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Abstract

For any two compact convex sets in a Euclidean space, the relation between the volume of the sum of
the two sets and the volume of each of them is given by the Briinn-Minkowski inequality. In this note
we prove an analogous relation for the one-dimensional Hausdorff measure of the one-skeleton of the
above sets. Also, some counterexamples are given which show that the above results are the best
possible in some special cases.

1980 Mathematics subject classification (Amer. Math. Soc.): 52 A 20.

1. Introduction

When K is a convex compact subset of a Euclidean space E¢ then for
v=0,1,...,d, the v-skeleton skel, K of K consists of those points of K which
are not centres of (» + 1)-dimensional balls contained in K.

It is well known (see Larman and Rogers [4]) that the »-skeleton of a compact
convex set in E¢ is a measurable set with respect to the »-dimensional Hausdorff
measure, denoted by H#°°(-). We define n,(K) = #°*(skel , K). If K, and K, are
compact convex subsets of E9, then it is known that the dth root of n,(-) is a
concave function, i.e. forany 0 < ¢ < 1,if K, = (1 — #)K,, + K, then

(”d(Kz))l/d >(1- ’)(”d(Ko))l/d + t(”d(Kl))Vd

for any K, K. This inequality is known as the Brinn-Minkowski inequality.
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In this note we prove that n,(-) is a concave function, i.e.
n(K,) = (1 - t)n,(K,) + tny(K;)
for any compact convex sets K, K, of E“.

In the course of the proof of the above property, we establish an inequality
between #°(ext K,) and #*(extK,), i = 0,1, for any s > 0, where ext K de-
notes the set of extreme points of K.

We also prove, constructing appropriate counterexamples in E>, that the two
inequalities cannot be reversed.

2. The results

We quote first a lemma which is to be used in the proofs that follow.

LemMa 2.1. Let K,, K, be convex, compact subsets of E¢ and let K = AK, +
pK,, A, p > 0, be a Minkowski linear combination of K, and K,, where A, u are
fixed but arbitrary. Then the following hold.

(i) For any point e belonging to the set ext K of the extreme points of K, there
exist uniquely defined points e,, e,, where e; € ext K, i = 1,2, such that e = Ae,;
+ pe,.

(ii) For any point e, € extK,, there exists a point e, € ext K, such that
(Ae, + pe,) € ext K. A similar property holds for the extreme points of K ,.

PROOF. If either A = 0 or p = 0, the results are obvious. Suppose now that A,
p # 0. We consider part (i). Let e € ext K, with e = Ae; + pe, for some ¢, € K|,
i=1,2.1f e; & ext K, thene, = (x; + y;)/2 for some x,, y, € K, with x; + y,,
and so e = (Ax; + pey)/2 + (Ay, + pe,)/2. But Ax; + pe, and Ay, + pe, are
distinct points of K, which is a contradiction, as e € ext K. Hence ¢; € ext K.
In a similar way e, € ext K.

Suppose now that there exist another pair ej,e;, where e/ € extK,, = 1,2,
such that e = Ae; + pe, = Aej + pej. Then e = A(e; + e])/2 + p(e, + €3)/2,
which implies that (e; + ¢])/2 € extK,, i = 1,2. This, in turn, implies that
e; = e/, i = 1,2, which proves part (i).

For part (ii), consider e, € ext K. If u is a unit vector, let K" denote the
intersection of K,; with its support hyperplane with outer normal u. If U=

(uy,...,u;) is a k-frame of orthogonal unit vectors, then K is defined
: Q —
recursively by K(u; _____ i) = Kl ue )y
Now for the point e, there exists a k-frame U = (u;,...,u;), 1 < k < d, such

that {e,} = K{. If K, K,, are the corresponding sets for K, and K, then
Ky =AKP + pKP (see Eggleston [3, Theorem 38]). Hence K, = A{e;} +
pK &P, and from part (i) we have

extK, C A{e;} + pextKP.
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Consider z € ext K, C ext K. Then z = e, + pe, for some e, € ext K{P C
ext K,. Therefore, for e, € ext K, there exists e, € ext K, with Ae; + pe, €
ext K. This concludes the proof of (ii).

Now we quote and prove the following propositions

PrOPOSITION 2.1. Letr K|, K, and K be defined as in Lemma 2.1. Then
H#¥(ext K) > max{ AN *(ext K,), p’#*(ext K,)} for any non-negative number s.

PROOF. As #°(ext(AK;)) = X *(ext K,), to prove the inequality, it is suffi-
cient to prove it for A = p = 1. If e € ext K, then the cap-neighbourhoods of e
form a basis for the neighborhoods of e (see G. Choquet [2], page 107). Therefore

Hi(ext K) = sup,, o inf{X> ,d*(C,):C,, n=1,2,..., are caps; extK C
n=1Cy; d(C,) <€}
Let C,, n=1,2,..., be a sequence of caps of K covering ext K, where

C,={xeK:a,—t,<x-u,<a,), where a, = sup, o o x - #,,, and where x -
u, denotes the inner-product of x with a unit vector u,. We define C{) = {x €
Kb —t, < x-u,<bP}, i=1,2, where b\” = sup, c x x - u,, i = 1,2. Then
a, = bV + b{». We shall prove that ext K, CU®_; C?, i = 1,2. Let e; € extK].
Then by part (ii) of Lemma 2.1 there exists e, € ext K, such that (e; + e,) €
ext K. Let e, + e, € C, for some n € N. Then ¢, € CV, i = 1,2. For, if not,
then e, ¢ C®Y, say. Then e, - u, < bV —1,, 80 (e, + €;) - u, < (bV —¢,) + b?
= a, — t,. This is impossible since e, + e, € C,. Hence, for any e, € ext K|,
there exists a cap CV such that e, € C{V, and so ext K, c U®_, C,. We also
have d(C?) < d(C,), i = 1,2, n € N. Indeed, for 8, € K, with 8, - u, = b,
we have C» + B, c C,, and so d(CH)=d(CP + B,) < d(C,). Then
mf{¥r_,d(S,): extK, c U, S, d(S,) < e} <inf{¥?,d°(C,): extK C

©.1C,, d(C,)) <¢, C, cap, n € N} for any & > 0. Therefore J#*(extK;) <
H*(ext K), i = 1,2. This concludes the proof of the proposition.

We note that in general no kind of reverse inequality holds.

More precisely, we show, by constructing a counterexample, that there does not

exist a positive constant M such that the inequality
#'(ext K ) < M(max{ #'(extK,), #(extK,)})

holds for any compact convex sets K, K, in E3. Indeed, take K 1= {(x,0,z)
R*:x>0, 220, (x2+2)Y2<1} and K, ={(0,y,2)€ER*:y >0, z> 0,
(y* + 22)"/2 < 1}. Then H#'(extK,) = #*(extK,) = m/2 < + co. The sum of
K, and K, is the set K= {(x,5,2)€R*:0<x<1, 0<y<1 0<z<
A=-xH72+ 1 -pH?}, and ext K= {(x,y,2)€ER*:0<x<1,0<y <1,
2= (1 - x2)2 4 (1 — y?)/2} U {(0,0,0)} U {(1,0,0)} U {(0,1,0)}. Therefore
#?(ext K) > 0. But then s#'(ext K) = + o0, and in fact ext K is not o-finite
with respect to 1.
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PROPOSITION 2.2. Let K, K, and K be as in Lemma 2.1. Then 3 (skel, K) >
Ao#Y(skel, K,) + pot(skel, K,).

PrROOF. As in Proposition 2.1, it is sufficient to prove the inequality for
A=p=1 Then K=K, + K,. If #'(skel, K)= +c0, we have nothing to
prove.

Assume now that #!(skel, K) < co. It is known, (see Burton [4, Theorems 1
and 3]), that skel, K is the union of ext K with countably many exposed edges F,
(n =1,2,...), and that 5#'(ext K) = 0. Hence 5#'(skel, K) = £*_, #!(F,) and,
by Proposition 2.1, #XextK,) =0, i = 1,2.

Now F,= KN H=K, N H, + K,n H,, where H is the support hyperplane
of X at F,, and where H,, H, are the corresponding suport hyperplanes of K,
K,. As dim(F,) = 1, we conclude that F, = I, + I,, where /;, and /, are parallel
line segments which are edges of K, and K,; or F, =/, + {e,}, where /; is an
edge of K, and e, an exposed point of K,; or F, = {e,} + [,, where [, is an
edge of K, and e, an exposed point of K,. The above expression is uniquely
determined. Suppose, for example, that F, = I, + [, = I{ + {e3}, where [, I{ are
edges of K, where /, is an edge of K,, and where e; is an exposed point of K.
Then F, = (I, + {)/2 + (I, + {e}})/2, which implies that 3(/, + ) is an edge
of K,; but since (I, + [{)/2 C conv(l;, I{), we have I, = I. Therefore, F, = I, +
I, =1+ {e}}, and hence {e}} =/,. Similar arguments apply to the other
possible expressions for F,.

Let /, be an edge of K,. We denote by pr(+) the projection onto E4~! which
maps in the direction of /,. Then pr(K) = pr(K;) + pr(K,), and pr(/}) is an
extreme point of pr(K,). Then, from Proposition 2.1, there exists an extreme
point, say, e,, of pr(K,) such that pr(/;) + e, = e, where e € extpr(K). Then
pri(e) N K =1, + pr-l(e,) N K,. From the last relation and from the fact that
e is an extreme point of pr(K ), we conclude that pr~*(e) N K must be an edge of
K, and that pr-!(e,) N K, must be an extreme point or an edge of K,. Hence,
for each edge /; of K, there exists an extreme point e, or an edge /, of K, such
that either /; + /, or I, + e, is an edge of K. From the above we conclude that a
given edge /; of K; could give rise to more than one edge of K. So the edges of K,
and K, are countable, and skel, K, = U®_, (/. U extK;), i = 1,2. Hence

n=1

= oo
Hl(skel, K) > Y, #N 1)+ X #(12) = # (skel, K,) + o#(skel, K,),
n=1 n=1
as H#l(ext K;) = 0, i = 1,2. This concluces the proof of the proposition.
An immediate consequence of Proposition 2.2 is the following corollary, whose
proof is obvious.

COROLLARY 2.1. The function n,(-) is a concave function.
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In the same way as in Proposition 2.1, we assert that there does not exist a
positive number M such that J #!(skel, K) < M[A#(skel, K)) +
ui¥'(skel, K,)] for any compact convex sets K;, K, in E> To show this, we
construct two convex compact sets 4; and 4, in E® such that s#*(skel, 4,) <
+ 00, i = 1,2, while #'(skel,(4, + 4,)) = + 0. Let 4,(0,2,0), u, = (0,-2,0),
Bo = (2,2,0), v, =(2,-2,0), @y =(2,0,1) and §, = (0,0,1). Define K, to be
convex hull of these points and let / = [«,, 8,). We consider a plane H, such that
(0,0,0) € H}, a, € H, and K, N H, is an isosceles triangle T, =
conv(a,, B;,7,) with |a; — B3| = |&; — v,|, with diameter(T}) = 2%, with a; € /,
and with the line segment [8,, v;] parallel to [B,, Y,}. Define K; = H{ N K,. We
now proceed inductively. Assuming that we have constructed K, (n>1), we
choose the plane H,,, in such a way that (0,0,0) € H,, ,, that a, € H,,,, and
that K, N H,,, is an isosceles triangle T, ., = conv(a,,, 1, B,+1, Yas1) With |a,
o1l = 1€,01 — Va1l With diameter(T,, ;) = 2-*D_ with oz,,+l € [, and with
the line segment [B, ., v, .] parallel to [ B, v,]. Then K,,+1 H'  NnK,.

Now let 4, =lim,, K, =NZ,K, = K, NN¥_, H. Then 4, =
cleonv{{uy} U {u,} U (8} UUZ_o(B,)} UUZ_s(,)}, and skel, A, = [uy, u,]
U [uyg, 8] U [uy, 8,] U [y, Byl U [y, Yol U US_ol By ¥al U UT-ol B,y Bri1] U

U%ol¥m> Yus1l Y [8, 8;], where &, = lim,_ B, = lim,_ v, Then
H'(skel, A;) < A (skel, Ky) + X7 fl([ﬂn’}'n]) H(skel; Ko) + L2277 <
+0.0n the other hand, we define 4, to be the orthogonal parallelogram with
vertices u;, u,, By, Yo, 4y + 8, u; + By, By + 8, and y, + 8, Obviously
H#'(skel, A,) < +oo. But the sum A, + A, has in its 1-skeleton countably many
edges with length greater than 4. Hence 5 (skel,(4; + 4,)) = + oco. From this
the assertion follows.

References

{11 G. R. Burton, The measure of the s-skeleton of a convex body, Mathematica 26 (1979),
290-301.

[2] G. Choquet, Lectures in Analysis, Vol. I (W. A. Benjamin, New York, Amsterdam, 1969).

[3] H. G. Eggleston, Convexity (Cambridge Univ. Press, 1958).

[4] D. G. Larman and C. A. Rogers, The finite dimensional skeleton of a compact convex set, Bull.
London Math. Soc. § (1973), 145-153.

Department of Mathematics
University of Athens
Panepistemiopolis

157 81 Athens

Greece

https://doi.org/10.1017/51446788700028652 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700028652

