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Abstract

This paper is concerned with the behavior of certain principal-value, singular integral operators
on L® and BMO defined over a local field. It is shown that unless the definition of these
operators is changed appropriately, they may not be defined for some function in these spaces.
Direct, constructive proofs of the existence and boundedness of the altered operators under
certain smoothness conditions on the kernel are given.

1991 Mathematics subject classification (Amer. Math. Soc.): 43A70, 42B20, 42B30.

This paper is concerned with the behavior of certain principal-value, sin-
gular integral operators on L™ and BMO defined over a local field. We
show that unless the definition of these operators is changed appropriately,
they may not be defined for some functions in these spaces. We then give
direct, constructive proofs of the existence and boundedness of the altered
operators under certain smoothness conditions on the kernel. Previous work
has concentrated upon the properties of these operators relative to Lebesgue
and Hardy spaces, and then, providing results on L™ and BMO via duality
arguments.

Let K denote a local field, A the Haar measure on (K, +), and |-| the
associated modular function. There is a fixed prime power ¢ so that for
each x € K, |x| =q" forsome n€Z. For ncZ we let

B'={xeK:|x|<q "} and D"={x€eK:|x|=q"}.
The measure A is normalized so that A(B") = ¢~". Since |-| is non-
Archimedean, each B" is a subgroup of K. Fix n € D'; that is, in|=1/q.
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The standard results of local field analysis used here can be found in Taibleson

[6].
We say a locally integrable function f has bounded mean oscillation,
f € BMO, if
0.1) supinf ((1 JA(B) / 1f(x) - c|dx) < oo,
B B

where the supremum is taken over all balls B ¢ K and the infimum over
all constants ¢ € C. (See Coifman and Weiss [1].) Identifying functions
which differ by an additive constant makes BMO into a Banach space with
norm given by the left hand side of (0.1). An equivalent norm for BMO is
obtained if the L'-norm in (0.1) is replaced by the LP-norm for 1 < p < co.
Note that L™ is a proper subset of BMO.

Let k be the locally integrable function on K* = K\{0} such that the
integral operator 7T defined by

Tf(x) = pv / k() f(x - y)dy

n—oo j-—00

= limitlimit / kW) f(x —y)dy
a7 "<yl<q’

= limitlimit T .(x)
n—oo j—o00 n,Jj

is a bounded operator on L?. We say k satisfies condition S,, 1 <r < oo,

if k is locally in L" on K*, k has mean value zero, and there exists a

non-negative function s on (0,1) such that
[ o]

Ssta) <o and [ k(x—y) - k(ldx < sta" e
1

for |y| < ¢". S_ is defined by the obvious modification. Note that k € S,
implies k € S, for all ¢ < r. The pointwise behavior of these singular
integral operators on local field have been studied previously for Lebesgue
and Hardy spaces. See Daly and Phillips [2] and Taibleson [6). In particular,
for f in L? and k satisfying an S, condition, then the sequence T, , f(x)
converges pointwise almost everywhere.

Alarge class of kernels k that satisfy the condition S, are smooth homo-
geneous kernels k(x) = w(x)/|x| where w(njx) = w(x) for x # 0 and
J€Z and [jow(x)dx = 0. In particular, if @ is locally constant on K*
(thatis w(x) =w(x+y) forall x € D° and y € B" for some n € N) then
w/|-| satisfies the S, condition with s(q_j ) =0 for j > n. These Calderon-
Zygmund singular integral operators with locally constant kernels are known
to map the Hardy space H ! to itself boundedly; and, consequently, by du-
ality, they are bounded on BMO. See Daly-Phillips [2] and Taibleson [6]
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for details. In this paper, we consider more general classes of kernels defined
by the S, and related conditions, and give direct proofs of the boundedness
of the corresponding operators on BMO. Similar problems have been ad-
dressed by Garcia-Cuerva and Rubio de Francia [3] and Kurtz [4, 5] in the
Euclidean case, where results analogous to Theorems 2 and 3 can be found
for the case of L™ to BMO. Here we give extensions to the case of singular
integral operators mapping BMO to BMO.
For a locally integrable function f on K and ball B, we let

fy = 1/4(8) [ f(x)dx
denote the average of f over B. We will use the following lemma.

LEMMA 1. Let 1 < p < 0o. There is a constant C = C(p, q) such that if
fe€BMO, x,€K,and n>1, then

[ 0) = Fylegy < CH a1 o
0
where B = x, + B’

PRrOOF. Let B, = x0+Bj for x, € K and j € Z. Define B, = x0+Bj_'”
for m € Z. Consider the case m = 1. We have

1.1
(D 1/p 1/p
( / 1/ (x) - fBOI”dx) < ( / ()= Sy, |”dx) + (B 1Sy — I
B B, .
< CABY f lgmo +ABD " - 1fy = fy |-
Estimate the factor | fB, - fBo| as follows:
U, = fo | = 11/4(By) [ f(x)dx — 1y |

(1.2) <a/AB) [ 17Gx) - 1y lax

<gq-: ”f"BMO .
Combining (1.1) and (1.2), we have

[ 1760 = £y, P < B Mo
1
We now proceed by induction. Suppose

[ 1760 = £y P < CmPAGB ) o
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For B
1/p
1) —fBOI"dx) < ( /

m+l1?
m+

(1.3) (/B
+A(Bp ) Uy~ Syl

The first term in the sum of (1.3) is bounded as before using (1.1) and (1.2),
with By =B, and B; =B, . Thus

(1.4) (/B

t/p
£ = Sy, |"dx)

m+

Yp
1) = 1y |"dx) < CAB,,. )" I flsmo-

The factor |f; — fB°| can be bounded using the induction hypothesis:

(1.5)
o, = Fa = 10748, [ f0)dx = £y < (1/3B) [ 1760 = fy

1/p
< ((I/A(B,,.)) / If(x)—fBOI”dx)

<C-m-|flgmo-
Combining (1.3)-(1.5), the proof is finished.

Given a set B, let x, denote its characteristic function and B° its com-
plement. Using the previous lemma, we prove the following theorem.

THEOREM 2. Let f € L™ and be supported on a set of finite measure. If
k satisfies S,, then Tf exists ae, Tf € BMO, and ||Tf|go < Cllflloo,
where C is independent of f.

PrOOF. Since f € L2, Tf exists a.e.. Let E = {x € K : Tf(x) exists}
and x, be a point of density of E. For n, € Z, consider the ball B =
X, +B™. Write f as

f(x) = fg +[f(x) = flxg(x) + [f(x) — fplxp(x)
= fp + 8p(x) + hg(x).

Since f; is a constant, T(f;) = 0 and hence exists a.e.. Using the fact T
is bounded on L?, we know Tg, exists a.e. and

/B IT(g,) )y < A(B)"*ITg,ll, < CAB) g,
< CA(B)- 1.,

(2.1)
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Since x, is a point of density and T'g, exists a.e., there is a point y, € B
such that Thy(y,) exists and Thy(yy) = Tf(vy) — Tgp(yy). Set D; =

Xy + D" = {|x, - z| = ¢’"}. Note that U7, D; = B°. For x € B, we
have

IThy(x) ~ Thy(y,)| < / k(x — 2) — k(y, - 2)| |hy(2)ldz

(2.2) <SS [ et = 20— k3, - 2)ldz
1 JD;

oC

<Clfle S sa™).

i

By (2.1) and (2.2),

(1/A(B)) | ITf(y) — Thy(p)ldy < (1/A(B)) [ |Tgp(y)ldy
B B

T (1/A(B)) /B IThy(y) — Thy(vy)ldy
<Clfl.

since k € S, . Therefore, Tf € BMO and ||T fllgmo < Cllfll -

Theorem 2 can be extended to the case f € BMO if we require additional
smoothness of the kernel k. We say that the kernel k satisfies the S,+
condition if k satisfies S, and Y ° js(@™’) < 0o . Using basically the same
proof as before, we prove

THEOREM 3. If k satisfies S:' for some r, 1 <r< oo, and f € BMO,
then either T f exists only on a set of measure zero or Tf € BMO with
IT Allgmo < CNlfllgmo » Where C is independent of f .

ProOOF. Let E = {x € K : Tf(x) exists}. Assume E has positive mea-
sure, since otherwise there is nothing to prove. Using the notation of The-
orem 2, we fix x, and B and write f = f; + g5 + hy. The argument
for g, proceeds as before except one uses Lemma 1. For the estimate
|Thy(x) — Thy(y,)| we use Lemma 1 and the fact k € S} :
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IThy(x) — Thy(yy)] < / k(x — 2) — k(vy — 2)] [hy(2)ldz

/ k(x ~ 2) — k(yy — 2| 1£(2) - f,ldz

1

00 1/r
) ( /D Ik(x - 2) — k(yg z)|’dz)

1 J

) 1yr
x ( [ @ - sl dz)
D,

< i (S(q_’)(qjq_")_'/")

1

IA

(o 1@ )”"ufumo)

= Cllflgmo D Js@™)
1
< Clf lgmo -

To complete the proof of the existence of Th,, we use a variation of the
previous argument for the boundedness of Th , but consider

(T =T, Dhg(x)—(T—T, )Yhg(y,)l-
For n > n,, we have

(T - T, Dhg(x)— (T —T, )hg(y,)l
=T =T, hglx) - (T T, Yhs(o)l

< Cllfllgmo > is(@ ™).

Jj+l1

However, (T — Tno, j)hB(yo) goes to zero by assumption, thus so does
(T-T1, j)hB(x). Therefore, Thy exists a.e. on B and hence, Tf exists
a.e. on B. As the radius of B is arbitrary, T/ exists a.e. on K.

The norm boundedness follows as in Theorem 2 before using the estimate
(3.1) above in place of (2.2).

Theorem 3 shows that each operator T splits BMO into a subspace where
T is a bounded operator and a subspace where it is infinite for each function.
As an example of this we consider a special homogeneous kernel k. For the
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3-adic field K, the cosets 1 + B' and —1+ B' of D° are disjoint. Since
each x € K™ can be written uniquely as x = 3"x’ where |x'| = 1, we define
the disjoint sets P, = {x: x' € 1+B'} and P,={x: x’ € —-1+B'}. Note
that P, UP, = K*. The kernel k given by k(x) = ()(1,I (x) - xpz(x))/|x| is
homogeneous of degree —1. The operator T is the 3-adic field analog of the
Hilbert transform and is known to be well-defined and bounded on the Hardy
spaces H? for 0 < p < oo, and thus from BMO to BMO by duality. See,
for example, Daly-Phillips [2]. However, considering 7(x P )(x), we have

Tp)) = [ 25,0~ 9)ay /1= [ g e =)y
=+,

where the integrals are interpreted in the principal-value sense. Let x € P, .
Then x = 3"(1 + w) with |w| < 1. For integral (II), we have y € P,, so
y=3%(=1+pB) with |8] < 1. Hence x—y =3"(1+w)-3"(—1+8). If n #
k (ly| # |x]), then with N = min(n, k), x—y =n"(1+7y) with [y| < 1.
Sox-yeP.If n=k (y]=|x|), then x -y =3"(-1+ 3+ w - p)).
So x —y € P,. Thus integral (II) is sz =X yi#xy(¥)@y/ly| . For integral (),

(
x—y € P, if |x| < |y|. This can be seen from x-y = 3"(1+w)—3k(1+ﬂ) =

(=1 + (=B +3"% + 3" *w)) = 3*(—1 + y) with |y| < 1. So integral (I)
becomes fP. Xgpi<1xy(#)4y/1y| . Combining these,

T(xp)(x)= X{|y|=|x|}(Y)dy/|Y| - X{|y|>|x|}()’)d}’/|.}’| ,
! Pl PZ

which is infinite. The case of y € P, is analogous. Hence 7(x Pl) is infinite

everywhere on K as P, UP, = K*. This example can be easily adapted to
any local field XK.

From the above example and Theorem 3, we know that an unaltered singu-
lar integral operator of the type under consideration may not be well-defined
for a specific bounded function, much less one of bounded mean oscillation.
To modify the operator and make the principle value integrals well-defined
and bounded on BMO, we will exploit the facts that functions in BMO are
equivalent up to additive constants and 7(1) = 0. For a kernel k, we define
the singular integral operator T° by

T'f) = [ty - x) = k(=x)2(0)f(x)dx
where y denotes the characteristic function of (B")°. We will show that T’

is bounded both from L*° and BMO to BMO under suitable smoothness
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conditions on the kernel k. Note that if

¢ = [ k0 fdx = [ k(=x)f0dx

Ix|>1
exists, then T'f(y) = Tf(y) — ¢, . In this case, T'f and Tf represent the
same (equivalence class of) function(s) in BMO. In fact, the finiteness of ¢
is exactly the condition on T that makes T itself well-defined and bounded

on BMO.
First suppose that f is bounded. Then

T f(y) = / (k(y — x) ~ k(=x)1(x)) f(x)dx
- /|x|<|y.(k(” — x) = k(-x)(x)) f(x)dx
+ / (k(y — X) — k(=x)2(x)) f(x)dx
Ixi=ly|

+ / (k(y = x) - k(~x)1(x)) f(x)dx
Ix|>{y|
= (D) + (I1) + (1I0)..

For (I), we have
M= /  ky-x)f(xdx+ / (k(y - x) — k(=) f(x)dx .
|x|<min(|y], 1) 1< x| <}y

As f restricted to each of the sets {x : |x| < |y| and |x| < 1} and {x:
1<|x|<y|} isin L?, each of the above two integrals is finite. Next, write
(II) as
[ kp-ofeds- [ k=x)fodx.
[xl=ly| L<ix|<|y|

If |y] <1, the second integral is 0. If |y| > 1, it is finite as before. The
first integral can be identified as T(fx,»)(y) where |y|=¢". Since f, o

isin L? and T is bounded on L2 , the first integral is also finite. Finally,
(II) is equal to

/IxISI k(y = x) 2151913 (S (X)dx + /Ix|>m(|yl’l)(k(y - x) = k(=x))f(x)dx.

The first integral is either 0 (if |y| > 1) or finite by the local integrability of

https://doi.org/10.1017/51446788700031815 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700031815

9] BMO and singular integrals 329

k and the boundedness of f . The second integral is bounded by
1Al | (v = ) — k(-x)ldx
[x[>max([y|, 1)

Wl X[ ety = x) = k(=x)ldx

lyl<qd"

Wl [ Ve +3) ~k(x)ldx

lyl<q”
o0

<l D_s(a™")

1

which is finite as long as k satisfies the condition S,. Thus T'f is finite
a.e. if fe€ L™ . In fact, arguing as in Theorem 2, T’ is a bounded operator
from L™ into BMO. We state this as Theorem 4.

THEOREM 4. If f € L™ and k satisfies S, then T'f exists a.e, T f €
BMO, and ||T'f||BMO < ClIfll,, » where C is independent of f.

PrOOF. We again write f as f(x) = fp + gz(x) + hp(x) for a fixed ball
B. To show that 7' : L — BMO, we note that T'(f,) = 0 since fj is
constant and k has the mean value zero property. Since gz = (f — f5)xp is
bounded and has compact support,

¢ = / k(—x)gg(x)dx < o0
Ixi>1
by the local integrability of k. Therefore,
[17e0) - clldy = [ 1Te,0ldy < VABITs,l,
< CVA(B)Iggll, < CAB)|Iflo -

iilxllce hy € L*, T'hy < 0o ae.. Fix y, € B such that T'hy(y,) < .
en,

T hy(y) = T hy(vy)| = ] [ = %) = koxhy(x)dx

— [k~ 5) ~ k(-2x(xDhg(x)ex|

[t =)~ k0 - x))hB(X)dx‘

and now we can proceed as before.
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We now prove the analog of Theorem 3.

THEOREM 5. If k satisfies S,+ forsome r, 1 <r<oo, and f € BMO,
then T'f € BMO and ||T fllgmo < Cllflpmo . Where C is independent of

f.
PrOOF. We first show that T f exists a.e. for all f € BMO. We write,
as before,
f = fBO + (f_ fBO)xBO + (f_ fBo)X(BO)” .
Then

51 Tf=Tfp+ T~ fp)tpl+ T UL = fo)xpoy]-

Since fpo € L™, T fp0 exists a.e. by Theorem 4. Next, we see that

TUS — £ pl¥) = / (k(y = x) = k(=) X () X) = fypo ()20 (x)dx
- / (k(y = X)(f(x) = )2 golx))dx
= T[(f - fBO)xBO](y) ’

because y is supported on the complement of B®. Since T is bounded on
L?, this term is finite a.e. For the last term of (5.1), we consider the integrals
over over the sets {1 < |x| < |y|} and {|x| > max(]y|, 1)} separately. First,

/ (k(y - x) = K(=x)(/(x) = fyp)dx
|x[>max(jy|, 1)
< ¥ [ ko-x) -kl - fpldx

max(y|, 1)<q"
poqur

1/r
52 < ¥ Ik (x + ) — k(x)| dx () = fol dx
Z 1 IR
< Cllfllgmo 3 1a7" sta™ing™" 1
1

= C”f"BMOZ n- s(q—n) .
1

The last term is finite since k satisfies Sr+ . Next choose N such that |y| =
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qN . Then, we have
/ (k(y — X) — k(=))(f(x) = fyo)dx
I<|x|<yl
(5.3) = /1 e KO = DU = Sydx 4 - /, k(—x)dx

<|x|<q”

- / k(-x)f(x)dx.
i<ix|<g"

The first term is finite fora.e. y, |y|= q” , since (f—fBo)xleKqN isin L’
and T isbounded on L. The second term is finite by the local integrability
of k; and finally, the third term is finite by the facts that k is locally in L"

on K* and f islocallyin L' on K. Consequently, T'f is finite a.e.

The proof of the norm boundedness of T is the same as that in Theorem
4 with the exception that the local integrability of kK on K" is replaced by
the local integrability of |k|".

Theorem 5 can be extended to a more general class of kernels. We say
k is locally in the Hardy space H' if kxpn € H 1(D") forall n € Z. The
locally H ! kernel k is said to satisfy the smoothness condition SH, if
k(- =) = kOl g1 oy < s(g”"|y|) for |y] < q™" with 37°s(¢™") < co. This
is the natural generalization of the S, condition for local integrability to the
Hardy space H I

THEOREM 6. If k satisfies SH, and f € BMO, then T f € BMO and
W fllamo < Cllflgpo » Where C s independent of f .

ProoF. The proof of Theorem 5 remains the same with the following
exceptions. To estimate (5.2), one has

/ (k(y = x) ~ k(=x))(f(x) — fyo)dx
jx|>max(|y], 1)
>

max(|y|, 1)<¢"

< Y IkC=9) = kOl om 1 lamo

max(ly|, 1)<q"

< Clifllemo 5@ ")
1

[ v =) - k) () - o]
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which is finite as k € SH, . Also, for (5.3), one needs
/ k(-x)f(x)dx
1<|x|<q"
to be finite. This follows as k is locally in H ' on K* and f isin BMO.

For homogeneous kernels slightly more is known. Suppose k(x) =
w(x)/|x|, where w is homogeneous of degree zero (w(njx) = w(x) for
Jj € Z), has integral zero on D° , and satisfies the S, condition. Thus, if
ly|=1 and n > 1, k satisfies

[ et =)~ k(x)dx < s(a™"):

or, equivalently,
[0t =») - a(lax/ix| <s@™.

Writing x as 7 "x’ with |x'| = 1 and using the homogeneity of w, the
smoothness condition becomes

[l = 2"y) - o dx < sa™.
Thus

Zl‘,/Do/Do|w(x - ) -0l ldxdy < 3sta™).

which is finite since k satisfies the S, condition. The finiteness of the left
side of this inequality is precisely the smoothness condition on homogeneous
kernels that was considered by Daly and Phillips [2]). There, it was proved that
if this smoothness condition is satisfied then the Calderén-Zygmund singular
integral operator T' maps the Hardy space H ' to itself boundedly. By the
duality of H' and BMO and the fact that the adjoint 7%, T maps BMO
to itself boundedly, where T is defined on BMO by (g, Tf) = (T gf) for
geH ! and f € BMO. It would be instructive to have a construction of T
and T’ and a direct proof of boundedness as in Theorems 5 and 6 that does
not use duality and is valid for a wider class of kernels than the homogeneous
ones. The methods used in the proofs presented here are not adequate.
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