SQUARE INTEGRABLE HIGHEST WEIGHT
REPRESENTATIONS

by KARL-HERMANN NEEB
(Received 22 April, 1996)

Introduction. If G is the group of holomorphic automorphisms of a bounded
symmetric domain, then G has a distinguished class of irreducible unitary representations
called the holomorphic discrete series of G. These representations have been studied by
Harish-Chandra in [7]. On the Lie algebra level, the Harish-Chandra modules corres-
ponding to the holomorphic discrete series representations are highest weight modules.
Even for G as above, it turns out that not all the unitary highest weight modules belong to
the holomorphic discrete series but there exists a condition on the highest weight which
characterizes the holomorphic discrete series among the unitary highest weight represen-
tations. They can be defined as those unitary highest weight representations with square
integrable matrix coefficients.

If G is the simply connected covering group of G, then Harish-Chandra’s condition
on the highest weight characterizes those representations which belong to the relative
holomorphic discrete series, i.e., which have matrix coefficients that are square integrable
modulo the infinite center of G.

In [16] and [21] we have studied unitary highest weight representations for general
Lie groups. These representations have shown up as exactly those which can be extended
holomorphically to a semigroup S containing G and a dense open submanifold on which
the semigroup multiplication is holomorphic (cf. [21]). We refer to [21] for a characteriza-
tion of those groups which have such representations with discrete kernel. An important
example of a highest weight representation for a non semisimple Lie group is the
metaplectic representation of the 2-fold cover H,XMp(n,R) of the Jacobi group
St(n, R):= H, XSp(n, R), where H, denotes the (2n + 1)-dimensional Heisenberg group.

In this paper we address the question of characterizing those unitary highest weight
representations which, in the case of hermitian simple groups mentioned above,
correspond to the holomorphic discrete series. We call them square integrable. If the
adjoint group of G is closed (as is always the case for semisimple groups), the condition of
square integrability is the same as the square integrability of the matrix coefficients
modulo the center. In general we define it by integrals over G/T, where T =exptand tis
a compactly embedded Cartan subalgebra of g. '

Sections 1 and 2 contain generalities on representations with matrix coefficients which
are square integrable over certain homogeneous spaces. In Section 3 we characterize the
square integrable highest weight representations by a condition generalizing Harish-
Chandra’s condition for the relative holomorphic discrete series. We also calculate the
corresponding formal degree in terms of the highest weight. This formula had already
been announced in [14]. In Section 4 we show that the class of square integrable highest
weight representations coincides precisely with those that can be obtained by Duflo’s orbit
method for general groups.

In Section 5 we generalize an observation made by Wildberger for compact groups
(cf. [26])). If (m,, &) is a unitary highest weight representation with highest weight A, then
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the space B,(¥) of Hilbert-Schmidt operators on # can be realized in a very natural way
on the coadjoint orbit of the functional iA in the dual g* of the Lie algebra g of G. We
obtain this result by using a holomorphic extension of the highest weight representation
under consideration to a complex semigroup S. This process exhibits the space B,(#) also
as a space of holomorphic functions on the semigroup S so that we obtain a relation
between this space of holomorphic functions and a function space on a coadjoint orbit.
This interplay between functions on coadjoint orbits and holomorphic functions on § will
be taken up in a forthcoming paper where we study Paley-Wiener type theorems in this
setting. We note that character formulas resp. realizations of square integrable highest
weight representations by square integrable holomorphic sections of certain vector
bundles have been discussed in [20] resp. [13, Sect. VIII].

1. Homogeneous systems of coherent states. Let (7, &) be an irreducible con-
tinuous unitary representation of the Lie group G. Let ve # with |v]|=1 and
Hcl{g e G:g.v eC.v} a closed subgroup of the stabilizer of the ray Cv. Let y:H— S’
be the unitary character of H defined by n(h).v = y(h)v for all h € H.

We write M = H\G for the right G-space of right cosets Hg of H. The group H acts
on the space G XC by h.(g,z):=(hg, x(h)z). We denote by E:=G X, C the set of
H-orbits and the orbit of (g,z) by [g,z]:=H.(g,z). Then the map p:E— H\G,
[g, 2] Hg is well defined and defines the structure of a complex line bundle over H\G.
The group G acts on E from the right by [g',z]. g:=[g'g,z] forg,g' € G,z e C.

A section of this bundle is a map o: H\G — E with pog =idys. We write I'(E) for
the vector space of continuous sections of £ and put

I'6(E):={f € C(G):(Vh € H)f (hg) = x(h). f(g)}

Then every f € I'c(E) defines a continuous section of E by o,(Hg):=[g, f(g)] and since
the mapping G— H\G has local sections, it can easily be seen that each continuous
section can be written that way.

Now we consider the map

v:Go ¥, goriE). v
Then we obtain a map W: #— I'c(E) by W(u)(g):= (u, ¢(g)) for g € G because
W(u)(hg) = (u, Y(hg)) = (u, x(h) ™. $(g)) = 2(h)u, Y(g)).
Moreover, the mapping W is G-equivariant with respect to the action of G on I'¢(E)
given by (g. f)(x):=f(xg).

So far this is a quite general construction. Now we make the additional assumption
that M = H\G has a G-invariant Radon measure u,, and that there exists w € # such that

[ @) di(Hg) <= .y

Note that the integrand is a function on G which is constant on the right cosets of H so
that it can be interpreted as a function on H\G.
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Let I'*(E) denote the Hilbert space of those measurable sections o of E satisfying

[| 1oty disomy <=,

where [[g, z]|:=1z| is well defined. Note also that ([g, z],[g, z']}:=(z, z’) is a well defined
scalar product on each fiber of E and that the scalar product in the Hilbert space T*(E) is
given by

{o,0)= L {a(m), o’ (m)) dur(m).

Moreover, since the measure u,, is invariant under G and the same holds for the scalar
product on the vector bundle E, the action of G on sections given by (g. o)(Hx):=
o(Hxg). g " defines a continuous unitary representation of G on the Hilbert space T'*(E)
(cf. [25, pp. 368ff]). We note that we can also identify the Hilbert space I'*(E) with a space
of (equivalence classes) of functions on G which we denote by I';(E).

Hence (1.1) means that ¥(w) e T'%(E) is a square integrable section. Before we draw
the main conclusions from this assumption (Theorem 1.2), we need a preparatory lemma
which we formulate in a rather general context (cf. [24, Proposition 1.2.2] for a statement
in the same spirit). We recall that an involutive semigroup S is a semigroup endowed with
an involutive antiautomorphism s+>s* and that a representation of an involutive
semigroup S on a Hilbert space # is a semigroup homomorphism 7:S-— B(%) with
a(s*)=na(s)* foralls e §.

Lemma 1.1. Let S be an involutive semigroup, (n, &) an irreducible representation of
S on ¥, and (p, K) another representation of S. Suppose that T:%(T)— ¥ is a non-zero
closable operator whose graph T'(T) € # X ¥ is invariant under S. Then there exists A >0
such that AT :9(T)— ¥ is an S-equivariant isometry which extends to an S-equivariant
isometric embedding X — X.

____Proof. Let T denote the closure of T, i.e., the operator whose graph is the closure
I'(T) of the graph of T. Then the invariance of I'(T') implies the invariance of I'(T') so that
we may w.l.o.g. assume that T is a closed operator.

Then I'(T) € # X ¥ is an S-invariant closed subspace and therefore a Hilbert space.
Let p:I(T)—> & denote the canonical projection. Then pp*:#— & is a bounded
operator commuting with § and Schur’s Lemma implies that there exists =0 with
pp* = ul. We conclude in particular that p(I'(T')) = 9(T) = & so that the Closed Graph
Theorem implies that T is continuous. Now the same argument as above shows that
TT*=v1. If v=0, then T*=0 and hence T =0 contrary to our assumptions. If v>0,

. 1 . . . .
then this means that 7 T:3— X is an isometric embedding. a

For the following theorem we recall the unit vector v e #.

THEOREM 1.2, If (m, #) is an irreducible unitary representation of G and E as defined
above, then if ¥(w) e T%(E) holds for a non-zero w € ¥, then W (%) =T%(E) and there
exists d(m,v)>0 such that Vd(m,v)W¥ is an isometric G-equivariant embedding #—
T4(E).
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Proof. We consider the subspace @:=W™! (I’(E)) and the unbounded operator
T:2-TXE), wW¥(w). We claim that T is closed (cf. [24, p. 23]). In fact, if
(n, T. u,)— (u,f), then u,—u holds in the norm-topology of #. Hence the fact that
Y(G)=na(G).ve & is bounded implies that the functions W(u,) on G converge
uniformly to the function W(u).

On the other hand the sequence W(u,), considered as elements of the Hilbert space
T'%4(E) has a subsequence which converges u,-almost everywhere to the measurable
section f € I'*(E). Hence f coincides, as a section of the bundle E, almost everywhere with
the continuous section defined by W(u). Thus W(u) = f holds in T%(E). We conclude that
u e 9 and that (u,f)= (u, P(u)) is contained in the graph of 7. This proves that the
graph I(T):={(u, T. u):u € B} of T is closed.

Since the mapping W is G-equivariant, we see that & is also G-invariant so that the
graph I'(T) ¢ % X I'*(E) is invariant under G, where G acts on this product space by the
direct sum representation. Now Lemma 1.1 implies that & = & and that there exists
d(m,v) >0 such that Vd(r,v)T: % —T'*(E) is a G-equivariant isometry. O

If # is a Hilbert space we write B(#) for the set of all bounded operators on ,
B, (%) for the set of all trace class operators, | A||, for the trace norm, B,(#) for the set of
all Hilbert-Schmidt operators and ||A||, for the Hilbert-Schmidt norm.

We leave the proof of the following lemma to the reader.

Lemma 1.3. For x,y € # we write P, , for the operator given by P, (v) = (v, y)x and
put P.:= P, ,. Then the following assertions hold:
(i) tI‘P.\:,y = (x,)')-
(i) P¥,=P,,.
(i) PryPy = (2, 9)Pe
(iv) AP, B*= P4, 5, for A,B € B(¥).
(v) Py,=APA* ]

Theorem 1.2 has the important consequence that we can express the scalar product in
the Hilbert space # by integrating over M. To simplify the notation we simply write g. v
instead of n(g). v. For w,u € & we can use Lemma 1.3 to see that
1
d(m,v)

Gosuh= () WD = [ Gwag™uE™vo) di(Hg)
= jH\G tr(Pw.ng" Lv, g7t v) d/‘LM(Hg)

= j tr(Pw.ng’l . u) dIJ'M (Hg)
HG
which can be interpreted as

1

L\G Py ,dupy(Hg) = ml (1.2)

in the weak operator topology on B() or in the weak topology on B,(#).
A rather general setup for formulas of that type is provided by the theory of frames.
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A nice survey on the ideas and the relations to quantization can be found in [1] (cf. also
[22, p. 43]).

Hilbert-Schinidt Operators. Let (7, %), G and H be as above. We have a unitary
representation of G X G on the Hilbert space B,(#) of Hilbert-Schmidt operators defined

by 7°(g1,82) - A= 1(gy)An(g3").
We consider the rank-one projection P, € By(#). Then 7°(g1,82). Po =Py, v.0s.v
(Lemma 1.3) shows that

7(hy, hy). P, = x(h)x(h2)"'P..

We put y°(hy, hy) := x(hy)x(h,)~" and, as in the first subsection, we define a vector bundle
E°> M XM, where M = H\G. We write I'gxc(E®) for the space of those functions on
G X G which represent the sections of the bundle E*, i.e., which satisfy

f(h181, haga) = x°(hy, h2) . £(81,82)

for hy,h, € H and g,,8, € G.

Since the representation 7° =1 ® & of G X G on B,(¥)= #® ¥ is irreducible, we
are exactly in the setting of the first section. In particular we obtain an injective map
We: B,(¥#)— I'gxc(ES) defined by

\pc(A)(gli 82) = (A9 ”c(gth)-l . Pu) = (A, Pgl“ v, g7, u)
= tr(PAgz-ll,,‘gx-x. IJ) = (Agz_l . v,g,_' . U).
We claim that W(P,) € I'5x6(E°). In fact, in view of (1.2), we have

[ R 6.8 dua(Hg) i (H)
MxM

=J j (Pg' . v,g7 . u)g™ . v,P,. g’ " . v)duy(Hg) duy(Hg')
G JHG
1

(Pg''.v,Pg' ' . v)duy(Hg")

~d(m,9) e
1 ’
= d(ﬂ, U) G (Pm Pg"‘ . u) d“’M(Hg )
1 2
= = Pl
d(lt, v)z "U" d(ﬂ, v)z " IJ"2

This proves that W¢(P,) is a square integrable section of the bundle E. Now Theorem 1.2
applies to the representation n° of G X G and we obtain the following result.

ProrosiTioN 1.4. The mapping W¢:B,(H)— T'oxc(ES) defines an isometric G X G-
equivariant embedding d(m, v)¥° : By(¥) — T4 6(E€). a
Symbols. Next we define the symbol o7 of an operator T e B(#) by
or(Hg):=W¥(T)(g,8)=(Tg"" . v,g7" . v)
and note that the right hand side depends only on the right coset Hg of g in G.
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LemMma 1.5. If T € B\(¥), then

tr7 = d(’t, 'U) J’M O'T(m) d[.LM(m).

Proof. First let T = ﬁ', P, ,, be a finite rank operator. Then tr T = .E (x;, ¥;)- On the
other hand = j=t

or(Hg) = 21 (Piy8 ' v,g7t v)= 21 €. v, y)x, 87" v).
= 1=

Therefore (1.2) yields

a(x,) | arm) duw(m) = 3, ) = .

This proves the formula for finite rank operators.

Next we note that ¢ is complex linear in 7 and that o,. = &7 Therefore it suffices to
prove the formula for symmetric operators. Since every symmetric operator in B,() is
the sum of a positive and a negative trace class operator, it even suffices to prove it for
positive trace class operators.

Each positive trace class operator T has a representation as T = X P,, where

n=1

oc k
(Un)nen Is an orthogonal sequence with trT= 3 |v,[|*<. Set T, = X P,. Then
n=1

n=1
(o1)ken is @ monotone sequence of continuous functions which converges to or. In
addition, we have for k </ that

loer—ognh= L (o7,— og)(m) duy(m)

]

= qme. 2 i

(T - To)-

Thus (o7, )xen is @ Cauchy sequence in L'(M) and consequently

f or(m)duy(m) = tr(T). 0

1
d(m,v)

2. Relative discrete series representations.

DerNiTION 2.1, (a) An irreducible unitary representation (x, &) of a locally compact
separable group G with center Z is said to be square integrable modulo the center or to
belong to the relative discrete series if there exist v,w e # such that the function
G/Z—-C, gZ—|(g.v,w)| is square integrable (cf. [27, p. 4], [28, pp. 6, 7]).

Let y € 2 be the central character associated with 7, i.e., 7(z) = x(z)1 for all z € Z.
Then E, := G X C is a homogeneous line bundle over G/Z defined by the representation
2+ x(2) of Z on C. Note that since Z is a normal subgroup of G, we can also write G/Z
for Z\G. The sections correspond to those functions on G which satisfy f(zg) = x(z)f (g),
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and the condition from above means that the function z,,:G—C, g—(n(g).v,w)
defines a square integrable section of E,. In view of Theorem 1.2, we see that every
relative discrete series representation is equivalent to a subrepresentation of the regular
representation of G on the space I'*(E,) of square integrable sections of E,. This justifies
the terminology “relative discrete series”, where ‘‘relative” refers to the fact that one has
to pass from G to G/Z.

ProposITION 2.2. If (7, 3) is square integrable modulo the center, y € 2 the
corresponding character, and G is unimodular, then every matrix coefficient =, ,, € T(E,)
is contained in T%(E,). Moreover, there exists an isometric intertwining operator

W: % —T¥E,)

such that W(%) consists of continuous sections. Here ¥ can be obtained by ¥(u)(g):=
(u, m(g™") . v)=(n(g). u,v) for a fixed element 0% v € ¥,

Proof. Pick non-zero elements v,w € ¥ such that x,, e [*(E,) and define ¥ as
above. Then =,,, = W(w) € T*(E,) so that Theorem 1.2 implies that W(¥) = TX(E,).

We claim that G/Z is unimodular. In fact, let us be a biinvariant measure on G and
FeC/(G/Z) a function with compact support which we represent as F(gZ):=
Jzf(gz) dpz(z) for a function f € C.(G) (cf. [25, p. 475]). Then ugz(F):= uc(f) defines
a Haar measure on G/Z. Since the assignment C.(G)— C.(G/Z) commutes with left and
right shifts, it follows immediately from the biinvariance of us that gz is biinvariant,
i.e., that G/Z is unimodular.

For a function f e C(G) we put f*(g):=f(g’1). Then the map f+— f* leaves the
subspace I'g(E,) invariant and since G/Z is unimodular, it even induces an isometry of
T*(E,). But from =}, =n,, we see that =,, e(E,) for all we % Applying the
argument from above with w instead of v, we see that all the function =, lie in T*(E,).
The remainder follows from Theorem 1.2. O

ProrosiTion 2.3. (The Harish-Chandra-Godement orthogonality relations) Let G be
a unimodular locally compact group and (r, %) and (o, X) be square integrable modulo
the center with the same central character . Then the following assertions hold:

(i) If o and n are not equivalent, then

[ @) %970 2, ducale?) =0
GIZ

forall x,y € &, z,w € H. Note that the integrand is in fact a function on G/Z.
(ii) There exists a positive real number d(m) >0 such that if x,y,z,w € ¥, then
1

TN D= [ (a6 5 WEE) 7w dicis)

- j w, 7(g) . 2Xn(g) . x, ) dpciz(gZ).
GIZ

Proof. This is a direct generalization of Proposition 1.3.3 in [24] (cf. Remark 1.8.2 in
[24] and also [25, Theorem 4.5.9.3]). Here it follows directly from Proposition 2.2 and
Schur’s Lemma. 0
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The constant d(r) is called the formal degree of the representation 7. We note that if
& is square integrable modulo the center and we use H = Z in Theorem 1.2, then we see
that d(m, v) = d(r) holds for all unit vectors v e .

3. Square integrable highest weight representations. In this section we characterize
those unitary highest weight representations of general Lie groups which are square
integrable in a sense defined below. If the adjoint group of G is closed, then our condition
of square integrability means square integrability modulo the center (cf. Remark 3.5).
Moreover we derive a formula for the degree for such representations which generalize
on the one hand side Weyl’s dimension formula and on the other hand Harish-Chandra’s
degree formula for the holomorphic relative discrete series.

Dermnition 3.1. (a) Let g be a finite dimensional real Lie algebra. A subalgebraacg
is said to be compactly embedded if the group generated by €**® in Aut(g) has compact

closure. We assume that g contains a compactly embedded Cartan subalgebra t and recall
that there exists a unique maximal compactly embedded subalgebra f containing t (cf. [8,

A.2.40)).

Let G be a connected Lie group with Lie algebra L(G) = g. We write T and K for the
analytic subgroups corresponding to t and L.

(b) Associated to the Cartan subalgebra tc in the complexification g¢ is a root
decomposition as follows ([9, Chapter 7]). For a linear functional « € t¢ we set

ge:={X e gc: (VY e t)[Y, X] = a(Y)X}
and write A :={a e tf\{0}:g¢ # {0}} for the set of roots. Then
8c=1c® O a2,

a(t)<iR for all @ € A and ﬁ= ac®, where X — X denotes complex conjugation on g¢
with respect to g.

(c) A root a is said to be compact if g¢ < tc and non-compact otherwise. We write A,
for the set of compact and A, for the set of non-compact roots. If g =1t %3 is a -invariant
Levi decomposition, i.e., t is the solvable radical of g and § is a Levi complement, then
we set

A ={aelA:gécrc} and A;:={a e A:qE < 3¢}

The Lie algebra g is said to have cone potential if i[)?,,, X,] is non-zero for X, € g2\{0}.
We recall from [12, Corollary 11.15] that A=A, U A, is a disjoint union if g has cone
potential. Note also that if u is the nilradical, then u = [t, u] + 3(g) ([9, Proposition 7.3])
and if t N =3(g)Dt,, then [:=1,D 3 is a complementary subalgebra satisfying g = u X1
Then t = 3(q) D t;, where t; =, B (t N 3) is a compactly embedded Cartan subalgebra of 1.

If aeA,, then we write & for the uniquely determined element in the one-
dimensional space [gg, gc°] € {c satisfying a(d) =2.

(d) A positive system A* of roots is a subset of A for which there exists a regular
element X, e it with A* ={a € A:a(X,)>0}. We put Ay :=A"NA,, Ay :=A"NA4A, and
A, s:=A"NA, N A, We say that a positive system A™ is f-adapted if the set A7 :=4, N
A" of positive non-compact roots is invariant under the Weyl group W;:= Nx(t)/Zk(t).
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We recall from {16, Proposition I1.7] that there exists a f-adapted positive system if and
only if 3,(3(1)) =1, i.e., if g is quasihermitian.

A functional A e it* is said to be dominant integral with respect to A{ if A(&) e Ny
holds for all @ € A;.

(e) We associate to a positive system A™ certain convex cones. For a set E in a finite
dimensional vector space V we write cone(E) for the smallest closed convex cone
generated by E. We write E™:={a € V*:a(E) < R"} for the dual cone of E. Then we
define

Coin:= cone{i[y(:, X.]: X, eqd, ael)}

Cin, 2= cone{i[z, X,]: X, € g, a € AT} =3,
and
Chin.1:= cone{i[X_,,, X, ): X, egeaeA Jeti=tNL

DerniTiON 3.2. Let A* ¢ A denote a positive system.
(a) For a g-module V and A € t¢ we set

VAi={veVi(VX etc)X. v=A(X)v}

This space is called the weight space of weight A and A is called a weight of V if V* # {0}.
We write &, for the set of weights of V.

(b) Let V be a ge-module and v e V* a weight vector of weight A. We say that v is a
primitive element of V (with respect to A™) if v# 0 and g&. v = {0} holds for all « € A™.

(c) A gc-module V is called a highest weight module with highest weight A (with
respect to A™) if it is generated by a primitive element of weight A. We recall from [16,
Proposition 11.10] that for each linear function A € t&, there exists a unique irreducible
highest weight module L(A) with highest weight A.

DerFinimion 3.3, Let (@, #) be a unitary representation of the group G, i.e.,
n:G — U(¥) is a continuous homomorphism into the unitary group U(¥) of the Hilbert
space .

(a) We write &~ (#*) for the corresponding space of smooth (analytic) vectors, i.e.,
for the set of all those elements v € ¥ for which the mapping G- ¥, g—>n(g). v is
smooth (real analytic). We write dr for the derived representation of g on #* given by

dn(X).v=£1- n(exptX).v
dt =0
for Xeg and ve &~ We extend this representation to a representation of the
complexified Lie algebra gc on the complex vector space #*.

(b) A vector v e ¥ is said to be K-finite if it is contained in a K-invariant finite
dimensional subspace of #. We write #* for the set of K-finite vectors in #. Note that
the space #* of K-finite smooth vectors is a gc-submodule of #™ (cf. [16, p. 121]).

(c) The irreducible highest weight module L(A) is said to be unitarizable if there
exists a unitary representation (7, &) of the simply connected Lie group G with L(G) =g
such that L(A) is isomorphic to the ge-module %%~ of K-finite smooth vectors in #.
According to [16, Theorem IIL6], if %% is a highest weight module, then it is
automatically irreducible. For an algebraic characterization of those highest weight
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modules which occur as spaces of K-finite vectors for unitary representations we refer to
[13, Sect. X].

We recall from [21, Prop. 1.6] that if (7, #) is a unitary highest weight representa-
tion with respect to the positive system A* and with discrete kernel, then A* is f-adapted,
A is dominant integral with respect to Af, A, € —iCris, and A € iChy, ([21, Lemma 1.4)).

DeriNiTION 3.4, Let (7, %) be a unitary highest weight representation of G and
v, € ¥* a primitive element of weight A. We call this representation square integrable if
the function gT > |(g. vy, v,)| is contained in L*(G/T).

RemARk 3.5. We consider some special cases of the preceding situation. Since g
contains the compactly embedded Cartan subalgebra t, the group G is unimodular
([9, Proposition 7.3(v)]).

If T is compact, then the square integrability of the highest weight representation
(m,, ) means that it is square integrable as a representation of G in the usual sense, i.e.,
a discrete series representation.

Let Z:=Z(G) denote the center of G. Then Z< T and if T/Z is compact, i.e., if
Ad(G) is closed (cf. [16, Proposition 1.2]), then the square integrability of (x,, #) means
that it is square integrable modulo the center (Definition 2.1).

We note that there are situations where Ad(G) is not closed but the class of square
integrable highest weight representations still plays the role of a rather well behaved class
of representations which share a lot of very nice regularity properties such as the
existence of character formulas (cf. Theorem 5.2) and that they can be obtained by
Duflo’s orbit method (cf. Theorem 4.12).

ReMARK 3.6. If p:G— G is a group covering and (x,, %) is a highest weight
representation of G, then =, is square integrable for G if and only if m,°p is square
integrable for G.

In fact, since kerp € Z(G) = T 1= expg t, it follows that the canonical map G /T —
G/T is a diffeomorphism. Hence the condition for the representation to be square
integrable is the same for both groups. a

We want to show that if a group G has a square integrable highest weight
representation, then the kernel of this representation must be contained in K. We start
with a general lemma which will also be useful below.

We recall from Definition 3.1(c) that we have a semidirect decomposition g = u XI,
where [ is a reductive Lie algebra and u is the nilradical. Moreover, t = 3(g) @ t;, where
t;=tN1 and 3(g) =tNu. We write U and L for the corresponding analytic subgroups
of G.

LemMMmA 3.7. Let G=UMXL, where U is the nilradical and L is reductive. Set
Z:=2(G)y and K, :=expl. Let H=K be any closed subgroup containing Z and set
H,:=HNK,=HNL. Then the mapping n:G — G/H, g — gH induces a diffeomorphism

p:U/ZXLIH, -G/H

and if py;z and p,y, are invariant measures on U/Z and L[H, respectively, then
P*(uiz® wum,) is an invariant measure on G/H.
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Proof. We have n(ul) =ulH. For z € Z and h € H, we therefore have (uz)(lh)H =
(ul)(zh)H = ulH so that & factors to a map

p:U/ZXLIH,—G/H, (uU,IH,)— ulH.

We claim that p is a bijection. Surjectivity holds trivially. To see that it is one-to-one,
suppose that wlH =u'l'H. Then, modulo U, we have /H, =I'H, so that we find h € H,
with I'=lh. Now !"'w'"'ule HNI"'UI=HNU=2Z and therefore u'~'ue Z This
proves injectivity.

The smoothness follows from the fact that the product map UXL—G is a
diffeomorphism which is equivariant with respect to the right action of H = Z X H,, hence
an equivalence of principal bundles. Thus it factors to a diffeomorphism of the orbit
spaces U/Z X L/H, — G/H.

Let f, e C.(U) and f, € C.(L) denote continuous functions with compact support and
set

Fy(uz):= qu(uz)d#z(z) and F (IH.):= i fu(h) dppy, (h).

Then the function F defined by F(ulH):= F,(uZ)F (IH,) is a function of compac't support
and it suffices to show that the invariant measure on G/H coincides with p*(uyz® pism,)
on F.

We calculate

P*(uyz® P‘—L/HL)(F )= MU/z(FU)/J«L/HL(FL) = py(fudecf) = uc(f),
where f(ul) = f(u)f(I). On the other hand we have

[ sy annty= [ | fluteh) dug(e) dusm )
H Z'H,

= [ fowe)dua@) [ £uth) dan )
= Fu(uZ)FL(IHL) = F(ulH)
Therefore ugu(F) = pe(f) =p*(Ruiz® pm,)(F) and the assertion follows. a

ProrosiTiON 3.8. If the highest weight representation (x,, &) is square integrable, then
kerm, c K.

Proof. In view of Remark 3.6, we may w.l.o.g. assume that G is simply connected.
Let A:=ker m, and a be its Lie algebra.

We put B:= A,T and note that B is closed because its Lie algebra b:=a + t contains
the Cartan subalgebra t, hence is self-normalizing. Now the function g7 [(g. v,, V)| is
constant on the coset gB. Since it is square integrable over G/T, we see that if
q:Gw— G/T, g gT denotes the quotient map, then for every compact subset C = G the
set g(CB) < G/T has finite measure. If we choose C in such a way that it comes from a
smooth section of the quotient map G — G/B, g~ gB, then we obtain a diffeomorphic
direct product decomposition CB = C X B. In this decomposition the Haar measure ug
restricted to this set can be written as uc® ug, where uc is a measure on C with a
smooth density with respect to Lebesgue measure in any given chart and ujp is a right
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Haar measure on B. But b contains the compactly embedded Cartan subalgebra t, so that
B is unimodular ([9, Proposition 7.3.5]). Hence up is a left-invariant Haar measure on B.

From that we conclude that the invariant measure on G/T, restricted to the set
q(CB)=C X B/T can be written as puc® pp;r, where ugr is an invariant measure on
B/T. In fact, if f e C.(G/T) is a function with compact support contained in g(CB), then
we find a function F e C.(G) such that f(gT) = [r F(gt) dur(t) ([25, p. 475]). Then

horlf) = uolF) = [ F@) duc®)= [ [ F(eb) duss) ducte)

= LL/Tf(CbT) dpgr(bT) duc(c) = (e ® wa ) (f).

Hence pg{p(CB))= puc(C)upr(B/T)< and in particular pg{B/T)<®. Let B
denote the simply connected covering group of B. Then B/T = B/T (cf. Remark 3.6) so
that we also see that B/T has finite measure.

Next we apply Lemma 3.7 to the group B = B, X B, and the subgroup H=7. So
KB/ = "LBU/BZ® us,7, implies that By/B, and B,/T, =B,/T, have finite measure.
Since B, is a normal subgroup of By, it follows that B,/B, is compact. From
Bz = ker Adp we conclude that Adz(By) is compact, so that the Lie algebra b, of B is at
the same time a nilpotent ideal of b and compactly embedded. Hence it must be central
and in particular contained in t. On the other hand the fact B,/T,; has finite measure
implies that B, /K, has finite measure and therefore that B, contains only compact simple
factors. In this case we also see that b, = . Thus we have shown that act.

It remains to show that A< K. We consider the subgroup A/A, in the simply
connected group G/A,. It is discrete and normal, hence central and therefore contained
in exp((t + a)/a) = TAy/Ay. This shows that A € TA, = K. a

LemMA 3.9. If the kernel A of =, is contained in K, then the representation =, is square
integrable if and only if the representation 7, of G/A defined by 7,(gA):= m,(g) is square
integrable.

Proof. We consider the mapping p:G/T+— G/AT =(G/A)/(AT/A). Let fe
C.(G/AT) and F e C.(G) with

f(GAT) = f k) duar®)

([25, p. 475]). For each compact subset C= G and the mapping q:G— G/T the set
q(CAT) s q(CK) is compact because K/T is compact so that there exists a compact
subset F € K with K = FT. Therefore, as a function on G/T, the function defined by
f(gT):=f(gAT) has compact support and we see that

F«cﬂ(f) = p(F) = pear(f)

Hence, in this normalization, the mapping p:G/T — G/AT satisfies p*ugir = pgiar Now
the assertion is immediate. 0

The reductive case. Let g be a quasihermitian reductive Lie algebra (cf. Definition
3.1(d)) and G an associated simply connected group. We pick a compactly embedded
Cartan subalgebra t and fix a !-adapted positive system A*,
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Now suppose that (x,, ) is a unitary highest weight representation of G with highest
weight A with respect to A* and recall from Definition 3.3(c) that this implies in particular
that A is dominant integral with respect to A;. We recall that Ad(G) is always closed for
reductive groups ([16, Proposition 1.2]). Therefore the representation m, is square
integrable if and only if it belongs to the relative discrete series (Remark 3.5) which,
according to the possibility of realizing such representations as holomorphic functions (cf.
[7, V1)) is called the relative holomorphic discrete series.

Harish-Chandra considers the function ,(g) := (m.(g) - v,, v,) on G. Actually he uses
another definition which turns out to be equivalent (cf. [13, proof of Proposition
VIL1(1))). In {7, pp. 598-612] Harish-Chandra evaluates the relevant integral which leads
to the following explicit characterization of those highest weights belonging to the relative
holomorphic discrete series.

THeorem 3.10. Let p denote the half sum of the positive roots. Then the function , is
square integrable modulo the center, i.e., the highest weight representation =, is square
integrable, if and only if for all B € A, we have

(A +p)(B) <O (HC)
Proof. This follows from Lemmas 27 and 29 in [7, VI, pp. 604-609]. O
The following lemma makes the condition (HC) very easy to check.

Lemma 3.11. If g is a simple hermitian Lie algebra and A € it* is dominant integral
with respect to A}, then the following are equivalent:

(1) A satisfies the Harish-Chandra condition (HC).

(2) (A +p)(¥) <0 holds for the highest root y € A*.

Proof. (1)=» (2). Since the highest root A € A* is non-compact (the non-compact
simple root occurs in a representation by simple roots), it is clear that (1) implies (2).
(2)=>(1). The condition that A is dominant integral with respect to A; means that

A(&) e Ny for all @ € A{. On the other hand p,:= X e is invariant under %, hence
aeld;

pp(@)=0 for all « € A,. Since p,(d)=1 for all compact simple roots, it follows that

p«(&) >0 for all compact roots. Hence

O + p)(@) = A(@) + (@) > A(@) = 0. (3.1)

Now we introduce the standard scalar product (- | -) on it so that we can identify it
2
with its dual. With respect to this identification we have & =—=% for all a € A. Let
w € W;. Then the maximality of vy yields (e I a)

W.y=y— D n.a

aeldf

and therefore (3.1) implies that (A+p|w.y)<(A+p|y)<0 for all we % We
conclude that (2) is equivalent to (A +p |w.y)<O0 for all w e ;. Since A; generates
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the same cone as %;. y (cf. [11, Proposition 2.15]), it follows that (2) is equivalent to
(A+p)(B)<O0for all B € A,. This is exactly Harish-Chandra’s condition (HC). a

The general case. Since we want to generalize Harish-Chandra’s criterion to highest
weight representations of general groups, we first have to reformulate the Harish-
Chandra condition (HC) in such a way that it makes sense for a wider class of groups.

Lemma 3.12. For a functional A € it* with A |, € i int Cix;q . the following conditions
are equivalent:

Q) A+p)@)<Oforalla e,
(2) A+peiint Chi.

Proof. We first note that the functional p vanishes on the center, hence on the cone
Chin . In view of A ],a eiintCx;, z, this means that the functional A + p is contained in
i int Cxin if and only if for all 8 € A/, and X, € g2 with B =[X ,,,X,,] we have

0> (—i)(A + P)(i[X/s,Xﬂ]) = (—i)(A + p)B) = (A + p)(B). =

Let g = u X! be a t-invariant semidirect decomposition, where u is the nilradical of g
and [ is a reductive Lie algebra (Definition 3.1(c)). Accordingly we write G = U XL for
the associated simply connected group. Let A, and A, be as in Definition 3.1, A™ be a

1
fadapted positive system mg:=dim g€ the multiplicity of the root B, p, =§ > mgB,
Beay
ps =£ 2 Byp=3 2 B, and p=p,+p, We call the elements of A, the solvable
Be
roots. Recall that A, g A,, and that mg =1 for all 8 € A,.

Lemma 3.13. If (7, ) is a highest weight representation with kerdm,ct, then
A g iint CF,.. It follows in particular that the cone Cpy, 1 is pointed.

Proof. Splitting off the commutator algebra of ker dr,, we may w.l.o.g. assume that
it is abelian, hence contained in t and therefore central. Since, according to [21, Lemma
L4], A €iC};,, the assertion follows from [21, Proposition 1.6(ii)] combined with [19,
Proposition IV.9]. g

We fix a functional a, e i3(g)*, such that ao([:\’_p, X5])>0 holds whenever 0#

Xsegl, Bedl, ie,apeiintCh, .. Putm*:= @ g2 Then we define the structure of
Beay

a complex Hilbert space on m* by (X, Y):= ay([Y, X]) for X, Y € m*. Note that, in view
of Proposition 3.8 and Lemma 3.13, such a functional a, exists if G has square integrable
highest weight representations with kerdr, ct.

The mapping m*—m, X — X + X is a linear isomorphism and we obtain a complex

structure / on m by the prescription I(X + X):=i(X — X). Then (X, Y):= -—2—1 ao([X, IY))

defines a real scalar product on m such that Re(X,Y)=(X + X,Y +7Y), i.e., the map
m* — m is an isometry of real Hilbert spaces.

Next we recall a basic construction from [21, Section III}. We consider g as a direct
sum of m = [t, u}, 3:=3(g), and [, and accordingly we write the elements of g as triples
(Y,Z,X)emX3(g) XL . Let @ eiintCri, .. Then Q. (X,Y):=a([X,Y]) defines the
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structure of a symplectic vector space on m and since the brackets in g can be computed
as

(v,z,x), (Y, 2", X")]= (X, V'] - [X", Y], [V, V'], [X, X"]),

it is clear that the assignment B(Y, Z, X) = (Y, —ia(Z), ad X) defines a homomorphism
g— b, X38p(m, Q,), where b, = m X R denotes the Heisenberg algebra associated to m
with the bracket [(Y,?), (Y',t")] = (0, —ia([Y, Y'])), and 8p(m, Q,) is the Lie algebra of
the corresponding symplectic group.

Let ¥ denote the extended metaplectic representation of HMp(m, Q,) on the Fock
space %, ([21, Proposition I1.5]), G a simply connected Lie group with L(G) =g, and
B:G—-HMp(m, Q,) the Lie group homomorphism with df(1)=p8. We consider the
representation v, := ¥ 3 of the group G.

ProrosiTion 3.14. Let a eiintChri, ,, V. the corresponding representation of the
group G = UXL on the Fock space %,, and A, g:a8— a&, B € A; the linear map with

a([Y, X]) = ao([¥, Aas- X))

for X, Y € g Then the representation p,:= v, |y belongs to the relative discrete series of
U and its degree is given by d(p,) = IlI detcA, g with respect to a suitable normalization
of Haar measure on U/Z(U). Bed,

Proof. Write Z,:= Z(U), u=3(q)® m, and define a Haar measure uy,z, on U/Zy
by the diffeomorphism m— U/Z,,, Y~ exp(Y)Z, and the Lebesgue measure u, on m
normalized by [, e ™" du.(X)=1.

Write E; e &, for the constant function 1 and let Y € m. Then it follows from the
definition of v, and Section II in [21] that

(valexpY). Eo, Eg) = e Vi = eia([YJY]),

where ||Y]2 = —5a([Y, IY}). Since the representation p, is irreducible, we see that this

function belongs to the relative discrete series and, using the isomorphism m™—m,
Y- Y + 7Y, we obtain

1 _(EoEp f fa((y YD f ~a((¥
——=—= | Mgy (V)= | e @My (V)
o0 dpd) in1= .. g

m
= n f e‘ﬂo([)-’-ﬁa.a- YD d#gg(y) = H
Bes; /gl Bed!

_ -1
= I—[ detc a.B
Beal

fﬁ e (Aes- Y.Y) dﬂvg{-‘._.(y)
fc

because our normalization of the measure on g resp. m* is such that
j e~ A Yy (Y)=detA™!
m+

whenever A is positive definite. O

THEOREM 3.15. Suppose that (n,, #) is a unitary highest weight representation with
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the highest weight A with respect to the Y-adapted positive system A" and that kerdrm, S 1.
Then =, is square integrable if and only if

A+peiint Ch, (3.2)
1
where p =£BEA’ mgpf.

Moreover, if v, is a normalized primitive element, then d(z,v,)=d(p,;,)d(7,),
where m,, is the unitary highest weight representation of L with highest weight A;:=
(A+p,)|and ti=tNL

Proof. Let A:=kerm, and a=L(A). We identify the dual of t/(ant) with the
subspace (a N t)* = t*. Then the assumption that a < f shows that whenever g¢ < ac, then
this root space is contained in a compact semisimple ideal which is a direct summand.
Hence a vanishes on the cone C,,;,. Therefore the condition (3.2) is satisfied for G if and

only if it is satisfied for the quotient group G/A. Thus we may w.l.o.g. assume that =, has
discrete kernel. Moreover, in view of Remark 3.6, we may also assume that G is simply

connected.

We write G = U XL, where U is the nilradical and L is reductive and invariant under
K (cf. Definition 3.1(c)). Using Theorem III.2 in [21], we obtain a tensor product
decomposition r, = 7, ® v, where r,, is a highest weight representation of L (considered
as a representation of G via L=G/U) with highest weight A,=(A+p,)|;. The
representation v is an extended metaplectic representation, more precisely, it is a highest
weight representation with highest weight A — A,, where A, is extended to t by 0 on 3, and
#% =Pol(p;)®C as T-module, where C is the one-dimensional T-module correspond-
ing to the highest weight A — A,.

Let v, =v,,®v, € #(F) denote a unit highest weight vector decomposed according
to the decomposition 7, = x, ® v and put ,(g) = (m.(g) . va, vy). Using Proposition 2.3
and Lemma 3.7, we calculate the integral

[ wenrducnen = [ W@ dbue2) duomim)
GIT viz L,

- j f KA () . ns )P 2 Z) i, (IT,)
vizdum,

=[] 0. v v X 00,0 di2uZ) dn (T
Uiz LT,

= J K’r/\,(l) . vAp UAI>|2J' |(V(u)V(l) - Uy, vv)l2 d#‘U/Z(uZ) d“‘L/TL(lTL)
ur,

= Km0 v )P G 1D 0P Bl i (1T

1
d(Vlu)

where d(v|y) is the formal degree of the representation v|u=pA|“ which is square
integrable modulo the center (Proposition 3.14).

d(v Iu)

[ km®. vy v dmom ()
LTy,
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We conclude that 7, is square integrable if and only if the same holds for the highest
weight representation x,, of L, i.e., if
[ k. v vl duam ity <o
LTy,

Since .
(A + pX([Xg, Xg]) = A([Xg, Xg]) >0

holds for all 0# X, e g8, B e A (Lemma 3.13), we see that the condition A +p €
i int Cr;, is equivalent to A + p = A; + p; € i int CJ;, ; which, in view of Lemmas 3.11 and
3.12, is Harish-Chandra’s condition for the square integrability of the representation 7,

of L.
To complete the proof, we note that our calculation gives the following formula for
the degree
1
= T)*d Ty=—7"—"7"— O
d(m, v) G/TwlA(g W dpar(gT) d(PAl,-,)d(”A,)

REemaRrk 3.16. If we assume in Theorem 3.15 instead of ker dx, = f that g has cone
potential, then one can show that the condition A +p €iint C};, even implies that
kerdm, €t In fact, let a = ker dn;,. _

Suppose that Xz eacNgl with B e Ay is non-zero. Then i[Xp, Xp] € Cmin\{0}
because g has cone potential. Hence A([Xj, X;]) = 0 because X, € ac and therefore

0< ~i(A + p)(i[X, Xg]) = p([Xp, X5]).

If BeA, then B is a non-zero multiple of [X B,XB] and therefore we obtain a
contradiction to p(8) = p,(8) >0 which in turn follows from p,(8) =0 for 8 compact and
p-(B) = ip,(—if) € ip.(Cmin) ER* (cf. Definition 3.3(c)). Thus B e A} and [X4,Xp)S
3(ac). Hence p([Xg, X;]) = 0 yields a contradition. )

THEOREM 3.17. With respect to a suitable normalization of the invariant measure on
G/T, the number d(m,,v,) of the square integrable highest weight representation =, of
highest weight A is given by

d(my,v)) = (BI;[V detc AA.ﬁ) (Bg ; KA;(,;))(B)I) d(x),

where

A+ Pk)(é)

d A= >
(nK) BeA} pk(B)

is the dimension of the irreducible K-representation nX of highest weight A.

Proof. According to Theorem 3.15, we have d(x,) = d(p,)d(m,). For the first factor
we use Proposition 3.14 and for the second we have Harish-Chandra’s degree formula

- I(AI + px)(ﬁ)l
dm) = BUM ps(B)
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for the formal degree of the relative discrete series representations of reductive Lie
groups (cf. [7, VI, p. 612)).

To see that this formula has a factorization as asserted, we write p; = px + p, . Then
the functional p, , is invariant under the Weyl group %}, hence vanishes on B for B € A,.
Thus

_ (A + p)(B)] (A + p)(B) _ (A + p)(B)l
4(m) = ﬂg;_, Ps(é) Beat Pk(é) Bg;,. Ps(é) d(”ﬁ)’

where
(%)= I (A +p)(B) (A+p)(B)

pea  PB)  pear  pu(B) = d(md). o

Note that if g is compact then this is Weyl’s dimension formula and that, if g is

reductive, this is Harish Chandra’s degree formula for the relative holomorphic discrete
series.

4. Highest weight representations via Duflo’s orbit method. In this section we
explain how the class of square integrable highest weight representations fits into the
picture suggested by the orbit method. It will turn out that the square integrable highest
weight representations are exactly those which can be constructed with Duflo’s orbit
method.

We keep the notation introduced in Definition 3.1. In particular g always denotes a
Lie algebra containing a compactly embedded Cartan subalgebra t.

DEerNITION 4.1. For f € g* we write Ad*(g).f:=f°Ad(g)™' for the coadjoint action
and G :=Ad*(G).f for the coadjoint orbits. Furthermore we define
G;:={g e G:Ad*(g).f=f}and

gr:=L(G;)={X e g:fecad X =0}.
We identify the dual t* of t with the subspace [t, g]* of g*. A functional f e t* is said to
be integral if there exists a character x: T — C* with d,(1) = if. It is called regular if g; = .
In view of [19, Lemma I1.4], this condition means that the coadjoint orbit 0; < g* has
maximal dimension in g*.

In the following we always identify g* with the subset of all complex linear
functionals in g¢ which take real values on g.

DerintTion 4.2. (a) Let f e g*. A complex subalgebra b < g¢ is called a (complex)
polarization in f if

fe([6,6))={0} and dimc gc— dimc b= % dim O,

(b) We say that a polarization b in f satisfies Pukanszky's condition if the group
Ad(B):= ("% = Aug(gc) satisfies

Ad(B)*.f=f+b'cgt

(c) An element feg* is said to be well polarizable if there exists a good
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polarization b in f, i.e., b is solvable and satisfies Pukanszky’s condition. For such a
polarization we define a linear form p;, on the stabilizer algebra g, by

1
ps(X):= StradX loitac:

We say that fis admissible if the form (i. f |g,) + py is the differential of a character of the
group (Gp)o.

Let 5, denote the metaplectic covering (a central extension by Z,) of G; defined by
the symplectic action of G; on the symplectic vector space V :=g/g, and the pull-back
diagram

G — Mp(V)

P
G; —> Sp(V).

We write ¢ e E;‘, for the element (1, &) € G; X Mp(V'), where g,#1 is the second
element in the kernel of the metaplectic covering of Sp(V). Then {1, €} is the kernel of 7.
One can show that p, is always the differential of a character py of Gy satisfying
ps(e) = —1 ([3, 2.1]). Consequently f is admissible if and only if there exists a unitary
character y of (Gy)o with (€)= —1. We write X(G, f) for the set of all representations of
G; for which the restriction to (G), is x. Note that this is a one-element set if G; is
connected and that fis always admissible if (Gy)o is simply connected.

Lemma 4.3. If A" is a positive system and f e t* is regular, then the subalgebra
b:=tc® @ g¢ is a complex polarization in f satisfying Pukanszky’s condition.
aelA*

Proof. Leth e f+b* and X, Y € b. Then

("X h=h)(¥)= 3 (ad* X)". h(Y) € h([b, b)) = f([b, b)) = {0}
shows that the set f + b* = g& is invariant under the group Ad(B)* and in particular that
Ad(B)*.fcf +b"

It is clear that tc is a Cartan subalgebra of b and that ad*(i¢).f ={0}. Hence
Theorem L.11 in [15)] implies that the orbit Ad(B)*.f < f + b* is closed. We claim that it
is also open in f + b*. To see this, note the tangent space of this orbit is f +ad*(b). f.
Since (gr)c = 1c, it follows that

dim ad*(b) . f = dim b — dim t¢ = dim g¢ — dim b = dim b*.

Therefore f +ad*(b). f = f + b* and consequently Ad(B)*. fis an open orbit. Since it is
also closed, it follows that Ad(B)*. f=f + b*. 0

We have shown so far that fis well polarizable because b is a solvable Lie algebra.
Now we have to deal with the admissibility condition. To do this we assume from now on
that G is a simply connected group with L(G) =g and that A* is a f-adapted positive
system, i.e., the set of positive non-compact roots is invariant under the Weyl group %;
(cf. Definition 3.1(d)).
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LemMmA 4.4. Suppose that G is simply connected and T = exp t. Then for a functional
f € t* the following are equivalent:

(1) fis integral, i.e, X — €’®) factors to a character of the group T.

(2) if(&) € Z for all a € A;.

Proof. [21, Proposition 1.14]. O
LemMma 4.5. We have
1 1
po(X) = 2 trad X |oqc = 2 %* mqa(X)

and py(d&) = 1 for all simple roots a € Af.

Proof. If s, is the involution on t* coming from the root a, then

S«(B) =B — B(d&)a 4.1)
for all B e t* and if, in addition, « is a simple root, then s,(A*) = (A*\{a}) U{—a} implies
that s, (pp) = pp — a. Therefore py(&) =1 follows from (4.1). O

ProrosiTioN 4.6. The functional f is admissible for the simply connected group G if
and only if f is integral.

Proof. Since the coroots & for the simple roots a e Ay form a basis of the dual root
system [(2, Ch. VI, §1, no. 1.5, Rem. §]), Lemma 4.5 shows that p is integral so that it
always integrates to a character of the group T. Therefore if + py, integrates to a character
of T if and only if f is integral (Lemma 4.4). Now the assertion follows from the
connectedness of the group Gy ([15, Theorem 1.18]) which therefore must be equal to T.

O

Since Gy =T is connected, there exists exactly one 7 € X(G, f). Now Duflo’s orbit
method ([3], [6, Theorem 4.1]) provides for each f a unitary representation T := Tf, with
infinitesimal character y:3(U(gc))— C.

Remark 4.7. If G is connected reductive and f e t*, where t is a compactly
embedded Cartan subalgebra, then the construction of the representations T§ in [S, p.
118] shows that Tf belongs to the relative discrete series. This means that, for G
reductive, the only highest weight representations which we can expect to be obtained by
this method are those which belong to the relative discrete series, i.e., which are square
integrable.

RemMARk 4.8. (a) Let G be compact semisimple and f e g* well polarizable and
admissible, i.e., g, is a Cartan subalgebra. Let t = g, denote the corresponding Cartan
subalgebra. Let A”:={a:if(&)>0} and p the half sum of the roots in A*. Then the
representation 7§ associated to fis a representation of highest weight if — p.

(b) Let G be hermitian simple and simply connected, t € g a compactly embedded
Cartan subalgebra and f e t* regular and integral. Set A:=if eit*. We use [3, pp.
115-118] to explain what T is. First we choose a positive system of roots A*(A):=
{a:A(@)>0} and write Aj(A) and A;(A) for the corresponding systems of positive
non-compact and compact roots. We define

P S oar S a=pdl0) - p(8F0).

zaeA;(A) zaeA[(A)
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Since the stabilizer Gy is connected, hence equal to T =expt, there exists a character
A e T such that dA = A + p*. Now the representation T¢ associated to f is the relative
discrete series representation, where A + p* is the highest weight with respect to A of the
lowest K-type (cf. [23]). Hence, for all compact simple roots, we have

(A +p") (@) = (A= p(Ac(A)))(@) =A(d)-1=0
whenever A, (A) is Wr-invariant because the integrality of A(&) >0 implies that A(&) = 1.

Prorosimion 4.9. Suppose that G is a simply connected quasihermitian reductive Lie
group and that f e t* is integral such that A ;= if satisfies

A(&){ <0, forae A{

>0, foraelg,

where A* is a t-adapted positive system with A} € —iChi,. Then T§ is the highest weight
representation with highest weight A — p with respect to A*.

Proof. In view of Remark 4.8(b), we know that the highest weight of the lowest
K-type in # (the corresponding Hilbert space) is the dominant integral functional A + p*.
On the other hand A(8) <0 for all B € A, implies that A*(A) = A{ U (—A}). Therefore
p'=—p—p,=—pandA+p'=r-p.

To see that the representation T is in fact a highest weight representation, note that

(A—p +p)(B)=AB)<0
for all B € A, (A — p)(&) =0 for @ € A} (Remark 4.8(b)), and (A — p)(B) < A(8) <0 for
B € A,;. Hence A — p satisfies the Harish-Chandra condition for the relative holomorphic

discrete series. This means that 7§ must be a relative holomorphic discrete series
representations, in particular it is a highest weight representation. a

RemARK 4.10. Let G = U XL denote a semidirect decomposition of G, where U is
the nilradical and L is a reductive subgroup which is T-invariant (cf. Definition 3.1). We
use [5, pp. 121ff] to analyze how the representation 7; for f e t* is adapted to this
decomposition.

Let f,:= f|, and extend this function by 0 on I to a functional on g. Then

Ll g)) £ 1] + [T, u]) = {0}

because m:= [t, ] is invariant under [ (cf. Definition 3.1). Therefore L € G, It follows in
particular that UG;, = G. According to [5, p. 123], the representation Ty is a tensor product

TS =T3®S,.Tf.

We explain the different ingredients of this decomposition. Let q:=ker f N1u,. Then
q is an ideal in g;, because u; and ker f are invariant under g,. We set

ov1= /0= (04wl = (14 ) ker £ 15,

Therefore g is a reductive Lie algebra and f; is obtained by factorization of f|4. to g;.
The representation T¢ is the Kirillov representation associated to f,. Since in our

case U is a central extension of a Heisenberg algebra, Tf is exactly the Schrodinger

representation associated to f, (cf. (21, Section II]). The representation ST is a
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representation of the semidirect product UXL given by (u,!)—> Tf(u)S,. (1), where S is
obtained by the metaplectic representation of Sp(n,R)™ via the homomorphism L —
Sp(n, R)™ obtained by the action of L on u/u, = T, (G,).

This proves in particular that the decomposition of T; is compatible with the Satake
decomposition of a representation of U/ XL as in [21, Theorem III.2]. ]

THEOREM 4.11 Let G be a simply connected Lie group, A* a t-adapted positive system
of roots, and f € int Cri, S t* regular such that A= if is dominant integral with respect to
A{. Then Ty is the highest weight representation with highest weight A — p with respect
to A™.

Proof. For the case where G is reductive, the existence of a f-adapted positive system
implies that g is quasihermitian, i.e., its commutator algebra is a direct sum of compact
and hermitian simple ideals (cf. Definition 3.1(d)). In_this case the assertion is exactly
Proposition 4.9 because for X, e g& the element [X,, X,] is a positive multiple of &, so
that f € int C};, means that if (&) <O for all @ € A;.

In general G = U XL, where L is a simply connected reductive quasihermitian Lie
group and U, the nilradical of G, is a central extension of a Heisenberg algebra. Let
T:=T§. We may assume that U is not central. Otherwise G is reductive and Proposition
4.9 applies.

Then the largest ideal contained in ker f acts trivially on 0; and therefore, since f is
regular, is contained in t. Hence it is central. It follows in particular that f([u, u]) # {0}
because otherwise ker f contains the ideal [g,u]. From [u, u} € 3:=3(g) we infer that f
does not vanish on 3.

Now let a:=kerdT Nu. Then a is an ideal of g. We claim that a € 3. To see this, we
note that a=(aN3)®[t,a] and that aNnzckerf as well as [t,a]c[t,g]skerf
Therefore a is an ideal contained in ker f and therefore central as we have seen above.

Let m = [t,u] and consider the skew-symmetric bilinear form ¢(X,Y):=f([X, Y])
on mXm. We claim that q is non-degenerate. Suppose that ¢(X,m)={0}. Then
[X,m]<ckerf and therefore [X,u]ckerf On the other hand [X,[]cmckerf and
consequently X e g, ={Y eg:fead Y=0}=t, contradicting the regularity of f This
proves that the image u/a is isomorphic to a Heisenberg algebra b, and the homomorph-
ism u~ u/a can be written as

B:n=m®3-h, (X,¥)-(X,f(Y))

because the kernel of this homomorphism is a.

Therefore the group T(U) is a Heisenberg group, and as we have shown in [21,
Theorem II1.2], Satake’s decomposition theorem applies because the homomorphism
11— b, extends to the homomorphism

Big=uxl->uxsp(nR), (X,Y)-(B(X),ad ¥]|yo)

Note that to apply Satake’s decomposition ([21, Theorem II1.2]) one does not need that
the representation under considertion is irreducible.

So we obtain a tensor product decomposition T = T; ® T,, where T, is the metaplectic
representation obtained by the homomorphism G — H, XSp(n, R)™ (cf. [21, Proposition
I11.1)) and T; is a representation with U cker T;. It remains to show that T, = Tf, where
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fi:=f|; Since g; = t, the regularity of f; follows from g, = u, X1, (cf. [15, Lemma L.17}).
Now Remark 4.10 applies and completes the proof. g

THEOREM 4.12. A unitary highest weight representtaions r, with kernel in K can be
obtained by Duflo’s orbit method as a representation Ty, f € t* regular, if and only if it is
square integrable.

Proof. Suppose that the representation with highest weight A e int C;, can be
realized by Duflo’s method, i.e., m, = Tf for some regular f e t*. Then A|, = if |, since the
infinitesimal character of 7§ is y,, ([4, Theorem IV.19]). Now Satake’s theorem provides a
decomposition m,=m, ®7,,=Tf =TF®T' (cf. Remark 4.10). Thus Tf=m, is an
irreducible highest weight representation of L and since ker &, < K, the representation =,
is square integrable. Hence it belongs to the relative discrete series (Remark 4.7). Now
Ay = if, — p, satisfies the Harish-Chandra condition (Theorem 3.10) and therefore the
highest weight representation r, is square integrable (Theorem 3.15).

If, conversely, &, is square integrable, then we put f:= —i(A + p) and note that
f €int Cx;, by Theorem 3.15. We show that f satisfies the requirements of Theorem
4.11. From f e int Cp;, we conclude with [19, Proposition II1.14] that g = f. For a e Ay
we have

if(@=@+p)d)=A+p)&)>Ad)=0

so that we finally see that g, =1, i.e., f is regular. The integrality of f which is equivalent
to the integrality of A (cf. Lemma 4.5) is also satisfied. Therefore Theorem 4.11 implies
that T = x,. O

5. Holomorphic extensions. In this section G denotes a simply connected Lie group
having square integrable highest weight representations x,.

Let n:G — G¢ denote the universal complexification of G. For the following facts we
refer to [17). For a closed convex generating invariant cone W < g we write I'(g, W) for
the semigroup covering of the subsemigroup (exp(g +iW)) = G¢. Such semigroups are
called Ol'shanskil semigroups. One has a natural inclusion G —TI'(g, W), an exponential
function Exp:g +iW —T'(g, W), and if, in addition, i(W Nt,) <= (A,,)*, then T'(g, W) =
G Exp(iW), where the map

GxXW-TI(g,W), (g X)—gExp(iX)

is a homeomorphism (cf. [17]).

Let A eiint C}y, and 7:= &, a corresponding unitary highest weight representation.
We have shown in [21, Corollary IV.12] that for any generating invariant cone W cg
where the ideal W N (—W) is compact and W Nt € C,,,, the representation 7« extends to
a holomorphic representation m of the semigroup S :=I'(g, W), i.e., 7:S — B(¥) is weakly
continuous, 7,:5°%:= G Exp(i int W)— B(%) is holomorphic, and n(s*) = 7(s)*, where

(g Exp(iX))* = Exp(iX)g~".

Moreover, in this case 7(S°) < B,(%) and the character s~ ©,:= tr 7(s) is a holomorphic
function on $°
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Thus we have a mapping
F:By(%)— Hol(S°), Awmf,, with f,(s)=tr(n(s)A).
If n° denotes the representation of S X § on B,(¥) given by
E(81, 52)(A) := m(s))AT(s)™,

then frees,s,). 4(8) = fa(s3ssy), i.e., F intertwines the natural representation of S X S on the
space Hol(S°) of holomorphic functions on S® with the representation 7° on B,(¥).

DermNiTiON 5.1, The orbit M:=G. P, = By(¥) is called effective if the mapping:
By(#)— C(M), T~ oy is injective. Note that this is equivalent to saying that span #
€ B,() is dense, i.e., that the vector P, is cyclic for the representation of the group G on
B,(%) defined by g. A:=n(g)An(g)". Since this representation is not irreducible, there
is no a priori evidence for / to be effective.

Next we suppose in addition that the highest weight representation 7:G — U(¥) is
square integrable. Let further M = G/T be as in Sections 1 and 3, where v=uv, is a
normalized highest weight vector. Then we have for A € B(%) and s € S° the formula

406) = H@(5)4) = d() | 7)) 6
As a consequence of (5.1), we have for B = n(s)A € n(S°)B (%) the formula
1) = £46) = 4(E) | 0 alm) dialm) = () [ r5(m) dysam).

A particular case of (5.1) is the character formula

0.(5)=d(x) | xcom) dulm) 52)

which follows immediately from (5.1) with A=1.

THEOREM 5.2. The character formula

04(5)=d(x) | aseom) dnlm)

is valid for all s €S° and a positive constant d(r) if and only if the highest weight
representation 7 is square integrable modulo the center.

Proof. If m is square integrable modulo the center, then we have seen above that
formula (5.2) holds. Suppose conversely that z is a highest weight representation such
that (5.2) is valid.

The fact that 7 is irreducible yields that 7(S°) € B,(%) so that the left hand side is
well defined. Pick s € S°% Then #(ss*) = m(s)n(s*) is a symmetric positive operator of
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trace class. Thus we find a sequence (v,),.n Of mutually orthogonal vectors in # such

that m(ss*) = él P,. Then
04(65) = (m) | 0srn(m) ditasrm)
=d(r) | op,(m) duw(m)
=d() [ (g.v,0)un,8. W ducrlgT)

= d(n) fm 8- v v dprrlgT).

Since the existence of the integral on the right hand side is equivalent to the square
integrability of &, the proof is complete. a

For the following lemma we recall the definition of the projective space
P(%) = {Cv:v e {0}

of #. We write [v]:=Cv for the elements of P(3). We note that for any injective
operator A € B(#) the mapping P(¥#)— P(¥), [v]=A.[v]:=[A.v] is well defined.
Therefore the semigroup B;(¥) of injective bounded operators on ¥ acts on P(¥) by
A.[v]:=[A.v])

LemMA 5.3. The following assertions hold for any unitary highest weight representation
7, with A €iint CX,,..

(i) 7(S) < B,(%).
(ii) The mapping S° X P(%)— P(%), (s,[v])=>s. [v]:=[s. v] defines a holomorphic
action of S° on P().

(iii) If v is a primitive element, then S . [v]=G. [v].

Proof. (i) Since we can write s = g Exp(iX) with X € W, we may w.l.o.g. assume that
s = Exp(iX). Then n(s) = ¢™*) and such an operator is injective by the spectral theory
of selfadjoint operators.

(i) Let w € & be a unit vector and V,, :={[v] € P(%): (v, w) # 0}. Then the mapping

is a holomorphic chart for the open subset V,, of P(3). Its inverse is given by the map
v
Y [v] k—)m -w

Now pick 5o € $° and vy € & with (7(so). vo, w) #0. Then there exists a neighbor-
hood U of sq in $° and a neighborhood V of vy in & such that (n(s). v, w) # 0 holds for all
s € U, v € V (recall that x is norm-continuous on $°). Thus

n(s). v
7(s). v, w)

(s, v) = ¢ ([n(s). v]) =

is holomorphic on U X V. This proves the assertion.

https://doi.org/10.1017/50017089500032237 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500032237

320 KARL-HERMANN NEEB

(iii) Since the representation = is irreducible, the image 7(Z) of the center Z of G is
contained in C1 so that it acts trivially on the projective space P(3). Hence the action of
§=T(g,W) on P(¥) factors to a representation of the subsemigroup S,:=
n(G)exp(iW) = Gc. Let B:=(exp b) < G, where b= 3 g& Then it follows from [10,

acA*

Theorem IL8], that § € n(G)exp(iWna) E n(G)B, where the subset n(G)B € G is open.
Let y:B — C* denote the holomorphic character with d,(1) = A. Then the mapping

n(G)B-P(¥), (g~ [x(b)n(g).vl=[g.v]

is a holomorphic extension of the orbit map n(G)— P(¥),g— g . [v]. Since holomorphic
extensions are unique (cf. [9, Lemma 9.17]), it follows from S <n(G)B that S.[v]c
G.[v]) a

Now we come to the main result of this section.

Tueorem 5.4. If v is a primitive element, then the orbit M =G .P,< B,(¥) is
effective.

Proof. Let A € B(%) and suppose that o4 = 0.
For s € § we calculate

fa(ss*) = tr(n(s)m(s*)A) = tr(n(s*)An(s))

= d(n) L/T (#(s*)An(sg) . v, 7(8) . v) dp.orrlgT)

= d(n) fa,r“"(sg)' v, 7(sg) . v) dpcir(&T)

In view of Lemma 5.3(iii), we find for each g € G another g, € G with 5. [g.v]=
[8s - v]. Hence sg. v = zg;. v for a e C*. We conclude that

(An(sg). v, m(sg) . v) = |z {Am(g,) . v, 7(g,) . v) = 2| 7a(gs ' T) = 0.

Hence fy(ss*)=0 for all s € S°%. Since S =G Exp(iW), this means in particular that
Ja(Exp(iX)) = 0 for all X € W. Hence f, = 0 follows from the fact that f, is a holomorphic
function (cf. [9, Lemma 9.17}). ]
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