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ABSTRACT

We compute the characters of the simple GL-equivariant holonomic D-modules on the
vector spaces of general, symmetric, and skew-symmetric matrices. We realize some of
these D-modules explicitly as subquotients in the pole order filtration associated to
the determinant /Pfaffian of a generic matrix, and others as local cohomology modules.
We give a direct proof of a conjecture of Levasseur in the case of general and skew-
symmetric matrices, and provide counterexamples in the case of symmetric matrices.
The character calculations are used in subsequent work with Weyman to describe the
D-module composition factors of local cohomology modules with determinantal and
Pfaffian support.

1. Introduction

When G is an algebraic group acting on a smooth algebraic variety X over C, it is a natural
problem to describe the simple G-equivariant holonomic D-modules on X. When G acts with
finitely many orbits, all such D-modules have regular singularities, and they are classified via
the Riemann-Hilbert correspondence by the G-equivariant simple local systems on the orbits of
the group action. Describing these D-modules explicitly is however a difficult problem (see open
problem 3 in [MV86, §6], and [Vil85]). In this paper we consider the case when X is a vector
space of matrices (general, symmetric, or skew-symmetric) and G is a natural rank-preserving
group of symmetries. In all these cases G is a reductive group and the D-modules are G-admissible
representations (they decompose into a direct sum of irreducible representations, each appearing
with finite multiplicity). The purpose of this paper is to describe these representations (which
we will refer to as the characters of the equivariant D-modules) and to realize these D-modules
explicitly. The motivation for this work is two-fold.

— Computing local cohomology. In [RW14, RWW14, RW15], we describe the characters, and
the D-module composition factors of the local cohomology modules H3, (X, Ox) in the case
when X is a space of matrices (general, symmetric, or skew-symmetric) and Y is any orbit
closure for the natural group action on X. We expect that the combination of D-module
and commutative algebra techniques that we employ to study local cohomology in the case
of matrices will apply to other cases of interest [Lev09, Appendix]. We note that character
calculations in the context of analyzing local cohomology modules appear also in [Kem?78,
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VdB99]: in both cases, the representations are T-admissible for 7" a maximal torus in G; the
equivariant D-modules that we study in this paper are G-admissible, but in general they
are too large to be T-admissible.

— Levasseur’s conjecture. For a class of multiplicity-free G-representations X, Levasseur
conjectured [Lev09, Conjecture 5.17] an equivalence between the category C of equivariant
holonomic D-modules whose characteristic variety is a union of conormal varieties to the
orbits of the group action, and a module category admitting a nice quiver description. His
formulation is equivalent to the fact that any simple D-module M in C contains sections
which are invariant under the action of the derived subgroup G’ = [G,G]. Our character
description provides a direct proof of this conjecture for general and skew-symmetric
matrices, and yields counterexamples for symmetric matrices.

Our work complements the existing literature that studies the categories of D-modules on rank
stratifications [Nan08, Nanl2| (see also [BG99] for the corresponding categories of perverse
sheaves), in that we realize concretely the simple objects of these categories and discuss some
applications, filling some gaps in the arguments and generally painting a more transparent
picture. To give a flavor of the level of concreteness that we seek, we begin with the following
result (Z} = denotes the set of dominant weights A = (A > --- > \,) € Z", and Sy denotes the
Schur functor associated to A; throughout the paper we use the convention Ay = oo for s < 0,
As = —oo for s > n).

THEOREM 1.1. Let X = C"*" be the vector space of n x n matrices and let S = C[z; ;] be the
coordinate ring of X. If we write det = det(x; ;) and let Sqer be the localization of S at det, then
we have a filtration

0CSC(det™)p G- G (det™)p = Ser,

where Fs = (det™®)p denotes the D-submodule of Sgey generated by det™® for s =0,...,n (and
F_1 =0). The successive quotients As = Fs/Fs_1, s =0,...,n, are the simple GL,,(C) x GL,,(C)-
equivariant holonomic D-modules on X (for the natural action by row and column operations)
and their characters are given by

A4,= P SCresc
AEZLY,

dom

As=82As+1

In the case of symmetric matrices, the D-modules obtained as in Theorem 1.1 cover roughly
half of the simple equivariant D-modules. The remaining half are more mysterious, and they
provide counterexamples to [Lev09, Conjecture 5.17]. In the case of m x n matrices with m > n,
as well as in the case of skew-symmetric matrices of odd size, the simple equivariant D-modules
arise as local cohomology modules, while in the case of skew-symmetric matrices of even size
the simple equivariant D-modules arise, just as in Theorem 1.1, from the pole order filtration
associated with the Pfaffian of the generic skew-symmetric matrix. Most of our simple D-modules
have irreducible characteristic variety, but for roughly half of the ones arising from symmetric
matrices the characteristic variety has two connected components: this is deduced in Remark 1.5
as a consequence of the character information.

As suggested by Theorem 1.1, one motivation behind our investigation is that the simple
D-modules are the building blocks for many D-modules of interest that one would like to
understand. More precisely, every holonomic D-module M has finite length, i.e. it has a
finite filtration (composition series) whose successive quotients (composition factors) are simple
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holonomic D-modules. When G is connected and M is G-equivariant, the composition factors
are also G-equivariant [VdB99, Proposition 3.1.2]. We are mainly interested in two types of
G-equivariant holonomic D-modules.

— Local cohomology modules. If Y C X is a G-invariant subset, then the local cohomology
modules H}, (X, Ox) are G-equivariant D-modules. If Y is smooth and irreducible, and if we
write ¢ = codimx (Y") for the codimension of Y inside X, then H$, (X, Ox) is the unique non-
vanishing local cohomology module and it is simple. In general, for an irreducible subvariety
Y C X one can define an intersection homology D-module £(Y, X) which is simple (and it is
G-equivariant when Y is a G-subvariety), and we have an inclusion £(Y, X) C H$ (X, Ox),
whose cokernel is supported on a proper subset of Y. The case when X = C"*™ and Y is the
subvariety of singular matrices is implicitly described in Theorem 1.1: ¢ =1, L(Y, X ) = Aj,
HL(X,O0x) = Sqer/S, and the cokernel Hi (X, Ox)/L(Y, X) has composition factors As,

.., Ap. In general, the local cohomology modules H (X, Ox) for i # ¢ may be non-zero,
but they are all supported on proper subsets of Y: it is an interesting problem to decide
their (non-)vanishing, or at a more refined level to understand their D-module composition
factors.

— The D-module (generated by) f. For a non-zero polynomial f € S = Clzy,...,zn] and a
complex number «, we can define (f“)p — the (holonomic) D-module generated by f* (see
[Wall5] for a recent survey). A strict inclusion (f¢*1)p C (f*)p implies that « is a root of
the Bernstein—Sato polynomial of f (this can happen only when « is rational and negative
[Kas76]). It is an interesting question to decide whether each root « gives rise to such a strict
inclusion (see [Wallb, Question 2.1] and [Sail5, Question 1, §4]). More generally, one may
be interested in the composition factors of (f*)p. For a € Z and f = det, this is completely
answered by Theorem 1.1. When o ¢ Z, (det®)p is a simple D-module (see the proof of
Theorem 7.1). Similar conclusions are obtained when f is the symmetric determinant, or
the Pfaffian of a skew-symmetric matrix of even size.

Before stating our results in more detail, we give a simple example to illustrate how character
calculations alone can allow one to determine the D-module composition factors.

Ezample 1.2. Let X = CV be the N-dimensional affine space and let G = (C*)"V be the N-
dimensional torus. The orbits X of the G-action are indexed by subsets I C [N] ={1,..., N},
where

X;={zeCV:z;#0if and only if i € T}.
The stabilizer of each X7 is connected, so there is a one-to-one correspondence between orbits
and simple G-equivariant holonomic D-modules Dy (Theorem 2.7 and Remark 2.8), given by
Dy = £(Y7,X), where Y7 = X7 is the corresponding orbit closure. Since Y7 is an affine space of

codimension N — |I|, it is in particular smooth, and therefore the D-module Dj is just a local

N

cohomology module D; = HYI_|I|(X, Ox). If we write S = C[z1,...,2y] for the coordinate ring

of X, then each Y7 is defined by the ideal generated by the variables x;, j ¢ I. Using the Cech
complex description of local cohomology, we get

A A
D; = @ C-z} )y,

xezN
;>0 if and only if i€l

which is a decomposition into irreducible G-representations. If we take f = x1 - -z, then we
get

Sy = @ Cmi‘l---x?‘VN.
xezZN
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The torus weights appearing in the modules D; form a partition of those appearing in Sy, so
each Dy appears as a D-module composition factor of Sy with multiplicity one. Using a similar
argument for X = C"*™ we obtain a proof of Theorem 1.1 (see §5).

Symmetric matrices

Our results run in parallel for the three spaces of matrices (general, symmetric, and skew-
symmetric). We have made an effort to apply a uniform strategy to all three cases, but we were
not able to treat the combinatorial details uniformly. For the sake of brevity, we have chosen
to treat only the case of symmetric matrices in full detail, and only indicate the changes that
are required in the other cases. Two features that make the case of symmetric matrices more
interesting are (a) the presence of non-trivial equivariant local systems and (b) the existence of
counterexamples to Levasseur’s conjecture.

For each positive integer n and for s = 0,...,n, we consider the collections of dominant
weights
1 (mod 2) )
Clis,n) ={AeZi, AN = "s+lfori=1,...,n, A >=5+12> A2},
d2) |s+1 fori=1,...,s (1.1)
C%(s,n) = /\EZﬁom:/\i(mOE ) As = s+ 1, A1 < s ).
s fori=s+1,...,n

Note that C!(n,n) = C?(n, n). For a positive integer n, we identify Sym? C"™ with the vector space
MSY™™ of 5 x n symmetric matrices, where the squares w?, w € C?, correspond to matrices of rank
at most one. We write M;>™" for the subvariety of matrices of rank at most ¢. For s =0,...,n

and j = 1,2, we define
= € s\
A€ECI (s,n)

THEOREM ON EQUIVARIANT D-MODULES ON SYMMETRIC MATRICES. [§4] There exist 2n + 1
simple GL,,(C)-equivariant holonomic D-modules on M*™™"  whose characters are ¢, s =0,
...,n, j = 1,2. More precisely, if we denote by C4 the D-module with character ¢, then C} =
C2 = £({0}, M»™™) js the simple holonomic D-module supported at the origin and, for s < n,

(o [EQEIER A if = s (mod 2),
S| o(Mmm psymm 1 /9) if j= s+ 1 (mod 2).

Here L(MY™ MS™™) js the usual intersection homology D-module, while L(M;""™,
M™™1/2) is the intersection homology D-module associated to the non-trivial irreducible
GL,,(C)-equivariant local system on the orbit of rank-(n — s) matrices.

We let S = C[z; ;] be the coordinate ring of M™™"  where z;; = x;;. We write sdet =
det(x; ;) for the determinant of the generic symmetric matrix, and let Sgqet be the localization of
S at sdet. We consider Fy = (sdetfs/ 2\ p, the D-submodule of Ssge; (0 Of Sget - sdet!/ 2) generated
by sdet™/2 fors=0,...,n+1 (and F_; = 0). We have that C3 = Fy = S, and C! = Fy11/Fs_4
fors=0,...,n.

Remark 1.3. The D-modules C? for s = 1,...,n—1 contain no SL, (C)-invariant sections, so they
provide counterexamples to [Lev09, Conjecture 5.17]. It may be interesting to note that when
n > 3, among these counterexamples there are the intersection homology D-modules £(M;”"™,
MsY™™) with s even, so the failure of Levasseur’s conjecture cannot be solely explained by the

presence of non-trivial local systems.
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Remark 1.4. We can now give a quick derivation for the Bernstein—Sato polynomial of sdet [Kim03,
Appendix]:

beter () = ﬁ<s TS Z) (1.2)

i=1

It follows from Cayley’s identity that bsget(s) divides i, (s + (1 +¢)/2), while for each i =1,
..., n the strict inclusion F;_1 C Fj1 shows that —(1 +4)/2 is a root of bgget(s). This is enough
to conclude the equality (1.2).

Remark 1.5. It is interesting to note that the character calculation allows us to determine the
characteristic varieties for the D-modules C{. The Fourier transform F (see §2.5) permutes
the D-modules C?, and ‘rotates’ their characteristic varieties by 90° (note that ‘rotating’ the
conormal variety to the orbit of rank-s matrices yields the conormal variety to rank-(n — s)
matrices). The formula (2.29), where U = A® C", together with (1.1), shows that F(C})=CL |
for s=0,...,n—1,and F(C?) = C2_, for s =0,...,n. Since C! has support M;"".™ and F(C})
has support M 1™, it follows that the characteristic variety of C§ has two components, namely
the conormal varieties to the orbits of rank-(n — s) and rank-(n — s — 1) matrices. Since C2 has
support M;""™ and F(C?) has support Mz¥™™ it follows that the characteristic variety of C2
is irreducible, namely it is the conormal variety to the orbit of rank-(n — s) matrices. Similar
considerations show that for general and skew-symmetric matrices, the characteristic varieties of
the simple equivariant D-modules are irreducible. The calculation of characteristic varieties can

also be deduced from [BG99].

Strategy for computing the characters of equivariant D-modules

Our approach to computing characters of equivariant D-modules is based on performing Euler
characteristic calculations using the D-module functoriality together with some combinatorial
and geometric methods. More precisely, for the inclusion of an orbit ¢ : O — X, the D-
module direct image fL Op is an object in the derived category of G-equivariant Dx-modules,
whose cohomology groups ij Op are (in the cases that we study) G-admissible representations.
Analyzing the inclusion ¢ directly is complicated, so we make use of a resolution of singularities Z
of the orbit closure O. The variety Z is a vector bundle over a Grassmannian G (or a product of
Grassmannians), and the inclusion j : O < Z is an affine open immersion. The map 7 : Z — X
factors as p o s:

0l 7z L xxG

|

O« Oc¢ X

where s is a regular embedding and p is the projection onto the first factor. We compute the
Euler characteristic of [ Op as a virtual admissible G-representation, by using the factorization
t =posoj. If we pretend that there is a one-to-one correspondence between simple equivariant
D-modules and orbits (which is true for general and skew-symmetric matrices), and write X,
for the D-module corresponding to matrices of rank s, then the Euler characteristic calculations
together with general considerations regarding the structure of D-module direct images allow us
to write down an upper-triangular matrix with ones on the diagonal that represents the change of
coordinates in the Grothendieck group of admissible representations, from (Xj5)s to appropriately

1939

https://doi.org/10.1112/50010437X16007521 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16007521

C. RAlcu

defined linearly independent characters (Xs)s. The Fourier transform on one hand preserves this
matrix, and on the other hand it makes it lower-triangular, which allows us to conclude that the
matrix is in fact the identity and therefore X3 = X; for all s (see §2.6).

In the process of computing Euler characteristics, we are led to the following combinatorial
problem. Let X = G(k,C") be the Grassmannian of k-dimensional quotients of C", with Ox (1)
denoting the Pliicker line bundle, and Q’X denoting the sheaf of differential i-forms on X, and
define the virtual GL,,(C)-representation

k-(n—k)

prr = Y (F)T (X, Q% (r).

=0

The problem is to compute py, ® S\C" for A € Z . When k = 1, p;, corresponds to the
rth power sum symmetric function, and the answer is given in [Mac95, Exercise 1.3.11(1)]. The
relevance of this formula for computing Euler characteristics is as follows: if we write E = L({0},
X) for the simple holonomic D-module supported at the origin, Oy for the orbit of rank-k
matrices, and ¢y for the inclusion of O into the ambient space, then (up to minor adjustments,
depending on which space of matrices we analyze)

i
([ oor) =2 [ o= pm o
Lk L

JET.

where the limit is taken in the Grothendieck group of admissible representations (see §2.1.1 for
a precise formulation, and § 3 for the calculations).

Organization

In § 2, we establish the notation and basic results concerning the representation theory of general
linear groups and D-modules that will be used throughout the rest of the paper. In §3, we
compute the relevant Euler characteristics as limits in the Grothendieck group of GL-admissible
representations. In §§4-6, we prove the main results on characters of equivariant D-modules.
Finally, in §7, we discuss the simple D-modules that arise from non-equivariant local systems
on the orbits, and prove Levasseur’s conjecture for skew-symmetric and general matrices.

2. Preliminaries

2.1 Representation theory [Wey03, ch. 2]

Let W be a complex vector space of dimension dim(W) = n, and denote by GL(W) the
group of invertible linear transformations of W. The irreducible finite-dimensional GL(W)-
representations, denoted S)\W, are indexed by dominant weights A = (A\; > -+ > \,) € Z™.
A dominant weight A is said to be a partition if all its parts Ay, ..., A, are non-negative. The size
of Ais |[A] = A1 + -+ + A\,. The conjugate partition )\’ is defined by transposing the associated
Young diagram: A} is the number of the j for which \; > i; for example, (5,2,1)" = (3,2,1,1,1).
Write [n] for the set {1,...,n}, and for a given subset I C [n] and an integer u, let (u) be the
sequence p € Z™ having pu; = v when ¢ € I, and p; = 0 when ¢ ¢ I. When I = [k] for k < n, we
simply write (u*) instead of (u!). We have that SamW = A" W is the kth exterior power of W,
and we let det(WW) denote the top exterior power A" W.
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2.1.1 Admissible representations. Given a reductive algebraic group GG, we write A for the set
of (isomorphism classes of) finite-dimensional irreducible G-representations. We will be mainly
interested in the case when G = GL(WW) is a general linear group: we write I'(G) = I'(W) and
A={S\W:XxeZ; .} We also consider G = GL(W;) x GL(W5), dim(W;) = m, dim(Ws2) = n,

and write I'(G) = T'(Wy,Ws) and A = {SsW1 @ S\Ws : 6 € Z} A € Z5 . }. An admissible
G-representation decomposes as
M= Lo,

LeA

where each ay, € Z>o. We say that M is finite if only finitely many of the a; are non-zero. We
define the Grothendieck group I'(G) of admissible representations to be Z*, the direct product of
copies of Z, indexed by the set A. We call the elements of I'(G) virtual representations. We write
a typical element U € I'(G) as

U= Z ar- L,

where ay, € Z, and define (U, L) = ay, to be the multiplicity of L inside U. A sequence (U, ), of
virtual representations is said to be convergent (in I'(G)) if, for every L € A, the sequence of
integers (U, , L) is eventually constant. If (U, ), is convergent, we write ay = lim, (U, , L) for

each L € A. We define U = ;.\ ar, - L to be the limit of (U,),, and write

lim U, =U.
T—>00
2.1.2 Combinatorics of weights. It will be convenient to make sense of S\W even when

A € Z" is not dominant. In order to do so, we let § = (n — 1,n — 2,...,1,0) and consider
A+o=MN+n—1 +n—2,...,\p—1+1,\,). We write sort(\ + 9) for the sequence obtained
by rearranging the entries of A+ § in non-increasing order. If A + § has non-repeated entries, we
let sgn(A) denote the sign of the unique permutation realizing the sorting of the sequence A + 4.
We define

A =sort(A+0) — 4,
and let Sy be the element of I'(W) defined by

sgn(A\) - S;W if X is dominant (i.e. if A\ + J has non-repeated entries),
SAW:{g() 5 ( p ) 2.1)

0 otherwise.
For example, we have S5 1 43W =0 and S(11,0nW = —S422,1)W. Note that in particular
SW =0 if \jyg1 =X\ +1forsomei=1,...,n—1. (2.2)

We denote by ([z]) the collection of subsets I C [n] of size |I| = k, and write P(k,n — k) for
the set of partitions p = (1 > -+ > pg) with g1 <n — k. There is a one-to-one correspondence
between sets I € ([Z]) and partitions u € P(k,n — k) given by

I={pe+ 11 +2, .. o+ (k= 1), 1 + k}. (2.3)
If we write u' € P(n — k, k) for the conjugate partition of y, then the complement of I in [n] is
given by
19 = [\ = {k+ 1= iy, 2 — by om— i), (2.4)
1941
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For every A € Z'*, I € ([z}), and r € Z, we define A(r,I) € Z" as follows: we write the elements

of I and I¢ in increasing order:
I={ip < - <ig}, I°={igs1 < - <in},
and let

r+t+ N, —t fort=1,...,k,
/\(n )t: .
t+ A, — fort=k+1,...,n.

We define A\'(1) € ZF and \?(I) € Z"* via

)\l(I)t:t-i-)\Z’t—’it fOI't:].,...,k?,
)\Q(I)t_k:t+)\it—’it fort:k:—f—l,...,n,

so that A\(r, I) is the concatenation of A'(I) + (r*) and A\2(I). In particular,
M(ED) = (A, .. ) and A2([K]) = Metts -+ An).
We define the permutation o(I) of [n] via
ol)y=14 fort=1,...,n.
With this notation, we obtain
Sxe ()W = sgn(o(I)) - SyenW = (1) Sy, n W,

and note that if A is dominant and r is sufficiently large, then A(r, I) is also dominant.
We define for h,j € Z/27 the sets of partitions

P (a,b) = {p € P(a,b) : ;= h (mod 2) fori =1,...,a,p; = j (mod 2) for i =1,...

A quick counting argument yields the following result.

LEMMA 2.1. The cardinality of P"J(a,b) is computed by

b
2] 0 b odd.
a + =1 a=1 + b—1
1,0 <2 b£12 J) a eVen7 1.1 ( 2 b—1 2 > a, b O(jd7
[P (a, b)| = %% [P (a,b)| = =
0 a odd, 0 otherwise.
1942
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2.1.3 A generalized Pieri rule. The Grothendieck group I'(W) is a module over the
representation ring R(W) of finite-dimensional GL(W)-representations. As a ring, R(W) is
generated by the exterior powers /\k W, k < n, and by the inverse det(W)™! = \"W* =
S—imW of det(W). We have SyW @det(W) = Sy 1»)W. The following lemma generalizes
this by describing the multiplicative action of the exterior powers A* W on T'(W) (since the
multiplication is continuous, i.e. it commutes with limits, it suffices to determine its action on
the indecomposables SyWV).

LEMMA 2.2 (Pieri’s rule). For every \ € Z"™, we have the following equality in T'(W):

k
(AW)esw =3 SianW. (2.11)

1e(%)

Proof. We may assume without loss of generality that A is dominant. If A;;1 = A; and [ is such
that i ¢ I and i + 1 € I, then it follows from (2.2) that S\, ;)W = 0. For all the other terms

appearing on the right-hand side of (2.11), we have that p = A + (17) is dominant and g/ is a
vertical strip (i.e. u; — A; € {0,1} for all 7) of size k. Equation (2.11) then follows from the usual
Pieri formula [Wey03, Corollary 2.3.5]. O

We define elements py, (W) € R(W) for every r € Z and 0 < k < n by

Prae(W) = Y Sy W, (2.12)
re(f)

and note that py (W) = A" W. We have the following generalization of Pieri’s rule.
LEMMA 2.3. For every A € Z"™, we have the following equality in T'(W):

Prr(W)@SW = > Sy oy W. (2.13)
1e()

Proof. When k =0, po (W) = C is the identity element of R(WV), so the conclusion is trivial. We
may thus assume that & > 0. As before, we also assume that A is dominant. Multiplication by
det(W) is an invertible operation, so proving (2.13) for A is equivalent to proving it for A+ (1™).
In particular, we may assume that A is a partition and that moreover A, = 0.

We consider the ordering of the partitions A with at most n parts induced by the graded
reverse lexicographic order on their conjugates: more precisely, we say that A = u if [A| > |y,
or if |A| = |p| and for the largest index ¢ for which X} # p; one has X, > p}. We prove (2.13) for
all partitions A, by induction with respect to the said ordering. When X is the empty partition,
(2.13) coincides with (2.12).

Assume now that A\; > 0 and consider the partition 1 obtained from A by removing the
last column of its Young diagram: the conjugate p’ is given by p; = X, for i < A; and p; =0
for i > A1. We let [ = )\’ denote the size of the column removed from A. Using the induction
hypothesis for p < A and Lemma 2. 2, we get

(prr (W) @ S, W) © (/\W) 3 <Z S (riya (17 W> (2.14)

Je(t) “re(tn)
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Consider the collection of partitions P = {a : a/p is a vertical strip of size [}, so that

SMW®(/1\W> =3 s,

acP
and note that A € P and that oo < X for every A # o € P. We can then rewrite the left-hand side
of (2.14) as

Z pk,r(W) & SaW7
acP

so in order to prove (2.13) for A it is sufficient to show that the right-hand side of (2.14) is equal

to
Z( 3 sw(ﬂ)w).
acP IE([Z])

Since P = {u+(17): J € ([7]),;H- (17) dominant}, we only have to check that when o = p+ (17)
is not dominant then

> SupenW =0. (2.15)
1e(1)

Note that the only way in which o = p + (17) can fail to be dominant is if for some index j,
pj = pj1 and j ¢ J, j+1 € J. Fix such an index j, and note that a1 = o+ 1. It follows from
(2.2) that when I C [n] is such that both j,j 4+ 1 € I, or both j,j +1 ¢ I, then S, .,V = 0.
To show (2.15), it is then enough to prove that

Z SOL+(TI)W+ Z SCM—F(T'II)W - 0 (216)
1e(%) 1e(R)
Jel,j+1¢I jel j+1el’

There is a one-to-one correspondence between the collection of subsets I with j € I, j+1¢ I,
and subsets I’ with j ¢ I', j+1 € I, given by I’ = (I U{j + 1})\{j}. Moreover, for such a pair
I, 1" it follows from (2.1) that S, (. )\W = —~So i)W (because o + (r1) 4 6 is obtained from

o+ (r’")+8 by switching the jth part with the (j+ 1)st part), which proves (2.16) and concludes
the proof of the lemma. O

2.2 Bott’s theorem for Grassmannians [Wey03, ch. 4]
We consider X = G(k, V'), the Grassmannian of k-dimensional quotients of V' (or k-dimensional
subspaces of W = V*), with the tautological sequence

0 —R —-Ve0x — Q—0, (2.17)

where Q is the tautological rank-k quotient bundle, and R is the tautological rank-(n — k) sub-
bundle. Bott’s theorem for Grassmannians [Wey03, Corollary 4.1.9] computes the cohomology
of a large class of GL-equivariant bundles on X. We only need a weaker version that computes
Fuler characteristics.

Suppose that M is a quasi-coherent GL (W )-equivariant sheaf on X. We say that M has
admissible (respectively finite) cohomology if its cohomology groups H7(X, M) are admissible
(respectively finite) for j =0,...,dim(X). We can therefore make sense of the Euler characteristic
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of M as an element of I'(WW) (respectively R(W)). We define the Euler characteristic of M to be
the virtual representation

k- (n—k)
= > (—VHI(X,M). (2.18)
7=0
THEOREM 2.4 (Bott). Let « € Z% and 8 € Zdom be dominant weights, and let A = («, 3) € Z"™

be their concatenation. The Euler characteristic of S,Q ® SgR is given (with the convention
(2.1)) by
X(X,5,Q®SsR) = Sy\V.

We can now give an alternative interpretation of the elements py, , introduced in (2.12).

LEMMA 2.5. If we let Q% = A\ (R ® Q) denote the sheaf of i-differential forms on X, and write
Ox(1) = det(Q) for the Pliicker line bundle on X, then

Lx(X, Q% ().

Il

pk,r(v)

Proof. Cauchy’s formula [Wey03, Corollary 2.3.3] yields
N\R®Q) = ey $,Q*® S,R.

neP(kn—k), |pl=i

Twisting by Ox(r) = det(Q)®" = S(,»Q, and taking Euler characteristics, we get using
Theorem 2.4

X (X, Qx (r) = > Stttk st ety )V
uEP(k‘,n—k’), |H’|:Z

Using (2.9) with A = 0, we get S V= (=1) -SenV, so

T_Nkﬂ”—lik—lw-ﬂ"—/ﬁl7M/17~-~7N:L_k)

k- (n—k)
XX, Qx(r) = Y SenV =pe(V). O
=0 Ie([k])

2.3 D-modules [BGK+87, HTTO08]

For a smooth algebraic variety X over C, we let Dx denote the sheaf of differential operators on
X [HTTO08, §1.1]. A D-module M on X (or a Dx-module) is a quasi-coherent sheaf M on X,
with a left module action of Dx.

DEFINITION 2.6. Let G be an algebraic group acting on X, and let M be a Dx-module.

Differentiating the action of G on X yields a map d : Lie(G) — Dery from the Lie algebra
of G to the vector fields on X. The Dx-module operation

Dx @M — M, (2.19)

composed with d, yields an action of Lie(G) on M. The Dx-module M is G-equivariant if:
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(a) M admits an action of G compatible with (2.19) (see [HTTO08, Definition 11.5.2] for a
precise meaning of compatibility);

(b) the action of Lie(G) on M obtained by differentiating the action of G on M coincides with
the one induced from d : Lie(G) — Derx and (2.19).

As discussed in the Introduction, examples of G-equivariant holonomic Dx-modules are Ox
and, for a G-invariant subset Y C X, the local cohomology modules H3 (X, Ox), as well as the
intersection homology D-modules £(Y, X). When X = U is a vector space, and Y = {0} is the
origin, we let

dim(U)

E = £({0},U) = Hyy (U, 0p) (2.20)

be the unique simple Dy-module supported at the origin. As a vector space (and a G-
representation),

E =det(U) ® Sym(U). (2.21)

The following theorem gives a classification of the simple equivariant holonomic D-modules,
for a group action with finitely many orbits (see [HTTO0S8, §11.6]).

THEOREM 2.7. Let G be an algebraic group acting with finitely many orbits on a smooth
algebraic variety X . There is a one-to-one correspondence between:

(a) simple G-equivariant holonomic Dx-modules;
(b) pairs (O, L), where O is a G-orbit and L is an irreducible G-equivariant local system on O;

b") pairs (O, L), where O is a G-orbit and L is an irreducible representation of the component
() p , L), P D
group of the isotropy group of O.

Here by the isotropy group of O we mean the stabilizer of any element in O (they are all
isomorphic). For an algebraic group H, we denote by Hy the connected component of the identity,
which is a normal subgroup of H. The quotient H/H is called the component group of H.

Remark 2.8. When the representation L in Theorem 2.7(b") is trivial, the corresponding Dx-
module in part (a) is £(0, X), where O is the closure of O. It follows that in the case when
the isotropy groups for the G-action on X are connected, there is a one-to-one correspondence
between simple G-equivariant Dx-modules and orbits of the group action.

Let m > n be positive integers and consider the complex vector spaces M of general m x n
matrices, MY™™ of n x n symmetric, and MV of n x n skew-symmetric matrices, respectively.
These spaces admit a natural action of a group GL via row and column operations: GL,,(C) x
GL,,(C) acts on M, and GL,,(C) acts on M»™ and MV, We write M, (respectively Mg’ ™™)
for the subvariety of M (respectively MY™™) consisting of matrices of rank at most s, for
5=0,...,n, and MV for the subvariety of MV consisting of skew-symmetric matrices of
rank at most 2s, for s =0,...,|[n/2|. We have the following result.

THEOREM 2.9 (Classification of simple GL-equivariant holonomic D-modules on spaces of

matrices).
— (General matrices.) There are n + 1 simple GL-equivariant D-modules on the vector space
M of m x n matrices, namely the intersection homology D-modules L(Ms, M), s =0,...,n.

1946

https://doi.org/10.1112/50010437X16007521 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16007521

CHARACTERS OF EQUIVARIANT D-MODULES ON SPACES OF MATRICES

— (Symmetric matrices.) There are 2n + 1 simple GL-equivariant D-modules on the vector
space M®Y™™ of n x n symmetric matrices, n + 1 of which are the intersection homology
D-modules L(M™™, M®™m) s = (,...,n, while the remaining ones are the intersection
homology D-modules L(Mg"™™", MsY™™:1/2) s =1,...,n, corresponding to the non-trivial
irreducible equivariant local systems on the orbits.

— (Skew-symmetric matrices.) There are |n/2] + 1 simple GL-equivariant D-modules on the
vector space MV of n x n skew-symmetric matrices, namely E(Mgkew, M), s =0,...,

1n/2).

Proof. The theorem follows from Theorem 2.7 and Remark 2.8, since the isotropy groups for
general and skew-symmetric matrices are connected, while for symmetric matrices the isotropy
groups of the non-zero orbits have two connected components. O

2.4 Computing Euler characteristics
Let X be a smooth complex projective algebraic variety and denote its dimension by dx . Consider
a finite-dimensional vector space U, and a short exact sequence

0 —¢—U®0x —n—0, (2.22)

where &, 7 are locally free sheaves on X. We think of U* as an affine space, and of U as linear
forms on U*. We let Y = Tot x (n*) denote the total space of the bundle n*, and define a morphism
m:Y — U* via the commutative diagram

Y =Totx(n*) ——=U* x X

\ l (2.23)

U*
where the top map is the inclusion of n* into the trivial bundle U*, and the vertical map is the
projection onto the U* factor. We will be interested in understanding the (Euler characteristic
of the) D-module pushforward fﬂM along the map m for certain Dy-modules M. For affine
morphisms X’ — X, we will identify freely quasi-coherent sheaves on X’ with quasi-coherent
Ox/-modules on X as in [Har77, Exercise I1.5.17(e)].

We let S = Symgp, (1), so that Y = Spec, (S), and consider a locally free sheaf £ of rank
one with £ C Sym‘(n) for some i > 0. We pull back £ to Y, define L = Toty (L*) to be the total
space of the line bundle £*, and write p : L — Y for the natural map. The inclusion £ C Sym’(n)
defines a section z : Y — L of p [Har77, Exercise I1.5.18(c)], and we define Z to be the zero
locus of z. If X = Spec(C), then Y is an affine space, S is the ring of polynomial functions on
Y, L corresponds to (the vector space spanned by) a polynomial f € S of degree i, and Z is the
vanishing locus of f.

We consider the complement Y° = Y\ Z and let j : YY — Y denote the inclusion. Since j is
an affine open immersion, fj Oyo0 = Oyo can be thought of as a quasi-coherent sheaf of algebras
onY (or on X):

Oyo = 1_11})1,677"@0}/ = 111})1,677"@8.
T T

In the case when X = Spec(C), we have that Oyo = Sy is the localization of S at f, which
is a D-module on the affine space Y. We define the quasi-coherent sheaf SV on X (the graded
dual of S) by

S = det(n") @ Symop  (1").
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ProrosiTIiON 2.10. With the notation above, we assume that X admits an action of a reductive
group G, that U is a finite-dimensional G-representation, and that &,n, L are G-equivariant
locally free sheaves. Assume further that we have an isomorphism of G-equivariant quasi-coherent
sheaves on X :

Oyo ~lim L™ ®S". (2.24)

r

Let M be a Dy-module which is isomorphic, as a quasi-coherent G-equivariant sheaf on X, to
Oyo ® 0y L', with L' a line bundle on X. We denote by Q% the sheaf of i-differential forms on
X, and assume that for every i = 0,...,dx the sheaves Q% ® M ®det(¢*) ® Syme, (§*) have
G-admissible cohomology. If we define the sequence P,(X, L; L) € T'(G) via

dx
Pu(X, L L) =) ()T y (X, LMo L @ 0Y),
=0
then
X( / M) = lim P.(X,L; L) ®det(U*) ® Syme(U*). (2.25)

Remark 2.11. We will apply Proposition 2.10 in the case when X = G(k,V) is a Grassmann
variety, and £ = Ox (1) is the Pliicker line bundle (or its square). It follows from Lemma 2.5
that

P(X,0x(1); Ox) = (=)™ py (V).

It follows that if X = G(k, V1) x G(k, V2), where dim(V;) = m, dim(V3) = n, and if £L = Ox(1,1),
then P,(X, Ox(1); Ox) = (=1)% ("= pp (V1) @ pep (Vo).

Proof of Proposition 2.10. Since the sheaves Q% ® M @ det(£*) ® Symp  (£*) have admissible
cohomology, it follows from [Rail6, Corollary 2.10] that

dx

X(/ M> =S ()BT (X, Q% © M@ det(€7) @ Symg (€7)). (2.26)

1=0

Computing Euler characteristics commutes with colimits and associated graded constructions.
By (2.22), we get a filtration of U* ® Ox with gr(U* ® Ox) = £* @ n*, which yields a filtration
of Symp  (U* @ Ox) with gr(Syme, (U*® Ox)) = Symp, (§¥) ® Syme, (7%). We also get that
det(U* ® Ox) = det(&*) @ det(n™) and therefore

VX Qi 0 L © L7 88 @det(€7) @ Symo, (€7)) = x(X, Uy © L' © L7 0 det(U*) @ Sym, (U* © Ox))
U* is atri;ial bundle X(X, le ®£/®Lr) ®det(U*) ®SymC(U*)

Multiplying this equality by (—1)9X % summing over i = 0, ..., dy, taking the limit as r — oo,
and using the identification (2.24) tensored with £’, we get (2.25). O

2.5 The Weyl algebra and the Fourier transform
For a positive integer N, the Weyl algebra

Clz1,...,zN,01,...,0N], O; = : (2.27)
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is the ring of differential operators on CV. In this section, we give a coordinate-independent
description of the Weyl algebra, and use it to describe the Fourier transform.

Given a finite-dimensional C-vector space U of dimension N, we write (,) for the natural
pairing U x U* — C. We let U = U © U™ and define a non-degenerate skew-symmetric form
w:U®U — C by

(w, o) fuel, o eU",
wlu, ') = =W u) ifu' €U, ueU*,
0 otherwise.

We write T),(U) for the tensor product U®", and let T(U) = D..>0 T,,(U) denote the tensor

algebra on U. We have a natural inclusion \? U C To(U), and define the Weyl algebra D+ as the
quotient

Dy+ = T(U)/<x —w(z) e /2\U> (2.28)

of the tensor algebra by the bilateral ideal generated by differences x — w(x), with x € /\2 U.
Note that Dy~ is the ring of differential operators on the vector space U*. If we choose a basis
x1,...,xn of U, and the dual basis 01, ...,y of U*, then Dy- coincides with (2.27).

LEMMA 2.12 (Fourier transform). If M is a (left) Dy-module, then det(U*)® M has the
structure of a (left) Dy+-module.

Ezample 2.13. The most basic example is when M = Sym(U*) is the coordinate ring of U. In
that case det(U*) ® Sym(U™*) is equal to F, the simple holonomic Dy+-module supported at the
origin (see (2.20)).

Proof of Lemma 2.12. Using the identification of U* with U coming from the natural
isomorphism U*®U ~ UdU™, it is easy to see that Dy« =~ D%p, where °P denotes the opposite ring.
Since M is a left Dy-module, it is also a right D;P-module, i.e. it can be identified with a right
Dy+-module. The canonical sheaf wy+ on the vector space U* is a free rank-one module generated
by det(U). By [HTTO08, Proposition 1.2.12], the association M > w,! @ M = det(U*) @ M gives
an equivalence between the categories of right Dy+-modules and left Dy«-modules. O

Motivated by Lemma 2.12, we define a Fourier transform relative to U, denoted Fy, on the
Grothendieck group I'(G) of admissible G-representations as follows:

Fu (Z ai-MZ) = a;- (det(U*) ® M;). (2.29)

The context in which we apply the Fourier transform is as follows: we will have constructions
which are functorial in U for certain Dy-modules My which are admissible representations for
some group G, in such a way that

My = @M i an only if - = D)

K3 K3

By Lemma 2.12, the Fourier transform of the Dy+-module My~ has character equal to
Fu(D; ai - M;). We will slightly imprecisely refer to this as the character of the Fourier transform
of M, U-
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2.6 A little linear algebra

Consider a finite partially ordered set P, and let A denote the free abelian group with basis
{v, : p € P}. We write p > ¢ to indicate that p is strictly larger than ¢ with respect to the
partial order, and p > ¢ when we allow equality. Assume that F : P —> P is an order-reversing
bijection, i.e. p = ¢ if and only if F(q) = F(p). By abuse of notation, we also write F : A — A
for the induced automorphism of A, given by F(b,) = vr(,). We have the following result.

LEMMA 2.14. Suppose that we have a collection of elements v, € A for p € P, for which there
exist relations

vp = by + Z al -v, for some integers al. (2.30)
a-p

If the automorphism F of A permutes the elements v, then v, = v, for all p € P (and hence all
D
ag =0).

Proof. Write F(vp) = v,(,) for some permutation o : P — P. Applying F to (2.30), we get

a(p)

Volp) = D) + D @b O F(g),
q>p

which is necessarily a permutation of the relations (2.30). Since F is order-reversing, it follows
that o(p) = F(g) for some ¢ > p and, if o(p) = F(p), then one also has v,(,) = vz, i.e. ag =0
for all ¢ > p. We get that F(p) = o(p) for all p € P, and the equality F(p) = o(p) implies that
Uo(p) = VF(p)- An easy induction on the height of F(p), defined by ht(F(p)) = #{q : F(p) ~ ¢},
shows that F(p) = o(p) for all p, which concludes the proof of the lemma. O

3. Some limit calculations in the Grothendieck group of admissible representations

Recall the terminology from §§2.1.1-2.1.3, which we will be using freely throughout this section.
In particular, recall the notation I'(G) for the Grothendieck group of admissible G-representations
for some group G, and the definition of py (V) from (2.12) (also Lemma 2.5). When W is a
vector space, we write V = W™ for its dual. In this section, we compute in three cases limits in
I'(G) of the type

lim py, ® F, (3.1)
T—>00

where (pgr)r is a sequence of finite virtual G-representations and E = det(U)® Sym(U) is
the (character of the) simple Dy-module supported at the origin (2.20), where U is a finite-
dimensional G-representation:
~ U =Sym?W, G = GL(W) (so that T'(G) = T(W)), pr.r = prr(V). The limit (3.1) does not
exist if r is arbitrary, but instead we have to consider the cases when r is even (respectively
odd) separately;
- U=W 1 W, G= GL(Wl)XGL(WQ) (SO that F(G) = F(Wl, WQ)), Py = pm(Vl) ®pk7r(V2);
~U=N\W, G =CL(W), prr = pr,(V) with k even.
As mentioned in the Introduction and explained in §2.4, the limits (3.1) correspond to Euler
characteristic calculations for certain D-module direct images. They are essential to the character
calculations in §§4-6 below. The reader who is not interested in the details of the limit
calculations may wish to record the results of Propositions 3.1, 3.5, and 3.6 below, and skip
to §4.
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3.1 Symmetric matrices

We let W be a vector space of dimension n. For s =0,...,n and j = 1,2, we define the elements
¢l e (W) via

g= P sw (3.2)

where C’(s,n) is defined in (1.1).

PROPOSITION 3.1. If E = det(Sym? W) ® Sym(Sym? W), then, for k =0,...,n,

(1)) < i pee(V) ®E>

=00
r=k+1 (mod 2)

( N s—2 n s—
2 2 2 1 .
E (n—k—2> <€+ E <n—k> - if n — k even,
s=n—k 2 s=n—k+1 2
s even s odd

r=k (mod 2)
n s
2 1 .
<nk> - & if n — k even,
s=n—k 2

n s=1
> (n_§_1>.¢§ ifn—k odd.
2

When k = 0, the above equalities are easy to verify: py (V') = C is the trivial representation,
so the left-hand side reduces to E, regardless of the parity of 7; the right-hand side is either €}
or €2 but E = €. = ¢2. We therefore fix 1 < k < n for the rest of this section. We begin with

some notation and preliminary results before proving the proposition. For j € Z/27Z, we let
C={\ezZk N=n+1+7(mod?2)fori=1,...,k},

dom

CLog={AezZiF:Ni=n+1+j(mod?2) fori=1,...,n—k and A,y >n+1}.

dom

(3.3)

With the convention Ag = 0o, A\ 41 = —00, we define for s =0,...,n,
Z(s) = {N € Zijom : As = s+ 12 Asia}, (3.4)

and note that the sets Z(s), s =0,...,n, form a partition of Z} . For h,j € Z/27Z, we let

2) [h fori=1,... s ,
){. } = 3" S\W. (3.5)

j fori=s+1,...,n. AeCh(s)

o,

(mo

Chi(s) = {)\ € Z(s): N\
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Comparing with (1.1), we get that Cl(s,n) = CSThsH(s)uCstst(s + 1) and C?%(s,n) =
CstLs(s), so

¢l =gittetl p @t and @2 = estle (3.6)

Lemma 3.2. If T € (), N (1) € ¥4, and A2(I) € €.+, then:
— A€ Z(s) for some s=n—Fk,...,n;
- {s+1,...,n} C I;
— Xst1 ==\, =7 (mod 2).

Proof. Consider the unique s for which A € Z(s). Let s’ be the maximal element of ¢ and assume
that s’ > s. We have (using (2.5)) that i,, = s’ and therefore Ay < Ag11 < s+ 1 and

7
N (I (2:)n+>\in—z'n:n+>\sl—s/<n+s+1—s’<n+1,

which contradicts A*(I) € €%, ;. It follows that s’ < s and hence {s + 1,...,n} C I, which
implies that n — s < k or s > n — k. From (2.5), we get

it=t+n—4k, fort=k—-n+s+1,...,k,
which, using the fact that A\'(I) € C**1 4 yields fort =k —n+s+1,...,k

. (mod 2) .
7’L+1+k‘+1+] = )\(I)t:t—i-)\it—zt:t+)\t+n,k—(t+n—k):)\Hn,k—i—k—n,
80 Mtn—k = J (mod 2), concluding the proof of the lemma. O

LEMMA 3.3. Assume that A\ € Z(s) and that there exists an index 1 < i < s such that
Ai # Nix1 (mod 2). For any j € Z /27, consider the collection

Pr(j) = {I € <[Z]> AT e CFFI YD) e cgn+1}. (3.7)
We have (using the notation (2.8))
Z sgn(o (1)) = 0. (3.8)
IePA(5)

Proof. We show that if I € Py(j), then exactly one of 7,7 4+ 1 is contained in I. Moreover, we
show that the assignment I’ = I\{i} U {i + 1} establishes a bijection between

(IeP(j):icl} and {I'ePa():i+lel}, (3.9)

Since sgn(o(I')) = —sgn(o (1)), the conclusion (3.8) follows.
Assume that [ is such that 7,7 + 1 are both in I, or both in I¢. We can then find ¢t < k or
t > k such that 4y = i and 4,41 = i + 1. If t < k, then \(I); Z M(I)y41 (mod 2), contradicting
A(TI) € CFIIHIIf ¢ > k, then N ()i # A?(1)i—p41 (mod 2), contradicting A2(I) € CY,, . ;.
Choose now a set [ with 2 € I, i+ 1 € I¢, and choose tg < k, t1 > k + 1, such that i;, =1,
iy, =i+ 1. If we let I’ = I\{i} U {i + 1}, then \'(I); = A (I"); for t # to, and N2(1); = A*(I'),
for t # t1 — k. We have

MDDy =to+ N —i, ATy =to+Niz1 — (i + 1),
Ny r=ti+ N1 — (i +1), NIy p=t1+N—i
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and, since \; # \j+1 (mod 2), we get A\'(1); = A(I')¢ (mod 2) and A2(1); = A3(I"); (mod 2) for
all t. Since A2(1)¢, _p < A2(I')4, 1, the only way in which the correspondence I <> I’ could fail to
induce a bijection (3.9) is if for some I, 1" we get t; =n and A2(I),_p <n <n+1 < (1), g,
in which case A*(I) € CY,,,,, but A*(I') € €Y, ;. However, the inequality A*(I),_; < n would
imply that

)\Q(I)tl_k =11+ Niy, — ity =N+ Xip1 — (i4+1) <n, orequivalently \;11 < i+ 1.

Since i < s by hypothesis, we get A\; < \it1 < (i + 1) < s, contradicting the fact that
A€ Z(s). O

LEMMA 3.4. IfX € Ch’j(s), s = n—k, then there is a one-to-one correspondence between elements
Pr(j) and the set PP—k+ti=hstl=h(k —n 4 s n — k) (defined in (2.10)). Moreover, for every
I € P\(j), we have

sgn(o(I)) = (—1)" k),

and Py(j) is empty if h = s = j + 1 (mod 2).

Proof. The correspondence between sets I € ([Z]) (respectively their complements 7€) and
partitions u € P(k,n — k) (respectively their conjugates p') is given in (2.3) (respectively (2.4)).
If T € Py(j), then it follows from Lemma 3.2 that s + 1,...,n are the largest elements of
I, namely %g_ntsq1,---5%k, SO 1 = -+ = pp—s = n — k. The set [ is then determined by
= (Mn—si1,---six) € P(k —n +s,n — k). Since A € C"I(s), the condition A\!(I) € CF+1+J
is equivalent to fz; = n — k 4+ j — h (mod 2). The condition A*(I) € €Y, is equivalent to
p; =n+1—h (mod 2), which in turn is equivalent to fi, = s + 1 — h (mod 2). It follows that
I € Py(j) if and only if @ € Pr=k+ti—hstl=h(k —pn 4 s n — k), which establishes the desired
bijection. Moreover,

sgn(o(D) = (~)H = (~1)T = (21)rR) LR (k-

where the last equality follows from the fact that (n—k) - (n+1—k) iseven. If h = s = j+1 (mod 2),
then [Py(4)| = |P" kLY (k —n + s,n — k)| = 0 by Lemma 2.1. O

Proof of Proposition 3.1. We have
(2.13),(2.9)
(AW, prr (V)R E) = (S\W@pr,, (W), E) = Z sgn(o (1)) - (SxenW, E).
1e(%)

Since det(Sym? W) = det(W)® -+ = Sny1)nW, we get using Cauchy’s formula [Wey03,
Proposition 2.3.8] that

E = det(Sym? W) @ Sym(Sym?* W) = @ S\W.
AEZY s Anzn+1
Ai=n+1 (mod 2)
Using the notation (2.6)—(2.7) and (3.3), we obtain for r > 0
1 if AL(T) € €7 and A2(I) €C2,,. 4,

0 otherwise.

(Srxer,nW, E) = {
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It follows (using the notation (3.7)) that for j € Z/2Z,

Jim prer(V)QFE = Z < Z sgn(a([)))-S,\W (3.10)

ﬁOO
r=k+1+4j (mod 2) AEZD  NEPA(H)

dom

and, by Lemmas 3.2 and 3.3, we only need to consider A € Z(s) for s > n — k such that (for
some h € Z/27)

M=---=X=h (mod 2) and N1 =---= )\, =7 (mod 2),
i.e. A € C™I(s). Multiplying both sides of (3.10) by (—=1)* ("=*) and using Lemma 3.4, we get

(1) (0, < i pe (V) ®E>

r—00
(mod 2) .
r = k+1+4j
_ § : (_1)(n—k)-h . ‘Pn—k—l-j—h,s—&-l—h(k —n+4s,n— ki)‘ . Q:g’j.
n—k<s<n
h=j3,j+1

We separate the contributions of the right-hand side according to two cases.
Terms with h = j + 1. By Lemma 3.4, we can consider only the terms with s = j (mod 2),
in which case we get from (3.6) that ¢/ = ¢5™™ = ¢2. We have

|Pn—k+j—h,s+1—h(k —n+sn— k)|

i ) n —k odd,
2

N ‘

n—k—2

) n — k and s even,
2

— |Pn_k+1’0(kj —n+sn— k:)‘ Lemréa 2.1 < s—92
L0

otherwise.

Comparing the coefficient of €2 in Proposition 3.1 with (—1)(?=k)-h.|pr=kti=hstl=h( _p g
n — k)| in each of the cases j = 0,1 and n — k even and odd, we see that they agree.

Terms with h = j. The terms with s = j+1 (mod 2) contribute ¢/ = ¢! with coefficient
(=1)(n=k)-h | pn=kO(f _p 4+ s n—Fk)|. The terms with s = j (mod 2) contribute ¢4/ = ¢5* with
coefficient (—1)(=)-h.|pr=kl(k_nts n—k)|. For s = n—k, we get |[P" %1 (k—n+s,n—Fk)| =0,
so €5° only appears for s > n—k. Observing that |[P" %9k —n+s,n—k)| = |[P"* (k—n+s+1,
n—k)| for s > n — k, and using €} = €57 4 €11 in (3.6), we conclude that the terms
with h = j contribute

o (=) — 4o sn — k)| €,
s=j+1 (mod 2)

where (/|8
<L2J)
n — k even,
n—k
2
n—k0(p B Lemma 2.1 s=1
POk —n+ 5,m — k)| <n_i_1> n—k and s odd,
2
0 otherwise.

Comparing with the coefficient of €! in Proposition 3.1, we conclude the proof of the
proposition. O
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3.2 General matrices

For positive integers m > n and for s =0,...,n, we let
A(sim,n) ={N€Z],, : As = s+m—mn,\s41 < s}. (3.11)
If A € A(s;m,n), then we define a dominant weight \(s) € ZJ. = by
A(s) = <)\1 —(m—=n),..., s — (m—n),s,...,s,)\s+1,...,)\n>. (3.12)
~——

For vector spaces Wy, Wa, with dim(W7) = m, dim(Ws) = n, and s = 0,...,n, we define 2, €
L'(Wy, Ws) by

Ay = @ SA(S)Wl ® S\Wh. (3.13)
AEA(s;m,n)

PROPOSITION 3.5. We write W = W1 @ Wy, If E = det(W) ® Sym(W), then, for k =0,...,n,

k-(m—n : _ S m—n) - (n—k—s S
(0 ) (i () 0 ()0 E) = 3 (cpim ek (0

s=n—k
Proof of Proposition 3.5. Consider dominant weights § € Zeg: ., and A€ 2 and let
5=0—(n™), A=X—(m"). (3.14)

We obtain using (2.9), (2.13), and easy manipulations that (SzW1 ® S5 W2, prr (V1) @ prr(V2) ® E)
equals

> sen(o(D)-sgn(o () - (Ssn Wi @ Sy W, Sym(W)).
1e(f), 7e()
Using (2.7) and writing p | (0™~") for the sequence obtained by appending m — n zeros to u, we
get for r > 0
(S5(r,n W1 @ S,y W2, Sym(W))
{1 if $1(I) = AN(J), 6%(1) = A2(J) | (0™™), and §2(I) € ZZ5 ",

0 otherwise.

Let u € {0,...,m} be the unique index such that &, > u—m > &,+1. The condition §2(I) € Z’;O_k
is equivalent to the inclusion {u + 1,...,m} C I, which implies that u > m — k. When m > n,
the last m — n entries of §%(I) being 0 forces 6, = dy—1 = -+ = Sy_mint1 = 4 —m, and all the
elements u,u—1,...,u—m+n+1 to be contained in I¢ = [m]\I. We modify § and I as follows:
we consider § € Z? and I € ([Z}) defined by

g:(517--'a5u7m+n>5u+1_(m_n)7---75m_(m_n))a
IT={i1, . igmrwyu+1l—(m—n),u+2—(m—n),...,n},

so that T° = [n)\T = I°\{u,u—1,...,u—m+n+ 1}. The conditions 6'(I) = X\'(J) and 6>(I) =
A2(J) | (0m=™) are then equivalent to 5 (I) = A(J) and 52(7) = A\?(J). Since both \,§ are
dominant weights, these equalities can only hold for § = A and I = J. Note that the freedom
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in choosing I (or I = J) is in the choice of an increasing sequence i; < -++ < ig_ 4y inside
{1,...,u}, i.e. there are (Z:zi@ choices for I once we fix . Writing s = u — m + n, we get

sz(m—k)—m+n=n—k,
)\szdszdu—m+n>5u>u_m:3_ng
Ast1 =0uy1 —(m—n)<(u—m)—(m—n)=(s—n)—(m—n)=s—m,

and moreover

0= <)\1,...,)\s,s—n,...,s—n,)\sH—l—(m—n),...,)\n+(m—n)>.
—_—

m—n

It follows (using (3.12) and (3.14)) that & = A(s). Since sgn(o(I)) = (—1)™=) (m=w) .son(o(T)),
it follows that if I = J and m —u = n — s, then

sgu(o (1)) -sgu(o(J)) = (=1)= =),

u—m+n)

Putting everything together, and using ( k—mtu

(SzW1 @ S5 Wa , pryr (Vi) @ i ( V2 )@ F
(—1)(m7”)'(n 5) < ) 1f)\€A (s;m,n) andgzj\(s),
s—n+

for some s > n — k,

= (s n+k) we obtain for » > 0

0 otherwise.
Multiplying by (—1)* (™= and taking the limit 7 — oo yields the desired conclusion. O

3.3 Skew-symmetric matrices
For a positive integer m and for s = 0,...,m, we let

B(s,2m) = {\ € Z3™ : \gs > (25 — 1), Aagt1 < 25, Aoj1 = Ao; for all 4},
B(s,2m+1) ={\ € Zﬁgﬁl Aos+1 = 28, Agj—1 = Ag; for i < s, Ag; = Agj4q for i > s}.
(3.15)
For a vector space W with dim(W) = n, and for s = 0,...,m = [n/2], we define B, € I'(W)
via

P s (3.16)

AeB(s,n)

PROPOSITION 3.6. If E = det(A*W) @ Sym(A° W) and k = 0,...,m = [n/2], then

i S
i eE= 3 ()
s=m—k

With m = |n/2| and 1 < k < m, we define the following collections of dominant weights:

B= {)\ S Zdom P A1 = Ag; for i = 1,...,k},
Bsp—1 = {)\GZ:{;ﬁk A1 =Ny =2n—1fori=1,...,m—k,\y_or =n—1if nis odd}.
(3.17)
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We partition Z  into the following collections of dominant weights Y(u), v = 0,...,n,
defined by

Yw)={N€Ziy,  Au=u—12=2N11}. (3.18)
In analogy with Lemma 3.2, one can prove the following result.

LEMMA 3.7. If I € (gﬂ), then the conditions A\'(I) € B and M*(I) € Bs,_1 are equivalent to:
- A€ Y(u) for some u=n—2k,...,n;
- {u+1,...,n} CI;
— gy = iy, and igp = i1+ 1 forallt =1,...,m. If n is odd, then u € I° is odd and
Ay =u— 1.

LEMMA 3.8. Assume that A, I satisfy the equivalent conditions in Lemma 3.7. If n = 2m is even,
then

{(i1,12), (i3,74), . . ., (F2m—1,792m) } = {(1,2),(3,4),...,(2m — 1,2m)}. (3.19)
If n =2m + 1 is odd and if we write u = 2s + 1, then we have

{(il,ig), (ig, 14), e (igm_l,igm)} = {(1, 2), ce (23 -1, 28), (28 + 2,25 + 3), ce (2m, 2m + 1)}
(3.20)

Moreover, we have that A\ € B(s,n) for some s =m —k,...,m.

Proof. The conclusions (3.19)—(3.20) follow from the fact that ij,...,7, give a permutation of
[n] with i, = i9;—1 + 1, and i, = u is odd when n is odd. If n is odd and u = 2s + 1, it follows
from u > n — 2k that s > m — k. Moreover, we have Aos11 = Ay, = u—1 = 25, and it follows from
(3.20) that A € B(s,n).

Assume now that n = 2m is even. It follows from (3.19) that i, is even, so we can write
in = 25'. Since i, +1,...,n € I, we get n — i, < 2k, i.e. s > m — k. Since i, < u, we have
Aoy = Ay = u—1 > 25" — 1. We have by (3.19) that Ay;—1 = Ag; for i = 1,...,m, so, taking s to
be the maximal index for which Ags > 2s — 1, we find that s > s and Aosi1 = Agsio < 25 + 1,
ie. A € B(s,n). O

LEMMA 3.9. Let m = |n/2| and, for m — k < s < m, define the collection of partitions

B(k,n/2—k,s)={ue PQ2k,n—2k): p,

Leven fori=1,...,n—2k,pul o =2m—2s,

(3.21)
w; even fori=2m —2s+1,...,2k}.

Every partition p € B(k,n/2 — k, s) has even size, and the cardinality of the set B(k,n/2 — k, s)

is given by
s ifn=2m+1 is odd,
Bkni2— ko) = {
m“”:lik) if n = 2m Is even.
Proof. Since each p is even, |u| = [¢/| is even. To compute the size of B(k,n/2 — k,s), we first
note that the condition u;k% = 2m — 2s implies that py = -+ = pom—2s = n — 2k, so any

€ B(k,n/2 —k,s) is determined by &t = (p2m—2s+1,- - -, tok) € P(2(k + s —m),n — 2k). Since
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W, o) = 2m—2s, we must have fi; < n—2k. The condition u € B(k,n/2—k,s) is then equivalent
(using (2.10)) to
_ [PYOQ2(k+ s —m),2(m —k)) if n is odd,
S
8 PYO2(k+s—m),2(m —1—k)) ifnis even.

By Lemma 2.1, the number of choices for @ is (ms_k) if n is odd, respectively (ms__ll_k) if n is
even. .

LEMMA 3.10. Assume that \ € B(s,n) for some s > m — k. The collection of subsets I € ([n])
for which \Y(I) € B and A*(I) € Bs,_1 corresponds via (2.3) to B'(k,n/2 — k, s), where

B(k,n/2 —k,s) if n is odd,

"(kon/2—k,s)=14 |°
B( an/ 75) U B(k;7n/2—k,5/) if n is even.

s'=m—k

Proof. Consider A € B(s,n) for s >m —k,and I € ([21]) satisfying the conditions of Lemma 3.7.
If n =2m + 1 is odd, then i, = 2s + 1 and I contains 2s 4+ 2,...,n, i.e. the corresponding
w € P(2k,n — 2k) has

M1 = = pom-2s =N — 2k, piom-2s41 <n — 2k,

SO o = 2m—2s. For 2k < t < n, we have that i; < 2s, s0 p;_o, =t —1i; is even by (3.20). The
set of p; with 2m — 2s < i < 2k coincides with that of differences i, —t for 1 <t < 2(k—m+s),
which are all even again by (3.20) and the fact that i; < 2s for t < 2(k —m + s).

Assume next that n = 2m is even, and use (3.19) to write i, = 2s’. As in the previous
paragraph, this implies that p/ ., = 2m — 2s’. By (3.19), all the differences t — i; are even, so
all p;, ,u; are even. This shows that I € B(k,n/2—k,s’). Since i,, + 1,...,n € I, we get as before
that s > m — k. If ' > s, then AN2(I)p_ox = N\i,, + 1 — i = Aoy + 1 — 28" < Aogy1 +n — 28 <
2s +n —2s' <n — 2, which is a contradiction.

The verlﬁcatlon that p € B'(k,n/2—k, s) yields a subset I with A'(I) € B and A\?(I) € Bxy,_1
follows easily by tracing back the arguments. O

Proof of Proposition 3.6. We have

(2.13),
(AW porr (V) @ E) = (S\W @ pog, (W) , E Z sgn(o (1)) (Sxen)W , E).

1e()

Using the notation (2.7) and (3.17), we get that for r > 0,

1 if )\I(I) € B and )\2(1) € Bop,

Sxe.n)W, E) =
{Sxera) ) {0 otherwise.
It follows that

lim por ,(V)®E = Z sgn(o (1)) - S\aW

r—00
xezy o 1e()

dom’

A(D)eB, N2(1)EBxp—1
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Lemmas 3.8-3.10 Zm: ( Z (_1)#5/\1/1/)

s=m—k AEB(s,n)
neB (kn/2—k,s)

lul even > < > ]B’(k,n/2—k,s)]-SAW>.
s=m—k “\eB(s,n)

If n =2m+ 1 is odd, then |B'(k,n/2 — k,s)| = [B(k,n/2 —k,s)| = (,,° ), and the desired
equality follows. Similarly, when n = 2m is even, we get

1B/ (k,n/2—k, s)| = Z Bk, n/2—k, &) = Z <mizik>:<m5_k> o

s'=m—k s'=m—k

4. Equivariant D-modules on symmetric matrices

In this section, we compute the characters of the GL-equivariant D-modules on the vector space
MY of symmetric n X n matrices. We let W denote a complex vector space of dimension n,
V = W*, and we identify Sym? W with M*™™ where squares w? correspond to matrices of rank
one. If we write GL = GL(W) and let M"™" denote the subvariety of matrices of rank at most
s, then the main result of this section is the following theorem.

THEOREM 4.1. There exist 2n + 1 simple GL-equivariant holonomic D-modules on M®™™

namely
[ L(MTET, My if j = s (mod 2)
Cl = n—s fors=0,....n—1, j=1,2,
LM MEY™m: ] /2)  if j = s+ 1 (mod 2)

and C} = C2 = L£({0}, M»™™). For all s, j, the character of C1 is €} (as defined in (3.2)).

The remaining assertion of the theorem on equivariant D-modules on symmetric matrices
described in the Introduction is the identification C; = Fs11/Fs—1 for s = 0,...,n: its proof
follows closely the proof of Theorem 1.1 in the next section, so we leave the details to the
interested reader. The classification of GL-equivariant holonomic simple D-modules is explained
in Theorem 2.9, so we only need to check that €% is the character of C2. For k = 1,...,n, we
consider the situation of § 2.4, with X = X3, = G(k, V) and R, Q as in (2.17). We let U = Sym? V|
n = Sym? Q. If we write Y = Y}, m = m, then (2.23) becomes

Yy = Totx, (Sym? Q%) = Sym? W x G(k, V)

x i (4.1)

Sym? W
Locally on Xj, O trivializes to a vector space of dimension k, and Y3 gets identified with
the space of k x k symmetric matrices. We take £ = (det Q)®2, consider its GL-equivariant
inclusion £ C Sym”n, and note that £ is locally generated by the symmetric determinant. If we
let V) C Y} be the open set defined locally by the non-vanishing of the determinant, M9 = OYkO
is a Dy,-module. Note that Yk0 maps isomorphically via 7 to the orbit of symmetric matrices
of rank k. As a GL-equivariant quasi-coherent sheaf on Xj,

M} = @ SHQ = h_H)l (det Q)®" @ det(Sym2 Q") ® Sym (Sym2 Q%), (4.2
AEZE  Aieven r=k+1 (mod 2)
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so condition (2.24) is satisfied in our context. The Euler characteristic of the D-module
pushforward fﬂ'k‘ M% is now easily computed as a consequence of Proposition 2.10 and of

Remark 2.11:
X(/ ./\/12) = (=1)k (n=h). ( Jim P (V) ® det(Sym? W) @ Sym(Sym? W)), (4.3)
Tk r=k+1 (mod 2)

which is evaluated explicitly in Proposition 3.1.
We next explain why MY @ det(Q) also has the structure of a Dy, -module. Consider the étale

double cover Y, 2 of YO defined locally by the square root of the symmetric determinant. The
structure sheaf (’) 1/2 is naturally a Dyo -module [CLO1] and hence also a Dy, -module. It contains
MY j» SO We can deﬁne ./\/l1 as the cokernel of the inclusion M? » C O y/2: As a GL-equivariant

quasi-coherent sheaf on Xj,, M} ;. is given by

Mi = @ $2Q = Oyo @ det(Q). (4.4)
A€ A; odd

dom’

It follows that ./\/1,1C satisfies the setting of Proposition 2.10 with £ = det(Q), so we can compute
the Euler characteristic of its direct image via 7 as

([ M) =0 (i () odet(syn? W) o Sym(symt W), (1.5)
Tk r=k (mod 2)

which is evaluated in Proposition 3.1. We are now ready to prove the main result of this section.

Proof of Theorem /4.1. The classification of simple D-modules follows from Theorem 2.9, so it
remains to check that in I'(TW') we have the equalities ¢! =¢lfors=0,...,nand j =1,2. The
equalities (4.3)—(4.5) together with Proposition 3.1 yield for s =1,...,n and j=1,2,

bS

R

n
CZ_S = (’Zfl_s + Z (a- €} +b3-¢2) for some integers af
i=n—s+1
Since €}, = det(Sym? W) ® Sym(Sym? W) has character ¢, (by Cauchy’s formula [Wey03,
Proposition 2.3.8]), the equation above is also satisfied for s = 0. The Fourier transform F
permutes the modules C7, and it takes the form

Feh)y=¢l fors=0,...,n and F(e2)=¢2 _  fors=0,...,n—1.

We can then apply Lemma 2.14 to the poset P = {(s,7):s=0,... ,n—l,j =1, 2}U{(n, 1)} with
the lexicographic ordering given by (s, j) < (s',;') if and only if s < s’, or s = s’ and j < j'. We
let v, j) = €& and v(, ;) = CZ, and conclude using Lemma 2.14 that C’j ¢ for all s = 0,.

and j = 1,2. 0

5. Equivariant D-modules on m X n matrices

In this section, we compute the characters of the GL-equivariant D-modules on the vector space
M of m x n matrices, for m > n. We consider Wy, W vector spaces of dimensions dim(W7) = m,
dim(W2) = n, let V; = W}, and identify W = W; ® Wy with M, where tensor products w; ® ws
correspond to matrices of rank one. If we write GL = GL(Wl) x GL(W3), let My denote the
subvariety of matrices of rank at most s, and recall the notation (3.13) for the characters s,
then the main result of this section is the following theorem.
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THEOREM ON EQUIVARIANT D-MODULES ON GENERAL MATRICES. The simple GL-equivariant
holonomic D-modules on M are Ay = L(M,,_s, M), s =0,...,n, and, for each s, the character
of Ay is . When m = n, Ay is as described in Theorem 1.1, while for m > n it can be expressed
in terms of local cohomology:

Ay =My (ML 00p) = HGE M) (A, 04). (5.1)

1 —s
We only need to show that 2, is the character of Ay, and to prove Theorem 1.1. The
classification of GL-equivariant holonomic simple D-modules is explained in Theorem 2.9, while

(5.1) follows by comparing s with the characters of local cohomology modules from [RWW14,
Theorem 4.5] and [RW14, Theorem 6.1].

Proof of Theorem 1.1. Let us assume for now that 2 is the character of Ag, and write
Wy = Wy = C". Using Cauchy’s formula [Wey03, Corollary 2.3.3], we get an equality of
GL-representations

Saet = € SAW1 @S2 = P A
AELY 1=0

dom

As in Example 1.2, this shows that Ay, ..., A, are the D-module composition factors of Sqet, each
appearing with multiplicity one. It remains to check that Ay = Fs/Fs_1, where Fs = (det™%)p.
We prove by induction on s that the D-module composition factors of Fy are Ag,..., As,
which is clearly true for s = 0. Assume that s > 0 and that the induction hypothesis is valid for
Fy_1, so that Sqet/Fs—1 = @, A; as GL-representations. We must then have for some i > s
an inclusion of D-modules A; C Sget/Fs—1. Using the character description, A; must contain the
class of det™ inside the quotient Sget /Fs_1, and therefore it must also contain the classes of
det ™1 det ™2 ... If i > s, this contradicts the formula for the character of A;. We conclude
that ¢ = s and that we have an inclusion Ay C Sqet/Fs—1. Since Ay is simple, it is generated by
the class of det ™, so the image of A is Fy/Fs_1. O

We note that just as in Remark 1.4, the strict inclusions Fs_1 C Fy in Theorem 1.1, combined
with Cayley’s identity, show that the b-function of the generic determinant is bqet(s) = (s + 1)
(s+2) - (s+n).

We conclude by showing that 2 is the character of As. For k = 1,...,n, we consider the
situation of §2.4, with X = X} = G(k, V1) x G(k,V2) and Rq, Q1,Re, Q2 as in (2.17). We let
U=Vi®Vy, n=0;®Q9Qy, and write Y = Y}, m = m in (2.23). We note that locally on X,

1, Q5 trivialize to vector spaces of dimension k, and Y}, gets identified with the space of k£ x k
matrices. We take the line bundle £ = det Q1 ® det Qo, consider its GL-equivariant inclusion
£ C Sym®n, and note that £ is locally generated by the function that assigns to a matrix its
determinant. If we let Yk0 C Yy be the open set defined locally by the non-vanishing of the
determinant, then as a GL-equivariant quasi-coherent sheaf on Xy, OY/? is given by

Oka = @ SAQ1®S>\Q2:li_I)n£®r®det(Q>f®Q§)®Sym(QT®Q§)7
\ezZk r

dom

so condition (2.24) is satisfied in our context. The Euler characteristic of the D-module
pushforward fﬂk OYkO is now easily computed as a consequence of Propositions 2.10 and 3.5,

1961

https://doi.org/10.1112/50010437X16007521 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16007521

C. RAlcu

and of Remark 2.11:

X( / oyko> = (=1)k (m=n). Tim (V1) @ proyr(V2) @ det (W) @ Sym(W)
Tk

_ - _1\(m—n) - (n—k—s) . § )

s=n—k

Since OYkO maps isomorphically via m; to the orbit of rank-k matrices in M, the conclusion that
2 is the character of A follows as in the proof of Theorem 4.1 by the linear algebra trick in
§2.6.

6. Equivariant D-modules on skew-symmetric matrices

In this section, we compute the characters of the GL-equivariant D-modules on the vector space
of skew-symmetric n x n matrices. We let W denote a complex vector space of dimension n,
V = W*, and we identify /\2 W with the vector space MY of n x n skew-symmetric matrices,
where exterior products w; A wa correspond to matrices of rank two. If we write GL = GL(W),
m = |n/2], let MV denote the subvariety of matrices of rank at most 2s, and recall the
notation (3.16) for the characters B, then we have the following result.

THEOREM ON EQUIVARIANT D-MODULES ON SKEW-SYMMETRIC MATRICES. The simple GL-
equivariant holonomic D-modules on MV are B, = L(MV M%) s = 0,...,m, and,
for each s, the character of By is 8. If n = 2m + 1 is odd, then, for s = 1,...,m, Bs; can be
described in terms of local cohomology:

codim(Mkew)
M

By = H25TL (MY O pen) = H

skew
Mmf 1

(MSkeW7 OMskew). (61)

If n = 2m is even, we let Pf be an equation defining the hypersurface Mi‘ﬁ"f We let S denote the
coordinate ring of MV and consider Fy = <Pf_28>'p, the D-submodule of the localization Sp¢
generated by Pf~2* for s =0,...,m (and F_; = 0). We have that By = Fy/F,_; fors =0,...,m.

The classification of GL-equivariant holonomic simple D-modules is explained in Theorem 2.9,
while the equality (6.1) follows from [RWW14, Theorem 5.5] and [RW15, (1.4)]. When n = 2m,
we get that B; = F5/Fs_1 just as in the proof of Theorem 1.1. Note that Cayley’s identity shows
that bpg(s) divides [[*,(s + 2+ — 1), which in turn implies that (Pf~?")p = (Pf~*!)p. The

strict inclusions F;_1 C F; then force 2-7 — 1 to be a root of bp¢(s) for i = 1,...,m, so in fact
bpe(s) = [[Z1 (s +2-i—1).
To prove the theorem, it remains to check that B, is the character of Bs. Fork=1,...,m, we

consider the situation of § 2.4, with X = X}, = G(2k,V) and R, Q as in (2.17). We let U = \*V/,
n= /\2 Q, and write Y = Y}, m = 7 in (2.23). Locally on X, Q* trivializes to a vector space
of dimension 2k, and Y} gets identified with the space of 2k x 2k skew-symmetric matrices. We
take the line bundle £ = det Q to be the Pliicker line bundle on X, consider its GL-equivariant
inclusion £ C SymF7n, and note that £ is locally generated by the function that assigns to
a skew-symmetric matrix its Pfaffian. If we let Yko C Y}, be the open set defined locally by the
non-vanishing of the Pfaffian, then we get using Cauchy’s formula [Wey03, Proposition 2.3.8] that
condition (2.24) is satisfied. As a consequence of Propositions 2.10 and 3.6, and of Remark 2.11,

we obtain
2 2 m
X</7rk OYkO> = Tliglopgk,r(V) ®det</\ W) ®Sym</\ W) = S:;k <m S_ k) B, (6.2)
1962
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Since Oyo maps isomorphically via 7, to the orbit of rank-2k matrices in MV, we conclude
as in the proof of Theorem 4.1 that 28, is the character of By for all s.

7. The simple regular holonomic D-modules on rank stratifications

We let X denote any of the vector spaces of general, symmetric, or skew-symmetric matrices,
with the natural group action by row and column operations of the corresponding group G
as considered in the previous sections. We denote by A the union of conormal varieties to the
orbits of G, and consider the category C = modTAh(DX) of regular holonomic Dx-modules whose
characteristic variety is contained in A. The goal of this section is to describe explicitly the
simple objects in C and obtain as a corollary a direct proof of Levasseur’s conjecture [Lev09,
Conjecture 5.17] in the case of general and skew-symmetric matrices.

Via the Riemann—Hilbert correspondence, the simple objects in C are classified by irreducible
local systems on the G-orbits. When the local systems are G-equivariant, the corresponding
Dx-modules have been described in the previous sections. The only orbits with irreducible non-
equivariant local systems are the orbits O C X of rank-n matrices, when X is the vector space of
n X n general or symmetric matrices, or when X is the vector space of 2n x 2n skew-symmetric
matrices. In each of these cases, the complement of O in X is defined by a single polynomial f,
which is the determinant of the generic (symmetric) n x n matrix in the first two cases, and it
is the Pfaffian of the generic 2n x 2n skew-symmetric matrix in the last case. The fundamental
group of O is equal to Z, so the monodromy of the corresponding local system is given by a
non-zero complex number A = €™ with o € C/Z. We let S denote the coordinate ring of X
and for a € C we consider the Dx-module F,, = Sy - f* (which depends only on the class of a
in C/Z).

THEOREM 7.1. With notation as above, consider the irreducible local system L. on O whose
monodromy is given by A = e*™® If L, is not G-equivariant, then the corresponding simple
object in mod}*(Dy) is F,.

Proof. The restriction of F, to O is a rank-one integrable connection whose corresponding local
system has monodromy given by A = 2™, It follows that in order to prove the theorem we
need to check that F, is a simple Dx-module. The condition that L, is not G-equivariant is
equivalent to (see Theorems 2.7 and 2.9):

— a ¢ 7 if X is the space of general or skew-symmetric matrices;

- aé¢ %Z if X is the space of symmetric matrices.

From now on we assume that L, is not G-equivariant. It follows from Cayley’s identity (and
its symmetric and skew-symmetric versions) that F, is generated as a Dx-module by f* (or by
frre for any r € Z). In order to prove that F,, is simple, it is then sufficient to show that any
non-zero Dx-submodule F' C F, contains f"™ for r > 0. Fix any such F.

We write g for the Lie algebra of G, and note that any Dx-module is a g-representation.
In particular, this is true about F' C Fj,. Since F, has a multiplicity-free decomposition into
irreducible g-representations of the form M - f¢, where M C Sy is an irreducible integral
g-representation, we may assume that F' contains one such M - f*. Replacing a by o« —r and M
by M - f" for r € Z, we may assume that M C S. Since M generates a non-zero ideal which is
invariant under the action of G, it defines set-theoretically a proper closed G-invariant subset of
X, which is necessarily contained in the zero locus of f (the complement of f is a dense orbit for
the G-action). We obtain that the ideal in S generated by M contains all large enough powers
of f, and therefore that F' contains f"™¢ for r > 0, which concludes the proof of the theorem.O
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We end by remarking that Theorem 7.1 yields a proof of Levasseur’s conjecture in the case of
general and skew-symmetric matrices. We have already seen that the irreducible G-equivariant
local systems on the orbits of the group action give rise to simple Dx-modules containing (and
hence generated by) non-zero sections invariant under the action of the derived subgroup G’. By
Theorem 7.1, the remaining simple objects of C are all of the form F, = S;- f*. Since f is a
G’-invariant, the same is true about f%, so F, contains non-zero G’-invariant sections.
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