(X), one has

(JxZsa)x)s = (Z, 7" a)uys-

Proof. This is proven by adapting the proof of [Voe0OOa, Proposition 3.12]. Let Z = X — U and
W = X x PN\Z x {0}, so that we have a commutative diagram

W4q>X

o

SxPlI1»8
where ¢ is induced by the projection X x P1~—> X. For the sections ip (at 0) and 4; (at 1)
of m, we have igWW = U and i{W = X. Let Z € ¢(W/S x P1) be the unique element whose
image in ¢(X x P1/S x P1) equals 7*Z = Z x PL. Then we have i}Z = Z and i{Z = j.Z. Put
¢ = (Z,q"a)wsxpr € F(X x P'). By condition (ii) in §5.1.2, we get
iop =(Z,j"a)yss, i1 = (JxZ,a)x/s-
By Plrigidity, we have %y = ij¢ and hence the claim. O

Let E be a finite separable extension of k£ and f : Spec E — Spec k the projection. Let F' be
a pretheory. In [Voe0OOb, p. 101], Voevodsky defined a trace map fi : F(E) — F(k) by

fra= <{O}E’p*a>A}3/k7
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where p : A}E — Spec E is the structural map. Taking T' € Sm, we apply the above construction
to the pretheory S — F(T x S) and get a map f. : F(Tg) — F(T) with Ty =T x Spec E. By
construction, f, satisfies the obvious functoriality with respect to 7' € Sm.

PROPOSITION 6.3.2. If F' has weak reciprocity, one has the identity
fof ¥ = x[Ey : Enl,
where f*: F(T) — F(Tg) is the pullback by f.

Proof. We adapt that of [VoeOOb, Corollary 3.15]. We give details, especially as one line of
that proof has been omitted from the published edition. We may assume that T' = Spec k. Let
To, Too € P! be the points at zero and infinity. Since E/k is separable, the choice of a primitive
element « yields a point x € P! with residue field E. Let P be the minimal polynomial of
a and put d := [E : k]. For n € Zso, the function ¢t~ P" belongs to G(P',ndr) and has
divisor nx — ndzg. Thus, by weak reciprocity, for any a € F' (P}C) there exists ng € Z~q such that
(nx — ndzg, a)p1/, = 0 for all n > ng. Applying this to n = ng and no + 1, we get

(z — dzo,a)p1/, = 0.

Let m : P! — Speck be the structure map and by 1Y —> P! the natural embedding for y = x, x.
Taking a = 7*ag for ap € F(k), we get from the lemma below that

0= f*i?;ﬁ*a() - di;oﬂ'*ao = f*f*ao - dao,
as requested. O

LEMMA 6.3.3. Let C be a smooth curve over k and let x be a closed point of C' with separable
residue field. Then, for any P!-rigid pretheory F and any a € F(C), one has

faxiza = (z, a)C/k7
where f, : x — Speck is the structural map and i, : © — C' is the closed immersion.
Proof. This is proven by adapting the argument of [Voe00a, Proposition 3.13] in the same manner
as Proposition 6.3.1. The details are left to the reader. O
7. Injectivity

7.1 Statement of the results
The purpose of this section is to prove Theorem 6 of the introduction. It results from the following
stronger theorem.

THEOREM 7.1.1. Theorem 6 is valid for any pretheory F' which has weak reciprocity.

Theorem 7.1.1 is in turn a direct consequence of the following, whose proof will be given in

§7.2.

THEOREM 7.1.2. Let F' be a pretheory with weak reciprocity. Let X € Sm, V C X be an
open dense subset and x1,...,x, € X a finite collection of points. Then there exists an open
neighbourhood U of {x1,...,x,} such that we have a injection

Ker(F(X) — F(V)) C Ker(F(X) — F(U)).
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This strengthens [MVWO06, Theorem 11.3], where the same assertion is proven assuming
that F' is homotopy invariant. By the argument of [MVWO06, Lemma 22.8] and [MVWO06,
Corollary 11.2], the above theorem implies the following.

COROLLARY 7.1.3. Let F' be as in Theorem 7.1.1. Let Fy,,. be the Zariski sheafification of F' as
a presheaf.

(1) For an open dense immersion U — X in Sm, Fy,.(X) — Fyz,(U) is injective.
(2) If F(E) =0 for any field E, then Fyz,, = 0. O

Remark 7.1.4. We prove Theorem 7.1.2 following Voevodsky’s proof of [MVW06, Theorem 11.3].
Under the additional assumption that F' is a Nisnevich sheaf, one could alternatively deduce
Theorem 7.1.2 from Pl-invariance (Theorem 6.1.1) by the method of [CHK97].

7.2 Proof of Theorem 7.1.2
We will use the notion of standard triples as in [Voe00Oa, Definition 4.1] and [MVWO06,
Definitions 11.5 and 11.11] and two results about them (Proposition 7.2.3 and Lemma 7.2.4).

DEFINITION 7.2.1. Let S € Sm be connected.
(1) A triple (p: X — S, Xoo, Z) with X := X\ X is called a standard triple if the following
conditions are satisfied:
(a) Z,Xo C X are closed reduced and Z N Xo = 0;
(b) X/S € relC(S) with X — S smooth, and p : X — S is its good compactification;
(¢) Z U X has an affine open neighbourhood in X.
(2) A standard triple (p: X — S, X, Z) is called split over an open subset U C X\ Xoo

if L|yxgz is trivial, where L is the line bundle on U xg X corresponding to the graph of the
diagonal map.

Remark 7.2.2. By [MVWO06, Remark 11.6], Definition 7.2.1(1) implies the following:
(1) S is affine, and both Z and X, are finite over S
(2) X is a good compactification of both X and X\Z.

PROPOSITION 7.2.3 (Mark Walker, see [MVWO06, Theorem 11.17]). Assume that k is infinite.
Let W € Sm be connected and quasi-projective over k and Y C W a closed subset with points
Y1,..-,Yn € Y. Then there exist an affine open neighbourhood X C W of y1,...,y, and a
standard triple (X — S, X, Z) such that (X, X NY) ~ (X\Xw, Z).

LEMMA 7.2.4 [MVWO6, Lemma 11.14]. Let T = (X — S, X, Z) be a standard triple, and
Z1,...,on € X := X\ Xo. Then there exists an open neighbourhood U C X of x1,...,x, such
that T is split over U.

We need a lemma. Its second assertion will be used in §8.

LEMMA 7.2.5. Let (X/S, X0, Z) be a standard triple and Y C X a closed subscheme with
Y| = Xo. We have a commutative diagram

(X — 7/S) —"~ Pie(X,Y U Z)

/| I

(X/S) Pic(X,Y)

T
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where the left vertical map is the pushforward along immersion j : X — Z — X and the right
vertical map is defined by f(L,o0) = (L, oly). Moreover, we have an exact sequence

0*(Z) - Pic(X,Y U Z) 5 Pic(X).

Proof. The first part is proven in [Dég07, Lemma 3.1.5(2)]. To show the second part, we consider
a commutative diagram with exact rows (see §3.2)

O*(X) ——= O0*(Y U Z) —=Pic(X,Y U Z) — Pic(X)

: -

O0*(X) OX(Y) Pic(X,Y)

Pic(X)

As the Chinese reminder theorem shows that ker(a) = O*(Z), the lemma follows from the
diagram. 0

The following proposition is the key to the proof of Theorem 7.1.2.

PROPOSITION 7.2.6. Let F be as in Theorem 7.1.2. Let T = (X LY S, X0, Z) be a standard
triple. Let U C X := X\ X, be an affine open subset such that T is split over U. Then, for any
a € F(X), there is a homomorphism ¢, : F(X\Z) — F(U) such that p.(a|x\z) = alu-

Proof (Compare [MVWO06, Proposition 11.15]). For any S-scheme W, we write Wiy = W xg U
and denote by pry the projection Wiy — W. We write j : U - X and j' : X\Z — X for the
inclusion maps. Put j;; = 7' xg 1y : (X\Z)y — Xy. We then obtain a commutative diagram

A y*

F(X\Z)<~1—F(X)—1=FU)

it V5

F(X\Z)y) < F(Xy) —=F(U)

where ; : U — Xy is the graph of j.

Let a € F(X). Since Xy /U € relC(U) admits the good compactification Xy — Xy, there
exists a weak modulus Y C X for pri-(a) € F(Xy) such that |Y| = (X )y. We shall construct
a homomorphism

¢y : F(X\2)v) — F(U)

such that 77 (a) = ¢y (jij(a)) for any @ € F(Xy) having weak modulus Y. The proposition will
then follow by setting ¢, := @y opry_,.

Consider the standard triple Ty = (Xy — U, (Xoo)u, Zu)- Let v;(U) € ¢(Xy/U) be the
image of U € ¢(U/U) under ;, : ¢c(U/U) — ¢(Xy/U) and (L, o) € Pic(Xy,Y) be the image of
vj(U) under 7 in (5.3), where L € Pic(Xy) and o : L|y ~ Oy is a trivialization. To say that T
is split over U means that there exists a trivialization 7 : L|z, ~ Oz, . Since Zy is disjoint from
Y, o and 7 define a trivialization o & 7 : L|y1z, ~ Oyuz,-
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By construction, the image of (L,o @ 7) via the canonical map
PiC(XU, Y u ZU) — PiC(XU, Y)

(see Lemma 7.2.5) agrees with (L, o). Choose a lift 6 of (L, o @®7) in ¢((X\Z)y/U) via 7 in (5.3).
Now we define 3
¢y = (0, =) x\z)p v - F(X\Z)v) = F(U).

If a € F(Xy), by Proposition 6.3.1, we have
Gy (i a) = (0, 1" a) (x\ 2y ju = (0, @) xy -

If, moreover, a has weak modulus Y, then (]{]*5 . @) x, v only depends on the image of jIU*S in
Pic(Xy,Y) and hence .

(G049, @) x v = (v (U), @) x, ju = Vi a
by Definition 5.1.2(i). This completes the proof of the proposition. |

Remark 7.2.7 (Comparison with [MVWO06, Theorem 11.3]). If F' is homotopy invariant, then
Yieq will be a weak modulus for all @ € F(Xyr). Consequently, one can choose ¢, independently
of a. Hence, there is a homomorphism ¢ : F(X — Z) — F(U) such that ¢(a|x—_z) = a|y for any
a€ F(X).

We are now ready to prove Theorem 7.1.2.

Proof of Theorem 7.1.2. First we assume that k is infinite. In this case, Theorem 7.1.2 results
from the following claim.

CLAIM 7.2.8. Assume that k is infinite, and keep the notation and assumptions of Theorem 7.1.2.
Then there exists an open neighbourhood U of 1, ..., x, satisfying the following property: for
any a € F(X), there is a homomorphism ¢, : F(V) — F(U) such that ¢q(aly) = aly.

Proof. By replacing V by V\{zi,...,z,}, we may assume that z1,...,z, € X\V. By
Proposition 7.2.3, we can replace X by an open neighbourhood of x1,...,x, in such a way
that there exists a standard triple T = (X — S, X,Z) with (X, X\V) ~ (X\Xw, 2).
By Lemma 7.2.4, T splits over some open neighbourhood U C X of z1,...,z,. Now apply
Proposition 7.2.6. |

Next we treat the case where k is finite. Let F be a finite separable extension of k and
f : Spec E — Speck the projection. For T' € Sm, the transfer structure on F' induces a map
f«: F(Tg) — F(T) with Tg = T x Spec E. It satisfies the standard functoriality with respect to
T € Sm together with the identity f.f* = X[E : k], where f*: F(T) — F(Tg) is the pullback
by f. Now a standard norm argument using Proposition 6.3.2 reduces us to the case where k is
infinite. O

8. MV-effaceablity

In this section, we define (Definition 8.1.5) a condition for a pretheory to be MV-effaceable. We
then prove that a pretheory having weak reciprocity is MV-effaceable (Theorem 8.1.6). This
is a key technical result for the proof (to be given in the next section) of Theorem 7 in the
introduction.
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8.1 MV-effaceable pretheories
DEFINITION 8.1.1. An upper distinguished square is a Cartesian diagram

B,y
fi lf (8.1)
A—i>X

of objects in Sm such that (i) ¢ is an open immersion, (ii) f is étale and (iii) f induces an
isomorphism Y\ B ~ X\ A.
We denote the square (8.1) by Q(X,Y, A). Note that this induces for a pretheory F' a complex

(+)

0— F(X) Y Paye py) 5

F(B) — 0.

DEFINITION 8.1.2. Let Tx = (X — S, Xoo, Zx) and Ty = (Y — S, Yo, Zy) be standard triples,
with X =X — X and Y =Y — Y. A covering morphism f : Ty — Tx is a finite morphism
f:Y — X such that: (i) f~}(Xeo) C Yoo; (i) fly : Y — X is étale; (iii) Zy = f~1(Zx)NY and

(iv) f induces an isomorphism Zy ~ Zx.

Remark 8.1.3. If f : Ty — Ty is a covering morphism, then the square @ = Q(X,Y, X\Zx) is
upper distinguished with Y — Zy = (X — Zx) xx Y.

The following lemma is proved in [MVWO06, Lemma 21.3].

LEMMA 8.1.4. Let f : Ty — Tx be a covering morphism. If T is split over U C X 1= X\ X,
then Ty is split over f~H(U)NY.

DEFINITION 8.1.5. A pretheory F' is said to be MV-effaceable if the following condition is
satisfied: let Tx = (X — S, Xoo,Zx) and Ty = (Y — S,Y,,Zy) be standard triples,
and f : Ty — Tx a covering morphism so that Q(X,Y,X\Zx) is upper distinguished.
Put A = X\Zx, B=Y\Zy. Let Q@ = Q' (X', Y’, A") be another upper distinguished square
such that X’ and Y’ are affine. Put B’ = A’ x x/ Y. Let

- By B—lsy
c_(JB IV Y.y _ | . , _
y—<jA jx)' fl | lf - Q=|y | lf
A, #> X/ A *7'> X
be a morphism of squares. We then get a morphism of complexes
0— = FX)—I7 L FyeFy)— T pB) 0

j;(i (i) (% fi)i jﬁi 52

0—— F(X') FA) e Py ——L0 L ppy ——0

The condition for F' to be MV-effaceable is that (8.2) induces the zero map on all cohomology
groups if jx : X’ — X is an open immersion, and the triple T'x is split over X’.
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In [MVWO06, Theorem 21.6], a homotopy invariant presheaf with transfers is shown to be
MV-effaceable. The following generalizes this result.

THEOREM 8.1.6. A pretheory having weak reciprocity is M V-effaceable.

The proof of this theorem will be completed in §8.3. Before that, we need to prepare a few
lemmas in §8.2.

8.2 Functoriality of the relative Picard group o
LEMMA 8.2.1. Let S € Sm and X/S € relC(S). Let (X/S,Y) be its good compactification with
modulus. For any morphism f : S’ — S in Sm, we have a commutative diagram

o(X/S) . Pic(X,Y)

| -

C(X XS S//S/) L>Pic(y X8 S/,Y Xg S/)

where the right vertical map is defined by f*(L,o0) = (f*L, f*o).
Proof. See [Dég07, Lemma 3.1.5(1)]. ]

LEMMA 8.2.2. Let S € Sm. We take X/S, Y/S € relC(S) and let (X/S,V),(Y/S,W) be their
good compactifications with moduli. Let f : X — Y be a finite surjective S-morphism. Suppose
that f*W < V. Then there is a unique homomorphism

fe : Pic(X,V) — Pic(Y, W),
which fits into a commutative diagram

«(X/8) —T= Pic(X, V)
i

|

o(Y/S) — = Pic(Y, W)

Proof. We may suppose that X and Y are irreducible. Uniqueness is obvious from the surjectivity
of 7. Thus, it suffices to show that Nyx)/ky)(G(X,V)) C G(Y,W), which follows from
Lemma 8.2.3 below. g

LEMMA 8.2.3. Let R C R’ be an extension of domains, where R is normal and R’ is finite over
R, and let I C R be an ideal. Let K and K' be the fraction fields of R and R/, respectively.
Write (14 1)* = (14+I)NR* and (1+IR')* = (1+IR)NR"". Then Ng /(1 +IR)* C (1+1)*.

Proof. The hypotheses imply that Ny /K(R’ ") C R* and Try /K(R' ) € R and hence clearly
Trgr/k(IR') C I. So, it suffices to show that N/ g (1 4+ a) = 1 4 Trgs/k(a) mod I? for any
a € IR'. We have
Nk (1+a) = Pu(1),

where P,(T) = T" — o1(a)T" ! + --- &+ 0,(a) is the characteristic polynomial of a, with
n=[K': K]. But g; : K’ — K is given by a homogeneous polynomial of degree i with coefficients
in K, and o;(R') C R by integrality. In particular, if a = Y Aquo with Ay € I, po € R, then
o;i(a) is a homogeneous polynomial of degree i in the Ay, with coefficients in R. |
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8.3 Proof of Theorem 8.1.6
We follow the method of [MVWO06, Theorem 21.6]. We give ourselves all the data in
Definition 8.1.5, and prove that (8.2) induces the zero map on all cohomology groups. We
take a closed subscheme V = V,, UV on X (respectively W = W, U Wy on Y) such that
Vool = Xooy |Vo| = Zx (respectively |Wx| = Yoo, [Wo| = Zy). We suppose that f*V < W and
f induces Wy ~ V.

In the sequel, we use the notation

(_)X’ = —Xg X' etc.
throughout. The main part of the proof is in the following proposition.

PROPOSITION 8.3.1. There exist Ay € ¢c(Ax//X"),A\p € ¢(By//Y") and ¢ € ¢(By/JA") satisfying
the following conditions:

ixda — Jx € Ker(e(Xx//X") — Pic(Xx1, Vaox1)), (1)
i\ — jy € Ker(c(Yy/Y') —> Pic(Yyr, Woey)), (2)
f"Xa = fodp € Ker(e(Ayr /Y') — Pic(Xyr, Vi), (3)
futb =" X4+ ja € Ker(c(Aar/A") —> Pic(Xar, Var)), (4)
f" —i"\p + jp € Ker(c(Bp: /B') —> Pic(Yp, Wa1)), (5)
isth € Ker(c(Yar JA') —> Pic(Yar, Woour)). (6)

Here jx : X' — Xx is the graph of jx, and similarly for Jy,ja, JB-
Given Ay € ¢(Ax//X"),A\p € ¢(By+/Y") and ¢ € ¢(Ba//A"), we define maps
s1: F(A)® F(Y) - F(X'), s2:F(B)— F(A)® F(Y') (8.3)
by s1(a,b) = (A, ax1)a,,/x, 52(a) = (¥, aa) B, /41, (A, ay7) By, y1)-

Remark 8.3.2. When F is homotopy invariant, Theorem 8.1.6 is proved in [MVWO06,
Theorem 21.6] as follows: let us take V' and W to be reduced. By applying Proposition 8.3.1,
one obtains A4, Ap and v. Then the maps s1,s2 given by (8.3) define a chain homotopy from
(8.2) to zero. (By homotopy invariance, the map A% : F(A) - F(X’) depends only on the
class of Pic(Xx/, V'), for instance. Hence, the conditions in Proposition 8.3.1 contain sufficient
information to prove this assertion.)

When F' is not homotopy invariant (but has reciprocity), we need to choose V and W
depending on elements of F(X), F(A), F(Y) and F(B). Thus, we cannot construct a globally
defined chain homotopy. However, the following corollary can be deduced.

COROLLARY 8.3.3. Let s1,s2 be as in (8.3).
(a) Let a € F(X). If the image of a in F(X /) has modulus V. x-, then we have

Jjxa = s (}i)a.
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(b) Let (a,b) € F(A)xF(Y). Suppose that the image of a in F/(Ax) (respectively in F'(Ay+))
has modulus Vr (respectively Vi), and suppose that the image of b in F(Y/) (respectively in
F(Yy+)) has modulus W, a1 (respectively Wooy+). Then we have

(7aa,570) = () 51(a) + sa(— %) (a,b).
(c) Let a € F(B). If the image a in F(Bp/) has modulus Wy, then we have
jna = (—f",i"")saa.

Proof. Proposition 8.3.1(1) implies (a). Parts (2), (3), (4) and (6) imply (b). Part (5) implies (c).
(We used all the axioms of a pretheory, plus Proposition 6.3.1.) O

Theorem 8.1.6 follows from this corollary, because, for instance, for any a € F(X) by weak
reciprocity one can always find a closed subscheme V., on X /S with |Va| = Xoo such that Voo y:
is a modulus for a.

It remains to prove Proposition 8.3.1. We divide it into three steps.

8.3.1 Construction of Ay and A\p. We consider the commutative diagram

e(By [Y') —= c(Yy /Y)

| |

c(Ayr /Y — o(Xyr /Y

! )

c(Ax/ /X" —2> o( X/ X')

Observe that jx € ¢(Xx//X') and jy € ¢(Yy//Y’) have the same image in ¢(Xy/,Y”’). By
passing to the quotient, we obtain the right half of the following commutative diagram (see
Lemmas 7.2.5, 8.2.1 and 8.2.2):

O*(Woy/) E—— PiC(Yyl, Wy/) E—— PiC(Yy/, Wooy/)

o) l l

O*(%y/) E—— PiC(Xy/, Vy/) —— PiC(Xy/, Vooy/)

T T

PiC(XX/, VX’) —_— PiC(XX/, VooX’)

The upper two rows are exact by Lemma 7.2.5. Note also that (x) is surjective since f|z, : Zy =
[Wol — Zx = [Vo| and f*Vp ~ Wy,

Since Tx is split over X', as in the proof of Proposition 7.2.6 we get Ay € c¢(Ax//X')
such that i,A4 and jx agree in Pic(Xx/, Voox). Similarly, in view of Lemma 8.1.4, there exists
Ap € ¢(By+/Y') such that i, A and jy agree in Pic(Yy, Wy+). Moreover, using the surjectivity
of (x), Ap can be chosen so that its image in Pic(Xy, V4) agrees with that of A 4. We have proven

(1)-(3).
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8.3.2 Preliminary computation. Before we construct ¢, we do some computations on Ay
and Ap. Let £ be the invertible sheaf on Xx/ corresponding to (the graph of) jx : X’ < X. The
image of A4 in Pic(Xx/, Vx/) defines a trivialization 7 = 7, LI 79, where 7o : Llv . ~=O0v_.,
T0 - E|VOX, ~ Oy, Since L is defined by an effective divisor, it has a canonical global section
o € L(Xx/) (given by the image of 1 € O(Xx)). The image of 7x in Pic(Xy, Vaoxs) is given
by the class of (£, olv_,,), which equals the image of i.A4. This proves that 7. = oly._,,. As

7o is a trivialization, there exists 7 € O(Vox+) such that oy, ,, = r7o. By pulling back along
i’ : A’ — X', we find that

the class of — Aas + ja is represented by (Ox ,,, 1U(r[v,,,)) (8.4)

in Pic(X 4, Var). (Note that oly, ,, defines a trivialization Lly, ,, ~ Oy, ,, because A’ C X'\ Zx.
Thus, 7y, ,, € O(Voar) is invertible.) B

Similarly, let £ be the invertible sheaf on Yy corresponding to jy : Y’ — Y. The image
of i,Ap in Pic(Yys, Wy-) defines a trivialization 7/ = 7/ U 7, where 77, : LNw_, ~ Ow_,.,
70 : LWy =~ Ow,,.,. We also have a canonical global section o’ € L'(Yy+). We have 7, = o'|w__,,.
As 73 is a trivialization, there exists ' € O(Wyy~) such that o'|w,,, = r'75. We find that

the class of — Ap/ + jp is represented by (Oy,,,1U (r' Wy ) (8.5)

in Pic(Yp/, Wg). (Note that o'lw,, defines a trivialization £'|w, , ~ Ow, ,, because B’ CY'\ Zy.
Thus, we have 7’|y, € O*(Woyp).)

8.3.3 Construction of 1 (compare [MVW06, 21.9]). We consider the commutative diagram
f/

C B)

Woy Yy Y Wox
zl f l J{f lz (8.6)
Voyr ——= Xy d Xy == Voxr

Let 7 € O(Wyx) be the pullback of r € O(Vpx/) along f. By the definition of standard
triple, there is an affine open neighbourhood U C Y of Y, U Zy. Thus, Ux/ is an affine open
neighbourhood of Wy/. By the Chinese reminder theorem, we can find h € O(Ux/) which is
mapped to 1 in O(Wx/) and to 7 in O(Wyx/). (Thus, h is a rational function on Yx.) Now
we define ¥ to be —div(h) considered as an element of ¢(Ba//A"). Note that the support of 1 is
contained in (Y\U) 4 C By, since rly, ,, € O(Voar)*.

By definition, the image of v in Pic(Yy, Wa/) is represented by a := (OYA,, Tu# 1. We
consider the images of o by three maps. First,

PiC(YA/, WA/) — PiC(YA/, WooA’)
(see Lemma 7.2.5) sends a to the class of (Oy,,,1). This proves (6). Second,
e Pic(?A/, War) — PiC(XA/, Var)

(see Lemma 8.2.2) sends « to the class of (Ox,,,1U N(h)|(/01A/). On the other hand, it is proved
in [MVWO06, 21.10] that N(h)|v,,, = rlv,,, in O(Voar) . (In [MVWO06, 21.10], V' is assumed to
be reduced, but this assumption is not used in the proof) Part (4) follows from this and (8.4).
Finally,

f/* : PiC(YA/, WA/) — PiC(YB/, WB/)
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(see Lemma 8.2.1) sends a to the class of (Oy,,,1U (f71)). In view of (8.5), (5) is reduced
to f"Flw,, = 'lw,, in O(Wyp/). By the diagram (8.6) and the definition of 7, we have
f’*ﬂWOB, = f*f/*r|WUB,. Since f induces an isomorphism Wy ~ V{, it suffices to show that
f’*r\VOB, = fur'lv;,,,, but this follows from (3). This completes the proof of Proposition 8.3.1.

9. Sheafification preserves reciprocity

We prove Theorem 7 in the introduction. Parts (1), (2) and (3) are respectively shown in §§9.1,
9.2 and 9.3. In the last subsection §9.4, we make a brief discussion of the generalized Jacobian
of a curve.

9.1 Zariski sheafification preserves transfers
In [MVWO06, Theorem 22.15], Zariski sheafification of a homotopy invariant presheaf with
transfers is shown to have transfers. The proof actually shows the following result.

THEOREM 9.1.1 [MVWO06, Theorem 22.15]. If F' € PST is MV-effaceable, then Fz, has a
unique structure of presheaf with transfers such that F' — Fy,, is a morphism in PST.

Combined with Theorem 8.1.6, we obtain the following theorem.

THEOREM 9.1.2. If F € PST has weak reciprocity, Fz,, has a unique structure of presheaf with
transfers such that F' — Fy,, is a morphism in PST.

Remark 9.1.3. Etale and Nisnevich analogues of the above theorem hold for any F' € PST
(without assuming reciprocity). See [MVWO06, 6.17 and 14.1].

9.2 Zariski sheafification preserves reciprocity

In [MVWO06, Theorem 22.2], it is proved that Zariski sheafification of a homotopy invariant
presheaf with transfers is homotopy invariant. The same argument does not work for reciprocity
sheaves. The proofs of the following results are based on a different idea.

LEMMA 9.2.1. If F € PST has weak reciprocity, so does Fy,: (note that the statement makes
sense by Theorem 9.1.2).

Proof. Let S € Sm and X/S € relC(S) with a good compactification X «— X, and take
a € Fza(X). We need to prove that a has a weak modulus Y C X such that X = X\|Y|.
We may assume that X and S are connected. By Corollary 7.1.3, Fy,:(S) = Fzar (V) is injective
for any dense open subset V C S. Hence, we may prove the assertion after the base change to
the generic point 1 of S. Now the theorem follows from Proposition 5.2.1 since the condition (2)
of the proposition is insensible to Zariski sheafification. O

THEOREM 9.2.2. Assume that k is perfect. If F' € PST has reciprocity, then Fy,,. has reciprocity.

Proof. Let p : F — Fy,, be the canonical morphism. Let X C X be an open immersion such
that X is an integral proper variety over k and X € Sm is quasi-affine. Let a € Fy, (X). We
need to show that a has a modulus Y C X such that |Y| =X — X.

There exist a Zariski open covering X = (J;_, U; and a; € F(U;) such that p(a;) = aly, for
each i. By assumption, a; has a modulus Y; C X such that |Y;| = X — U;. Then Y; is a modulus
for p(a;) € Fzar(Us). Put Y := Yy x5 -+ x5 Y,. Since X = |J_, U;, we have |Y| = X — X.
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We shall prove that Y is a modulus for a. By Corollary 7.1.3 and Lemma 5.1.7, Fz,.(S) —
Fy7,:(V) is injective for any dense open subset V' C S. Hence, it suffices to verify the condition
in Remark 4.1.2.

Put K = k(S) and let ¢ : C — X x K and ¢ : C — X be as in Remark 4.1.2. We need to
show that (g,¢*(a))c/x =0 € F(K) for all g € G(C, ¢*Y), where ¢*Y is the pullback of Y x K
by . For each i, we put C; := ¢ }(U; x K) C C and I = {i | C; # @}. Note that i € I if and
only if ¢(C) ¢ (X — U;) x K. Since X = J;_, U;, we have C = J;; C;. Let i € I. We write 1)
for the composition C; — U; x K 5 U;. We have ¢ (p(a;)) = ¢*(a)|c,. As p(a;) has modulus
Yi, we have (G(C,¢*Y;),v*(a)lc,)c;/x = 0 € Fzar(K). Hence, the claim is a consequence of the
following lemma. u

LEMMA 9.2.3. Let K be as above and C be a normal integral proper curve over K, C' an open
dense subscheme of C and C = |Ji_, C; a Zariski covering. Let F € PST and a € F(C).
Suppose that for each i we are given an effective divisor Y; C C satisfying |Y;| = C — C;
and (G(C,Y;),alc;)c;yxk = 0 € F(K). Then we have (G(C,Y),a)c/k = 0 in F(K), where
Y=Y x5 ><5Y,,C€.

Proof. This is an easy consequence of Proposition 5.2.1. O

9.3 Comparison of Zariski/Nisnevich sheafification
In [MVWO06, Theorem 22.2], it is proved that Fy, = Fyis if F' is a homotopy invariant presheaf
with transfers. The proof actually shows the following.

THEOREM 9.3.1 [MVWO06, Theorem 22.2]. Let F' be a Zariski sheaf with transfers. If F' is MV-
effaceable, then one has F' = Fyjs.

Theorems 8.1.6 and 9.2.2 and Lemma 9.2.1 imply the following.

THEOREM 9.3.2. Let F € PST.

(a) If F' has weak reciprocity, we have Fza, = Fyis.
(b) Assume that k is perfect. If F' has reciprocity, so does Fyis.

9.4 Generalized Jacobian

Let C' be a smooth projective geometrically connected curve over k, D an effective divisor on
C and C := C — D. The map Z,(C) — 7Z induced by the structure map C' — Speck factors
through deg : h(C, D) — Z (see Theorem 2.1.5). We write h(C, D) for its kernel.

PROPOSITION 9.4.1. Suppose that k is perfect and that C has a k-rational point. Then

Rosenlicht’s generalized Jacobian J := Jac(C, D) is isomorphic to the Zariski sheafification of
h(C,D)°.

Proof. Let s : Z(J) — J be the canonical map constructed in [SS03, Proof of Lemma 3.2].
(For S € Sm and Z € Zy(J)(S) = Cor(S,J) integral, s(Z) is given by the composition
S (—12 Sym?(Z) (i>) Sym?(J) (1_1;) J, where d is the degree of Z over S, (i) is given by [SV96, p. 81],
(ii) is induced by Z — J and (iii) is given by the addition map of J.) Let a : Z,(C) — Z(J)
be the map induced by the universal map a : C' — J with respect to a k-rational point. Since
a has modulus D in the sense of Rosenlicht—Serre, Remark 4.4.5 shows that sa has modulus
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D in our sense. Thus, we get an induced map u : h(C, D)? — J (see Remark 2.1.6). For any
field K € Sm, u(K) : h(C,D)°(K) — J(K) is an isomorphism as both groups are isomorphic
to Div(C x K)/G(C x K,D x K). Note that J = Jz,, and h(C, D)y . have reciprocity by

Zar
Theorems 4 and 7(2). Now the proposition follows from Theorem 6(3) applied to the kernel and
cokernel of u. O
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Appendix. Kahler differentials and de Rham—Witt differentials
have reciprocity

Kay Riilling*

In this appendix we prove that the absolute Kahler differentials of any degree are reciprocity
presheaves. If the ground field k& is perfect, ditto for the Ké&hler differentials relative to k. If
k has positive characteristic, we show that the de Rham—Witt complex on a finite level of
Bloch—Deligne-Illusie is a complex of reciprocity presheaves.

Appendix A. Kahler differentials

We use the notation from § 1. For a k-scheme X, we denote by QJX e j = 0, the sheaf of Kéhler

differentials of degree j relative to k and by Qg( = QJX /7 the sheaf of absolute Kéhler differentials
of degree j.
We recall some constructions from [CR11].

A.1 Pullback
Let f: X — Y be a morphism of k-schemes; then there is a natural pullback map

JUHU(Y, ) — HY(X, Q) forallij >0,

which is functorial in the obvious sense.

A.2 Pushforward

Let f: X — Y be a morphism in Sm of pure relative dimension r, Z C X a closed subset
such that fiz : Z — Y is proper and Z' C'Y a closed subset with Z C f~1(Z’). Then there is a
pushforward morphism (see [CR11, 2.3])

for Hy'(X,Q00) — Hy (Y, Q) forall i, j >0,

which is functorial in the obvious sense.

4 The author is supported by the ERC Advanced Grant 226257.
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A.3 Cycle class
Assume that k is a perfect field. Let X € Sm be integral and V' C X a closed integral subscheme
of codimension c¢. Then (see e.g. [CR11, Proposition 3.1.1]) there is an element

(V) € Hy (X, Q1)

which is unique with the following property: for any (or some) open subset U C X such that
the closed immersion ¢ : VNU — U is a regular embedding of codimension ¢, the restriction of
cl(V) to U equals the image of 1 under the pushforward i, : HY(V N U, Oy) — H{ (U, Q‘[}/k)

A.4 Correspondence action

Assume that k is a perfect field. Let X,Y € Sm be equidimensional and Z C X x Y a closed
integral subscheme which is proper over X. Set r := dim Z — dim X. We define the action of Z
on Hodge cohomology

Z* . Hi+T(Y, ng/—]:) N H'L(X’ Q?X/k) fOI’ all 2,] 2 0

as the composition

HA (Y, Q24 7, (X x v, it ) 2

Y/k XxY/k HF ™Y (X < ¥, 0080 ) 5 B (X, ,),

XxY/k X/k
where we denote by px,py : X XY — XY the projection maps. If f: X — Y is a morphism
and Z :=T; C X x Y is its graph, then Z* = f*; if f is also proper and Z' CY x X denotes
the transpose of Z, then (Z')* = f.: see [CR11, 3.2.1].

The following theorem is a particular case of [CR11, Theorem 3.1.8] together with [CR11,
1.3.18, Lemma 1.3.19].

THEOREM A.4.1. Assume that k is a perfect field. Then the correspondence action from § A.4
above induces the structure of a presheaf with transfers on the presheaf

Sm> X — H'(X, QJX/k) € (k-vector spaces)

for all i,5 > 0.

Remark A.5. It follows from [CR11, Theorem 1.2.3] and [CR11, 1.3.18, Lemma 1.3.19] that any
weak cohomology theory in the sense of [CR11, 1.1.9] which satisfies the conditions of [CR11,
Theorem 1.2.3] defines a graded presheaf with transfers. In [CR11, Theorem 3.1.8], it is proven
that Hodge cohomology defines such a weak cohomology theory.

A.6 The absolute case

Let k be a field and ky C k its prime field. Let Z be the set of smooth kg-subalgebras of k.
The ordering by inclusion makes Z a filtered partially ordered set. For each X € Sm, we find a
ko-algebra A € Z and a smooth separated A-scheme X 4 with X4 ®4 k = X. Fix such an A for
each X and set Xp := X4 ®4 B € Smy, for each B € T containing A. For X € Sm, we have

HI(X,04) = lim H' (X5, ).
BeT

For Z C X xY asin § A4, we find a kg-algebra A € 7 such that there exists a closed integral
subscheme Z4 C X 4 X4 Y4 which is proper over X 4, flat over A and satisfies Z4 ®4 k = Z. For

1891

https://doi.org/10.1112/50010437X16007466 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16007466

B. KAHN ET AL.

B eZ with BD A, weset Zp:= Z4®a B. Let f: Spec B — Spec B be the map induced by an
inclusion B C B’ in Z; then
Zip o (idy x f)* = (idx x f)" 0 Zg s H" (Y, 1, ) > H'(Xp, Q1)

for all 4,7 > 0. (Indeed, by [CR11, Theorem 3.1.8], the two compositions are given by the
correspondences (I'iq, xf 0 Zp/) and (Zp o I'iqyx ), which are both equal to Zp/ viewed as
correspondences from X p to Yp via the closed immersion Xp' X p'Yp = Xp' xgYp C Xp/ Xk, YB.
Here we view correspondences as elements in the Chow groups with supports; see [CR11, 1].)
Therefore, we can define the action of Z on absolute Hodge cohomology

Z*  HH (Y, Q) - HY(X, %)

by the formula

lim Zf, : i H' (Y, Q7 ) — lim H (X, ).
BeT BeT BeT

We obtain the following result.

COROLLARY A.6.1. Let k be an arbitrary field. Then the correspondence action from § A.6 above
induces the structure of a presheaf with transfers on the presheaf

Sm > X — HY(X, Qg() € (k-vector spaces)
for all i,5 > 0.

THEOREM A.6.2. The presheaf with transfers
Sm> X — H(X,Q%), i>0,

has reciprocity in the sense of Definition 2.1.3. If k is perfect, the same is true with QfX replaced
by QZX Ik

Proof. First, assume that k is perfect; we show that ¢ Jk has reciprocity. Let X € Sm be

quasi-affine and take a € H°(X, Q:‘X /k)' Choose an open immersion X — X of X into an integral
and proper k-scheme X such that X\X is the support of a Cartier divisor ¥p. Then for some
large enough integer n the form a is the restriction of a section in HY(X, Qg—( /k(nYo)), where we
write Qg—(/k(nYo) = Qé‘(/k ®oy Ox(nYy). By Corollary 2.1.7, it suffices to prove that

Y :=(n+1)Yy isa modulus for a. (A.1)

To this end, take S € Sm, consider a diagram (p : C — X x S) as in (2.1) (we will use the

notation from (2.1) freely) and a function f € G(C,~;Y). We have to show that
(o dive(f) (a) =0 in HO(S, %)), (A.2)

Clearly, we can assume that S is connected. Further, QZS Ik is locally free and hence restriction to
open subsets is injective. Therefore (cf. Remark 4.1.2), we can replace S by a non-empty open
subset. Using the perfectness of k, we can thus assume that C is smooth and connected over
k, the map p, : C — S is proper and flat of pure relative dimension one and the support of
divs(f) is a disjoint union of smooth prime divisors |diva(f)| = |; Zi- Set C := ¢ (X x S)
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and denote by b € H°(C, Q’C/k) the pullback of a to C. By assumption, b extends to a section
HO(C, Qié/k(n’y:gYo)). We have to show that

dive(f)*(b) =0 in HO(S,Q%),), (A.3)

where we consider divs(f) as an element in Cor(S,C) via the transpose of the graph map
C — S x C of p,. For Z a prime divisor in the support of divs(f), denote by i : Z — S x C
the induced closed immersion and by pg,pc : S x C — S, C the projections. We get

Z"(b) = ps«(pc(b) U cl(Z)) = ps«(pe(b) Uix(1)) = Trz/s(b)z), (A.4)

where we denote by Trz/g the pushforward along the finite morphism Z — S and the first
equality holds by definition, the second equality by the characterization of the cycle class in § A.3
and the last equality follows from the projection formula [CR11, Proposition 1.1.16]. Writing
diva(f) = >2;n;Z;, we therefore have to show that

> niTry s(byz,) =0 in HO(S, Q%)) (A.5)
J
By the functoriality of the pushforward, the map Try, /¢ equals the composition

i i i A O P+ i
H(Z;,Qy, ) => Hp(C. Q) — H'(C, Qg/lk) — H(S,9%,.);

here D := |divs(f)| and i; : Z; — C'is the closed immersion. We claim that
i) = —6( L av) i oEh(C 0]
an Z]*( |Zj) - ¥ A m D( ) C/k)’
J

where 6§ : HY(C\D, QZCT/L) — H}(C, Qgﬁ) is the connecting homomorphism. Indeed, it suffices
to check this equality after restricting to an open subset of C' which contains all the generic
points of D; in particular, we can assume that the Z; are the zero loci of sections in H°(C,0¢)
and then the claim follows from [CR11, Proposition 2.2.19]. Since b € H%(C, Qic,/k(nyzﬁf))) and
f€G(C,(n+1)7}Yp), the section (df /f) Ab extends to a section in HY(C\D, Qgﬁc) Therefore,
the image of 5((df/f) Ab) in HY(C, Q’CT/%C) is zero, which implies the vanishing of (A.5).

Now let k be an arbitrary field with prime field ky. We want to show that Q¢ Iz has reciprocity.
Let X € Sm be quasi-affine and take a € H°(X, Q% ). With the notation from § A.6, we find a
smooth kg-algebra A € T such that a comes via pullback from an element a4 € H(X 4, Q?XA /ko)'
If B € T contains A, we denote by ap the pullback of ay to Xp. Choose an open immersion
X4 — X4 with X4 an integral and proper A-scheme such that X4\X4 is the support of a
Cartier divisor Yy 4. There exists an integer n > 0 such that a4 is the restriction of a section
in HO(XA7Q§2A/1€0(”%7A))' Set X := X4 @4k and Y := (n+ 1)Yp 4 ®4 k; we claim that YV is
a modulus for a. Take S € Sm, (¢ : C — X x §) and f € G(C,~3Y) as above. Then there
exist a B € 7 containing A and Sp € Smp (¢ : Cp — Xp xp Sp) as in (2.1) (only that the
cartesian product is over B) and fg € G(Cp, Y5 YB), which give S, ¢, f when pulled back over

k. It suffices to show that
(¢B«dive, (fp))*(ap) =0 in H(Sp, Qs p,)-

Notice that this is not exactly the same situation as in the first case since Xp is not proper over
ko. Nevertheless, the same argument as above reduces us to prove the vanishing of (A.3) with
S,C, f,k replaced by Sg,Cp, fB, ko, which follows from the first case. O
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Appendix B. De Rham—Witt differentials

In this section, k is a perfect field of characteristic p > 0 and we denote by qpSm the category
of smooth and quasi-projective k-schemes.

B.1 De Rham—Witt complex

For a k-scheme X, we denote by W,y the de Rham-Witt complex of Bloch-Deligne-Illusie
of length n; see [II79]. We denote by WanX the degree-j part. Recall that W, Q% = W, Ox
is the sheaf of Witt vectors of length n on X and Wlflj = Qj Also recall that the de
Rham-Witt complex comes with morphlsms of sheaves of abelian groups R : Wn+1Q‘ —
W, (the restriction), F : W, 19 — W, Q% (the Frobenius), V : W, Q0% — W, 11O (the

Verschiebung) and d : W, Qj — W,k ! (the differential) satisfying various relations (see [I1179,
I, Proposition 2.18]).

B.2 Correspondence action
If we restrict to the category qpSm, then we have analogues of the pullback map §A.1, the
pushforward § A.2 and the cycle map § A.3 for Hodge-Witt cohomology (i.e. in §§ A.1-A.3 replace
Q;/k by W,Q_ and in §§ A.2 and A.3 restrict to gqpSm). The construction of the cycle map and
the pushforward uses essentially the results from [Eke84]. For the cycle map and the pushforward
for proper maps, this is carried out in [Gro85, II]; for the pushforward with projective supports
and the compatibilities, see [CR12, §§2 and 3].

Let X,Y € gqpSm be connected and Z C X X Y a closed integral subscheme which is
projective over X. Set r := dim Z —dim X. We define the action of Z on Hodge-Witt cohomology

7% HH (Y, W) — HY(X, W, Q%) foralli,j >0

as in § A.4 to be the composition

HA (v, W, ) 25 HV (X < Y, W03 ,)

RABL iy (X Y, W 0By B B (X, W),

If f: X - Y isamorphism and Z :=T"y C X XY isits graph, then Z* = f*; if f is also projective
and Z' CY x X denotes the transpose of Z, then (Z!)* = f.: see [CR12, Proposition 3.4.7].

THEOREM B.2.1. The correspondence action from § B.2 above induces the structure of a presheaf
with transfers on the presheaf
apSm 3 X > H' (X, W, %) € (W, (k)-modules)

for all i,j > 0. Furthermore, the correspondence action is compatible with the maps R, F,V,d
from § B.1 in the obvious sense.

Proof. This is actually a special case of [CR12, Theorem 3.4.6] only that there the statement is
proved in the limit, i.e. for the presheaf X — H* (X, WQ% ). The proof on the finite level goes
through except for one place in the proof of [CR12, Theorem 3.4.3] (which is used in the proof of
[CR12, Theorem 3.4.6]), where a pro-argument is used. There the situation is the following: we

are given closed immersions between smooth schemes D’ < D = Y with ¢ := codim(D’, D) and
1 = codim(D,Y). Then it is shown that the pushforwardi, : H$, (D, WQ%) — H5 (Y, WQSH)

is injective on its Frobenius invariant submodule H¢,, (D, WQ%) . Replace this with the following
argument: by [CSS83, 1.4, Lemma 2], we have a short exact sequence on Dg;

0= Wl 10 = Wal2h 2 W,Q8 /aviias !t - o.
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We get a short exact sequence
H N (D, W5 /dVI OG5 — Hpy (D, Wa5 1) = Hp (D, W Q5)F — 0, (B.1)

where the group on the right is defined as the kernel of 1 — F' on H¢,,. By [I1179, I, Corollary 3.9]
(and with the notation from there), we have a short exact sequence of sheaves of abelian groups

Q% Vn—l WHQ% R
— Wh_19% — 0.
B, dvn—10s 7 1

0—

The two outer sheaves are Cohen—Macaulay by [I1179, I, Corollary 3.9] and hence so is the sheaf
in the middle. In particular, the cohomology group on the left of (B.1) vanishes. Thus,

Hfy (D, WnQ5)F = Hfy (D, WnQ5 1) = Z/p"Z,

where the second isomorphism is the composition of [Gro85, II, Theorem 3.5.8] and [Gro85,
(3.5.19)], and similarly

HE (Y, W08 ™ = HEFH (Y, W50 ) = Z/p"Z.

Via these identifications, i, sends 1 € Z/p™Z to itself and hence
iw s HY (D, W Q) — HEFL(Y, W08

is injective. Now the rest of the proof of [CR12, Theorem 3.4.3] and of [CR12, Theorem 3.4.6]
goes through. Notice that the compatibility of the correspondence action with R, F, V| d requires
Ekedahl’s notion of a Witt-dualizing system; see [Eke84, CR12]. a

THEOREM B.2.2. The presheaf
Sm > X — H(X, W, Q%) € (W, (k)-modules)
has the structure of a presheaf with transfers and has reciprocity, for all© > 0 and n > 1.

Proof. Since Wnﬂé_) is a Zariski sheaf and has transfers on smooth and quasi-affine schemes by

Theorem B.2.1, we can glue the transfers to obtain ané,) € PST. We prove that WHQL)
has reciprocity. Let X € Sm be quasi-affine and a € HO(X,W,Q%) a section. Choose a
compactification X < X as in the proof of Theorem A.6.2 with X\ X the support of the Cartier
divisor Yp; we can assume that X is projective. Denote by W,,O¢(Yy) the invertible W, O -
module whose isomorphism class in H!(X, W,0%) is the image of the class of O (Yp) in H X,
O%) under the map induced by the Teichmiiller lift [-] : H'(X,0%) - H'(X,W,0%). More
precisely, if ¢ is a local coordinate of Y on some open U C X, then W,O5(Yo)|r = Wn(Ov)-1/[t].
In particular,
W,y = lim W, Q% (rYo),
T

where we set W, Q' (rYo) := W% @w, 0, WaOx(rYp). Hence, we find an integer 7 > 1 such
that a is the restriction of a section in HO(X',Wan—((TYO)). By Corollary 2.1.7, it suffices to
prove that

Y := sY is a modulus for a for s > p" " lr + 1. (B.2)
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To this end, take S € Sm and (¢ : C — X x S) as in (2.1) and a function f € G(C’,v;’;Y). By
[11179, I, Corollary 3.9], restriction to dense open subsets is injective on W,Q%. Thus, as in the
proof of Theorem A.6.2, we can assume that S, ¢, f have the same properties as in the proof of
Theorem A.6.2 between (A.2) and (A.3); further, we can achieve that all schemes in question
are quasi-projective. Denote by b the pullback of a to C. By assumption, b extends to a section
of HO(C, WnQiC—,(r%’;YO)). As in the proof of Theorem A.6.2, (A.5), we are reduced to showing
that

> niTrg,s(bz,) =0 in HO(S, W), (B.3)

J

where we write dive(f) = >, n;Z; and Tryg /g : HY(Z;, W, Q% ) — HY(S,W,0%) is the
pushforward along the finite map Z; — S. By the functoriality of the pushforward, the map
Tryz, /s equals the composition (with D = |diva(f)| and ij : Z; < C the closed immersion)

Pepx

HO(Z5, Wty ) 25 HE(C, W) — HN(C, W, Q1) 225 HO(S, W,0%).

As in the proof of Theorem A.6.2, the following equality follows from [CR12, Proposition 2.4.1]
(see also [Gro85, II, 3.4]):

Sy iselhz) = =3 Pho) i mhicwai,

where ¢ : HO(C\D,W,Q4") — HL(C,W,Q5") is the connecting homomorphism and [f] €

Wi (k(C)) denotes the Teichmiiller lift of f. Thus, it suffices to show that d[f]/[f]b extends to a
section of H°(C\D, WnQ’CJfl) to conclude the vanishing of (B.3). To this end, it suffices to show
that d([f])b is regular around any point of Y. Let A be the local ring of C' at a point of Y, and
t € A an equation for ¥j. Then we can write b = by/[t]", for some by € W, %y, and f =1+ t%g,
for some g € A. By [Riil07, Lemma 3.4],

n—1
1=+ >_ V([t]°g;) in Wa(A) for some g; € Wy,_;(A).
=0

For j € {0,...,n— 1} and h = g;, we have (using the standard identities for R, F,V, d)

d(VZ([t]"h))b = d(V7 ([t]°h)b) — V7 ([t]*h) db

— VI ([{]'hFI (b)) — VI ([£)°R) <dtl])0 - rbo[fw[t?)

= dV7([t]*"P""hF7 (b)) — V7 ([t]* """ h Y (dbo))
F V[t~ P D b FI (b) dt).

This expression is regular by the choice of s and hence so is d([f])b. This finishes the proof. O

Remark B.3. One can remove the perfectness assumption on k in this section using the same
method as in § A.6.
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