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Abstract  Given a sequence of matrices (Am)men Whose Lyapunov exponents are limits, we show that
this asymptotic behaviour is reproduced by the sequences Tm41 = Am@Tm + fm(xm) for any sufficiently
small perturbations f,,. We also consider the general case of exponential rates e?m for an arbitrary
increasing sequence pn,. Our approach is based on Lyapunov’s theory of regularity.
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1. Introduction

In this paper, we show that if all Lyapunov exponents associated with a sequence of
matrices (A, )men are limits, then the asymptotic exponential behaviour persists under
sufficiently small perturbations. More precisely, we show that for any sequence

Tm4+1 = Aptmy + fm(xm) (11)

that is not eventually zero, the limit

1
A= lim —1
oim - log [l

exists and coincides with a Lyapunov exponent of the sequence (A,)men. We also con-
sider the general case of exponential rates e“” for an arbitrary sequence p,,. The required
smallness of the perturbation is that

m=1 z#0 ||

for some 0 > 0, or simply that the particular sequence z,, in (1.1) satisfies

Zeé Hfm xm)” < 400

el
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for some & > 0. We note that (1.2) has the advantage that one does not need to know
the sequence a priori.

Now, we formulate a special case of our main result. Namely, let (4,,)men be a sequence
of invertible n X n matrices with complex entries such that

sup [|[4An] < +oo.
meN

For each m, ¢ € N, with m > ¢, we set

Ay 1Ay iEm> L,
A(m,£) =< 1d if m=14¢,
At AN ifm<

The Lyapunov exponent A: C" — R U {—oo} associated with the sequence (A.;)men is
defined by

1

Az) = limsup — log || A(m, 1)z||.
m—+oo M

We assume that the following hold.

(C1) There exists a decomposition

C'=reohoe &k,

with respect to which A,, can be written in the block form

(C2) There exist numbers A\; < --- < A, such that

1
lim —logl|lA(m, )z|| = A;
m

m——+o0
foreachi=1,...,p and z € F; \ {0}.

The following is a particular case of our main result in Theorem 3.1 for the special case
of the rates p,, = m.

Theorem 1.1. Let x,, be a sequence satistying (1.1) for some continuous functions
fm: C" — C™ such that

[ fn(@m)| < ymllemll, m €N, (1.3)

where the sequence ~y,, satisfies

o0
Z My < 400

m=1
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for some 6 > 0. Then, one of the following alternatives holds:
(1) x,, =0 for all sufficiently large m;

(2) the limit

. 1
lim  — log |z
m——+oco M,

exists and coincides with some Lyapunov exponent of the sequence (A, )men-

In the particular case of perturbations x,,11 = Az, + f(z,,) of an autonomous linear
difference equation (in which case all Lyapunov exponents of the linear dynamics are
limits), the result in Theorem 1.1 was obtained by Coffman [5]. For perturbations of a
differential equation x’ = Az, with constant coefficients, a related result can be found
in Coppel’s book [6]. Earlier results were obtained by Perron [10], Lettenmeyer [8] and
Hartman and Wintner [7]. Corresponding results for perturbations of autonomous delay
equations were obtained by Pituk [11,12] (for values in C™ and finite delay) and Matsui
et al. [9] (for values in a Banach space and infinite delay). We emphasize that all these
references consider only perturbations of autonomous dynamics.

Our approach is based on Lyapunov’s theory of regularity (we refer the reader to [2]
for a modern exposition), which allows one to obtain precise exponential bounds for the
dynamics in terms of the Lyapunov exponents and of the so-called regularity coefficient.
This is used to show that the Lyapunov exponent of any sequence satisfying (1.1) is a limit
and coincides with some Lyapunov exponent of the sequence (A, )men. The remaining
part of the argument is inspired by the work of Pituk [11], where he established a
corresponding result for perturbations of a linear delay equation 2’ = Lz, (although only
autonomous).

We considered earlier, in [4], the case of difference equations with infinite delay,
although the lack of a general theory of regularity in infinite-dimensional spaces forced
us to use a different approach.

2. Preliminaries

Let (pm)men € RT be an increasing sequence. Also, let (A,,)men be a sequence of
invertible n x n matrices with complex entries such that

1
lim sup o log || A(m, 1)|| < +oc. (2.1)

m—+oo MPm

The Lyapunov exponent A\: C* — R U {—oo} associated with the sequence (A;,)men is
defined by

1
A(z) = limsup — log || A(m, 1)z||,
Pm

m——+o0

with the convention that log0 = —oo (it follows from (2.1) that A never takes the
value +00). By the general theory of Lyapunov exponents (see, for example, [1]), the
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function A can take at most n values in C” \ {0}, say —oco < A; < --- < A, for some
integer p < n. Furthermore, for i = 1,...,p the set
E,={zeC": Az) < \} (2.2)

is a linear subspace over C. We also set k; = dim F; — dim E;_; (with the convention
that Fo = {0}).

Now, we assume that each matrix A,, is in block form, with each block corresponding
to a Lyapunov exponent. More precisely, we assume the following.

(H1) There exist decompositions
C"=FLoF,®---®FF, meN,

into subspaces of dimension dim F!, = k; such that, for each m,/ € N and i =

1,...,p,
A(m, 0O)F} = F!,.

(H2) For each i =1,...,p and x € F} \ {0},

1
lim —log || A(m, 1)z|| = \;.

m—+400 Py
(H3) For each ,j =1,...,p, z € Fi\ {0} and y € F/ \ {0},

lim 1 log Z(A(m, 1)z, A(m,1)y) = 0.

m——+oo pm

One can easily verify that

E = F

J<i
(see (2.2)) for each i.

We also describe some consequences of conditions (H1)—(H3). Given a number b € R
that is not a Lyapunov exponent, we consider the decompositions

C" = Ep & Fp, (2.3)

En=@F, and F,=F,

Ai<b Ai>b

where

are subspaces for each m € N. Let P,, and @,, be the projections associated with
the decomposition (2.3). Take also a < b < ¢ such that the interval [a,c] contains no
Lyapunov exponent.

Theorem 2.1. The following properties hold.

(1)
Ey={xeC": Az)<b} and Xax)>b forze F;\{0}.
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(2) Given e > 0, there exists L = L(g) > 0 such that

| A(m, £) | Eg|| < Le®Pm=rPe¥ere > ¢, (2.4)
and
[ A(m, )71 | Fpp|| < Le€Pempm)term - > ¢,
(3) Given e > 0, there exists M = M(g) > 0 such that
|Pall < M and || Qual < Me*en (2.5)

for every m € N.

Proof. Property (1) follows readily from (H1) and (H2), and (2) can be obtained as
in [3, Proof of Theorem 10.6]. For (3), we recall that
1 2 1 2
— <|Pnll < — and  — < Qm| < —
a a

)
am m m am

(2.6)

where «, is the angle between the subspaces E,, and F,, (see, for example, [3]). Also,
let al, be the angle between F!, and @j# FJ,. Clearly, for each i such that \; < b we
have that

i formeN. (2.7)

On the other hand, by (H3), given € > 0, there exists M’ > 0 such that

Ay = O

ay, =min Z(Fy, Fj) > M'e™™™"

J#i
for every m € N. Together with (2.6) and (2.7) this yields (3). O
Since
LA, O Pl < I1AGm, )| Eell- |22
and

1A, )7 Q| < JAGm, O | Fall - | Qunll,
it follows from Theorem 2.1 that, given & > 0, there exists K = K(¢) > 0 such that
AGm, | < Koelon-re) e
and

AR, €)1 Q| < Eee(Pr=pmteon

for every m > £. In particular, taking d > A, it follows from (2.4) that, given € > 0, there
exists N = N(g) > 0 such that

| A(m, £)|| < Nedlpm=po)tere -y > g, (2.8)
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3. A non-autonomous Perron-type theorem

Now, we consider nonlinear perturbations of the dynamics defined by a sequence of matri-
ces (Am)men. Namely, we consider the collection of sequences (z,,)men in C" satisfying

Tm+1 = Amxm + fm(xm)a m €N, (31)

for some continuous functions f,,: C* — C". We show that if a given sequence z,, does
not grow too fast, then its Lyapunov exponent (see (3.3)) coincides with some Lyapunov
exponent of the unperturbed difference equation (obtained from setting all f,, equal
to 0).

Theorem 3.1. Let (x,,)men be a sequence such that (3.1) and (1.3) hold for some
numbers 7,, € R satisfying
oo
Ze(*>\1+5)(Pk+1*Pk)+5Pk+1,yk < 00 (3.2)
k=1
for some § > 0. Then, one of the following alternatives hold.

(1) x, =0 for all sufficiently large m.

(2) There exists i such that

1
A= lim —log||zm]|- (3.3)

m——+00 Pm

Proof. Let b € R be a number that is not a Lyapunov exponent and set € = i(S . Also,
let a < b < ¢ be as in §2. We consider the norm

2]l = sup (e=*@==m) | A(a,m) Pz|]) + sup (e~ =Pm)|| A(o, m) Q)

o>m o<m

for each m € N and = € C". Clearly,

[zllm = [P ]lm + [ Qm]|m (3-4)
and
[l < llzllm < 2K z]]. (3-5)
Lemma 3.2. We have that
| A(m, €) Poz ||y < e*Pm =P || Ppz|l,  form > ¢
and

[ A(m, 0)Qex||m > ec(pm_pl)HngHg form > /.
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Proof of the lemma. For m > ¢ we have that

I A(m, €) Pz ||m = sup (]|.A(o, m)A(m76)P£x”e*a(pa7pm))

o>m
= e(Pm—rc) sup (||.A(o, E)Pw”e_“(”"_pf))
o>m
< e®(Pm—pr) sup(||A(o, E)ngHe_“(p“_W))
o>l
< e¥Pm=rd|| Py, (3.6)

Similarly, for m > ¢ we have that

IA(m, Q|| = sup (A(0, m)A(m, £)Qez|e™ = =Fm)

o<m

= e =) sup (|| A(o, £)Qezl|e ™= ~#2))

> =) s Ao, )Qua e~ 0)

2 ec(pm—p‘)||65ﬂ||fz- (3.7)
This completes the proof of the lemma. |

Now, let (2, )men be a sequence satisfying (3.1). Using the decomposition in (2.3), one
can write that x,, = Y + 2m, where

Ym = 'mTm and 2, = mem
Lemma 3.3. One of the following alternatives holds.

(1)

1
lim sup — log ||z, || < b (3.8)
m——+oo Pm
and
lim 2l _ (3.9)
koo [lyk
(2)
lim inf — log [ > b (3.10)
fimnf - g o ~
and
ol _ o)

k—+o00 ||Zk||k o
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Proof of the lemma. We have that

Yk1 = ApPrr + P fr(or) (3.12)

and

ze41 = ApQrzr + Qk fr (k). (3.13)
By (3.5) and (3.7), it follows from (3.13) and (2.5) that
1Ak Qrxkllk+1 — @k fr (i) |41

=
> e Prer=rr) ||z |1 — 2K 5 || Qe fro () |
> e®Prer =)z |l — Dy l|zk |k (3.14)

lzk41llk+1

for some constant D; > 0, where J;, = e“Px+1~,. By (3.12) and (3.6), it follows from
similar estimates that

lynallisr < P2 =29yl + Dyl x 0k (3.15)
for some constant Dy > 0. Inequalities (3.14) and (3.15) yield that

lzk+1llk+1 = arllzille — Dok (lykllk + [l2x]lx) (3.16)

and
1Yk+1lle+1 < Brllyelle + Dorllyrllr + ll2x k) (3.17)
for all integers k, where
D =D+ Dy, ay=ePer1=PE)  and Br = ePrt1=pK) (3.18)

Now, we claim that either

lzelle < |lyklle  for all large k (3.19)
or
lykllx < |2kl for all large k. (3.20)
We show that if (3.19) fails, then (3.20) holds. We assume that (3.19) does not hold.
Then,
lzkll > |lykllx  for infinitely many k. (3.21)
By (3.16),
Izkr1llier = (r — Do)l|zkllk — Dok[lywllx (3.22)
and
1Ykt ll k1) < Bk + D) lyklle + Dollzk k- (3.23)
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By (3.21), there exists k1 > 1 arbitrarily large such that ||yg, ||k, < |2k, ||k, We show by
induction on k that
lyelle < llzellk  for k > ky. (3.24)

We assume that ||yx || < ||2k]|x for some k > k1. By (3.22) and (3.23), this implies that

l2k41ller1 = (ar — 2D6g)||zxl[r > 0

and
[Ykt1llk+1 < (B + 2D0k) || 2 [ k-
Now, it follows from (3.2) that

e(_>‘1+45)(Pk+1—Pk)+45pk+17k 0

when k£ — oco. Taking d sufficiently close to A, this implies that ¢ = dx/ar — 0 and
dy, = 0 /Br — 0 when k — oo. Therefore,

Ok + 2Ddy,

ar =g, 1Al < llzesllir,

Yk+1lle+1 <

provided that k is sufficiently large. This shows that (3.24) holds. Thus, we have shown
that if (3.19) fails, then (3.20) holds. As a consequence, we have the following two cases.

Case 1. Assume that (3.19) holds. We show that (3.8) and (3.9) hold. We note that
llykllx > 0 for all large k, since otherwise (3.4) and (3.19) would yield

lzkllk = llyellk + [l2elle < 2[lykllx =0

for infinitely many k, contradicting the hypothesis that ||zm||m = ||zm| > 0 for all
sufficiently large m. Define

S = limsup szHk
k—+oo |[Ykllk

By (3.19), we have 0 < S < 1. Tt follows from (3.19) and (3.17) that, for all large &,
lyk+1ll(k+1yr < (Br + 2D6k) [|yk || k-
Together with (3.16), this yields that, for all large k,

Izhtillier o ar = Doy |lzlle Do
lvktillks1r = Be +2D0k  |lyelle Bk + 2Ddy,

Since ay/Br — +o0o when k — oo (see (3.18)), taking limsup on both sides, we obtain
S > +o0 - §. This implies that S = 0, and that (3.9) holds. Now, take ko so large that
lzkllx < llykllx for all & > ko. By (3.17), we find that, for k > ko,

ks1llk+1 < (Br + 2D6k) |lyr || &
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and, hence,
k—1 k—1
lyells < llymollie [T (1 +2D¢j) T] 8
Jj=ko Jj=ko
k—1
= lyko ll ko H (14 2Dc¢;)ePe=Pro) (3.25)
Jj=ko

for k > ko. On the other hand, it follows from (3.2) that

Zlog(l +2D¢;) < QDch < 00,
j=1 j=1

and, hence, by (3.25),
. 1
limsup — log ||z || < a < b.
p

m——+oo MPm

This establishes (3.8).
Case 2. Now assume that (3.20) holds. We show that (3.10) and (3.11) hold. We
define

R = limsup ”kak
k—+oo |1 2kllk

By (3.20), we have 0 < R < 1. It follows from (3.20) in (3.16) that, for all large k,

l2e+1llk+1 = (ar — 2Dk yk |-
Together with (3.17), this yields that, for all large k,

[yrsrllers o Be+ Dok lyells Dy
lzksillsr — ar —2Dd  zklly — ax —2D5;

Since Bk /ar — 0 when k — oo, taking limsup on both sides, we obtain R < 0- R. This
implies that R = 0 and that (3.11) holds. Now, take ko such that ||yg|lx < ||zk|lx for
k = ko. By (3.16), we find that, for k > ko,

[Zk41llk+1 2 ar(l — 2Ddk)| 2k I&,

and, hence,
k—1

lzklle = llzrollke J] (1 —2Dd;)ectes=rro),
Jj=ko
On the other hand, it follows from (3.2) that

- - 1 — 2Dd;
—» log(1—-2Dd;) < ) log———— < — .
D log 2 Z°g1—2de Z1—2de<oo
Jj=1 J=1 Jj=1
Therefore,
1
liminf — log ||z | = ¢ > b.
m—r 00 pm

This establishes (3.10). O

https://doi.org/10.1017/50013091513000382 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091513000382

On the exponential behaviour of non-autonomous difference equations 653

Now we establish an auxiliary result.

Lemma 3.4. There exists C' > 0 such that
[Zml| < Cllaelje®Pm—rertere (3.26)
for all m > /.

Proof of the lemma. For each m > ¢ we have that

m—1
j=¢
Therefore, by (2.8) and (1.3),
m—1
[Zml| < Nedom=poFere||g|| 4 Ny~ edlom=pir)¥eriony, ||z,
j=0
m—1
< Ned(pnﬁpeHsz”wH +N Z ed(pnfﬂj)JrEPjJrl%.||:Ej||7

=0

where in the last inequality we have used that p is increasing. Hence,

m—1
e~ en=r) ||z || < Ne [lagl + N Y emHesmreltersny |z |,
j=¢
One can use induction to show that

m—1
e*d(pmfpe)”xm” < NePt ||z H (14 NePi+iy;)
j=£

for m > ¢. Hence,
m—1
ol < Nelon=po+20t 2, exp ( > Ne”f“w)

j=¢
< Nedlpm—pe)tepe HW ||eNS,

where
o0
S = Zespj+1”)/j < +oo.
j=1
This completes the proof of the lemma. O

We proceed with the proof of Theorem 3.1. Let (z,,)men be a sequence satisfying (3.1).
If 2, = 0 for some k, then it follows from (3.26) that x,, = 0 for all m > k, and, hence,
the first alternative in the theorem holds. Now, we assume that x,, # 0 for all m > /.
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Also, let Ay < --- < A, be the Lyapunov exponents of the sequence (A;,)men. Take real
numbers b; such that
)\j<bj<)\j+1 f0r1<j<p.

Also, take by < A1 (when Ay # —o0) and b, > \,. By Lemma 3.3 applied to each b = b,
there exists j € {1,...,p} such that

1
lim sup — log ||, || < b,
m—+oo Pm

and

P
lim inf pfmlogllxmll > bj-1.

Letting b; \, A1 and b;_1 * A;, we find that

, 1
m1—1>r£oo pim log [|zml| = A;.

This completes the proof of the theorem. O

Now, we show that any sequence satisfying (3.1) and the second alternative in The-
orem 3.1 is essentially asymptotically tangent to the spaces F! , with i as in (3.3). We

m>

consider the decompositions
C'=E,®F,®F,
where

En=@PF), and F,=EPF,
Jj<t j>i
for each m € N. Also, let P,,, Q,, and R,, be the projections associated with this
decomposition.

Theorem 3.5. Let (z,)men be a sequence such that (3.1) and (1.3) hold for some
numbers 7, € R satisfying (3.2) for some § > 0. If (3.3) holds, then

. ||Pm33m||m
lim —=0
m—=+00 || R ||l m
and
lim 7”mem”m =0.

m—+00 || Ry [|m

Proof. We write that
T = Ym + Zm + Wi,

where

Ym = 'mTm, 2Zm = mem and W = Rmxm
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Take b < \; such that the interval [b, \;) contains no Lyapunov exponent of the sequence
(Am)mGN' Thenv

m——+oo

1
lim p—log lzm| = Xi > b,
and it follows from Lemma 3.3 that

lim Wl (3.27)

m—+oo Hzm + mem -

Now, take ¢ > A; such that the interval (\;,c] contains no Lyapunov exponent of the
cocycle (A, )m. Then,

1
lim — log [|zn,|| = A\ <,

m—o0 pm

and it follows from Lemma 3.3 that

lm —Emlm (3.28)
m—+00 {|Ym + Wi [|m

Given 6 > 0, take n € (0,1) such that n(1 +n)(1 —n?)~! < 4. By (3.28), for all large m
we have that

|2m I < Nl[Ym + Wi |-

Furthermore, (3.27) implies that, for all large m,
||ym||m < 77Hzm + wm”m
and, hence,

(1 + ) lwm||m +772||Zm||m
(14+n)(1 - nz)_l\lwm\lm < 6w l|m-

| 2m [l

<7
<7
Since ¢ is arbitrary, this yields the identity

Hzm”m -

m=+00 ||wy||m B
Reversing the roles of P and @, we find that

Y llm _

m—=+00 || 2 m

This completes the proof of the theorem. O

Finally, we formulate two non-trivial results that are consequences of Theorem 1.1. We
first consider perturbations of linear dynamics with negative Lyapunov exponents.
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Theorem 3.6. Let f,,: C* — C" be continuous functions such that
[fm(@)]] < ymllzll, meN, zeC”

for a sequence 7, satisfying (3.2) for some ¢ > 0. If all values of the Lyapunov exponent
A of the sequence (A, )men are negative, then all solutions x,, of (1.1) satisfy

1
lim — log ||| < 0.

m——+oo pm

Now, we consider the particular case of linear perturbations.

Theorem 3.7. If B,, are n X n matrices with complex entries such that the sequence
Ym = ||Bm || satisfies (3.2) for some 6 > 0, then the Lyapunov exponents of the sequences
(Am)men and (A, + By,)men have the same values.
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