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Weighted Norm Inequalities for a Maximal
Operator in Some Subspace of Amalgams

Justin Feuto, Ibrahim Fofana, and Konin Koua

Abstract. We give weighted norm inequalities for the maximal fractional operator M, 5 of Hardy—
Littlewood and the fractional integral I,. These inequalities are established between (L1, L?)*(X, d, ;1)
spaces (which are superspaces of Lebesgue spaces L“(X,d,u) and subspaces of amalgams
(L1,LP)(X,d, 1)) and in the setting of space of homogeneous type (X, d, ). The conditions on the
weights are stated in terms of Orlicz norm.

1 Introduction
Consider the fractional maximal operator m, 5 (1 < g < 3 < 00) defined on R” by

1
mqﬂf(x): sup \Q|a 7
QeQ:xeQ

fXQ”qv

where Q is the set of all cubes Q of R” with edges parallel to the coordinate axes,
|E| stands for the Lebesgue measure of the subset E of R” and || - ||, denotes the
usual norm on the Lebesgue space L1(R", dx). Weighted norm inequalities for m, 3
have been extensively studied in the setting of Lebesgue, weak-Lebesgue and Morrey
spaces (see [3,14,15] and the references therein). The following result is contained
in [14].

_ 1

Theorem 1.1 Assumethat1 < g < < oo, % =
satisfying

and v is a weight function

=l

1
q

i— J—
sup Q17 X el " xolg < 00, (L +1=1).
QeQ

Then there exists a constant C such that for any Lebesgue measurable function f

1/t
(/ v(y)’dy) <CATYfvlly A>o0.
{x€Rmmy 5f(x)>A}

The spaces (L9, ¢P)*(R") (1 < g < o < p < 00) have been defined in [7] as
follows:
o Il =TI. lkir,(ki+ D)), k= (k)i<i<a € 2",r>0,
o =TI 06— 5xi+1%), x=(x)i<i<n €R",7>0,
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* aLebesgue measurable function f belongs to (L, £7)*(R") if || f||4,p.« < 00, where
11
| fllg.p.0 = sup ) ol fllg.ps
r>0

)77 ifp < oo,

Sl = {[Z"EZ"W “

SUP.cpe || fX I

q if p = o0.

The (L1, £P)*(R") have been introduced in connection with Fourier multiplier prob-
lems, but they are also linked to L? — L? multiplier problems. We refer the readers
to [11], where spaces of Radon measures containing (L', £?)*(R") are considered.
Notice that these spaces are subspaces of amalgam spaces introduced by Wiener and
studied by many authors (see [9] and the references therein).

It has been proved in [6] that given 1 < g < a < oo, {(L1,7)*(R")}p>a
is a monotone increasing family of Banach spaces, (L1, £%)*(R") = L*(R") and
(L1, £°°)*(R") is clearly the classical Morrey space denoted by L4032 (R") in [3].
Moreover, if g < o < p, then the weak-L*(R") space is embedded in (L1, £#)*(R").
Due to this remarkable link between the spaces (L7, £7)“(IR") and the Lebesgue ones,
it is tempting to look for an extension of Theorem [[.lto the setting of (L%, £#)*(R")
space. The following result is contained in [8].

Theorem 1.2 Assume

. 1§q§a§pand0<%:
e g<q <oy <prand0 <}
e visaweight function satisfying

1
B

L‘
q1 I8

1
a

=

1
—_— Pl’
11 _
sup [QI" 4 [lvxalle v xall 11y < oo
QEQ q q1
Then there exists a real constant C > 0 such that

1/t _ B L
(/ ) dy) " < Nl O g
{x€Rmm, 5 f()>\}

for any real A > 0 and Lebesgue measurable function f on R".

It turns out that the (L9, £7)*(R") setting is particularly well adapted for the search
of controls on Lebesgue norm of fractional maximal functions m,gf. Actually we
have the following result whose first part is a consequence of Theorem[L.2] (see [8]).

Theorem 1.3 Assumethatl <g<a<pf and% = é %
11

(i) Ifa<pand i < %, then there is a real constant C such that for all Lebesgue

measurable functions f on R",

I3 fllGoo = sup Al{x € R™ 2 my 5 f () > MY < Cl fllg.pa
>
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(i) If1 < u < s < v, then there is a real constant C such that for any Lebesgue
measurable function f on R",

(1.1) [ fllapa < Climgsflluss:

It follows from inequality (I.I]) and the embedding of the weak-L*(R") space into
(L, £7)*(IR") for u < s < v that f has its fractional maximal function mg g f in a weak
Lebesgue space only if it belongs to some (LZ, £7)*(R").

Let X = (X, d, ) be a space of homogeneous type which is separable and satisfies
a reverse doubling condition (see in Section 2 for a definition).

For 1 < g < 3 < oo we set, for any pu-measurable function f on X,

Mysf(x) =supu(B)" 4| fxsl; x€X,
B

where the supremum is taken over all balls B in X containing x and || - ||, denotes the
norm on the Lebesgue space L1 = L1(X, d, i1). Aswe can see, M, 3 is clearly a general-
ization of m, . In the last decades, much work has been dedicated to obtaining Mor-
rey and Lebesgue norm inequalities for M, 3 and other operators of fractional maxi-
mal type on spaces of homogeneous type. We refer the reader to [1,2,4,16,17,19,21]
and the references therein.

As in the Euclidean case, Lebesgue and Morrey spaces on homogeneous type
spaces may be viewed as the end points of a chain of Banach function spaces
(L1, LP)*(X) defined as follows: a p-measurable function f represents an element
of (L1, LP)*(X) if

Hquﬁpﬁa = sup, r”f”q,p,a < 00,
r>0

where

) dup] " ifp < o,

q if p = o0.

1_1_1
[fx (1(Bya)* P71 X,

ol fllgpa = i
sup ess (1(Byn)® 4 ||fXB(y )
yex '

The (L1, LP)*(X) are generalizations of the (L%, ¢?)*(R"), and the main properties
extend to them (see [5]).

In this paper we are interested in continuity properties of M, 5 and the fractional
integral operator I, (as defined by relation (L.3))) involving the spaces (L7, L?)*(X)
and weights fulfilling condition of A, type stated in terms of Orlicz norm as in [16].

The main result is Theorem [2.3] which is an extension of Theorem and con-
tains, as a special case, the following result.

Theorem 1.4 Assume

e there is a positive non decreasing function o defined on [0, 00) and positive constants
a and b such that

(1.2) ap(r) < u(Bin) <bp(r) x€X0<r
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* gq,a,p, and (3 are elements of [1,00] such thatq < o < pand 0 < % = i — %3 <
111

e B =
Then there is a real constant C such that, for any pi-measurable function f on X we have

My fllS 00 = sup Ou({x € X : Masf(x) > 01 < C| fllgpoa-
>

Note that condition (L2)) is satisfied in the following cases:

e X is an Ahlfors n regular metric space, i.e., there is a positive integer n and a pos-
itive constant C which is independent of the main parameters such that C~!r" <
p(Bry) < Cr,

¢ X isa Lie group with polynomial growth equipped with a left Haar measure y and
the Carnot—Carathéodory metric d associated with a Hormander system of left
invariant vector fields (see [10, 13,20]).

Let us assume the hypotheses of Theorem[T.4land that g < o < p. Theorems 2.11
and 2.12 of [5] assert that weak-L*(X) is strictly included in (L9, L?)*(X). So we may
find an element f; in (L7, L?)*(X) which is not in weak-L%(X) space. Theorem [L4]
asserts that M, 5 fo belongs to the weak-L® space, while Theorem 2-7 of [16] gives no
control on it. This remark shows that, even if M, 5 is a particular case of the maximal
operator My, under consideration in Theorem 2-7 of [16], the range of application
of this last theorem is different from that of our Theorem[2.3]

It is worth noting that M, 5 satisfies a norm inequality similar to (see The-
orem [2.4). This implies that if the maximal function M, 3 f belongs to some weak-
Lebesgue space, then f is in some (L9, L?)*(X).

Let us consider the following fractional operator I, (0 < v < 1) defined by

_ f(n)du(y)
(1.3) b = /X (Blx, d(x, y)) 7

This operator is clearly an extension of the classical Riesz potential operator in R".
As in the Euclidean case, I, is controlled in norm by M, 3 where 8 = L (see Theo-
rem[3.T)). Thus from the weight norm inequality on M, 4 stated in Theorem [2.3] we
may deduce a similar one on I,.

The remainer of the paper is organized as follows: Section 2 is devoted to conti-
nuity properties of M, 3 and also contains background elements on homogeneous
spaces, Young functions, and (L1, L?)*(X) spaces. In Section 3 we extend the results
on M, 5 to I,. Throughout the paper, we will denote by C a positive constant which
is independent of the main parameters, but may vary from line to line. Constants
with subscripts such as C,,, do not change in different occurrences.

2 Continuity of the Fractional Maximal Operators M, 4

Let X = (X,d, i) be a space of homogeneous type: (X, d) is a quasi-metric space
endowed with a non negative Borel measure p satisfying the following doubling con-
dition

(2.1) #(Bon) < Cu(Brp) <00, x€X,r>0,
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where By, ;) = {y € X : d(x,y) < r} is the ball of center x and radius r in X. If Bis
an arbitrary ball, then we denote by x;p its center and r(B) its radius, and for any real
number § > 0, 6B denotes the ball centered at xz with radius 67(B).

Since d is a quasimetric, there exists a constant x > 1 such that

d(x,z) < k(d(x,y) +d(y,2)), x,y,z€X.

IfC L is the smallest constant for which (2.1I) holds, then D, = log, C ;’l is called
the doubling order of . It is known [2,21] that for all balls B, C B; of (X, d)

1(By) r(By)\ Pu
M(Bz)gc”(r(Bz)) ’

where C,, = C L(ZR)D#. A quasimetric § on X is said to be equivalent to d if there
exist constants C; > 0 and C, > 0 such that

Cld(XJ’) S 5(957)/) SCZd(xay)> x7y EX

We observe that topologies defined by equivalent quasimetrics on X are equivalent.
It is shown [12] that there is a quasimetric § equivalent to d for which balls are open
sets.

In the sequel we assume that X = (X, d, 1) is a fixed space of homogeneous type
and

o allballs B, = {y € X : d(x,y) < r} are open subsets of X endowed with the
d-topology and (X, d) is separable,

o p(X) = o0,

* Bur \Bus # ©@,0 <1 <R < 00, and x € X, so that as proved in [22], there
exist two constants C,, > 0 and &, > 0 such that

(2.2)

w(By) _ ~ /r(Bi)y %
>C for all balls B, C B; of X.
p(By) = “(r(Bz>) 2

Now we recall some concepts necessary to express the conditions we impose on
our weights.

Definition 2.1 Let ® be a non negative function on [0, 00).

(i) @ is a Young function if it is continuous, non decreasing, convex and satisfies
the conditions ®(0) = 0 and lim,_, o ®(x) = oo.
(ii) Assume that ® is a Young function:

(a) Itis doubling if there is C > 0 such that ®(2¢t) < CP(¢) forall ¢ > 0.
(b) It satisfies the B, condition (1 < p < oo) if there is a number @ > 0 such

that
/°° ®(t) dt
—— <00
i Pt

(c) Its conjugate ®*, is defined by ®*(u) = sup{ru — ®(¢) : t € R, }.
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(d) For any p-measurable function f on X,

, 1 .
= P — <
1 flle5 lnf{>\>0 ,U(B)~/B<D()\ |fDdp < 1}
for any ball B in X, and Mg f(x) = supy g, || fl|@.5-

It is proved in [17, Theorem 5.1] that a doubling Young function ® belongs to the
class B, with 1 < p < oo if and only if there exists a constant C > 0 such that

(2.3) /M@ﬂmMMMSC/meMM
X X

for all non negative f. We also have the local version of the generalized Holder in-
equality

d* B,

1
Rgémwwﬂﬂww

which is valid for all measurable functions f and g, and for all balls B. For more
information about Young function, see [18].
We will need the following covering lemma stated and proved in [2].

Lemma 2.2 Let §§ be a family of balls with bounded radii. Then there exists a count-
able subfamily of disjoint balls {B(y, ,),i € J} such that each ball in § is contained in
one of the balls By, 32,,), 1 € J.
We are now ready to state and prove our main result.
Theorem 2.3 Letq,a, p,qi, a1, p1,3 be elements of [1, 0] such that
1<g<a< ith 0 < ! ! !
« wi —— ===
sqsa=p a B3

and
<q<a<p < 'tho<1 1_1_1
o! 00 Wi ——==-<—.
I=h=o=h @ Bt p
Let (w,v) be a pair of weights for which there exists a constant A such that
(B syl < A

for all balls B in (X, d), where ® is a doubling Young function whose conjugate func-
tion ®* satisfies the By, ;, condition. Then there is a constant C such that for any i-
measurable function f, and 6 > 0, we have

/t
(24) (] weodne) ™ < comtlsul.
Iy

and if we assume that p satisfies condition (L2]), then

3 l/t —1 —1 S(L_L)
@3 ([ W) " < OO M) O Sl

wherelly = {x € X : My 3f(x) > 6}.
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Proof Inequality (2:4) is immediate from [16, Theorem 2.7]. We just need to prove

inequality (2.9).
Let f be an element of (L9, L?)*(X). Fix § > 0. For x in IIy, there exists r, such
that
1_ 1
(2.6) p(Bixr)) ”sz(x_w lq >0,

and therefore

(2.7) /J(B(x,rx) < (9_1||f||q~,<><>7u)5'

Fix a ball By, r) in X and set IIX = IIy N By, &). For any x in IIX we have By, r) C
Bix.r,) provided r, > 2kR. It follows from the reverse doubling property (Z.2) and

2.7) that
5
Oy -1 R -1 s
r <C. ————(0 oo,a) -
* " (Big,r)) £ llgoo.
So we obtain that for any x in II5,
5
Su { o1 R» -1 s}
e < max< 2kR,C, ' ——(0 )P < oo
y " u(Bey,p) 1£llgco.c

Thus by Lemma the family ¥ = {B(y,,) : x € II§} has a countable subfamily
{B;i : i € J} of disjoint balls such that each element B of F is contained in some
3/‘6231.

Let i be an element of J. By (2.6)) and the generalized Holder inequality we have

01 < u(Bi)W( u(;) /B IfW’lldu)

< Cu(B)"P||(fvxs,)| o 3028, ||V XB || 03028,

< Cu(B)YP My (fvxs) (WIIv x5 | o308,

for any y in B;. So we obtain
() < Cu(B)" | Mue (Frxa MDA .
B;
Applying the Holder inequality and (23) we get

61 < Cu(B) /'] / (Mo (Frx) Y ()17 v Ts, o s
B;

< Cu(B) ™| fvxs 19, 1V 0x, o5,
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that is,
1< CO™ B Frxs g v, ] o
AsTIX Ui€]3nzBi and % < 1, we have
1/p1
Iwxaglle < (D Iwxsees 1)

i€]

— — _ 1
< 08 [ 3B o I 13,
i€]

1/p1

WX3r2B; Ht)p]:|

Thus, according to assumption (2.7),

_ 1/p1
(2.8) Iwxaglle <o~ (3 fwallyy)
i€]
Let 1 be a positive integer and set
® ]n = {l_e J: % < T(Bi)},
e m, and k the integers satisfying respectively

1 7 r p
pm”+1 S < pm”+2 and pk+1 S < pk+2
2Kn 2K

)

where r = sup{r(B;),i € J} and p = 8x°.

It was proved in [19] that there are points x’; and Borel sets E]]‘-, 1 < j < Np
k > m, (where Ny € NU {o0}), such that

(1) B(x]]f,pk) C EI]( C B(x’;,p"“)’ 1 S ] < Nk7 k 2 My,
(i) X=U,E\k>m,and E{NEf = @ifi # j,
(iii) given i, j, k, £ with m, < k < /, then either E’]‘ - Ef or E’]‘ N Ef = g.
Let i be an element of J,. Denote by k; the integer satisfying

pk,-+1 < r(Bi) < pk’+2

2K
andsetL; = {j:1 < j < N, E’;" NB; # &}.
We know that the number of elements of L; is less than a constant 9t depending

only on the structure constants (x, Cy, Dy, C~#, ) (see [5, (3.3) and (4.3)]). Denot-
ing by j; an element of L; satisfying

v k|| :max” v k||
Hf XBmEjlf o~ UL fXB,ﬂEj’ @’

we have

||fVXBi q1 S gt||fVXBiﬂEl;i||q1'
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Hence

, 1/p1 p 1/p1
(X hvalls) ™ < R0 v )
i€, i€, §

k /l
(Y I ln)

= =
=1 ie) ) CE}
;

Ni 1/p1
< m(z HfVXEfﬂ(UieJan)Hgll)
(=1

N:
4

M
ol 1 cop_pUm
_ m[Z(M(Eg)ul Xt ol D } .
(=1
Notice that for any 1 < £ < Nj, we have
i i r r(B;)
pu(Ey) < M(B(xfjpzm)) < bp(p!) < btp(ﬂ) < bsup<p( o )
’ ie]
_ 1 P s
<vsupau(3-Bi) <ba” (07 flyooa)”
icJ K
Therefore,
1/p1
@9 (X Ifvaly)
i€y
& e pr /p -1 s(L—L)
< C[ S (REYTTH  frxggla) "] O 1 o),
(=1
Since the last formula does not depend on #, we get from (2.8) and (2.9)
-1 al Ll e s(L_1)
lwxuglle < €O [Z(”(Ef)ul " HfVXE{f”m) ] O fllgooa)™ .
=1

We recall that Proposition 4.1 of [5] asserts that there are positive constants C; and
C, not depending on r and fv such that

Ni

L L p] V0
CoollfVlapran < [ D (HEDT T fxgla) "] < Co g
(=1

So we have
_ _ 1 _ 1
Iwxamslle < CO™" Al Yl 07 fllgoo,) o 0

<co! ! Gy —ay)
— ”fVch],Pnal( ||f||q,oo,a') .
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As (x0, R) is arbitrary in X x (0, 00), we obtain

11
||WXH9 ||t < C@*l HfV”thl,(h(071||f|‘q.oo,a)5('“ A ) [ |

In the proof of the above theorem, the condition g < ¢; is needed only when we
have to use the By, /q characterization. When w = v = 1, this characterization is not
necessary. So Theorem[L4] follows immediately from Theorem [2.3]

The next theorem is some kind of reverse for Theorem [.4]

Theorem 2.4 Let q, a,u, and v be elements of [1, 0o] such that

1
=—, and u<s<w

<a, 0<
1 - s

| =

O~

Then there is a constant D such that for any p-measurable function f

[Fllga < DI Mg f

Proof Let f be such that ||[My 5 f][4s < 0o. We notice that under the hypothesis,
wehaveq < a <s<vanda < (.

u,v,s-

Case1: q = oo. Thena = 3 = s = v = oo and therefore, it follows from the
definitions that

HfHO0,00,oo = ”f”oo = HMoo.,oo,fHoo < C”Moo.oof”u.,oo,oc-

Case 2: q < oo.

(i) Ifu = oo,thens=v = oo, a = (3 and therefore,

11
| Fllgoca = supsup ess u(Bn)* ¥ [ fx,,
>0 xeX ’

q

1_1
= supsup ess (1(Bxr) 7 || xs llg = Mgsflloo = [[Mg5fls.00,00-
>0 x€X ’

(ii) Suppose that u < oo, and consider two positive real numbers r and r satisfying
r = 5-. Forany y € X and x € By,,,), we have B(,, ;) C B(x,) and therefore, by
the doubling condition

11 I
Mypf(x) = Cu T (By)) 7 HfXB(),_,I) lq-

From this, it follows that for any y € X, we have

L1 1,11
”Mq.ﬁfXB(m)”u > le qlff(B(y,h))”*—‘d g || fXB(m)

P
and therefore,

==

1
1 1
M(B(}’.,fl))s v |u Z C‘f

M‘IaﬂfXB(yn) | q

This yields immediately the desired inequality. ]

1)
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3 Continuity of the Fractional Integral I, f

It is known in the Euclidean case that the fractional integral I, f is controlled in norm
by the fractional maximal function m, 1 f (see [14, Theorem 1]). We give the ana-

logue of this control in the setting of spaces of homogeneous type.

Theorem 3.1 Let0 < q < 00,0 < v < 1 and a weight w in A. There is a constant
C such that for any p-measurable function f

sup /\q/ w(x) du(x) < Csup )\q/ w(x) du(x),
E,

A>0 A>0 F,
where Ex = {x € X : |, f(x)| > A} and F) = {x € X : M, 1 f(x) > A}.

Proof In our argumentation, we shall adapt the proof of [14, Theorem 1], keeping
in mind that we do not have a Whitney decomposition available.

(1) Let f be a pu-measurable, non negative, bounded function, with a support
included in a ball By = By, ,). According to [21, Lemma 6], there exists a constant
Co > 0 not depending on f, such that I, f < M(I, f) < Col, f, where M = M .
Let 6 be a positive number and set

Eg={x€X: MU f)(x) >0} and Ey={x€X:Lf(x) >0}

The set Ey is included in E, which is opened and satisfies /J(Eg) < 00. According to
[21, Lemma 8], there exists a countable family {By, ) ; i € J} of pairwise disjoint
balls and two positive constants M and ¢ depending only on the structure constants
of X, such that

E@ = U B(x,’.cr,’)a Z XB("[l’my) S MXE,"
(3.1) €] ieJ
B(x,-,4/<,2cr,-) N (X \ EH) 7é @ foralli € ]

Let us consider an element (a, €) of (1, 00) x (0, 1], and set
FgE = {X € X: Ml,l/,)f(x) > 96}, ]1 = {l S ] : B(x,-,cr,-) C FG&}a
]2 = I\ ]l = {1 € ]:B(x,-,cr,-) \F95 7é Q}

Arguing as in the proof of [14, Lemma 1], we obtain two constants K > 0 and
B > 1 depending only on the structure constants of X, such thatifa > Bandi € J,,
then

1
1=y

(3.2) p({x € Bl ery : [, f(x) > a0}) < Kpu(Bigser) ( 2)

Since Egy C Ey C Eg = ;e Bexi.cri)» we have

i€]

Eﬁu - [ U (EGu mB(xi,cr;))] U [ U (Eﬁa mB(x,',cr,-))] C F96 U [ U (EOu\F(k) mB(x,v,cr,-)] 5
i€y i€ ich
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and therefore

63 [ wwdu < [ wwduo+Y [ () d )
Ep, Fp-

ie]z (EHa\FHE)mB(xi,(rI)

Now fixa > Band p > 0. Since w is in A, there exists > 0 such that for any
ball B in X and any subset E of B satisfying p(E) < du(B), we have

/w(x) du(x) < p/w(x) dp(x).
E B

Choose € € (0, 1] such that K(%)ﬁ < ¢ and take 0 < & < min(E, ﬁ), where
L=C,2k+ 41%)1=1Pu | According to (3.2) we have for any i € J,

M(B(x,',cr,-) N E@u) < 6N(B(x,',cr,'))7

/ w(x) du(x) < p / w(x) p(x).
Bix;.crj)MEba Bix;erp)
From this inequality, (B3], and (B.1)) we obtain

and therefore

(3.4) / w(x) du(x) < / wix) du(x) + pM [ w() dul).

Epa Fye B
Letx € X \ 3kB. Assume that 0 < ¢ < % inf,cp, d(x, y) and u, € B, satisfies
d(x,u) —t < d(x,y), y € By.
We have 2r(By) < d(x,y) < kld(x,u;) + 25r(By)], ¥y € By and therefore

f(y)
' — d
L) < /B o )

o
< - f(y)du(y)
M(B(X7d(x,ur)_t))1 v B(x,»c(d(x.w)+2m(1?g)))

k(d(x,u;) + 2kr(By))
d(x,u) — t

(1_ )Du
Son| | M ) < 1 f .

Hence, Ey C E, sco C (Egjc, N 3KBy) U Fy/c . We obtain from (3.4)

/ w(x) du(x) §/ w(x) du(x) + pM w(x)dp(x)

Eg, Fp- E ¢y N3KBy
Co

+ pM w(x) du(x)

F o
CoL

<(1+pM) [ wx)du(x)+ pM w(x) dp(x).
Fy- E% N3kBy
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That is,

a\ 1
(6a)’ / W) du() < 1+ oM 2) (o / W) du()

Epa Foe

o
+ pM( a) !(Coa) /E n w(x) dp(x).

Let N be a positive integer. From the preceding inequality we obtain

sup sq/ w(x) du(x) < (1+pM)<ﬁ>q sup sq/ w(x) du(x)
F.

0<s<N JE, €7 0<s<N:

s

+ pM(Cpa)? sup sq/ w(x) du(x).
EN3kB,

0<s<%
As
sup sq/ w(x) du(x) < sup 5‘7/ w(x) du(x) < oo,
0<s<% E;N3kBy 0<s<N E,N3kBy
by taking p = m in the last inequality, we get
s o [wdun < (1 52 ) (£)" sup o [ w duto)
= sup s7 | w(x x) < — (- sup s [ w(x)du(x).
20<st E, K 2(Coa)1/ \ ¢ 0<5<€’§ F,

The desired inequality follows by letting N go to infinity.

(2) Let f be an arbitrary p-measurable function f. For any positive integer k, set
fi = fxg with Ex = {x € By : |f(x)| < k}. By part (1) of the proof, for any
k > 0, we have

1
= sup 5’1/ wi(x) dp(x)
2 o<sN {xeX:L, fi(x)>s}

1 a\ 1
< (1 + ) (7) su sq/ w(x) dp(x).
2(Coa)t € 0<s<11)\1§ {EXM 1 g )

So letting k go to infinity, we obtain the result. ]

Remark 3.2 Assume that

4 satisfies condition (T.2),
* g, P, P1> 1> 1, 7y are elements of [0, co] such that

1<g<ac< 'th0<1 !
(6% W1 _— = —
S1=asp « i s
and
. 1 1 1
g<qi<a;<p<oowith0< ——y=-< —|
q [ 1
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* @ is a doubling Young function whose conjugate function ®* satisfies the B
condition,
e vand w are two weights for which there exists a constant A such that

q/q

(B wxslle vl < A, Bball

and w' satisfies Ao, condition.

Then there is a constant C such that for any y-measurable function f and 6 > 0, we
have

1/t (L
(/ w' (x) dﬂ(t)) < C(9_1”f"”ql.,pl,al)(e_leHq-p-,a) G )7
Ey
where Eg = {x € X/ |I, f(x)| > 6}.

Proof Let f be a pi-measurable function. From Theorem 23] it follows that there
exists a constant C such that

0>0 0>0

1 1 1/t 1 1 1/t
sup 91“%7)(/ W (x) du(x)) < cSupe‘”%‘a)(/ W (x) du(x)) ,
E() F()

with Fp = {x € X : M, 1 f(x) > 6}. Since M, 3 < M, 5 for g > 1, the result follows
from Theorem[2.3 ‘ [ |
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