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We work with polynomial three-dimensional rigid differential systems. Using the
Lyapunov constants, we obtain lower bounds for the cyclicity of the known rigid
centres on their centre manifolds. Moreover, we obtain an example of a quadratic
rigid centre from which is possible to bifurcate 13 limit cycles, which is a new lower
bound for three-dimensional quadratic systems.
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1. Introduction

In 1900, the International Mathematical Congress took place in Paris. In this event,
the acclaimed mathematician David Hilbert proposed a list of open problems among
which is the problem of determining and locating the limit cycles for a given planar
polynomial differential system. This is known as Hilbert’s 16th problem and it is
considered to be the hardest challenge within the qualitative theory of differential
equations, since it remains open even for the simpler cases, i.e. quadratic polynomial
vector fields (see [4, 13]). There are several weaker versions of this problem, for
instance, determining the quantity M (n) of limit cycles that bifurcate from an
elementary centre or focus for polynomial vector fields of degree n [6, 18, 23|.
A singular point of a planar polynomial vector field is an elementary centre or
focus if the eigenvalues of its Jacobian matrix evaluated at the singular point are
purely imaginary. Any differential system associated to a vector field having an
elementary centre or focus can be written, after the proper change of variables and
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Cyclicity of rigid centres on centre manifolds of three-dimensional systems 189

time rescaling, in the form:

T = —y+P($,y),
y=z+Q(y),

where P and @) are polynomials with no linear or constant terms.

The standard method to estimate the quantity of limit cycles bifurcating from an
elementary centre or focus is to compute the Lyapunov coefficients (or equivalently
the focal coefficients) when small perturbations of the system are considered (see
[2, 5, 18] and the references therein). Christopher [5] developed a simple approach
to obtain lower bounds for the quantity of limit cycles bifurcating from an ele-
mentary centre or focus, i.e. the small amplitude limit cycles. The idea consists in
considering the linear part of the power series expansion of the first k& Lyapunov
coefficients. If those k linear parts are linearly independent, then it is possible by
small perturbations to obtain k limit cycles, that is to say that the cyclicity of the
considered singular point is at least k.

We consider three-dimensional differential systems with a Hopf singular point,
that is, systems having a singular point for which the Jacobian matrix has a pair of
purely imaginary eigenvalues and a non-zero real eigenvalue. These systems can be
put in the following canonical form, by means of a linear change of variables and
time rescaling:

T = _y+P(x7yﬂz)7
y:x+Q(x7y7z)7 (1'1)
z=-Xz+ R(z,y, 2),

where P,(Q, R are polynomials with no linear or constant terms and A # 0. The
centre problem and Hilbert’s 16th can be naturally stated for vector fields (1.1),
since there exists an invariant bidimensional C"-manifold W€ tangent to the xy-
plane at the origin for every r > 3. This result is known as the centre manifold
theorem (see [12, 21]).

Recently, these problems have attracted the attention of researchers in the qual-
itative theory of ordinary differential equations. In [7], the authors prove that the
set of systems of form (1.1) having a centre on the local centre manifold at the
origin, to a fixed value of A, corresponds to a variety in the space of admissible
coefficients. In [17] the authors solve the centre problem for the Lii system and
Mahdi in [14] considers the centre problem for quadratic systems of the form (1.1)
obtained from a third order ODE. The authors of [15] complete this study using a
new hybrid symbolic-numerical approach.

Regarding the cyclicity problem, the results of Christopher are originally stated
for planar systems, but they can be extended for system (1.1) (see [8]), since, for
these systems, the Lyapunov coefficients are well-defined and play the same role
as their bidimensional counterpart [7, 8]. In [9, 10, 19, 20, 22], the authors use
these ideas to study the cyclicity of centres on centre manifolds of several families
of three-dimensional systems.

In [16], the authors extended the concept of rigid systems and rigid centres for
three-dimensional systems (1.1). In essence, system (1.1) has a rigid centre at the
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origin when its restriction to the centre manifold has a rigid centre at the origin.
Moreover, in [16], the authors solved the centre problem for several families of rigid
systems.

Our goal in this work is to obtain lower bounds for the quantity of small amplitude
limit cycles which bifurcate from the rigid centres identified in [16]. The structure of
this paper is as follows: In § 2, we present the preliminary results on the investigation
of the cyclicity for three-dimensional systems as well as an overview of the concept
of rigid systems studied in [16]. In §3 we study the cyclicity of the rigid centres
considered in [16] obtaining lower bounds for the cyclicity of each system under
quadratic perturbations. Also in this section, we prove the main result of this work
in which we present an example of a quadratic three-dimensional system from which
is possible to obtain 13 small limit cycles from quadratic perturbations. This is the
highest known lower bound for quadratic three-dimensional systems.

2. Fundamental concepts

2.1. Lyapunov coefficients and limit cycles

We work with the following perturbation of system (1.1):

T = —y+ P(x,y,z) + Gl(fﬂ,y,Z),
y:$+Q($,y,Z)+G2(CIJ,y7Z), (21)
Z=-Xz+ R(IvyVZ) + G3($,y72),

where P, Q, R,G1,G2,G3 are polynomials with no constant or linear terms. Let
A= (A1,...,\n) denote the perturbation parameters, i.e. the coefficients of G;,
1 =1,2,3. We assume that for A = 0, the origin is a centre on the centre manifold
of system (2.1).

First we need to define a displacement map to search for limit cycles. Via the
change of variables x = pcosf, y = psinf and z = pw, the solution curves of (2.1)
are determined by the following equations:

dp _ ¢(p,0,A)

d0 1+ ¢(p,0,A)
dw  —pw +Q(p, 0, A)
A0~ 1+ o(p.0,A)

For each (pg,wo) with sufficiently small ||(po,wp)]|, let

@(0, po, wo) = (p(0, po,wo),w (b, po, wo)),
be the solution of (2.2) with initial conditions (p(0, pg,wo),w(0, po,wo)) = (po,wo)-
DEFINITION 2.1. For system (1.1), the map

d(po,wo) = (27, po,wo) — (po,wo)

is called displacement map.
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The displacement map d(po,wo) = (d1(po,wo),d2(po,wo)) is a bidimensional
map, unlike the planar counterpart. However, there exists a unique analytical func-
tion @(po) defined in a neighbourhood V of pg = 0 such that da(pg, ©(po)) = 0 (see
[3]). The analytical function d(pg) = di(po,@(po)), is called reduced displacement
map. We write its power series as:

d(po) = v1(A)po + v2(A)pg + v3(A)pg + va(A)pg + -+ .

It is known that the first nonzero coefficient v (A) is the coefficient of an odd
power of pg (see [3]). Thus, we define the coefficients I, = vor+1(A) as the Lyapunov
coefficients. The isolated zeros of the reduced displacement map correspond to limit
cycles of system (2.1). Furthermore, the origin is a centre on the centre manifold
We if and only if [, = 0 for all k£ € N.

For computational purposes, working with the Lyapunov coefficients is not very
efficient. Thus, another method is applied to study the displacement function.

Following the steps of [1, 7, 8], we construct a formal series

H(.T, Y, Z) = x2 + y2 + Z pjklajjykzl,
Gk I3

with real coefficients p;x; yet to determine. Let X denote the vector field associated
to system (2.1). It is always possible to choose pjj; such that

XH =Y Li(a®+ ¢ (2.3)
k=2

Moreover, the quantities Ly are rational functions on the parameters of system (2.1)
including A whose denominators depend only on A (see [8]). The coefficients Ly, are
called focal coefficients for system (1.1). The focal coefficients and the Lyapunov
coefficients have the following relationship: given a positive integer k > 2, we have

ll = 7TL1 and lk = 7TL]<; mod <L1,L2,...,Lk,1>.

This result is proved in [8]. Since the computations involving the expressions given
in (2.3) are algebraic, one can use symbolic mathematics software (e.g. Maple and
Mathematica) to compute a large amount of focal coefficients in less computational
time.

Once a sufficient amount of focal coefficients is computed, we can use the next
result to estimate the cyclicity of the centre of (2.1) |a=o.

THEOREM 2.2. For system (2.1), if

(L1, Lo, ..., L
rank ( 1,442, ) k) :k,
O(A 1, m) L aso
then it is possible to choose parameters A such that at least k — 1 small amplitude
limit cycles bifurcate from the origin.

The proof of this theorem can be found in [8]. It is a simple computational task to
compute the matrix in theorem 2.2. In fact, since the perturbation of the centre in
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system (2.1) is given through the functions G;, i = 1,2, 3, it is sufficient to compute
the linear term of the Taylor expansion at A = 0 of each focal coefficient. The idea of
using the linear parts of the Lyapunov coefficients (or focal coefficients) to estimate
the cyclicity of centres was first introduced by Christopher in [5] for the planar
case.

It is known in the literature (see, for instance, [8]) that an additional limit-cycle
can be obtained by making a perturbation of the trace of the linear part of system
(1.1), i.e. the following perturbation:

T = )\()33 - y"'P(l"ava) + G1(x,y,z),
fl:$+)\0y+Q($vyaz)+G2($»y72)» (24)
Z=-Xz+ R(z,y,2) + Gs(z,vy, 2).

In [11], the authors consider an extension of Christopher’s ideas. Their approach
is based in the next theorem, proved in [11], which consists in the study of the
higher order developments of the Lyapunov coefficients.

THEOREM 2.3. Suppose that system (2.1) satisfies the hypothesis of theorem 2.2
and the linear parts of the Lyapunov constants l;, i=k+1,...,k+1, are linear
combination of the first k. Then, by a change of variables if necessary, we can
assume that l; = u; + O(Ju|?), for i =0,...,k, and the next Lyapunov coefficients
are written as

li = hi(u) + O(ju|™™Y), fori=k+1,....k+1,

where h; are homogeneous polynomials of degree m > 2 and u = (Ugi1,- .-, Uk+])-
If there exists a line n, in the parameter space, such that h;(n) =0, for i =k +
1,...,k+1—1, the hypersurfaces h; = 0 intersect transversally along n fori =k +
1,...,k+1—1, and hyy(n) # 0, then there are perturbations of the centre which
produce k + 1 limit cycles.

Theorem 2.3 has been successfully applied to obtain new lower bounds for the
cyclicity of several polynomial systems, for instance in papers [10, 11].

2.2. Rigid systems in R3
We exhibit a quick overview of rigid systems in R?, which are studied with more

detail in [16].

DEFINITION 2.4 (Rigid systems in R®). We say that the three-dimensional system
(1.1) is rigid when its restriction to a centre manifold is rigid, i.e. the restricted
system has constant angular speed. Moreover, if the origin is a centre on the centre
manifold, we say that the origin is a rigid centre.

In order to avoid restricting system (1.1) to a centre manifold, which is not
effective computationally, the authors in [16] introduced a subclass of rigid systems.
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DEFINITION 2.5. We say that system (1.1) is rigid by cylindrical coordinates when,
in cylindrical coordinates (z,y,2) — (pcosB, psinb, z), the transformed system
satisfies 6 = 1.

The orbits of rigid systems by cylindrical coordinates rotate around the z-axis
with constant angular speed. The following result classify rigid systems (1.1).

PROPOSITION 2.6 (Corollary 2.5 in [16]). Consider system (1.1). Then,
(a) it is a rigid system if and only if

(xQ($7ya Z) - yP(l‘7y, Z)) |Z:h(:r,y) =0,
where h(x,y) is the local expression of a local centre manifold,

(b) it is a rigid system by cylindrical coordinates if and only if xQ(x,y,z) —
yP(x,y,z) =0.

3. Cyclicity of rigid centres in R3

As mentioned in § 2.1 the focal coefficients are rational functions on the parameters
of system (1.1). For a fixed value of ), these functions become polynomials which
make the computations more manageable.

Consider the following rigid system:

T = -y + an(xvyvz)v
y=x+yF,.(z,y,2), (3.1)
Z=—z+ Rm(‘ray),

where F), is a homogeneous polynomial of degree n and R,, is a homogeneous
polynomial of degree m. The parameter values for which the above system has a
rigid centre at the origin are called centre conditions and were obtained in [16,
theorem 4.1]. For each centre condition we perform the perturbation (2.1), with
G;,1=1,2,3 being quadratic polynomials to study the cyclicity. More precisely, we
obtained the following result.

THEOREM 3.1. Consider system (3.1) with Fy(x,y,2) =32 4 11-p ajpaiyt2t and
R (2,y) = 3254 jmn Ojn?y".

(a) Forn =1 and m = 2, the two centre conditions are {ago1 = 0} and Ry = 0.
The cyclicity of the centre is at least 6 for the first centre condition and at
least 4 for the last;

(b) For n=1 and m = 3, the two centre conditions are {ago1 = 0} and Rz = 0.
The cyclicity of the centre is at least 7 for the first centre condition and at
least 4 for the last;

(¢) Forn =1 and m =4, the two centre conditions are {apo1 = 0} and Ry = 0.
The cyclicity of the centre is at least 8 for the first centre condition and at
least 4 for the last;
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(d) Forn =2 and m = 2, with the centre condition {asp = —ag20, @101 = ao11 =
agoz = 0}, the cyclicity of the centre is at least 4.

Proof. Consider the following perturbation of system (3.1):

j7 = _y + IFn(l‘,y,Z) + Gl(:z:,y,z),
y' = x"‘yFn((anwz) + G2($7y72)’
i=—2+ Rp(z,y) + Gs(z,y, 2),

with G;, i = 1, 2,3 being homogeneous quadratic polynomials. For each centre con-
dition described above, we compute the first 12 focal coefficients of the above
perturbed system and the rank of their linear parts with respect to the coefficients
of G, the perturbation parameters. Hence, applying theorem 2.2 and performing a
perturbation of the trace, the result holds. For instance, for the first centre condi-
tion in statement (a), the rank of the linear part of the focal coefficients is 6. For
the other statements, we have:

(a) Casen=1,m=2:
e agp; = 0: rank 6;

e Ry = 0: rank 4.

(b) Case n=1,m = 3:
e agp; = 0: rank 7;

e R3 = 0: rank 4.

(¢c) Case n =1,m = 4:
e agp; = 0: rank 8;

e R, =0: rank 4.

(d) Case n=2,m = 2:
® as00 = —ap20,a101 = do11 = dooz = 0: rank 4.

By theorem 2.2, the result holds. |

REMARK 3.2. For case n =2 and m = 2 in statement (d) of theorem 3.1, there
is another centre condition given by {a200 = —ag20, b20 = b11 = b2 = 0}. For this
centre condition, we were not able to obtain lower bounds for the cyclicity using
quadratic perturbations since the linear parts of the focal coefficients are all null.
The same situation occurs for the case n = 2 and m = 3 with its respective centre
conditions described in [16, theorem 4.1]. We believe that it is possible to obtain
better lower bounds than those obtained in theorem 3.1 by using higher order
perturbations. For instance, for the case n = 2 and m = 3 with centre condition
{a200 = —a020, a101 = ap11 = agoz = 0}, using cubic perturbations, the cyclicity is
at least 15. Here, we chose quadratic perturbations to simplify the computations
since, even with cubic perturbations, the computation of the linear parts of the
focal coefficients is computationally a hard task.
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The rigid system

T = -y + :L'Fn(xaya Z)a
y=x+yF.(z,y,2), (3.2)
Z=—z+ Rm(xayvz)a

where F,, is a homogeneous polynomial of degree n and R,, is a homogeneous

polynomial of degree m has also been considered in [16, theorems 4.3 and 4.4]
where they obtained centre conditions for particular values of m and n.

THEOREM 3.3. Consider system (3.2) with Fy(2,y,2) =3 y1=n ajriykzl and
Ry(2,9,2) =3 i kvi=m bijmaly*zt. For n =1 and m = 2, the known centre con-
ditions are:

(a) {aoo1 = 0};

(b R2(x7y70) = O;

)
)

(¢) {a100 = ao10 = 0, bio1 = bo11 = 0, boo2 = 2aqo1, bo2o = —b200};

(d) {bro1 = 2a100 + @010, bo20 = —b200, bo11 = —a100 + 2a010, boo2 = 2a001 };
)

(€) {bio1 = 2a100, bo20 = —ba20o, bo11 = 2ag10, boo2 = 2aqgo1,
(a%90 — a310)(b200 — b110) + @100a010(b110 + 4b200) = 0} ;

(1) {b200 _ a100¢010(boo2 — aoo1) brio = (afo0 — ad10)(aoo1 — boo2)

2 ) 2 )
po1 Qpo1
[ booz2 (@100 + @o10) — @Go10@001 b — a100@010(@oo1 — booz)
101 — » Y020 — 2 )
apo1 apo1
[— booz2(@o10 — @100) + @100@001
011 = .
apo1

The cyclicity of the centre at the origin of system (3.2) is at least 8 for condition
(a), at least 5 for condition (b), at least 3 for condition (¢), at least 9 for condition
(d), at least 10 for condition (€) and at least 11 for condition (f).

THEOREM 3.4. Consider system (3.2) with Fy(z,y,2) = > 11—, ajpiytzl and
R (x,y,2) =5 k= bjklxjykzl. For n=m =2 and F5 = Ro, the two centre
conditz’ons are {7a200 = 110 = Ap20 — 0} and {a020 = —a200, @101 = Ap11 = A2 =
0}. The cyclicity of the centre is at least 3 for the first centre condition and at
least 2 for the last.

Proofs of theorems 3.3 and 3.4. The proofs are analogous to that of theorem 3.1.
More precisely, for each centre condition, we compute the first 12 focal coefficients
and using theorem 2.2 and performing a perturbation of the trace, we estimate the
cyclicity by computing the rank of their linear parts. O
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The following rigid system

i =—-y+aF(z),
y=z+yF(z), (3.3)
Z=—z+ RQ(xay7Z)7

where F(z) = Z?:l a;z" and Ry is a homogeneous polynomial of degree 2 was
studied in [16, theorem 5.1].

THEOREM 3.5. Consider system (3.3) with F(z) = Z?:l a;z" and Ra(z,y,2) =
D ikii—2 bjralykzl. For the three centre conditions: F(z) =0, Ra(x,y,0)=0
and {az =ay =as=---=ag = 0,b101 = bo11 = az = 0,bgo2 = 2a1,bo20 = —b200},
the cyclicity of the centre is at least 5, 3 and 3, respectively for each centre condition.

Proof. Analogous to the proof of the previous theorems. For the first and third
centre conditions, we compute the first 12 focal coefficients as well as the rank
of their linear parts. For the second, we compute the first 10 focal coefficients.
The conclusion follows from theorem 2.2 and by performing a perturbation of the
trace. 0

Finally, we consider the following rigid system:
T = —-Y + :EF(Z),
y=x+yF(2), (3.4)
2= —z+ R3(z,2),

where F(z) = a1z + a22? + a32z® and R3 is a homogeneous polynomial of degree 3
which was studied in [16, theorem 5.2].

THEOREM 3.6. Consider system (3.4) with Rm(x,2) =33 bjiz’zt. For the two
centre conditions: {bzg = 0} and {az = 3a3, a3 =0, bay = bya = 0,bo3 = 9a?}, the
cyclicity of the centre is at least 3 for the first centre condition and at least 14 for

the last.

Proof. We proceed analogously to the previous theorems. For the first centre con-
dition, we compute the first 12 focal coefficients as well as the rank of their linear
part. For the second centre condition, we compute 17 focal coefficients. Once again,
the conclusion follows from theorem 2.2 and by performing a perturbation of the
trace. ]

REMARK 3.7. In [16, theorem 5.2], the authors also present the centre condition
for system (3.4) given by F(z) = 0. Since under quadratic perturbations, the linear
parts of the focal coefficients are all null, we were not able to obtain a lower bound
for the cyclicity.

In [19], the authors obtained a lower bound for the number of small limit cycles
bifurcating from the centre for polynomial three-dimensional systems with a Hopf
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singular point for degrees 2 through 5. For quadratic systems, their lower bound was
11 limit cycles. In [10], the authors applied the study of the higher order terms of
the focal coefficients to find an example of a quadratic system that bifurcates, under
quadratic perturbations, 12 limit cycles from the centre. Using the same technique
for system (3.2) with n = 1 and m = 2, which consists in applying theorem 2.3, we
were able to surpass this lower bound, as we prove the next result.

THEOREM 3.8. Consider the rigid system

T = —y+$F1($7yaZ)7
y-:x"_yFl(xvyvz)v (35)
z=—z + RQ(I‘,Z/,Z),

with Fy(z,y,2) =x+2y+3z and Ry(z,y,z) = 32> + zy + 4xz — 2y® + 3yz +
622. The origin is a rigid centre on the centre manifold and at least 13 limit cycles
bifurcate from it under quadratic perturbations.

Proof. Note that system (3.5) satisfies the centre condition described in item (d)
from theorem 3.3 and therefore the origin is a centre on the centre manifold.
Considering a quadratic perturbation (2.1) with

i kol ikl ikl
G, = E ajr’y z, Go= E bima'y 2, Gz = E Ciur’y"z
k=2 k=2 Jkl=2

for system (3.5), we compute the first 13 focal coefficients. The rank of their
linear part is 9 and by theorem 2.2, it is possible to obtain 9 limit cycles bifur-
cating from the origin using the perturbation parameters (a;u,bjxi, cjr) as well
as a perturbation of the trace (2.4). To simplify the computations, we assign
Co11 = Cp20 = €101 = C110 = C200 = 0 since these parameters do not play a role when
we apply theorems 2.2 and 2.3 to obtain a higher estimate for the cyclicity. Due to

the size of the expressions, we only exhibit the linear part of Lq,..., Ls:
L} = %aon + 4ag20 — %0101 + %ano + %CLQOO + %bou - %bozo
+ %5101 - %bno — 2b200,
Il @b n %C _ ga B 39937@ _ 7297a n 6409a
2 = 5200 + 3002 — G002 = T5-"0011 — 50020 + o=0101
3389 1463 9409 3839 37687 1433
— op @110 — 70200 — 1125b011 + " bo2o — T%fhm + T5b1107
. 44084 28460414 442099 341 76 527 541 5168
37 1785 100277 Tqgrs YN Tyggys 00T T33gys (01T T3p 002
203415874 444002 837 5707 116 062 741
1625 MO Taagos 1200 T q7gg o0 T Tgagry tou
_ 233857 774b n 26 669 714b _ 433 328 537 _ 225465 802 b
44625 %0 7875 0 aa625 M 14875 %
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where L{c denotes the homogeneous part of degree j of Li. We now turn to
theorem 2.3. After a suitable change of variables in the perturbation parameters
(@002, @011, @020, @101, @110 @200, boo2, bo11, bo20), We can write

Li=w, i=1,...,9.

Considering the new variables A = (ul, ..., U9, b101, b1107 bgoo, 6002), we find a solu-
tion A = s for the equations L%,(A) = L%, (A) = L3,(A) = 0 such that L2;(s) # 0.
Since
o __42463...00071, . 40320...92721, . 65360...49715,
107 762328 ...85264 1200 T 31164...42632 107101 T 9349327896 10102
49690 . .. 18261 01271...35547,,  46335...13063 ,

T 1211905468 11072 T 31806...36900 10" 3635816404 110
58144...10077 ,  27934...30905 _ 20443...06675
14543 .. 65616 2% ~ 34627... 15848 0027200 T J3754 gRoga 002V110:

> _ 20939...26951, 19880. .. 86461 64454 ... 32783
117 30054 ... 46160 1720 T 1502723080 107100 T 90164 .. 33848 101002
40002...58387, ,  25716...92939, ., 65259...07273,
95411 ...04640 10720 " 99541 .. 84620 ' T 50091...74360 '
16384...09829 , 33058...21677 57083...74365
T 20072...94880 2% T 20072 50488 0020200 T 37eg0 G012 C002b1ios
o _ BI825..04719, .  14372...72644, . 93191...38049
127771696, ..02500 °17200 T 10818 .. 73125 OO T 12082 67750 1OTTO2

_16194...76093, 40196...79299, , 37739...55031,
38467...60000 1070 T 35088...07500 ' 28850...95000
94762...70553 , 19118...35489 65905 . .. 19663

2007 = s Co02b200 — coo2b110,

23080...60000 23080...76000 43657 ...69800

a solution A = s is given by:

bio1 =1,
«
bago = 3
p 99478 5689302 — 15595 ... 75578 — 61109 . ..90912
Y0 74402 .. 6787202 + 13857 ... 14244a — 17563 . .. 30264
14326 . ..210240* + 41672 .. 016330 — 54197 . . . 4040002
B —12687...07756a + 19077 . .. 08656
002 = 65412...110400° + 29236 .. 4036002 :
+16155. .. 29280a — 40172 . .. 14560
and
) 60274 ...32675a2 — 33282 ... 479540 — 8T785. .. 71976
Liz(s) = )

19996 . . . 30400
where « is a real root of the cubic polynomial

37499 ...253842° 4+ 97562 ... 8050322 — 13970 . ..27210x — 27339 ... 94856.
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Note that L25(s) # 0. Moreover, since the Jacobian determinant

8(L%0(8)’ L%l(s)vL%(S))

0(b110, b200, co02)
 15316...73503a% — 11623...71962a — 78417 ...92584
n 20165 . .. 60960 '

det

is non-zero, we have that the hypersurfaces L? = 0,7 = 10, 11, 12 intersect transver-
sally along s. Therefore, by theorem 2.3, there are perturbations of the centre at
the origin which yield 13 limit cycles. O
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