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A CHARACTERIZATION OF LC" COMPACTA
IN TERMS OF GROMOV-HAUSDORFF CONVERGENCE

KAZUHIRO KAWAMURA

ABSTRACT. It is proved that a compactum is locally n-connected if and only if it
is the limit (in the sense of Gromov-Hausdorff convergence) of an “equi-locally n-
connected” sequence of (at most) (n + 1)-dimensional compacta.

1. Introduction. A compact metric space is called a compactum and the set of all
compacta is denoted by CM. Gromov [G] introduced a pseudo-metric on CM which
induces a metric on the isometry classes of CM (called the Gromov-Hausdorffdistance).
It would be an interesting problem to study properties of various subsets of CM (for
example, the set of all ANR compacta, the set of all finite dimensional compacta, efc.)
with the topology induced by this (pseudo-) metric. In the present paper, we study the
set of all LC"-compacta, denoted by LC". Our main theorem (Theorem 3.1) states that
a compactum is LC" if and only if it is the limit of an “equi-LC"” sequence of (at most)
(n + 1)-dimensional compacta, in the sense of Gromov-Hausdorff convergence.

Here, we outline the proof. Suppose that X is an arbitrary LC" compactum. By Dran-
ishnikov’s resolution theorem [D1, D2], there is a polyhedrally (n + 1) soft map (See
Section 2 for the definition) f:D,,; — X of an (n + 1)-dimensional LC" compactum
D, onto X. Applying the method of T. Moore [M, Theorem 1] to f instead of cell-like
maps, we can see that X is the limit of a sequence of compacta with the required property.
Conversely, suppose that X is the limit of a sequence (X;) of compacta with the property
as stated above. By a result of Gromov (Theorem 2.3 in this paper), we can reduce the
proof to the case that all of X and X;’s lie in a single compactum. Next, we use an idea of
Ferry [F, Proposition 5.6], where it is shown that if, M = liln M, f:: M1 — M,) is the
limit of an inverse sequence of compact ANR’s and UV" bonding maps, then M is LC".
Ferry used the “approximate lifting property” of UV" maps (up to dimension (n + 1)).
Although our sequence (X;);>1 does not have maps X;;; — X;’s with this property, a
careful lifting process can be made to apply his argument.
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2. Preliminaries.

DEFINITION 2.1. (1) For a metric space (M, d) and its subset A, the e-neighbourhood
of A is denoted by N(A). When there is no confusion, the symbol M will be omitted.
The Hausdorff metric induced by d is denoted by dp.

(2) The set of all compact metric spaces is denoted by CM.. For metric spaces (X, dx)
and (Y, dy), we define

don(X,Y) = inf{du(i(X),j(Y)) | i:X — M and j: Y — M are isometric imbed-
dings into a metric space (M, d)}.

This defines a pseudo-metric on CM and it is known [G] that
doy(X,Y) =0 if and only if (X, dx) and (Y, dy) are isometric.

Hence dgy defines a metric on CM modulo isometry classes, and it is called the Gromov-
Hausdorff distance.

DEFINITION 2.2. (1) The k-dimensional cell is denoted by DF and $~! = aD*.

(2) A (not necessarily continuous) function p: [0, R] — [0, 00) is called a contractibil-
ity function if p(0) = lim,_,y p(¢) = 0 and p(r) > ¢ for each ¢ € (0, R].

(3) A compactum X is said to be LGC"(p), where p is a contractibility function, if
for each k = 0,1,...,n, each map a:S* — X with diam(im ) < ¢ has an extension
a:D**! — X with diam(im &) < p(¢). Clearly, a compactum is LC" if and only if it
is LGC"(p) for some contractibility function p. The class of all LGC"(p) compacta is
denoted by LGC*(p).

(4) A sequence (X;);>1 of compacta in a metric space is said to be equi-LC" if, for
each e > 0, there is a§ > O such that, for each i > 1, any map a: Sk — X; with
diam(im o) < § has an extension &: D¥*! — X; such that diam(im &) < €.

The following theorem is useful in understanding the Gromov-Hausdorft conver-
gence.

THEOREM 2.3 ([G] COMPACTNESS CRITERION P. 64-65). Suppose that a sequence
(Xdi>1 of compacta converges to a compactum X in the sense of Gromov-Hausdorff.
Then, there exists a compact metric space (M, d) such that

(1) there are isometric imbeddings f;: X; — M and f: X — M, and

(2) limioo diy(£(X:).£(0) = 0.

From the above theorem, it is easy to see the following:

PROPOSITION2.4.  Suppose that a sequence (X;)i>1 of compacta converges to a com-
pactum X in the sense of Gromov-Hausdorff. Then (X;)i>1 C LGC"(p) for some con-
tractibility function p if and only if there exist imbeddings f;’s and f of X;’s and X in a
compact metric space (M, d) such that the sequence (ﬁ(Xi)) forms an equi-1.C" family

and limj—o dy (fi(X).f(X)) = 0.
We need the following result due to Dranishnikov [D;] and [D].
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THEOREM 2.5 ([Dy, D2]). Foreachn > 0 and for each LC" compactum X, there is
a polyhedrally (n+1)-soft map fy41: Dns1 — X of an (n+1)-dimensional LC" compactum
Dy onto X.

A map f: X — Y between compacta is said to be polyhedrally n-soft if it satisfies the
following condition.

For each pair (K, L) of polyhedra with dim K < n and for each pair of maps ¢: K — Y
and ¥:L — X such that ¢|L = f - 7, there is a map ®: K — X such that ®|L = 7 and

f- D=9
L L x
D x
1,7 s
K — Y
¢

3. Results. Now we can state our main theorem as follows.

THEOREM 3.1. For a compactum X, the following conditions are equivalent:

(a) X is LC".

(b) There is a sequence (X;)i>1 of compacta and a contractibility function p such that
(1) Xi)i>1 C LGC"(p) and dimX; < n+ 1 foreachi > 1.
(2) limj—eo dgu(Xi, X) = 0.

STEP 1. Proof of (a) — (b). This is essentially the same as [M, Theorem 1], except
we use polyhedrally (n + 1)-soft maps instead of cell-like maps. We give a sketch of the
proof for the sake of completeness.

Let X be a LC"-compactum and take a polyhedrally (n + 1)-soft map f:D — X of
an (n + 1)-dimensional LC" compactum D onto X. Let M(f) be the mapping cylinder of
f defined by M(f) = D x [0, 1] UX/(x, 1) ~ f(x),x € D. Amap h:M(f) — [0,1] is
defined by A([x,t]) = t and h(f(x)) = 1 (x € D). We may assume that M(f) has a metric
d such that X is isometrically imbedded as A~1(1). We identify X with A~1(1).

Define X; = h~!(1 — 1/i). It is clear that Lim;_.cc d(X;, X) = 0, hence dgu(X;, X) —
0. As dimX; < n + 1 for each i, it remains to prove that (X;);>1 C LGC"(p) for some
contractibility function p. In view of Proposition 2.4, it suffices to show that (X;);> forms
an equi-LC" family.

Suppose not. Then, there are an integer k < n, and € > 0, and a sequence
(a;: S¥ — X,,) such that lim n; = oo and

(1) For each i, diam(im o) < 1/i

(2) The image of any extension &;: D¥*! — X,, of o; has diameter > ¢.

For each i, we can define a map ¢;:X,, — X by fi([x,1 — 1/i]) = f(x). It is clear that
each ¢; is polyhedrally (n + 1)-soft and also, we may assume that d(¢;, id) < 1/2". Since
X is LC", there is a § > 0 such that

(3) each map B: S¥ — X with diam(im 8) < § has an extension 3: D**! — X such

that diam(im () < &/4. Take a sufficiently large i such that
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(4) diam(im or;) < 6/4, and d(¢;,id) < §/4.
Then diam(im ¢; - o;) < & and we obtain an extension ¢;a;: D**! — X by (3). Apply the
polyhedral (n + 1)-softness to obtain a lift &; of ¢;a; which is an extension of ; as well.
It is easy to see that diam(im &;) < e which violates the condition (2).

This completes the proof of (a) — (b).

STEP 2. Proof of (b) — (a). Suppose the sequence of compacta (X;) converges to X
in the sense of Gromov-Hausdorff, satisfying the hypothesis of (b). By Proposition 2.4,
there is a compact metric space M and isometric imbeddings of X;’s and X into M such
that the images of X,’s converges to the image of X in the sense of Hausdorff metric.
Hence it suffices to prove the following theorem to complete the proof of (b) — (a).

THEOREM 3.2. Let (X;) be a sequence of compacta in a compactum M which con-
verges to a compactum X in the sense of Hausdorff metric. Suppose that there is a con-
tractibility function p: [0, R] — [0, 00) such that each X; is LGC"(p) and dim X; < n+1.
Then X is LC".

REMARK. If X is finite dimensional and dim X; < n (i.e. X;’s are ANR’s), then the
above result has been proved by Borsuk [B, p. 196].
For the proof of Theorem 3.2, we need some preparations.

LEMMA 3.3. Let X be LGC"(p) for some contractibility function p and p: X — Y be
a map satisfying

(1) |dv(p@x1), p(x2)) — dx(x1,x0)| < et for each x1,x; € X.
Suppose that K is a compact polyhedron with dim K < n+ 1 and L is a subcomplex of
K. Further assume that f: K — Y and f1: L — X satisfy

(2) dy(p - fu.fIL) < B,

(3) diamyf(o) <7 foreach o € K, and

(4) diamy fi(1) < b for eachT € L.
Inductively, define r; by

(5) n= p(max(a +8 +'Y,5)) andrj = p(2 max(rj_l,é)).
Then, there exists a map f: K — X such that

(6) fIL=frandd(p -f.f) < rn1 + @+ B +7.

PROOF. The proof is a modification of the standard argument. We construct the re-
quired map by an induction on the skeleton of K. The i-skeleton of K is denoted by K©.
Take any vertex v € K@ and define fo(v) by

fo») =) ifveL®and
ep'(fo) ifve K —-L)®.

Evidently, dy(p - fo,f|[K?) < B < a+8+7.
Construction of f;: Take any 1-simplex ¢ € K and let do = {v1, v, }. Noticing that

dx(fo1). o)) <dy(p - o), p - fow2)) +a by (1),
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it is easy to see that

dx(fo1),fo(v2)) < max(a + B +7,8).

There is a path a, from fy(v;) to fo(v2) whose diameter < p(max(a +B+7, 6)). The map
filo is defined along with this path.

Making this process on each 1-simplex of K, we have a map f;: K" UL — X such
that

(a-1) diamy /i (0) < r1 = p(max(ar + 8 +7,6)).
Let x € o € KV and take a vertex v of 0. Since diamy(p - f; )(0) < r1 + @, we have

dy(p-fi®).f0) <dy(p-H),p i) +dy(p-fi0)fM)) +dy(f(¥).f(x))

<rn+a+f+7,

and, hence,
(b-1) dy( - fi.fIKV) < ri+a+ B +7.
Construction of f,1: Suppose that f;: K9 — X has been defined so as to satisfy
(a-i) diamy fi(o) < max(r;,8) foro € KV and
(b-i) dy(p - fofIK?) <ri+a+p+7.

Take any (i + 1)-simplex o of K and consider f;(d0). By (a-i), it is easy to see that
diamy f;(d0) < 2 max(r;,§). There is an extension f5,: ¢ — X such that diamy f7, (o) <
p(2 max(r;, 6)) = ri;+1. Repeating this process on each (i + 1)-simplex, we obtain a map
fir1: K@D — X, A similar estimation can be applied to see that f;,; satisfies (a-(i+1)) and
(b-(i+1)).

The induction step can be continued until i = n + 1. Then the required map is f,.1.
This completes the proof.

The following lemma was essentially proved by Petersen ([P], Proposition on p. 390).

LEMMA 3.4. Let p:[0,R] — [0,00) be a contractibility function and define p;(e)
inductively by pi(e) = € + p(g), and pj(e) = € + p(pj_l(s)) (so far as it is defined, i.e.
pj—1(€) < R). Suppose that p,—1(4e) < R. Then the following holds:

Let X and Y be compacta in a metric space (M,d) such that dimX < n+ 1
and Y is LGC"(p). If X C N.(Y), then there exists a map f:X — Y such that
d(f,ix) < 2e + pps1(4€), where ix is the inclusion of X into M.

PROOF OF THEOREM 3.2. By the Hausdorff metric extension theorem (See [T] for a
simple proof), M can be isometrically imbedded in the Hilbert cube with some compatible
metric.

Take a map a: S — X, where 0 < k < n. In the sequel, we construct an extension &
of a to D¥*! and estimate the diameter of its image.
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Fix the following notation:

NOTATION. (1) dy(X,X;) = €;, du(Xi, Xj) = €; (dy denotes the Hausdorff metric
with respect to the above metric on the Hilbert cube). We may assume that pn(de;) <R
for each i, j.

(2) ¢i: X — P; is an n;-translation onto a compact polyhedron P;.

We may assume that p,(47;) + 4e; < R for each i.

(3) diam a(S*) < 6.

(4) Bi: Sk — P; is a simplicial approximation of ¢; - a and d(¢; - &, ;) < &;. Notice

that dim(im §3;) < k < n.

Further, we define:
A; = 2p(4eii) +4€iin
C = p,,(4(5,~ + ﬂi)) +2e;+3n;+&;, where p, is asin Lemma 3.4
Bi=A;+C;+Cy,, and
Di(8) = §+2¢&; +4z; + 6m; + 2p(4(z; + 1))

It should be observed that A;, C;, B; and D;(6) converge to 0 if i — oo, n; — 0, &; — 0,
and 6 — 0.
Applying Lemma 3.4 to X;,; and X;, we obtain a map f;: X;;; — X; such that

) d(fi,idx,,) < 2€ii41 + pn(deiin) < A;.

Since dy(P;, X;) < n; + €;, we have im §; C Ny, (X;). Applying Lemma 3.4 to im j3;
and X;, we have a map p;: 3; — X; such that

(6) d(pi,idimg,) < 2(ei + 1) + p(4(e: + 1))
Define a; = p; - B;: S¥ — X;. We have the following estimation:
diam(im 8;) < diam(im(¢; - @)) +2¢; by (4)

< diam(im(a)) +2n; +2¢; by (2)
<6+ 21’],' + 26, by 3).

Combining the above with (6), we have

diam(im p;) < 8 +21; +2&; +4(e; +m:) + 2p(4(e; + 1))

@)
=6+ 26, + 46,‘ + 67‘[,’ + 2p(4(€,' + 17,')) = D,((S)

Taking a sufficiently large i, sufficiently “small” translation ¢; and sufficiently close
approximation 3;, we may assume that D;(§) < R/2. Since X; is LGC"(p), we have an
extension &;: D¥*! — X; of ¢; such that

®) diam(im &) < p(Dy(5)).
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We have the following estimation:
d(a, @|S%) = d(at, ;) = d(@, p; - Bi)
< d(a,B) +d(Bi,pi - Bi)
9) <d(, ¢ - a)+d(; - o, f;) + d(Bi, pi - Bi)
< i+ &i+ 2(ei + i) + pa(4(ei + 1))
= & +2¢;+3n; + pu(4(ei + 1)) = Ci.
In what follows, we construct a sequence of maps (&;: D**! — Xi,;)j>1 each of which

is an extension of ay;.
Jj = 1: First we estimate the distance d(f; - a41, c'v,-[S").

d(fs - a1, &%) = d(f; - a1, )
(10) <d(fi - iy, ) + d(oy, @) + d(e, o)
<A;+C;+Ciyy =B,.
Take a sufficiently small triangulation T}, of D**! and let
(11) diam @;(0) < v; foranyo € Ty, and
diam a1 (1) < 641 for any 7 € Ty |S*.

Applying Lemma 3.3 to p = f;, (K,L) = (D!, 8%, f = &, fy = a1, @ = A;, B = B,
Y =", and § = 841, we have a map &;,: D**! — Xj,; such that

(1-1) @18 = ;1 and

(2-1) d(f; - @1, @) <7 +A;+B;+7; (= denoted by F;), where

r is defined as in Lemma 3.3 in the above situation. From (9) and (1-1), it follows that
(3-1) d(a, @41 |8%) < Ciyy.

Combining (5) with (2-1), we have that

“-1) d(ay, &) < A; + F; (= denoted by E)).

Having constructed &1, ..., @uj—1, Eis1, ..., Eyjoy, and Fipq, ..., Fiyj satisfying
(1-s) @ivs|S* = iy and
(2-s) A(fies * Aivs, Cirs—1) < Fis—1 (s=1,...,j— 1),

we proceed to the construction of &;,;. As in (10), we have
(12) d(fisj - otisj, tinj—1) < Apj1 + Ciyj1 + Ciyj = By
Take a sufficiently small triangulation T;,; of D¥*! and let

(13) diam @;yj—1(0) < Yiyj—1 forany o € Ty, and

diam o,j(1) < 8isj—1  for any T € T;yjS~.
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Applying Lemma 3.3 in a manner similar to that in the case j = 1, we obtain a map
d,q.jkaH — Xiyj such that

(1'.]) 6(,-+j|Sk = a,-+j and

(24§) d(fisj * @inj» Finj—1) < P97V 4 Ayjy + Biajo1 +Visj—1 (= denoted by Fiyj—1).
This completes the inductive step. By (1-j) and (9), we have that

(3-)) d(a, @j|S*) < Ciyj  forj > 0.

Further by (2-j) and (5), we have

4-)) d(@sj, Cisjo1) < Ainj1 + Firj—1 (= denoted by Ej—1).

Note that Cyy, Eiyj — Oasj— o0, 1, — 0, £ — 0,7, — 0 and §; — 0.

To complete the proof of Theorem 3.2, take any € > 0. Take a sufficiently small§ > 0,
sufficiently large i, sufficiently small translation ¢;,;’s, sufficiently close approximations
Bisj’s, and sufficiently small triangulations T;’s, so that p(D,-(é)) <e€ / 4, Z}ZO Ey <
/4, and Ciyj — 0 as j — oo.

When a map a:S* — X is given so that diam(ima) < &, we obtain a sequence
(@irj: D! — X,j) of maps by the above construction. By the choice of Ej;’s and (4-j),
this forms a Cauchy sequence. Let & D**! — Q be the limit map. Clearly, im @ C X and
by (3-j), @|S* = a. Finally,

diam(im @) < p(Di(8)) + > Euj < €.
j=0

Therefore & is the required extension. This completes the proof.
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