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Abstract

We prove the existence and uniqueness of the solution to certain reflected backward
stochastic differential equations (RBSDEs) with one continuous barrier and deterministic
terminal time, under monotonicity and general increasing growth conditions on the
associated coefficient. As an application, we obtain, in some constraint cases, the price
of an American contingent claim as the unique solution of such an RBSDE.
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1. Introduction

Nonlinear backward stochastic differential equations (BSDEs) with deterministic terminal
time were first introduced by Pardoux and Peng (1990), who proved the existence and uniqueness
of adapted solutions with smooth square-integrability assumptions on the associated coefficient
f(t,w,y,z7), and on the terminal condition &, when the coefficient is Lipschitz in (y, z)
uniformly in (¢, w). Independently, Duffie and Epstein (1992) introduced stochastic differential
utilities in economic models as solutions of certain BSDEs. More recently, Briand and Carmona
(2000), Pardoux (1999), and Briand et al. (2003) studied the solution of a BSDE with a
coefficient f (¢, w, y, z) that satisfies only monotonicity, continuity, and general increasing
growth conditions with respect to y, and a Lipschitz condition on z. That is, for some real
numbers & € R and C > 0, the coefficient satisfies

(y =y, flt,y.2) = f(t, ¥, 2)
<nuly—y'|> forall(r,z) € [0,T] x R"*? and y, y’ € R", almost surely (a.s.),
(1.1)
|f(t,y.2) — f(t, 9.2
<Clz—7| forall(s,y) €[0,T] x R"and z, 7’ € R"™, as.; (1.2)

Received 23 June 2004; revision received 15 October 2004.

* Postal address: Département de Mathématiques, Laboratoire de Statistique et Processus, Université du Maine, 72085
Le Mans cedex 9, France.

** Email address: lepeltier @univ-lemans.fr

*** Email address: anis.matoussi@univ-lemans.fr

*#4% Email address: mingyu.xu@univ-lemans.fr

134

https://doi.org/10.1239/aap/1113402403 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1113402403

Reflected backward stochastic differential equations 135

and, for some continuous, increasing function ¢ : Ry — R, it satisfies
|f(t,y, 0 =1f (0,00 +¢(y) forall(,y) €[0,T] xR", as., (1.3)

where T is a fixed, strictly positive terminal time. In Briand and Carmona (2000), the authors
considered the case where ¢ is polynomially increasing in y.

El Karoui et al. (1997a) introduced the notion of a reflected BSDE on one lower barrier in one
dimension: the solution is constrained to remain above a continuous lower-boundary process.
More precisely, a solution for such an equation associated with a coefficient f (¢, w, y, z), a
terminal value £, and a continuous barrier (L;)o<;<r is a triple (Y, Z;, K;)o</<7 of adapted
processes valued in R'T¢+! which satisfies a square-integrability condition,

T T
Yz=€+/ f(s,YS,ZS)derKT—Kl—/ Z,dB;, 0<t<T, as.,
t t

andY; > L;,0 <t < T, as. (In this equation and all the following, we suppress the explicit
dependence of f on w.) Furthermore, the process (K;)o</<7 1s nondecreasing, continuous,
and the role of K, is to push the state process upward with minimal energy, in order to keep
it above L; in this sense, it satisfies fOT(YS — Ly)dK; = 0. El Karoui et al. (1997a) proved
the existence and uniqueness of the solution when f (¢, y, z) is Lipschitz in (y, z) uniformly in
(t, w). Then Matoussi (1997) considered RBSDEs where the coefficient f is continuous and
has at most linear growth in y and z. In this case, he proved the existence of maximal solutions
of the RBSDE:s.

In this work, we prove the existence and uniqueness of the solution to a certain type of
RBSDE, as Pardoux (1999) did for BSDEs. We work under the assumptions (1.1)—(1.3) on
the coefficient f(¢, y, z), smooth square-integrability of the barrier L, and with the terminal
condition £. In this case, f increases in y at a rate controlled by the positive function ¢, so the
techniques of Matoussi (1997) are not adequate.

Our paper is organized as follows. After the presentation of our notation and assumptions in
Subsection 2.1, we prove the solution’s uniqueness in Subsection 2.2. Then, in Subsection 2.3,
we prove its existence in four steps. In the first step, using the penalization method, we show
existence under the boundedness condition on the parameters. In step 2, the boundedness
condition on the barrier is relaxed. This proves to be our main difficulty, and the solution is not
trivial. Then, in the last two steps, we relax the boundedness condition on the coefficient and
the terminal condition. In Section 3, we apply this result to characterize, under our working
assumptions, the price of an American contingent claim as the unique solution of such an
RBSDE. Finally, in Appendix A, several comparison theorems with respect to BSDEs and
RBSDEs, which are intensively used in the proof of existence, are presented.

2. RBSDEs on a fixed finite time interval

2.1. Hypotheses and notation

Let (2, ¥, P) be a complete probability space and let (B;)o<;<1 = (Bll, B,2, e, Bzd)ggng
be a d-dimensional Brownian motion defined on a finite interval [0, T], 0 < T < oo, where
“T* denotes the transpose operator. Denote by {#;, 0 < ¢ < T} the natural filtration generated

by the Brownian motion B:
Fir=0{B;, 0<s <t}

where Fq contains all P-null sets of .
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We will need the following spaces:

L2(F) = {n: an F;-measurable, random, real-valued variable such that (s.t.)
E[In|*] < oo},

T
H%(O, T) = {(1&,)0557: a predictable process, valued in R”, s.t. E/ |I/f(l)|2dt < oo},
0

S? 0, 7T) = {(I/II)QSTST : a progressively measurable real-valued process s.t.

B[ sup [y 0)P] < oo,

0<t<T
A? (0, T) = {(Ks)o<:t<r : an adapted, continuous, increasing process s.t.
K(0) =0, E[K(T)?] < oo}.
In addition, we will work under the following assumptions.
Assumption 2.1. We assume that & € L?>(Fr).

Assumption 2.2. There exists a coefficient f: Q x [0, T] x R x R¢ — R, which is such that,
for some continuous, increasing function ¢ : Ry — Ry and real numbers pu and C > 0,

() f(,y,z) is progressively measurable for all (y, z) € R x R%;
(D) 1f @y, 0l < /@ 0,0+ ¢y forall (t,y) € [0, T] x R, a.s.;
(iii) EfOT |£(t,0,0)>dr < oo;
Gv) |f(t,y,2) — f(t,y,2)| < Clz—Z| forall (t,y) € [0,T] x Rand z, 7' € R, a.s.;
V) =y, 2= f@t,y,2) < py—y) forall (t,2) € [0, TIxR? and y, y' € R,

a.s.;
(vi) y = f(t,y,z) is continuous for all (t,z) € [0, T] x R4, a.s.

Assumption 2.3. There exists a barrier (L;)o<;<T that is a continuous, progressively mea-
surable, real-valued process satisfying E[goz(supogtsT(e“’L?'))] < oo, with (LN)o</<r €
S2(0, T) and Lt <&, a.s.

Now we introduce the definition of the solution of the RBSDE with parameters satisfying
Assumptions 2.1-2.3, which is the same as in El Karoui et al. (1997a).

Definition 2.1. We say that (Y, Z;, K;)o</<r is a solution of the reflected backward stochastic
differential equation with one continuous, reflecting lower barrier L(-), terminal condition &,
and coefficient f, if the following conditions hold:

1. (Y)o=i<t € S?(0,T), (Z)o<i<r € H3(0, T), and (K;)o</ <1 € A%(0, T);
2 Y =6+ [ fs,Y,, Z)ds + Kr — K, — [ Z,dB,, 0 <1 <T,as;
3.Y,>L,0<t<T;
4. [ (¥Yy — Ly)dKs = Oas.

We denote this solution RBSDE(¢, f, L)).
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2.2. Uniqueness of the solution of the RBSDE

We first study the uniqueness of the solution of the RBSDE(, f, L), under Assumptions 2.1
to 2.3.

Theorem 2.1. Under Assumptions 2.1-2.3, the RBSDE(&, f, L) has at most one solution
(Y;, Zz, Kt)OflfT-

Proof. Suppose that
Y, Z, Kt)0§t§T and (Yt/, Z;, K;/)Ogth

are two solutions of the RBSDE(&, f, L). Set AY =Y —-Y' AZ=7—-7',and AK = K—K'.
Applying the Ito formula to AY? on the interval [¢, T], and taking expectations on both sides,
it follows that

T
E[|AY, ] + E/ |AZ,|*ds

t
T T
:2E/ AY(f(s, Y5, Zs) — f(s. Y], Z;))ds+2Ef AY; d(AKS)
t t
T T
§2CE/ AY,AZ; ds+2uE/ AYZds
t t
T T
< (2C2+M)E/ Ades—i—%E/ |AZ,|*ds.
t t

Here we have used the monotonicity assumption on y, the Lipschitz assumption on z, and that
T T T
/ AYs d(AKS) = / (Ys — Ls)dK; —i—/ (Y] — Ly)dK;
1 13 t

T T
—f (YS—LS)dK;,—/ (Y] — Ly) dK;
t t
<0.

We find that .
E[laY,[*] < 2C? +u)E/ AY?2ds.
13

From Gronwall’s inequality, it follows that E[|AY,|2] = E[|Y; — Yl’|2] =0,0=<tr<T,
i.e. Y, = Y/ as. Then, we also have E [j| |AZs|>ds =E [ |Z; — Z/|*ds = 0, and K, = K]
follows.

2.3. Existence of the solution of the RBSDE

We will prove the existence of a solution in several steps, as we will see in the following
theorem. Comparing with the Lipschitz and the monotonic, linearly increasing cases (see
El Karoui ef al. (1997a) and Matoussi (1997), respectively), new techniques are needed.

2.3.1. The main result. First, we note that (¥, Z;, K;)o</<r solves the RBSDE(§, f, L) if and
only if

t
(Y, Zs, Ky) = (e“Yt,e“Zt,/ e dKS> 2.1
0
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solves the RBSDE(é , f , I:), where

E =g,
flt,y,2)=eft, e My, e z) — 1y,
Z[ = CAILI.

If we choose A = u then the coefficient f satisfies the analogue of Assumption 2.2, but with
part (v) replaced by

(V/) (y _y/)(f(tv ) Z) - f(tv y/a Z)) = 0.

Since we are in the one-dimensional case, (v') means that f is decreasing in y. In addition, the
barrier L satisfies the following alternative assumption.

Assumption 2.3'.

E[ sup (I:f)] < 00,

0<t<T
E[(p2< sup (Zj‘))] =E[<p2< sup (e‘“L;L))] < 00,
0<t<T 0<t<T

where l_,?' denotes the positive part of L.

In the following, we will work with Assumption 2.2/, which is Assumption 2.2 with (v)
replaced by (v'), and Assumption 2.3’ instead of Assumption 2.3. We first present the following
existence theorem, which holds when f does not depend on z. It will be proved later.

Theorem 2.2. For any process (Vi)o<i<T € Hfl(O, T), suppose that f satisfies Assumption
2.2/, and that (L;)o<s<T satisfies Assumption 2.3'. Then, there exists a triple (Y;, Z;, K;)o<t<T
that satisfies parts 1, 3, and 4 of Definition 2.1, and

T T
Yt:S"f_/ f(S»YSst)dS"‘KT_Kt_/ ZsdBy, 0<r<T.
t t

With this result, we present the existence of a solution as follows.

Theorem 2.3. Suppose that Assumptions 2.1-2.3 hold. Then, there exists a (Y;, Z;, K;)o<i<T
that solves the RBSDE(&, f, L).

Proof. After the transformation of (Y;, Z;, K;)o</<r in expression (2.1), we consider the
RBSDE(, f, L), whose parameters we take to satisfy Assumptions 2.1, 2.2, and 2.3’. Owing
to Theorem 2.2, we can construct a mapping ® from the space 4§, defined as the space of
progressively measurable, (R x R9)-valued processes (Y;, Z;)o<s<7 normed by

T 1/2
Iy, 2)ll, = (E fo e (1Y, * + |Zf|2)dt) 2.2)

(for an appropriate y € (0, co0), which will be determined later), into itself.
Given (U, V) € 8, (Y, Z) = ®(U, V) is the unique solution of following RBSDE:

T T
Yt=s+/ f(s,Ys,V.g)ds+KT—K,—/ Z, dB,,
t t
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i.e. if we define the process
1 1
KIZYI_YO_/f(SvYSv‘/s)dS+/ Z; dBs, 0<r=T,
0 0

then (Y, Z, K) satisfies parts (1)—(4) of Definition 2.1, with f (s, y,z) = f(s, y, Vy).
Consider another element (u’, v) of 4, define (Y’, Z’) = ®(U’, V'), and set

AU =U-U', AV =V -V, AY =Y -V, AZ=27-7.

Then, by applying the Itd formula to e”’|AY;|? on the interval [¢, T], we find that
T
S EIANPITE [ e (IAKE + 182 ds
t

T T
=2E/ AV, (f(s. Yy V) — 5. ¥, V;>>ds+2E/ ¢’ AY, d(AK,)
t t
T T
< 2C2E/ e’ |AY,|? ds + %E/ e’ |AV,|? ds,
t t

since

T T T
/ e" AY; d(AK,) = / " (Y, — Ly) dK, +/ e’ (Y! — Ly) dK!
t t t

T T
—/ e’ (Y, — Ls)dKé —/ e”‘(Ys’ — L) dK;
t t
<0.
Hence, if we choose y =1 + 2C2, it follows that
T T
E/ e’ (|AY,|? + |AZs|?) ds < %E/ e”S|AV,|? ds
t t
T
< %E/ e’ (|AU | + |AV, %) ds.
t
Consequently, @ is a strict contraction on 4§ with the norm (2.2), and has a fixed point, which

is the unique solution of the RBSDE(¢, f, L).

2.3.2. Proof of Theorem 2.2. Let us recall the assumptions on the coefficient f (writing f (s, y)
for f(s, y, Vs)).

Assumption 2.2”.

(i) 1f (s, I = 1f(5,0,0)] + CIVs| + @(lyD);

(i) Ef) 1£(, 002 dr < oo;

V) G =y)(fG ) = fs,9) <05

(vi") y > f(s, ) is continuous for all s € [0, T], a.s.

We point out that we always denote by ¢ > 0 a constant whose value can change from line
to line.
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The proof of Theorem 2.2 will be done in four steps, as follows.

1. Using a penalization method, we prove existence under the assumption that

7+ sup |f(t,0)*+ sup L <c. (2.3)
0<t<T 0<t<T

2. Approximating the barrier L, we prove existence under Assumption 2.3’ and the bound-
edness assumption on & and f (¢, 0), i.e.

Hk + sup. If(t, 0 <c. (2.4)
<t<

3. By approximation, we prove the existence of the solution under the assumptions that
& > cand info<,<7 f(#,0) > c.

4. Finally, and again by approximation, we prove the existence of the solution under the
assumptions that £ € L?(F7) and f(t,0) € H}(0, T).

Step 1. We shall need the following lemma, in view of the estimation.

Lemma 2.1. Suppose that f satisfies Assumption 2.2" and that (2.3) holds. Then, there exists
atriple (Y, ZF, K )o<:<7 that satisfies

T T
=g+ [ rernaseki-k- [ zas; 25)
t t

Y} > L, 0<t<T,as; SUPg</<T |Y¥| < ¢; and Z* € HGZZ(O, T), with K* increasing,
Ky =0,and K} < c.

Proof. Consider the random variable £ = max{supy, <7 L[+, £} = 0. By (2.3), it follows
that |£] <c. Set L, =E[§ | #]. The process L; is a bounded martingale and, by the It6
representation theorem, there exists a process Z € Hs (0, T) such that

t T
L, =Lo+/ Z, d B =§—/ Zs dB; (2.6)
0 t
B T _ T _ T_
=§+/ f(s,LS)ds—/ f(s,LS)ds—/ ZsdB;.
t t t

The process K;* = fé f(s,Ly)ds + (£ — & )1{;=7} is uniformly bounded and increasing, since

ki =T( sup f0.00+¢( sup L))+ +1 <c.

0<t<T 0<t<T

Now consider (17, Z), the solution of the following BSDE, where f(t, y) = f(t,y—K}):

T T
Y,=§+K?+/ f(s, Ys)ds—/ Z,dB;. 2.7
t t
Since

&+ K31+ sup |f(t.0)] <|E]+Kj+ sup |f(t,0)]+o(KF]) <c,
0<r<T 0<t<T
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from the proof of the first step of Proposition 2.4 of Pardoux (1999), the BSDE (2.7) has a
unique~soluti0n (Yt, Z;)o<i<r and Y is uniformly bounded. Now, if we set Y, = ¥; — K" and
Z} = Z;, itis easy to check that (Y*, Z*) satisfies

T T
Yy :$+/ f,Y)Hds+ K7 — K/ —/ Z*dBy,
t t

with
sup |Y| < sup |Y¢|+ K7 <c.
0<t<T 0<t<T

On the other hand, (2.6) can be rewritten as

T T T
L,+K,*:g+1(;+/ £, ES+K;)ds—/ f*(s,is)ds—/ Zs dBy.
t t t

Since fot fT(s, Ly)ds is an increasing process, by the generalized comparison theorem (The-
orem A.1 in Appendix A) we have Y;* + K} > L, + K/, 0 <t < T, and so

Y¥>L,> Ly, 0<r<T.

We can now start to prove the existence of the solution under the assumption (2.3). Consider
the penalized BSDEs

T T T
Y,"=§~|—/ fs, YS")ds—I—n/ (Y;'—Ls)_ds—/ Zy} dBy, n € N.
t t t

By setting f, (s, y) = f(s,y)+n(y—Ls)™,itis easy to check that f;, satisfies the assumptions
of Proposition 2.4 in Pardoux (1999), so it follows that each of these penalized BSDEs admits
a unique solution (Y, Z})o<;<T.

Write

t
K} = n/ (Y! — Ls)™ ds.
0

Let us now prove the a-priori estimate of (Y, Z}, K;')o<;<7, uniformly in n. To do so, we
consider the BSDE

Yl:'§+/ fs, Ys)ds_/ Zs dB;
t t

with coefficient f(z, ). By the result of the first step of Proposition 2.4 of Pardoux (1999),
SUPg<;<T |Y;| < c. Obviously, for (s,y) € [0,T] x R, f,(s,y) > f(s,y); therefore, by
Theorem 2.4 of Pardoux (1999) we obtain

Y'>Y, 0<t<T, as. (2.8)

On the other hand, by Lemma 2.1 there exists a triple (Y%, Z, K;")o<;<7 that satisfies (2.5)
with Y > L;,0<t <T,and SUPg</<T |Y¥| < c. Moreover, the triple (Y*, Z*, K*) satisfies

T T T
Yr=¢ +/ f(s, Y ds + n/ (Y¥— L) ds+ K} — K} — / Z* dB,
t 1 t

T T
=s+/ fn<s,Y;‘>ds+K;—K;*—/ 7+ dB,.
t t

https://doi.org/10.1239/aap/1113402403 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1113402403

142 J.-P. LEPELTIER ET AL.

Using Theorem A.1, we find that ¥;* > ¥", 0 <t < T. Then, using (2.8),
Y=Y >Y,, 0<r<T,
follows and, since Y* and Y are uniformly bounded in the interval [0, T'],

sup |Y/'| Smax{ sup |Y*|, sup |17t|} <ec, (2.9)

0<t<T 0<t<T 0=<t<T

where c is a constant independent of n. Furthermore, for eachn € N,

6, YD1 =17 0l +o( sup 171) < c. (2.10)

0<t<

Now we apply the Itd formula to |V} |> on the interval [z, T'] and take expectations, to find

that

T T T
EMﬁﬁ+E/|4FmsEmﬁ+E/|wFM+E/ | £ (s, 0) ds

t 1 t

1
+ aE[ sup (L,*)Z] +—BIKE— K", Q.11
0<t<T o

where « is a positive number. We rewrite the BSDE(¢, f,, L) as
T T
K%—K,":Y,"—f;‘—/ f(s,YS")ds—f—/ Z7 dBy. (2.12)
t t
Hence, by (2.3), (2.9), and (2.10),
T T
E[(K} — K"?] < 2E[|Y"*] 4+ 2E[|£)*] + 2TE/ | f(s, Y™))? ds + ZE/ |22 ds
t t
T
§c+2E/ 1272 ds. (2.13)
t
Next we substitute (2.13) into (2.11) and set @ = 4; from (2.3) and (2.9), it follows that
T
E/ 12" ds < c.
0

Using (2.13) again, we find that
E[(K})?] <c. (2.14)

Notice that, for alln € N and for all (s, y) € [0, T] x R, f,(s,y) < fu+1(s, y). Therefore,
by Theorem 2.4 of Pardoux (1999), we have Y/' < Yt”H, 0 <t <T,a.s. Hence,

Y /Y, 0<t=<T, as. (2.15)
In view of (2.9), we have

sup |Y:| <¢c
0<t<T

and, by the dominated convergence theorem,

T
E/ (Y"—Y)?dt - 0 asn— ooc.
0
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We will now prove that the sequence Y” converges in the space S?(0, T'). Applying the Itd

formula to |Y}* — Y,p|2, for n, p € N, on the interval [z, T'], we find that

T
E[|Y" — Y]] +E/ |Z" — ZF? ds
t

T T
= ZE/ (f(s, ¥ = [, YD) = Y)ds +2E/ ¥y =¥ d(K) — KJ)
t t

T T
§2E/ (YS”—LS)_dKf—i-ZE/ (Y — Ly~ dK.
t t

(2.16)

Let us state the following lemma. Since Y” and f (¢, Y") are uniformly bounded, its proof is

similar to that of Lemma 6.1 in El Karoui et al. (1997a), so we omit it.

Lemma 2.2. ForQ <t < T, the limit satisfies Y; > L, a.s., and

E[ sup (1Y) — L,|_)2] — 0 asn — oo.
0<t<T

As in El Karoui et al. (1997a), from this lemma and (2.14) we deduce that, for the first term

in the last line of (2.16),

T
B[ o7 -0 ak? = (B[ sup (v - L092]) C@IKEPD - 0
t

0<t<T

asn, p — oo. Similarly,

T

E/ Yy —Ly)"dK! -0 asn,p— .
t
Hence, from (2.16),
T
E/ |z — ZP|?ds - 0 asn, p — o0
0

and there exists a process Z € Hfl (0, T) such that

T
E/ |Z" — Zs>ds — 0 asn — ooc.
0

Then, by the Burkholder—Davis—Gundy (BDG) inequality, it follows that

T
E[ sup ¥ — Yf|2] §4Ef
0

T
(Y! — L)~ dK? +4E / %
0<t<T 0
T
+c/ |z" — ZF|? ds
0

-0

as n, p — oo. Finally,

E[ sup |¥)' — Y,|2] — 0 asn— oo.
0<t<T
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By (2.15) and the fact that f (s, y) is continuous and decreasing in y, we have f(s, Y]') \,
f(s,Y), 0 < s < T. Moreover, |f(s,Y]")| < c and, using the monotone convergence
theorem, we deduce that

T
E/ [f(t, Y — f(t, Y)1*dt — 0. (2.18)
0

Now let us consider the convergence of the sequence K”. Forn, p € N, rewrite K" and K”
in forward form (i.e. between O and #), as in (2.12), and consider their difference. Using the
BDG inequality, we obtain

E[ sup K" — K;”|2] <oy — ¥R +2E[ sup ¥/ — Y;’|2]
0<t<T 0<t<T

2
+ ZE[ sup ( / (s, Y!) = f(s. YD) ds) }
0<t<T 0

2
+2E|:( sup > i|
0<t<T

<2 — YR +2E[ sup ¥ — Yt"|2]
0<t<T

t
f (z} — z) dBy
0

T T
+2TE/ (f(s, Yy — f(s, Yf))2ds+cE/ |z — 7P % ds.
0 0
By (2.15), (2.17), and (2.18), it follows that

E[ sup |Kt”—Ktp|2] — 0 asn,p— o0,
0<t<T

so there exists an increasing process K in A%(0, T) such that

E[ sup |K;’—K,|2] — 0 asn — oo,
0<t<T

and (Y;, Z;, K;)o<i<T € S2(0,T) x H2 500, T) x AZ%(0, T) satisfies property 2 of Definition 2.1.

From Lemma 2.2, we know that property 3 of Definition 2.1 is true; it remains to check prop-
erty 4. Since (Y], K" )o<:<7 tends to (Y;, K;)o<i<T umformly intin probablhty, the measure
dK" converges to dK weakly in probablhty, so that fo Y/ —L;)dK] — fo (Yy — L;)dK; in
probablhty as n — oo. Obviously, fo (Y; — L;)dK; > 0, while, on the other hand, for each
neN, fo (Y — L,)dK]' < 0. Hence,

T
/ (Y[ - Ll) th = O a.s.
0

Consequently, (Y, Z, K) is a solution of the RBSDE(&, f, L), under the assumption (2.3).

Step 2. Now we consider the case of a barrier L that satisfies Assumption 2.3/, that is,
E[q)z( sup (L;"))] < 00
0<t<T

with LT e SZ(O, T)and Lt < &, even when & and f (¢, 0) are uniformly bounded.
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Under Assumption 2.2” and (2.4), we know that there exist constants ¢y and ¢, such that
& <cjand f(#,0) < 3. Set ¢ = max{cy, caT}. Then (Y, Z;, K;)o<i<7 is the solution of
the RBSDE(¢, f, L) if and only if (Y/, Z], K;)o<:<T is the solution of the RBSDE(¢’, f/, L"),
where
Y. ZI.K) = (Y, + cat —2¢, Zi, K)

and
g =€+l -2,
1@, y) = f(t,y — (cat —2¢)) — e,
L; = Lt + cot — 2(,’/.

Since ¢’ > ¢;T, L' < L, which implies that L’ satisfies Assumption 2.3". In fact, the triple
(Y[, Zi, KDo<i=r
satisfies property 2 of Definition 2.1 for the RBSDE(¢’, f/, L")
Yz/ =Y, +ct —2¢

T T
:%‘/4—/ (s, Ys/)ds—l-K}—Kt/—/ ngBs,
t '

and Y/ =Y, + cot —2¢" > Ly + cat — 2¢' = L}, with

T T
/0 Y, — L)) dK, = /0 (Y, — L) dK, = 0.

Now we consider the RBSDE(&’, f/, L’). Obviously, (2.4) also holds for & and f’; in fact,

&1+ sup |f'(t,0) < |&]+ 2T =2+ sup |f(t,0)]+¢(2c) +c2 <c.

O0<t=<T 0<t<T

It follows directly that f’ satisfies Assumption 2.2” with ¢’(y) = | f (¢, 0)| + c2 + ¢(|y| + 2¢),
which is still a continuous, increasing, positive function. Moreover, since f is decreasing on y
and 2¢’ — cpt > 0, we have

£ =t+alT-2<t-c <0,
f1@,0) = f(t,0—(cat =2¢) =2 < f(£,0) — 2 0.
We now need the following lemma.

Lemma 2.3. Assume that f satisfies Assumption 2.2', that (2.4) holds, and that the barrier L
satisfies Assumption 2.3'. Furthermore, suppose that

E<0 and f(t,0)<0.

Then there exists a triple (Y, Z;, K;)o<i<r that solves the RBSDE(&, f, L).

By this lemma, there exists a unique (Y/, Z;, K/)o<¢<r that solves the RBSDE(&’, f', L').
Then we know that the RBSDE(£, f, L) has the unique solution (Y;, Z;, K;)o</<T-
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Proof of Lemma 2.3. Forn € N, set L" = L A n; then supOStST(L?ﬁ' <n. By Step 1, we
know that, for all n, there exists a triple (Y, Z}}, K;')o<;<7 that satisfies

T T
Y =¢ +/ f(s,YH)ds + K} — K} —/ Z! dB, (2.19)
t t
T
Y'>L! 0<r<T, and / ! —L}dK] =0.
0

By Theorem A.1, ¥/ > ¥,,0 <t < T, where (¥;, Z)o<r<r € S?(0, T) x H2(0, T) is the
solution of the classic BSDE(&, f)

T T
Y, =¢ +/ f(s, Yy)ds —/ Z, dB;. (2.20)
t t

Let us consider the RBSDE(¢™T, 0, L™); by Proposition 2.3 of El Karoui et al. (1997a), the
Snell envelope of L 1{;~7) + &+ 1(,—7 is the solution of this linear RBSDE, so

Y, = ess SupE[L] Ljrr) + £ T =) | F1] =ess supE[L] | F]

ISR SUNS

T
=KT—Kz—/ Zs dBy,
t

in view of the fact that LJTr =&t =0, where T:. 7 denotes the set of stopping timest <t < T.
The processes K and Z come from the Doob—Meyer decomposition of the Snell envelope
and the Itd representation of the martingale part. Since ¥; > L;” > 0 and f is decreasing,
f(t,Y,) < f(t,0) <0, which implies that f¥(z,Y,) =0. So, (Y, Z;, K;)o</<r is still the
solution of the RBSDE(£ ™, fT, L™). Moreover, notice that the Snell envelope is the smallest
supermartingale that dominates the process L™, and that it is positive. Therefore, we have

E[ sup ()_’,)2] < E[ sup (E[ sup L}

2
7)) ]
0<t<T 0<t<T 0<t<T

<E[ sup E[( sup Lf)z Edl

0<t<T 0<t<T

< E[ sup (Lj)z],
0<t<T

s0 (Y))o<s<1 € S?(0, T), since (L, )o<;<r € S*(0, T).

Notice that £+ > &, f*(t,y) > f(t,y), (t,y) € [0,T] x R, and L} > L, > L,
0 <t < T, forn € N. Therefore, by Theorem A.2, we get ¥/ < Y,,0 <t < T, and,
consequently,

E[ sup (Yt”)z] gmax{E[ sup (f@)z],E[ sup (?,)2]} <ec. 2.21)

0<t<T 0<t<T 0<t<T
Since L} < L?H, 0 <t < T, from Theorem A.2 we have Y/* 7 ¥;,0 <t < T. From

(2.21) and Fatou’s lemma, we get

E[ sup (r)?] =,
0<t<T
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and it follows from the dominated convergence theorem that
T
Ef |Y" —Y;]>dr - 0 asn — oo. (2.22)
0

In order to prove the convergence of (Z", K™), we first need a-priori estimates. Applying
the 1td formula to |¥/"|2, and using the fact that ab < aa® + (1/a)b? for all @ > 0, we find that

T T T
E[|Y;’|2]+E/ |z;’|2dssE[|5|2]+E/ |Y;’|2ds+E/ £ (s, )7 ds

t t t

1
+ aE[ sup |Y,"|2] + —E[(K! — K™M?], (2.23)
0<t<T (o4

where « is a positive number. We rewrite the RBSDE(&, f, L") in forward form, as in (2.12)
in Step 1, then square and take expectations on both sides, from which it follows that

T 2 T
E[(K — K] < 2E[|Y"*] + 2E[|£]*] + 2E[<f fs,YM ds) } + 2E/ |Z"|? ds.
t t

(2.24)
Since ) 3
Y, >Y'>Y, 0<r=T, (2.25)

and from the monotonicity property of f(z, y), it follows that
f@Y) < fa, Y < f@, ).
Then, from (2.20),

T 2 T
E[(/ £, Y,)dt) } < 2E[E]*] + 2(Yp)? +2E/ |Zs2ds < c.
0 t

On the other hand, due to the fact that Y is the Snell envelope of L*, supy., .7 Y, >
SUPg<;<T L. Then Y, < L,, since the process L, = E[supy<, <7 L} | ] is a martingale
that dominates L ™. Notice that

E[ sup Yl] SE[ sup I:,] =E[ sup E[ sup LS }'t]]

0<t<T 0<t<T 0<t<T L“0<t<T

<ol s, 17|

0<t<T

:E[ sup L;"] :

0<t<T

it follows that supg, <7 Y, = SUPg<;<T L;. Then, from Assumption 2.3, it further follows

that
T B 2 T
E[(/ f, Y,)dt) }515[/ (2f2(t,0)+2<p2( sup L,*))dt}
0 0 0<t<T

§c+2TE[(p2( sup Lf)]

0<t<T

<c
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and so we have

([ o) mm{( [ s ([ 0500

and, from (2.24),
T
E[(K} — K" <c+ ZE/ |22 ds. (2.26)
t

If we substitute (2.26) into (2.23), set « = 4, and use (2.4) and (2.21), it then follows that
T
Ef 12" ds < c.
0

Using (2.26) again, we get
E[(K})?] < c. (2.27)

Now ifn,p € N,n > p, then L} > L{’, 0 <t < T. By applying the It6 formula to
|Y" — ¥/|?, and recalling that f satisfies Assumption 2.3'(v"") we find that

T
E[|Y" — Y/ %] +E/ |z" — zF|*ds
t
T T
= 2E/ (s, Y — f(s, YD) = YP)ds +2E/ (! = YPHdK] - KJ)
t t
T T T
< ZE/ (Y!— L") dK! +2E/ vy —LPydk? —ZE/ Y’ —L"dK?
t t t

T T
—ZE/ (Y!’—Lﬁ')dKj?JrZE/ (L} — LY)d(K] — K{)
t t
T T
521«:/ (L;'—Lf)dK;'—zE/ (LY — LY)ydK?
t t

T
< ZE/ (L" — LYy dK?.
t

Since L; — L} | O for each t € [0, T], and L; — L} is continuous, by the Dini theorem the
convergence holds uniformly on the interval [0, T], i.e.

E[ sup (L, — Lf)z] — 0 asn — oo. (2.28)
0<t<T

Then, using (2.27),

T
E/ 12" — ZP2ds < ZE[ sup (L" — Lf)K;]
0 0<t<T

<2(E[ sup (- L0?]) 1y

0<t<T
1/2
< c(E[ sup (12— LD)?])
0<t<T
-0
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asn, p — 00, so there exists a process (Z;)o</<T € HZ(O, T) such that, as n — oo,
T
Ef |Z" — Z,|*ds — 0. (2.29)
0
Furthermore, by the Itd formula,
T
sup Y —YP1> <2 sup / (LY — LYYd(K! — KP)
0<t<T 0<t<T Jt

+2 sup

0<t<T

T
/ X! =y’ (Z! — Z0) dB;

t

Taking the expectation of both sides, by the BDG inequality and (2.27) we find that

1/2
B[ sup 17— v/P] = 2(E[ sup 2t — L))" Ik
0<t<T 0<t<T

T
+CE|: sup |Y;’—Y;’|2/ |Z§Z—Zf|2ds:|
0

0<t<T

12
< (:(E[ sup (L" — Lf)z]) + %E[ sup ¥ — Ys”lz]

0<t<T 0<t<T

T
+cE/ |z" — ZF|* ds.
0
Hence, by (2.22), (2.29), and (2.28), as n, p — 00,

E[ sup Y/ — Y,p|2] — 0,
0<t<T

which implies that there exists a process (Y;)o<t<T € S2(0, T) such that, as n — o0,

E[ sup ¥/ — Y,|] 0. (2.30)
0<t<T

Moreover, since f is continuous and decreasing on y, with Y* /' Y;, 0 <t < T, we also have
F@ Y = f(t,Y) 0, 0<r=<T.
By the monotone limit theorem, we find that fOT[ f~ (t,Y]") — f(,Y;)]dr N\ Owhile, from (2.25)

and the convergence of Y;', we have )_’t >Y; > Y;,0 <t < T, given the monotonic condition
on f, it follows that

([ ool ([ 0508 o 0 00) ) =

with E[(fOT fa@ym dr)?] < ¢. We then deduce that

T 2
E[/ (fn(l,Y,”)—f(t,Y,))dt] — 0 asn — oo. (2.31)
0
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Since E[(K;E)z] < ¢, it follows thatE[(Kt")z] < cforeacht € [0, T']. Also, the sequence (K;")
has a weak limit K; in L?(%;), with E[(K;)?] < c. Therefore, for0 <t < T, (Y;, Z;, K/)o</<T
satisfies

T T
Y,=s+/ f(s,mds+KT—K,—/ Z, dBy. (2.32)
t t

We must prove the convergence of {K"} in a stronger sense. For this, we rewrite (2.19) and
(2.32) in the forward form with respect to K (as in (2.12)), and then consider their difference.
It follows that

sup |K!' — K> <2|Y§ — Yol +2 sup Y =Y,
0<t<T 0<t<T
2
+2 sup

0<t<T

t
/o (f(s.Y) — f(s,Y5))ds

+2 sup
0<t<T

t
/ (Z¢ — Zy) dBy
0

Taking expectations on both sides, and using the BDG inequality and the fact that f (s, Y{') >
f (s, Yy), it follows in turn that

E[ sup K" — Kt|2] < 2Y¢ — Yol? +2E[ sup |V — Y,|2]
0<t<T 0<t<T

T 2
+2E[</ Lf(s. Y = fGs, Ys)]dS> }
0

T
+cE/ |Z" — Z|? ds.
0
Then, by (2.30), (2.31), and (2.29), we deduce that, as n — 00,
E[ sup K" — Kt|2] 0.
0<t<T

The last thing to check is that (Y, Z, K) also satisfies properties 3 and 4 of Definition 2.1.
Since, foreachn e Nand 0 <t < T, Y > L} almost surely, with Y* 7 Y, and L} /' L;,
we have that ¥; > L; almost surely. We know that the processes K" are increasing, so the
limit K is also increasing. Notice that (Y}', K[')o<;<7 tends to (¥;, K;)o<;<7 uniformly in
t in probability, so the measure dK" converges to dK weakly in probability, and (L})o</<r
converges to (L;)o<;<r in S2(0, T) as n — oo. Hence,

T T
E/ (Y; — L) dK; —E/ (Y/' — L})dK]
0 0
T T T
=E/ (Y, — Y dK} +E/ (Y, — L) d(K, — K" +E/ (L" — L;)dK}
0 0 0
172 T
< (E[ sup (Y — yt)z]) (K22 +E /0 (Y, — L) d(K" — K;)

0<t<T

+ (B[ sup - 292]) @rcegy2p2

0<t<T

— 0.
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IfE [ (Y — L7)dK]' =0 thenE [, (¥; — L;) dK, = 0 and, since ¥; > L, and so

T
/ (¥, — L) dK, = 0,
0

it follows that fOT(Yt — L;)dK; =0, 1i.e. that (Y, Z, K) is the solution of RBSDE(, f, L).

Step 3. In this step, we partly relax the assumption (2.4), which was widely used in Steps 1
and 2.
We now suppose only that

&E>c¢ and inf f(z,0) >c, (2.33)
0<t<T

where c is a constant. We approximate £ and f (¢, 0) each by a sequence whose elements satisfy
the bounds assumed in Step 2, as follows: for eachn € N, let

Obviously, (&, f,) satisfies the assumptions of Step 2 and, since § € Lz(fFr) and f(¢,0) €
H%(0, T),
T
E[|& —£°1 > 0 and E/ |f(t,0) — fu(t,0)>dr - 0 asn — oo. (2.34)
0

From the results in Step 2, for each n € N there exists a triple
(Y. Z' Ko<t €SP0, T) x HG (0, T) x A*(0, T)

that is the unique solution of the RBSDE(&,, f,, L). By Theorem A.2, since &, < &,4 and
Ju(s,y) < fug1(s,y) forall (s, y) € [0,T] x Rand n € N, we have Y}' < Y,"‘H, 0<t<T,
almost surely. Hence,

Y' /Y, 0<tr<T, as. (2.35)
Applying the It6 formula to |Y/" — Ytp|2 forn, p € N,n > p, on the interval [z, T'], we find
that
T T
E[Y; — ¥/1*] +E/ 12 — ZF)*ds < Ell5, — &) +Ef Y2 — ¥/ ds
t t
T
+E/ | fa(s,0) = fp(s,0)|*ds,
t
since

T T T
/ ¥y =¥ d(K} — KJ) =/ y _Ls)dK;1+/ (Y — Ly)dKY
t t 1

T T
- / (¥" — L) dK? — / (¥? — L,)dK"
t t
<0.

Hence, from Gronwall’s inequality and (2.34), we deduce that

T
sup E[|Y" —Y/|*]1 =0, E/ |Z" — ZF > ds — 0. (2.36)
0<t<T 0
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Consequently, there exists (Z;)o<;<1 € Hg, (0, T) such that

T
E/ |Z" — Z,|*ds — 0. (2.37)
0
Using the It6 formula again, taking supremums and expectations, and in view of the BDG

inequality, Assumption 2.2"(v"), and the facts that ¥;* > YP and f,(t,0) > fp(t,0), we find
that

T
E| sup ¥ = ¥/1?] < Ellgn — 6,1+ ZE[ sup / (¥ = ¥ (fa(s.0) = fp(5.0) ds]
0<t<T 0<t<T Jt

T
< E[lg" — £7]] +4TEf0 1£(5.0) — £, (s, 0)[2 ds

T
/ (¥" —Y)(Z" - 20)dB,

t

+ E|:2 sup

0<t<T

+ %E[ sup |Y) — Ysp|2] + JTE[ sup |Y}' — Ytp|2]

0<t<T 0<t<T
T
+CE/ |Z" — ZF? ds.
0

From (2.34) and (2.36), it follows that E[supy<, 7 |¥}" — Yt”|2] — 0Qasn, p — o0, ie. the
sequence {Y"} is a Cauchy sequence in the space S*(0, T'). Consequently, using (2.35), we
have Y € S2(0, T) and

E[ sup |Y)' — Y,|2] — 0.
0<t<T

By Theorem A.4, since &, < &,4+1 and f,,(s, y) < fu+1(s, y) forall (s, y) € [0, T] x R and
n € N, we have K" > Kl”+1 >0,0<t<T,andso

K\ K; (2.38)

with E[(K")?] < co. By the monotone limit theorem, it then follows that K" — K, in L?(%;)
with E[(K;)?] < o0, so (K)o<¢<r 1s increasing.
Notice that, since f (¢, y) is decreasing and continuous in y and Y;* /' Y;, we have

F@ YD) N @Y.

Thus, by the monotone limit theorem, fot Fls, Y ds N\ fé f(s, Ys)ds. Since (Y", Z", K") is
the solution of RBSDE(£”, f,,, L), it also satisfies

t ! !
Y =Yy — K/ —/ fs,YHds —f (fn(s,0) — f(s,0))ds +/ Z7 dBy, (2.39)
0 0 0
and, using (2.34), (2.35), (2.37), and (2.38), we find that (Y, Z, K) satisfies
! '
Y, =Yy — K; — / f(s, Yy)ds +/ Z,dB;. (2.40)
0 0

Therefore,

T T
Yt=§+/ f(S,Ys)dS‘FKT—Kz—/ Z; dB;.
t '
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Since (Y], Z, Ko<= € S?(0, T) x H3(0, T) x A%(0, T), we have, for0 <t < T,

t 2 t
E[(/ Fus, Yf)ds) } < 2E[(Y")*] +2(Y)* + 2E[(K")?] +2E/ (ZM*ds < .
0 0

From the definition of f;, (s, y), it follows that, forn € N,

t 2 t 2 t 2
E|:</O f s, Y:l)ds) i| §2E|:</0 (s, Yf)ds) ]+2E|:</0 (f(S,O)—fn(S,O))dS) i|

< Q.

Then, from (2.40),
t 2 t
E[(/ £s, Ys)ds) } < 2E[(Y)?] + 2(Yo)? + 2E[(K,)*] + ZE/ (Zs)?ds < 00
0 0

for0 <t < T, and it follows that fj f(s, ¥")ds — [y f(s, ¥;)ds in L?(%;) asn — oo.
Now we must prove that the convergence of {K"} holds in a stronger sense. Let us rewrite

(2.39) and (2.40) in forward form (as in (2.12)), and consider their difference. By the BDG

inequality and the facts that f (s, Y{') > f(s, Yy) and f (s, 0) > f,(s, 0), we deduce that

E[ sup IK} — Kil?]

0<t<T

T 2
§2|Y6'—Yo|2+2E[ sup |Yt"—Yt|2]+2E[(/ fls, Y0 = fs, Ys)ds> }
0

0<t<T
T 2 t
+2E[</ £(s,0) —fn(s,O)ds> }+2E/ (Z" — Zs)* ds.
0 0

It follows that E[supy—, <7 |K}' — K; ] - 0asn — 0, and the convergence holds in S2(0, 7).

It remains to check that (Y;, Z;, K:)o<:<t satisfies properties 3 and 4 of Definition 2.1.
Since ¥' > L, and 0 <t < T,wehave ¥, > L;,0 <t < T, almost surely. Furthermore,
(Y™, K™) tends to (Y, K) uniformly in ¢ in probability, as n — oo. Therefore, as at the end of
Step 1, we conclude that fOT(Yt — L;)dK; =0, i.e. the triple (Y, Z;, K;)o<<r is the solution
of RBSDE(¢, f, L) under the assumption (2.33).

Step 4. Now we consider a terminal condition & € L?(¥7) and a coefficient f that satisfies
Assumption 2.2”, as follows:

&n==&8Vv(=n) and fu(t,y) = f(t,y) = f(.0)+ f(z,0) Vv (—=n)

for n € N. Itis clear that &, and f;, satisfy the assumptions of Step 3, and that

T
El|&, — &% — 0, E/ |£(t,0) — fu(t, 0)]*dt — 0.
0

By the results of Step 3, there exists a triple

(Y", Z, KMo<i<r € S*(0, T) x H3(0, T) x A*(0, T)
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that is the solution of the RBSDE(,, f,, L). By Theorem A.2, as n — oo, Y/" ~\ Y, for
0 <t < T almost surely and, as in Step 3, we find that (¥ )o</<t — (Y1)o</<7 In SZ(O, T)
and (Z?)Ofth — (Z)o<t<T in H;(Os T).

Now we must prove the convergence of (K;')o</<7. Set&, ,, =& Am = (§V (=n)) Am
and

Jnm (@ y) = fat,y) = fu(t,0) + fult,0) Am
= ft,y) = f(,0) + (f(,0) VvV (=n)) Am,

form € N. Then |‘§>:n m| + Sup0<t<T|fn m(t 0)| =c Snm 2 En—&-l ms and fn m(t )’) =
fa+1.m(t, y). From Theorem A.4, considering the solutions (¥,"", Z/"", K;"")o<;<7 to the
RBSDEs(™", fum.n, L), we find that K;"" < K™ "+ for ¢ € [0, T]. Due to the convergence
results in Step 3, we know that K;"" — K! and K;" A kM in LA(F) as m — oo
Therefore K;' < K| +lfort € [0, T'], with E[(K ”) ] < o0, and, by the monotone limit theorem,
it follows that K /' K;in L2(%).

So, by the same method as in Step 3, we deduce that the limit

(Y1, Zt, Ki)o<i<r € S?(0, T) x HA(0, T) x A*(0, T)

is the solution of the RBSDE(, f, L).

This completes the proof of Theorem 2.2, and we conclude that, under Assumptions 2.1,
2.2',and 2.3/, the RBSDE(Z, f, L) has a unique solution (Y;, Z;, K;)o<;<T-

3. Application to finance

We follow the idea of El Karoui et al. (1997b). In some constraint cases we consider the
strategy wealth portfolio (X;, 77;) as a pair of adapted processes in H>(0, T) x Hs (0, T') that
satisfy the following BSDE:

—dX, = b(t, X;, 7,)dt — ;' 0, d By,

where b is R-valued, convex with respect to (x, ), and satisfies Assumption 2.2. We suppose
that the volatility matrix o of the n risky assets is invertible and such that (o;) ! is bounded.
Without loss of generality, we take o; = I, the d-dimensional identity matrix.

We are concerned with the problem of pricing, at each time ¢, an American contingent claim,
which consists of the selection of a stopping time 7 € 7; (the set of stopping times valued in
[¢, T]) and a payoff on exercise S; if t < T and & if t = T. Here, (S;) satisfies Assumption 2.3.
We set ~

Ss = %-1{3=T} + Ssl{s<T}7

and fixt € [0, T] and T € 7;. Then (Pardoux 1999), there exists a unique strategy
(X(1. 8), (1. 8)) € HY(0, T) x HZ(0, T),

denoted by (X7, 7/ ), which replicates S’,, i.e. is the solution of the classical BSDE associated
with terminal time 7, terminal condition S;, and generator b:

—dX? =b(s, X!, w])ds — (x})"dB;, 0<s<T,
XTI =3§,.
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Therefore, the price of the American contingent claim (S‘s, 0 <s <T)attime ¢ is given by

X; = ess sup X¢(7, S’f).

TeT;

Applying the previous results on RBSDEgs, it follows that the price (X;, 0 <t < T) corre-
sponds to the unique solution of the RBSDE associated with terminal condition &, coefficient
b, and barrier S, i.e. there exist (7;) € Hﬁ (0, T) and (K;), an increasing, adapted, continuous
process with Ky = 0, such that

—dX, = b(s, X;, ;) ds + dK, — =, dB;,
X7 =§,
T
X, =S, 0<i<T, f (X, — S dK, = 0.
0

Furthermore, the stopping time D; = inf(t <s < T | X; = S;) A T is optimal, that is,

X: = X,(Dy, Sp,).

Appendix A.

In this section, we present several comparison theorems, which are used in the proof of
Theorem 2.2. The first is a generalized version of the comparison theorem in Pardoux (1999),
which treats the one-dimensional case.

Theorem A.1. (General case for BSDEs.) Suppose that f'(s,y,z) and f*(s,y,z) satisfy
Assumption 2.2, that él, 52 e L2(F7), and that K and K?* are two continuous, increasing
processes with E[(K%)z] <c, i =1,2. Ifthere exist pairs (Yti, Zf)offfr, i = 1,2, satisfying
the equations

T T
Y;=$'+/ f’(s,YS’,Z;)ds+K’T—Kt‘—f Z, dBy, i=1,2,
t t
and, moreover, if forany 0 <t < T,
flavt.zh < fravh zh, &' <&
and K*> — Kl isan increasing process, then Y,1 < Y,2, 0 <t < T, almost surely.

Proof. Define

2 ) 2 1 2
t, Y7, Z7) — t,Y , Z .
f ’; fl( 0o Zi) 1fY,27£Ytl,
oy = Yt — Yt
0 ify?=v!,
2 1 ~Zi—1 2 1 7i
t,Y'Z — [ Y, Z . ~ i
IBi f ( t2 i) ]:l( z) if Zt2,z # Z,l’l,
t = Zy = Zy . )
0 it 2 =z,
wherei = 1,...,d. Here Z; is the vector whose first i components are equal to those of Z,1

and whose last d — i components are equal to those of Z,z, that is,

Zi 1,1 1,i 2,i+1 2,d
Zi=(zM, ... zM Z2 Lz,
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Obviously, «; and B; are progressively measurable and, by parts (iv) and (v) of Assumption 2.2,
op < pand[B] < C.

For0 <s <t < T,letTy, = exp[fst(ozr — 4B Py dr —i—f; B-dB,]. Consider the
difference of the two solutions of the BSDEs, i.e. AY, = ¥? — ¥, and AZ, = Z?> — Z], and
Ae=82—e U = f24t,Y), Z})y — fl@e, v}, Z)), and AK, = K2 — K/; of these, we know
that A§ > 0, U; > 0, and d(AK;) > 0.

The pair (AY;, AZ;) solves the equation

T T T
AY, = AE +f (as AY; + BsAZy) ds +f Usds + AKp — AK, — f AZ, dB;.
t t t

Applying the Itd formula to AYI's ;, we find that

t t t
AY, =Ty, AY, + f Py Uy dr + / Iy, d(AK,) - / For(AZy + AY,B,) dB,,
S

s N
so, taking the conditional expectation, it follows that
t t
AY, = E[FS,IAYt +/ Iy, Uy dr +/ Iy d(AK,) 3-}]
s A

In particular,

T T
AY, = E[Ft,TAg +/ U, dr+ / I, d(AK,)
t t

7]=0

using the positivity of A&, U, and AK.

We next prove a comparison theorem for the solution of the RBSDE in the general case,
which is similar to that in El Karoui et al. (1997a).

Theorem A.2. (General case for RBSDEs.) Suppose that the parameters &', f1 LY and
(€%, 2, L% sgtisﬁ Assumptions 2.1, 2.2, and 2.3. Let Y/, Z}, K{)o<i<T be the solution of
the RBSDE(&', f', L"), i = 1, 2. Also assume the following:

Bl gy (A1)
Y, v, 2) < f2(t, y,2) forall (t,y) € [0, T] x R, a.s.,
Lt1 < L,2 forallt € [0,T], a.s.

Then Yt1 < Ytzfort € [0, T], almost surely.

Proof. Applying the It6 formula to ((Y! — ¥2)*)? on the interval [z, T], and taking expec-
tations on both sides, we find that

T
E[((Y! —YH N + E/ LyioyylZg — Z;17 ds
t
T
—E[' - £)7]+2E / ) = Y gy (£ V), ZD) — £, V2, Z2) ds
t

T
+ ZE/ (v} —y>Hrdk! - k?).
t
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Since ¥,! > Y? > L? > L/ on the set {¥,! > Y7}, we have

IA

T T T
f (¥, =YD Ak} — K)) / (¥} - Ly dK; - f (¥} - Ly) dK;|
t t t
(. 2 2
_f (Yv - Ys )+ sz
t
T
= [ ol -vdrard <o
t
50, by (A.1) and the Lipschitz and monotonicity conditions on f2, it follows that

T
E[((Y! —YH) )] + E/ Lyiy)|Z) = Z;17 ds
t

T
<28 [ty - D06 v 2 - 6 v 2))
! 2 11 2, 2 2
+ f (S’ Ys ) Zs) - f (S’ Ys s Zx))ds

IA

T
2E / Lyioy) (V) = YD, Y Z) = 265, Y7 ZD)) ds
t
T T
< %E/ LyiyZg — ZJ1P ds + Qu + 402)5/ (v} —v>)*1*ds.
t t

Hence,

T
E[((Y) —YH D)1 < Qu+4CHE / [(y) —v»H*1ds
t

and, from Gronwall’s inequality, we deduce that (Y’ ,1 -Y [2)+ =0,0<r<T.

In this comparison theorem, we can only compare the two solutions Y’ of the RBSDEs
with different coefficients; since the barriers L! and L? are different, we cannot compare the
increasing processes of the two solutions. However, the following comparison theorem shows
that if the two barriers are the same and satisfy Assumption 2.3, then we can compare the
increasing processes K. In the following we first prove a comparison theorem under the
boundedness condition for &, f, and supy-, -7 L;, and then relax it step by step.

Theorem A.3. (Special case for RBSDEs.) Suppose that f'(s,y) and f*(s,y) satisfy
Assumption 2.2, and that L, §', and f'(-,0), i = 1, 2, satisfy

1€+ sup |f'(t, 0+ sup L} <¢, i=1,2,
O0<t=<T 0<t<T

for some constant c. Denote by (Yli, Zf, K;)OS,ET the solution of the RBSDE(E', f', L),
i =1,2. If we have

Y@, y) < f2(t,y) forall(t,y) €[0,T] xR, a.s.,
El < 52 a.s.,

then Yt1 < Yt2 and Kt1 > K,2 for t € [0, T], almost surely, and, for 0 < s <t < T,
K — K! > K? — K? almost surely.
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Proof. We consider the penalized equations relative to the RBSDE (& i f i L), fori =1,2
and n € N, as follows:

Yy =g —i—f f'Gs, Ys”’l)ds—i-n/ (¥ —Ls)fds—/ Zg' dBs.
t t t
Foreachn € N,

i,y = U, ) +n(y — Ly)™ < f2(s,9) == f2(s,y) +n(y — Ly) ™,

s0, by the comparison theorem in Pardoux (1999), we have

1 n,2

Y/ <y, 0<t=<T.

Since Kt”’i = nf(;(YX"’i — Ly)~ ds, we deduce that, for0 <s <t < T,
Ktn,l > K?’z,
n,1 Nt n,2 2
J AL GRS Gy g

Since ¥;*' Ayl vy A y2 KP' — K], and K"? — K2 almost surely, by the conver-
gence results of Step 1 the inequalities

v!<v?  K!>k? and K!-K!=>K?-K?
holdforO<s <r<T.

In the next theorem, we relax the boundedness condition on the barrier L™.

Theorem A.4. (Special case for RBSDEs.) Suppose that f'(s,y) and f?(s,y) satisfy
Assumption 2.2", that the barrier L satisfies Assumption 2.3', and that €' and fi(-,0),i = 1,2,
satisfy . .
€'+ sup |f'(t,0)] <c
0<t<T
for some constant c. Denote by (Y!, Zf, K{)OstsT the solution of the RBSDE(Ei, fi, L),
i =1,2. If we have

Y, y) < f2(t,y) forall(t,y) €[0,T] x R, as.,
El < 52 a.s.,

then Yt1 < Yt2 and Kzl > Kz2 fort € [0, T], almost surely, and, for 0 < s <t
Kt1 — KY1 > Kz2 — KX2 almost surely.

IA

T,

Proof. As in Step 2, there exist constants ¢ and ¢ such that £ < ¢y and fi(z, 0) < c; for
i =1,2;set ¢’ = max{cy, caT}. Then, fori = 1,2, (Y], Z!, K})o</<r is the solution of the
RBSDE(¢!, £/, L)ifand onlyif (Y, Z!', K!")o<;<7 is the solution of the RBSDE(¢, £/, L"),
where
Y/, 7 K"y = (Y] 4 cot — 2, ZE, K

and

E" N y), L) = E + T =27, fit,y — (cat —2¢')) — ca, Ly + ot — 2¢)).
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From this transformation, we know that, for 0 < s < < T, the result is equivalent to

vV <v?,  K'=>kY  K'-K!>K}-K] as. (A2)

Setting L" = L’ A n, we consider the solution
(Y;n’i/, Z;“./, Ktn’i/)0§t§T
of the RBSDE(£", £, L"), since supy—, <7 (L") < ¢, £ < &%, and
Y, y) < f¥@,y) forall(z,y) €[0,T] x R.
Then, by Theorem A.3, we have
ymV<ym¥, kMY s kMY KRV — kY > KM —KMY ) as.,

for0 < s <t < T. Notice that &/ < 0 and f¥(¢,0) < 0 for i = 1,2; by the proof of

Lemma 2.3, we deduce that Y,"’i/ S Yti/ almost surely and that Kt"’” — Kti’ in LZ(?}), for
0<t<Tandi=1,2. So, letting n — 00, (A.2) follows and the proof is complete.
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