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Abstract

We consider stable and almost stable points of autonomous and nonautonomous discrete dynamical
systems defined on the closed unit interval. Our considerations are associated with chaos theory by
adding an additional assumption that an entropy of a function at a given point is infinite.
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1. Introduction and preliminaries

Many papers associated with autonomous and nonautonomous discrete dynamical
systems emphasise the close relationship between these systems and difference
equations of the form x,,; = f(x,) or x,41 = fu(x,) (see, for example, [1]). In this
way, dynamical systems with discrete time observations have numerous practical
applications in various fields, including economics, biology, information flow, or
physics [3, 10, 17]. One of the main issues considered in this context is stability.
Various concepts of this notion led to attempts at their standardisation, made in [10].
We will extend the concept presented there, combining it with an entropy of a
function at a point. The notion of topological entropy is often connected with chaos
theory and, in this context, there are relationships between the various definitions of
chaos and the fact that a function has positive entropy (see, for example, [8]). In
the classical approach, the topological aspects of discrete dynamical systems were
considered in the context of continuous functions. If we restrict our considerations
to continuous functions, of course, we limit the scope by eliminating, for example,
derivatives. Therefore, since the beginning of the twenty-first century, there have
appeared many papers showing that the classical topological considerations (for
example, topological entropy, Sharkovskii’s theorem) may be extended to certain
discontinuous functions [12, 15]. We therefore consider some issues related to discon-
tinuous functions.
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Throughout this paper, I will stand for the closed unit interval, N the set of all
positive integers and Ny the set N U {0}. We will only consider functions from I into
I, so from now on we will write f instead of f : I — I. The symbol p, will denote the
metric of uniform convergence. The cardinality (respectively, the interior in the space
I with the natural topology) of any set A C I will be denoted by #(A) (respectively,
int(A)). The restriction of f to P C I will be denoted by f | P. Moreover, if f(P) C P
then we will say that P is f-invariant.

In Theorem 2.6 we focus on the family of all Darboux functions f such that x,
is a fixed point of f (that is, f(xo) = xp). We will denote this family by D Fix,,.
Obviously, a function f is a Darboux function if the image of any connected set by
f is a connected set. However, it is worth adding that a function f is a Darboux
function if and only if each point x € I is a Darboux point of f [2]. A point
Xxo € I is a Darboux point of f if (lim infx_ma f(x),lim SUP, e f(x)) € R*(f, xo) and
(lim infx_,xa f(x),lim SUP, . f(x)) € R (f, x0), where R*(f, xo) (R™(f, xo)) is the set
of all points y such that for any € > 0 there is a point x € [xg, xo + &) (x € (xo — &, xp])
such that f(x) = y.

A nonautonomous dynamical system (or a dynamical system for short) is a pair
(I, (fi,0)), Where (fi) is any sequence of functions {f,}>,. We will identify a
dynamical system (I, (f1,)) with the sequence {f,}~, and denote it by (fi~). A
dynamical system is called autonomous if f, = f for all n € N and some function f
(such a system will be denoted by (f)).

Lete >0, iy € N and V be a set of functions from I into itself. We shall say that this
set (i, &)-perturbs the dynamical system (f) to a dynamical system having property
P, if for any function & € V we have p,(f, &) < € and the nonautonomous dynamical
system (fi,.) such that f; = f fori e N\ {ip} and f;, = £ has the property P.

The symbol Fix(f ) will stand for the set of all fixed points of (f} ), that is,
Xo € Fix(fi.) if f,(x0) = xo for n € N. By Fix(f), we mean the set of all fixed points
of a function f. We denote the set of all continuity points of (fj ) by C(fi.«). That
is, Xp € C(f1.0) if and only if for any n € N the function f, is continuous at xp. For
an autonomous dynamical system (f), we shorten the notation to C(f). Similarly
to [4], for a dynamical system (fj.) and n,i € N, the symbol fI will stand for
Ju+iz1 © furi—2 © -+ 0 fy—1 © f. In order to keep the symmetry of notation, in the case
of an autonomous dynamical system (g) we will use the notation (g)"l instead of g'.

In Section 2 we will need the notion of an entropy of a function at a point,
considered in [9, 13]. Let f be a function, £ be a family of pairwise disjoint
nonsingleton continuums in I and J C I be a connected set such that J C f(A) for any
A€ L. Apair By = (L,J) is called an f-bundle. If A C J for all A € £ then such an
f-bundle will be called an f-bundle with dominating fibre.

Lete>0,neN, By =(L,J) be an f-bundle and M C |J L. We say that M is
(By,n, &)-separated if for each x,y € M, x # y, there is i € {0, 1,...,n — 1} such that
Fi0), () € J and | £'(x) = f'()| > &. Define

maxsep[By, n, €] = max{#(M): M C1is a (By, n, £)-separated set}.
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An entropy of an f-bundle By is the number given by the formula

1
h(By) = lir% lim sup | — log(maxsep[ By, n, £])|.
&2V pooo n
Lemma 1.1 [13]. Let f be an arbitrary function and By = (L, J) be an f-bundle
with dominating fibre. Then h(By) > log(#(L)) whenever L is finite and h(By) = +oo
whenever L is infinite.

We shall say a sequence of f-bundles B’; = (L, Ji) converges to a point xo,
if for any & > 0 there exists ky € N such that both (J Ly C (xo — &, xp + &) and
(f(x0) — &, f(x0) + &) N Ji £ 0 for any k > ky. In this way, we obtain a multifunction
Ef: 1o R U {+c0} by putting E¢(x) = {limsup,,_,, h(B;’f) : B? —> xasn — oo},

An entropy of a function f at xo € 1[9] is the number ef(xo) = sup E¢(xo).

2. Stable and almost stable points and perturbation

The notion of a stable point will be adopted in the version given in [10] and in a
natural way it will be extended to the concept of an almost stable point.

We say that xo € I is a stable point of a dynamical system (f] ) if xo € Fix(fi,c0)
and for any € > 0 there is 6 > 0 such that for each i € N and x € I, if |x — xp| < ¢ then
| fli (x) — xo| < &, and an almost stable point if for any & > O there are 6 > 0 and iy € N
such that for each i > iy and x € L, if |x — xo| < 6 then |f{(x) — xo| < &.

By a stable (almost stable) point of a function f, we mean a stable (almost stable)
point of the autonomous dynamical system (f).

Before we get to more complex considerations, some basic properties and
relationships between these concepts will be given. (The simple proofs are omitted.)

PropPErTY 2.1.

(1)  If xo € Lis a stable point of a dynamical system (f «) then xq is an almost stable
point of this system. The converse is not true in general.

(i) Ifxo € I and xo € C(f1 ) then xq is a stable point of the dynamical system (fi o)
if and only if xy is its almost stable point.

(i) If f is a function and xo € Lis a stable point of the autonomous dynamical system
(f), then xy € C(f). The converse is not true.

(iv) There exist a dynamical system (fi ) and xo € I such that x is a stable point of
(f1,00) and xp ¢ C(f1,00)-

(v) If xo €1 is a stable point of a dynamical system (fi ) then xo is a continuity
point of fi.

(vi) There exist a dynamical system (fi ) and xo € I such that x is a stable point of
the function f, for any n € N and it is not a stable point of (fi ).

ProperTY 2.2. If (fie) is a dynamical system, xo € Fix(fi ) and there exists a
nondegenerate interval P C 1 containing xy such that f; | P is a constant function
or there exists ng € N\ {1} such that P is fln o~ invariant and Juo I P is a constant
function, then
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(@)  xo is an almost stable point of (fi «), and
(b) if additionally xy € C(f1 ) then xg is a stable point of (fi )

It is obvious that we should focus our attention on dynamical systems whose terms
are not constant on any neighbourhood of x;.

Let f be a function and xy € [0, 1) (xp € (0, 1]). We shall say that f is nowhere
constant at xo from the right (from the left) if for any € > 0 there exists x| € (xg, Xy + €)
(x1 € (x0 — &, xp)) such that f(x;) # f(xp). Let xo € (0,1). We shall say that f is
nowhere constant at x if it is simultaneously nowhere constant at xy from the right
and from the left.

For simplicity of notation, we adopt the convention that for xy € {0, 1} writing that
f is nowhere constant at xp means that f is nowhere constant at 0 from the right and at
1 from the left.

Lemma 2.3. If f is nowhere constant at xo € 1 from the left (from the right) and there
is a nondegenerate interval P C I such that xyo € P and f | P is a Darboux function,
then for any x| € P such that x| < xo (x1 > xg) the image f([x1, xo]) (f([x0,x1])) is a
nondegenerate interval.

Lemma 2.4. Let ng €N, fi, fa,..., [, be functions and xo €1 be a fixed point of
each function f, for n € {1,...,no}. If there is a nondegenerate interval P C 1 such
that xo € int(P) and for any n < ny the function f, is nowhere constant at xo, P is
Jfu-invariant and f, | P is a Darboux function, then fln ° is nowhere constant at x.

Proor. Assume that xg € (0, 1). If xy € {0, 1} the proof proceeds in the same way. Let
£ > 0. Without loss of generality we can assume that &€ < min{xy — inf P; sup P — xp}.
If ny = 1 the lemma is obvious, so assume that ny > 1. It is sufficient to show that

there are x| € (X — €, X0), X € (X0, Xo + &) such that f{*(x1) # xo, f;"(x2) # xo. (2.1)

Consider first the function f;. There are y} € (xo — &, Xg), yé € (xp, X + &) such
that fl(y}) # xo and fl(yé) # x9. By Lemma 2.3, fl([yi,xo]) and fl([xo,yé]) are
nondegenerate intervals containing x.

Next, there are y% € fl([y}, xo) N (xg — &, x0 + &), y% € fl([xg,yé]) N(xg—&,x9+8&)
such that f,(y?) # xo and f>(y3) # Xo. So we can find y}’z € [y}, xol, y;’z € [x0, y}]

such that fi(y1?) =2, AY) = ¥2, LK) # X0 and f(fi(yy7)) # Xo. Obviously,
yi’z € (xo — &, x0) and yé’z € (xp, X0 + &).

The sets fz(fl([yi’z, Xxo])) and fz(fl([xg,yé’z])) are nondegenerate intervals

containing x( (see Lemma 2.3). So there are y%’2’3 € (x9 — &, xp) and y;’2’3 € (x0,x0 + &)

such that f(A(AG™)) # %o and f5(A(A(Y™))) # xo. We continue in this

fashion obtaining points y}’z’"""" € (xg — &, x9) and yé’z """ "0 € (xg, xo + €) such that

1.2,.., -1,.12,... . 1.2,.., 1.2,..., .
0 ."0) # xo and £} O ") # xo. Putting x; =y, and x; = y, " yields
(2.1), which means that ;" is nowhere constant at xo. O
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LeEmMmA 2.5. Let (fi.«) be a dynamical system and xo € Fix(fi o). If there are ny € N and
a nondegenerate interval P C I such that xo € int(P), f,, is not continuous at xq from
both sides (with the obvious qualification if xy € {0, 1}) and for any n < ng the function
fu is nowhere constant at xy, P is f,-invariant and f,, | P is a Darboux function, then
Xo is not a stable point of (fi.c)-

Proor. If ng = 1 then Proposition 2.1(iv) implies that xg is not a stable point of (fj ).

Assume that ng > 1. Then one can find sequences (xg)ren, (Vi)ken C I such that
X < xo < yg for any k € N, limy_,o X = limg_,oo Y = X and xg is not a limit of both
sequences {fu,(X)}ken and {fy, k)lken. There is no loss of generality in assuming
that limy e £, (x¢) = @ and limy_,e0 f, (&) = B. Put & = min{$|xo — al, 3|y — Bl} and
suppose that xj is a stable point of (fj «). Thus there is 6 > 0 such that

if [x — xo| < 6 then |xo — f*(x)| < &. (2.2)

Let ko € N be such that |xi, — xo|l <9, x¢, € P, fu,(xx) & (x0 — &, xo + &) and
o) & (xo — &, x0 + &) for k > ky. By Lemmas 2.4 and 2.3, f’o_l([xko,xo]) is a
nondegenerate interval containing xo. Let k; > ko be such that x;, € fo_l([xko, Xol)
or yi, € fl"O_l([xkO,xo]). Without any restriction of generality, we can assume that
Vi, € f’o_l([xko,xo]), so there exists 7o € [xy,, Xo] such that f"_l(to) = yt,. Therefore
[to — xo| < 6 and fl""(to) ¢ (xo — &, xo + €), which contradicts (2.2). O

In the next theorem, we show that under some natural assumptions we can perturb
an autonomous dynamical system (f) so that a given point will be an almost stable
point of a new system and will not be its stable point.

THEOREM 2.6. Let xo € 1 and f € DFixy, be such that xo is its stable point and
f'(x0) € (0, 1). (If xo € {0, 1}, this is a one-sided derivative.) Then for any € > 0 there
is an open (in the space (D Fix,,, p,)) set Vo C DFix,, such that for any i € N the
dynamical system (f) is (i, €)-perturbed by V. to a dynamical system for which x, is
an almost stable point and is not its stable point.

Proor. Let € > 0. Assume that xq € (0, 1). If xo € {0, 1} the proof is analogous.

According to Proposition 2.1(iii), there is dy € (0, min{e/3, xp, I — xo}) such that
f([xo — 60, x0 + 0p]) C (x0 — &/3, xo + &/3). Since f’(xp) € (0, 1), one can find o € (0, 1)
and a € (0, dp) such that, for any x € (xg — @, xp + @) \ {x0},

0 JW S0

X — X0

(2.3)

Thus, if x € (xg, X9 + @) then f(x) € (xo, x). From this and the fact that f(xy) = xo,
() (x) € (xo, (f)'l”l(x)) C (xg,x) for x € (x9, xo + @) and n € N. 2.4)
In the same manner,

(Hix) e ((f)'l'_l(x), X0) C (x,x9) forxe€ (xg—a,xy) and n € N. (2.5)
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Conditions (2.3), (2.4) and (2.5) yield

3 3
[(f)](x) = xol < Za(f” for x € (xo - ;—Y,xo + Za/ and n e N, (2.6)

For n = 1 the above inequality is obvious. If x € (xg — 41'10" Xo + %a] and n € N\ {1}
then [(f)}(x) = xol = [f ()} (2)) = xol < ol (x) = x0l < Fao".

Let {a,},en be a strictly decreasing sequence of positive numbers such that a; < %a
and lim,,.a,=0. Put b, =xp—a,, ¢, =x0+a,, d, = %(cz,m +¢y,) and r, =
%(bz,m + by,) for n € N. Moreover, let go(x) = f(x) if x €I\ (xg — @, xo + @) U {x¢},
go(x) = xo if x € UpZ  ((Bant1, ban) U (Cans C20-1)), 80(X) = Xo + Ja if x=d, or x =1,
for n € N and let gy be linear otherwise.

It is easy to see that each point of I is a Darboux point of gy and x( € Fix(gp), so
g0 € DFixy,. Moreover, p,(go, f) < 3&. So, if V,, = {¢ € DFixy, : pu(g0.¢) < a} and
& € Ve, then p,(f, &) < pu(f. 80) + pu(80, &) < &.

Let £ € V.. Fix iy e N and put 8 = %a. Suppose that xg is a stable point of (fj ),
where f, = f for n e N\ {ip} and f;, = ¢&. Then there exists y > 0 such that for any
keNand x € (xg — v, x0 + ),

FH ) € (x0 = B, x0 + ). 2.7)

If iy = 1, consider ng € N such that d,,, € (xo — v, xo + ¥). Thus fi(d,,) = é(d,,) €
(xo + %a, Xo + %a/), contrary to (2.7).

If ip > 1, let x; € (xp, xp + min{y, @}). Obviously x, € Fix(flio_l) and, by (2.4),

0~ (x1) € (x0, x1). Let ny € N be such that dy,, € (xo, f;°~' (x1)). There is x, € (xo, x1)

such that fli"_l(x*) =d,,. Then {"(x*) € (xo + ia, Xo + %a), contrary to (2.7).

These contradictions show that x is not a stable point of (fj ).

Now we will show that xj is an almost stable point of (f1). Let 81 > 0. There is
00 > 0 such that |(f)](x) — xo| <31 for any n € N and |x — x| < 6. Put 6. = min{dy, %a}
and consider the following two possibilities.

Suppose iy = 1. Let ng > 2 be such that %aa’”‘“z < B;. Let n > ng and |x — xp| < 9..
If x € (xo — 0., Xo + 8,) then f1(x) = £(x) € (x0 — 1@, xo + 3). From this and (2.6) we
obtain | f{'(x) — xo| < B1.

Suppose iy > 1. Let ng > ip + 1 be such that f—‘cw'”ﬂ"‘“‘1 < B;. Let n>ngy and
Ix = Xol < 8. If x € (x0 — 6., Xo] then, by (2.5), £ (%) = (H*'(x) € (x0 = J., xo]-
If x € (xo, X0 + 0,) then, by (2.4), £ (x) = ()" (x) € (x0, X0 + 6.). Therefore, if
X € (x9 — b4, X9 + 0] then fli"*l(x) € (xg — 04, X0 + 6,). Thus ff"(x) € (xg — }Ta,xo + %a/).
From this and (2.6) we conclude that | f'(x) — xo| = IfiZ';il‘)(flio(x)) — xo| < B1.

In both cases, we see that x is an almost stable point of (f] ). O

In the above theorem, the set D Fix,, can be replaced by the family of all Darboux
Baire-one functions such that x is their fixed point if we start with a Darboux Baire-
one function f. Also, if we assume that the function f is almost continuous in the sense
of Stallings (this kind of function was introduced in [14]) then, using Lemma 2.3 and
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Theorems 2.2 and 2.4 from [11], we can prove that the function g constructed in the
above proof is almost continuous in the sense of Stallings. Therefore, we can replace
DFixy, by the set of all Stallings almost continuous functions such that xq is their
fixed point. Moreover, if we assume that f is an approximately continuous function
(as defined in [16]) and, in addition, require that the sequence {a, },cn considered in the
above proof is such that xo is a density point of the set ;" (ban—1,b2,) U (€2, €20-1))
then we obtain immediately that gy is an approximately continuous function. Thus
in the above theorem the set D Fix,, can be replaced by the set of all approximately
continuous functions such that xy is their fixed point.

3. Odd points and approximation

The analysis of different examples of functions leads us to the interesting
observation that entropy of a function may be focused at one point. The problematic
question here is the meaning of the expression ‘entropy is focused around a
point’ [6, 13, 18]. Although positive entropy at a given point can be understood as
‘unpredictable’ behaviour of the function around this point, it turns out that there are
situations where the function at a given point is stable, but an entropy of the function
at this point is equal to infinity. This leads to distinguishing so-called odd points.

We shall say that xp € I is an odd point of a dynamical system (fi ) if xo 1S an
almost stable point of the dynamical system (fj «) and for any n € N an entropy of the
function f;, at the point xy is infinite. By an odd point of a function f, we mean an odd
point of the autonomous dynamical system (f).

Let Odd.(xp) denote a family of all continuous at x( functions f such that x, is an
odd point of f. Clearly, Odd.(xp) C St(xp), where St(xp) is the family of all functions
f such that x is a stable point of f. We can prove even more.

TueorREM 3.1. Let xg € [0, 1]. The set Odd.(xg) is a dense set with empty interior in the
space (St(xo), pu)-

Proor. Assume that xy € (0, 1). Similar arguments apply to the case xq € {0, 1}.

We first prove that Odd.(xp) is dense in the space (St(xp),p,). Let f € St(xg)
and € > 0. By Proposition 2.1(iii), there is ¢ € (0, min{%s, Xxo, 1 — xg}) such that
f([x0 = 6, x0 + 6]) C (xo — }&, %0 + 38). Put b = xo +6(2" + 1 +i)/2*"(2" + 1) for
neNandie{0,...,2" +1}.

Define the function g : I — I by g(x) = f(x) for x eI\ (xo — 9, xp + ), g(x) =
x for x € (LN [xo — 36, x0 + 361 \ Use  [x0 + 6/2%", xo + 6/2271], g(x) = xo + 6/2%"
for xe{b! :neNandi=0,2,...,2"}, g(x) = xo +6/22 for x € {0} :n € Nand

i=1,3,...,2" + 1} and g linear otherwise. It is easy to see that
g([by, b5, 1) = [bg, 5,1 forneN, (3.1)
and
g([v!, b}, \1) = [b§,b5,,,] forneNandiec{0,2,...,2"}. (3.2)
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We will show that p,(f, g) < € and g € Odd.(xp). Obviously, xy € Fix(g) and g is
continuous at xg. Let @ > 0. There is 1y € N such that 6/2°*"! < @ for n > ny. Put
Bo = min{6/2%"~! «}. We claim that

Ixo — (8)|(x)] <@ forie N whenever |xo — x| < f.

Let x € (xo — Bo, Xo + Bo) and i € N. If there is n > ng such that x € [bj, b}, ] then
condition (3.1) gives (g)|(x) € [bg, b, ] C (xo — @, xo + @). If for any n > ny we have
x ¢ [bg, b3, ], then g(x) = x and, in consequence, (g)(x) = x € (xo — @, xo + @).

Observe that ey(xg) = co. Indeed, put F, = {[bgi’bgh—l] i=0,1,..., 2”‘1} for
n € N. By condition (3.2), it is easy to show that the (F,, [bf, b}, ,]) are g-bundles
with dominating fibre. Moreover, we check at once that the sequence of bundles
{(Fn 1B, B3, DYnenr converges to xo. Since #(F,) = 21 4+ 1 for n e N, Lemma 1.1
implies that co € E4(xo). Thus an entropy of g at x is infinite.

Finally, note that p,(f, g) < €. Indeed, if x €I\ (x9 — 6, xp + 6) then g(x) = f(x), so
lg(x) — f(x)| =0. If x € [x9 — %6, Xo + %6] then g(x) € [xo — %6, Xo + %6]. Moreover,
for x € (xg — 6, X0 — 36) U (xo + 36, xo + 6) we have g(x) € (xo — 1&,x9 + 1&). Now,
we see at once that |g(x) — f(x)| < %s for x € (xg — 9, xo + 6). Finally, we obtain
pulf.8) = sup,g [§(x) — f()| < &.

Since ¢ is arbitrary, these considerations show that Odd.(x) is dense in the space
(St(x0), pu)-

We will now show that Odd,(x() has empty interior in the space (St(xo), o). For this
purpose it is sufficient to show that for any f € St(xy) and & > 0 there exists g. € St(xp)
such that g, ¢ Odd.(xp) and p,(f, g.) < &.

Let us fix f € St(xp) and € > 0. One can find ¢ € (0, min{%e, Xo, 1 — xp}) such that
F([x0 = 6,0 + 6]) C (x0 — 1&, %0 + 1&). Put g.(x) = f(x) if x €I\ (xo — 6, xo + ) and
g.(x) = xo 1f [x9 — %6, Xo + %6] and let g. be linear otherwise. Obviously, p(g., f) < €.
What is more, if |xg — x| < %6 then (g*)il (x) = xo for i € N, which gives that g, € St(xy).
Since g. is a constant function on the set [xo — %6, Xo + %6], we have e, (x9) = 0, which
means that g. ¢ Odd.(x). O

We now focus our attention on an approximation of a function by (nonautonomous)
dynamical systems. The first theorem is related to an approximation by a dynamical
system consisting of discontinuous functions and the second is connected with a
dynamical system consisting of functions continuous at some point. For other kinds of
approximation by functions with an entropy at a special point, see [5, 7, 13].

THeEOREM 3.2. Let x¢ € L and f € St(xg). For any € > 0 there exists a dynamical system
(ffo) such that:

(W1) f? is not continuous at xqy from both sides (so also is nowhere constant at x)
for any n € N (with the obvious one-sided interpretation if xy € {0, 1}),

(W2) for any n € N the point x is not an almost stable point of each function f?,

(W3) xo is not a stable point of (f{ ),

(W4) xq is an odd point of ( Jie) so it is also an almost stable point of this system,

(W5) pu(f, f?) <eforanyneN.
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Proor. Let f € St(xg) and & > 0. We will construct the dynamical system having the
above properties for xy € (0, 1). The proofs in other cases proceed in a similar way.

We may assume that & < min{xg, 1 — xp}. Proposition 2.1(iii) implies that there
exists 6 < min{3&, xo, 1 — xo} such that f([xo — 6, xo + 6]) C (xo — 5&, X0 + 3€). Put
ay =6/2k, bk = xo + a; and ¢, = xp — a for k € N.

Now fix n € N and put f,(x) = f(x) for x €I\ (xo — 3, xo + 6), fu(x) = xo for
x € {bog-1, cop—1 : k € N} U {x¢}, fn(x) =b, for x € {by : k € N} and f,(x) = ¢, for
x € {cy, : k € N} and let f, be linear otherwise.

We will show that the dynamical system (fj ), where f, is defined by the above
formula, has properties (W1)—(W5). Indeed, conditions (W1) and (W5) are obvious.
Condition (W1) and Lemma 2.5 yield (W3).

Let n € N. For any o > 0, (f,)*([x0 — 16, X0 + 361 N (xo — 07, X0 + 0)) = [cy, by]. Fix
&) = dpt1- For any >0 and any k € N, we can find x| € (xg — 3, xo + ) such that
(f,,)’f(xl) =b,, S0 |xg — (f,,)’f(xl)l = a, > &y. This means that x; is not an almost stable
point of the function f;,, which gives (W2).

To prove (W4) we show first that xp is an almost stable point of (fi ). Let 1 > 0.
There is ng € N such that a, < %sl for any n > ng. Moreover, f{'([xo — %(5, Xo + %6]) =
[cns byl Thus for any n > ny, if |x — xg| < %6 then |f{'(x) — xo| < a, <&. Since
X € Fix(f1.0), Xo 1s an almost stable point of (fi ).

Now we will show that ey, (xg) = oo for each n € N. Fix n € N. One can find kg € N
such that by, < b, for any k > ko. Put Fi = {[Dak+ko+iy+1> Dak+io+iy] 1 € N} for each
k € N. For any k € N the pair (%, [x0, b,]) is an f,-bundle with dominating fibre.
Moreover, the sequence of bundles (F%, [xo, b,]) converges to the point xy. Since for
any k € N the family # is infinite, Lemma 1.1 implies that co € E, (xo), so an entropy
of f, at x¢ is equal to co.

Finally, x¢ is an odd point of (f] ). O

TueEOREM 3.3. Let xo € L and f € St(xy). For any & > 0 there exists a dynamical system
(ff ) such that:

(C1) f? is continuous at xo and nowhere constant at xo for any n € N,

(C2) for any n € N the point x is not an almost stable point of the function f?,
(C3) xo is a stable point of ( fﬁm),

(C4) xo is an odd point of (f7 ),

(C5) pulf, f) < & foranyn € N.

Proor. Assume that xy € (0, 1). Similar arguments apply to the case xo = 0 or xo = 1.

Let f € St(xg) and € € (0, min{xy, | — x¢}). Proposition 2.1(iii) shows that there is
0€(0, min{%s, X0, 1 — xo}) such that f([xo — 8, xg + d]) C (xp — %s, Xo + %8).

Consider the dynamical system (f} ), where for any n € N, the function f, is
defined in the following way: f,(x) = f(x) if x € I\ (x9 — 8, xo + ) U {x0}; fn(x) =
xo+6/28Vif x = x9 + /2K or x = xg — §/2% and k > nand k € N; f,(x) = xo + 6/2F if
x=x0+0/2K 4 5.6/ — 1022 orx = xg — 6/28 1 — 5.6/ = 1)2%* 2 and k > n
andk € Nand s =2,4,...,281 —2; £,(x) = xo if x = x0 + 36/2%*% or x = x — 36/2/*2
and k> n and k € N; f,(x) = xo + 6/2F if x = xo + 6/21 + 5- 6/ — 1)2%*2 or
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x=x0—-06/28" — 5.6/ — 122 and k>nand ke Nand s =1,3,...,21 - 3;
Ju(x) =x0+06/2"if x = xp + %(5 or x = xp — %6 and f,, is linear otherwise.

We will show that for this dynamical system conditions (C1)—(C5) are fulfilled.
Conditions (C1) and (C5) are obvious.

Fix n € N. We see at once that f, [ [xo + 6/2"!, xo + 26/3] is a constant function
equal to xg + 6/2".

Moreover, for § < §/2" and any o > 0 there exist x; € (xg, xo + 0) and ip € N
such that (f,,)"l(xl) ¢ (xo — B, xo + B) for each i > iy. Indeed, fix 8 < §/2" and o > 0.
There is ky € N such that xy + 6/2% € (xg, xo + o) and ko > n + 1. Putting x; =
Xo + /2% and iy = kg — (n + 1), we obtain f,(x;) = xo + 6/2%~1. Thus (f,,)%(xl)
xo +6/2872, (f)(x1) = xo + 6/2%73 and in general (f,)}(x1) = xo + §/2%7F for s €
{1,...,ko —n+ 1}. Hence (fn)"f“(xl) = fu(xo + 6/2K070) = xo + §/2k~0~1 = xo 4 5/27.
Obviously, xo + 6/2" € (xo + 6/2"*!, xo + 26/3). Thus for any i > iy we have (f,)|(x1) =
(fn)?_jf_l ((F) ! (x1)) = X0 +6/2", 50 [(f)} (x1) = Xo| > B, which shows that xo is not an
almost stable point of the function f;,, and (C2) is proved.

To show (C3), note first that x¢ € Fix(f1 ). Moreover, for each n € N we have
Ju([xo — 6/2, x0 + 6/2]) = [x0, X0 + 6/2"]. Thus

flk([xo —6/2,x0 +6/2]) C [x0, x0 + /251 fork e N. 3.3)

Let 3 > 0. One can find ko € N such that §/2% < § and ko > 1. Then if |xo — x| < 6/2,
by (3.3), we get f¥(x) € [xo, x0 + 6/2%] for k > ko. Thus |xg — fF(x)| < B.

For each k€ {1,...,ky— 1}, we can find o} > 0 such that if |xy — x| < o then
lxo — flk(x)l < B. Putting o = min{%d, O1,...,0k-1}, we see that for any k € N if
|xo — x| < 0 then |xy — flk(x)l < . Thus xp is a stable point of (f] ).

By Proposition 2.1(i) and (C3), xo is an almost stable point of (f] ). We only need
to show that for any n € N, an entropy of f, at the point x is equal to oco.

For this, let n € N. For any k € N and s € {0,2, ...,2"**! — 2} we consider the set
le — [xO +6/2n+k+1 + sé/(2”+k+l _ 1)2n+k+2,xO +6/2n+k+1 + (S + 1)5/(2n+k+1 _ 1)2n+k+2]_
For k € N, the pair B’]in = (Fr, [x0, 6/2"**]), where F;, = {Jp:5=0,2,..., ksl _ o)
is an f,,-bundle.

Moreover, J]%””‘”—Z — [36/2n+k+2 _ 6/(2n+k+1 _ 1)2n+k+2, 36/2"+k+2] C [xo, 6/2n+k],
50 J§ C [x0,6/2"*] for any k € Nand 5 = 0,2,...,2""**! — 2. What is more, f,(J}) =
[x0,6/2"F fork e Nand s = 0,2, ...,2"* 1 — 2. So, for each k € N, the pair BI} is an
f»-bundle with dominating fibre. ’

Since the sequence (B’}n)keN is convergent to xp and for each k € N the cardinality
of the family 77 is equal to 2"*, Lemma 1.1 gives h(B;ﬂ) > n + k for any k € N. Thus

lim sup;_,, h(B’}i”) = oo and, in consequence, ey, (xp) = co. This proves (C4). O
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