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On Some Explicit Constructions of Finsler
Metrics with Scalar Flag Curvature

Xiaohuan Mo and Changtao Yu

Abstract. 'We give an explicit construction of polynomial (of arbitrary degree) («, 3)-metrics with
scalar flag curvature and determine their scalar flag curvature. These Finsler metrics contain all non-
trivial projectively flat (cv, 3)-metrics of constant flag curvature.

1 Introduction

The flag curvature in Finsler geometry is an analogue of sectional curvature in Rie-
mannian geometry which was first introduced by L. Berwald [1,2]. It measures the
rate of changes of the Finsler metric modulo the changes of the geometry of tangent
spaces. For a Finsler manifold (M, F), the flag curvature is a function K(P, y) of tan-
gent planes P C T, M and directions y € P. F is said to be of scalar curvature if the
flag curvature K(P, y) = K(x, y) is independent of flags P associated with any fixed
flagpole y. One of important problems in Finsler geometry is to study Finsler metrics
of scalar curvature because Finsler metrics of scalar curvature are the natural exten-
sion of Riemannian metrics of isotropic sectional curvature (which are of constant
sectional curvature in dimension # > 3 by the Schur Lemma). See [3,6,7] for some
recent developments.

(v, B)-metrics (for definition, see Section 2) form a special class of Finsler metrics.
Most important, they are “computable” although the computation sometimes runs
into very complicated situations.

The aim of this paper is to explicitly construct Finsler metrics of scalar curvature
and determine their scalar flag curvature. For (¢, 3)-metrics in the polynomial form,
we obtain the following:

Theorem 1.1 Let ¢(s) be a polynomial function defined by

. o (_l)kcn—152k+2

where
mm—1)---(m—k+1)

Cy = k'
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Then the following polynomial (c, 3) metric on an the open subset at origin in R"

(1.2) Fim Mw T PP+ ()

‘ ‘2)n+1

(1 — |x[*){a, y) + (1 + {a,x))(x, y)
N e SR+ )

is of scalar curvature with flag curvature

(4 DIy, 07 =D, p)? Gt

K=-—

2,2 2ot 20322
C2n72 ; .
+ WQn(a, PYOPC + ¢'p)[4(n + 1)F(x, y)w™™ + 3¢* 2]
(2n—1){a, y)*"?
~ (e, )00 + o) 2T
wheren € {0,1,2,...}, a € R" is a constant vector with |a| < 1 and

w:=+/1—|x?

0:= /(1= xP)yl>+ (x, )2,
¢:=1+{a,x),

P = Clyl —2(a, ) (x, )¢ — w¥{a, y)?,

g0 Pap) 10+ (@) ) )
(Lt (a,x)y/(L— Py + (x,7)2

¢()

where ¢\ denotes i-order derivative for ¢(s).

Our construction includes the following two important special cases:

(a) when n = 0, then

VA-PP+Ey)? ) | (ay)

1— |x|? 1—|x]2 1+ ({a,x)

F =

is of constant negative flag curvature K = —i [10]. These («, 3)-metrics are
generalized Funk metrics. In particular, when a = 0, they are the well-known
Funk metrics on the unit ball B"(1);

(b) when n = 1, then

[(1+ {(a,x) (\/(1 — x|y >+ (x, p)2 + <x,y>) +(1 = [x[*){a, y)]?
(1= [x2/(1 = Py + (x, )2

is of zero flag curvature K = 0. These («, 3)-metrics were constructed in [8]. In
particular, when a = 0, they are reduced to Berwald’s metric [2].

F=
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From a classification theorem due to [5], contains all non-trivial projectively
flat («, B)-metrics of constant flag curvature.

In the proof of Theorem [[LT} we use some interesting properties lying in exam-
ples (a) and (b) (¢f. Section 2, Lemma [2.5). Hence these projectively flat Finsler
metrics are a natural extension of examples (a) and (b).

Our approach is to find the new solutions of ordinary differential equations related
to projective flatness of («, 3)-metrics (see Theorem [21). A Finsler metric F =
F(x, y) on an open subset U C RR" is said to be projectively flat if all geodesics are
straight in U. Recall that all projectively flat Finsler metrics are of scalar flag curvature
[4, Proposition 6.1.3]. In fact, we obtain more Finsler metrics of scalar curvature and
determine their flag curvature by using Lemma (see Section 5). These Finsler
metrics are close to examples (a) and (b) in the some sense.

2 («, 3)-metrics

Consider the function

(2.1) F:=a¢(s), s= é,
a

where ¢ = ¢(s) is a positive C*° function on (—b,, b,) satisfying
B(s) — s¢'(s) + (b* — s7)p"'(s) > 0, |s| < b < b,

Then by Lemma 1.1.2 in [4], F is a Finsler metric if || G||o < b, for anyx € M. A
Finsler metric in the form (2.1)) is called an (v, 3)-metric.

The following result tells us a approach to find projectively flat (c, 5)-metric. We
will manufacture Finsler metrics of scalar curvature using it.

Theorem 2.1 ([11, Theorem 1.2]) Let F = a¢(B/a) be an («, 3)-metric on an open
subset U C R". Assume that ¢ = ¢(s) satisfies

P(s) = s¢"(s) = (p+15)p" () (r#0)
where p, r are constants. Define
a:=p(h)a,, B:=Cyp(h)*'dh

where

o = VP +p(aPlyP = 9))
! 1+ pufx|?

where

1 2r(Cy)? 1 N\~ =
p(t) = {— » (C3+77f—5/~“‘”
1 nlx?
h = C ,
\/1+u|x\2{ 1+<ax>+1+\/1+,u|x|2}

where n and C; are constants (C, > 0) and a € R" is a constant vector. Then F is
projectively flat.
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In order to find projectively flat (o, 3)-metrics we consider the following ordinary

differential equation

22 {«zs — ¢ = (p+7rs)e"

$(0) =1,¢'(0) = e.

Lemma 2.2 Whenrp # 0, then the solution of (2.2) is

| r —3-1
(2.3) Grp =1+es+ f/ / 1+ —o? dodr
'p P Jo Jo ( p )

Furthermore, if f = f(s) satisfies

_%_1
o =1 (1+52)
f(O)=1,f(0)=e

1

-1
Then f = ¢pp = 1+e€s+ %fosf(;(l + §02> " dodr.
Proof We have the expansion

(1+x) = E,fioC,?xk, x € (—1,1),

where
o) AA=1)---(A—k+1)
o k! '
By simple calculations, we have
A e A
mck = Chits

C}i\—ltkszku
pQk+1)(2k+2)’
Clz(\fltkszkﬂ

p(2k+1) 7

Grp(s) =1 +es+ 2
br,(s) = e + X%,

where A = — -, t = ;. Thus we have

1
2r?

¢r,p(0) - 1; (b;p(o) =€,
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and

't _ Ce 'k 2k
pQRk+1)2k+2) p(2k+1)
kcli\— 1 tk+152k+2

k+1
=1+ 32,C(ts>)"

Drp(s) = 50/,(9) = 1+ 5|

=1+32,

= (1 +ts°)*

_ re %

= (1+ps)

_ N1, 7e
=(p+rs )p<l+ps)
— (p+ 1B S).

It follows that ¢, ,, satisfies (2.2)). [ |

1

2r

Lemma 2.3 Suppose that ¢, is given in Lemma Then there exists b, > 0 such
that

Grp(s) >0, ¢rp(s) — s ,(s) + (b — $) ', (s) > 0
where s and b are arbitrary numbers with |s| < b < b,.
Proof Note that ¢,,(0) = 1. Hence we have b; > 0 satisfying
Prpl(—brb) > 0.

From the proof of Lemma[2.2], we have the following

L
2r

epls) = sty = (14 22) 7,

11 _ l 1 2 _%_1
¢"P(S)_p<1+ps> .
Thus we obtain
Y 22\ 12_%1 bj r—1,
Brp(s) = 561, (5) + (B2 — )Ll (s) = (1+ps) (1+ i s)
Set
_P P
by — = if £ <0,
o0 if% > 0.
Then

T2
1+ —5s">0
p
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for |s| < b,. On the other hand,

vor—1, 1+2  if=l2 >,
I+ —4——5> rb? : rflz
p 1+ = lfTS <O,

for |s| < b. It follows that

2 1 2 2
1+b—+r szzmin{1+b—,1+ﬂ}.
p
We put
b v—p ifp <O,
00 ifp>0.
Then

o or—1,
1+ —+—5">0
p p

whenever |s| < b < min{b,, b3 }. Finally we take
bo = min{bl, bz, b3}

Our b, satisfies the requirement of Lemma[2.3l

Together with Lemma 1.1.2 in [4], we have the following:

Corollary 2.4 Suppose that ¢, , is given in Lemmal22] Then there exists b, > 0 such

that
F:= ad¢.,(3/a)

is a Finsler metric when ||8]|o < b,.

A function f defined on TM can be locally expressed as f(x',..., x5y, ..., y").
We employ the convention that f,; denotes the partial derivative of f with respect to
the coordinate x’. In the following we explore some interesting properties of 8, w, ¢

and v in Theorem [T.11

Lemma 2.5 Suppose that 0, w, ¢ and 1) are defined on TB"(1)\{0} in Theorem[L1]

Then

(1) ij}/j =0

(ii) (%)xﬁ’j = %;
(ii)) Yuy’ = 0;

(¥) ¥ = (R0 — {x,y) — L)

_ Otxy) | fay)

where F,, : =
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Proof By direct calculations one obtains

(2.4) W)y’ = =2(x, ),

(2.5) 9y’ =y,

(2.6) Gy = (a,y).

6 200,iy7 = ()0 = (lyP + (x, )y’

= —=2(x, y)ly|* + 2(x, ) y|> = 0.
It follows that 6, y/ = 0.

(w2<a,y>+é<x,y>) K

(ii) <0

0
1
s
from (i) and (2.4)—(2.6)).
(iii) By using (2.4), and (2.6)), we have
by’ = (=2(x, y){a, y)¢ + Clyf = wa, y) oy

¢ 0 ¢

(=2(x, y)(a, )¢ + ClyI — w*(a,9)?) = %

=2¢(a, )lyI* = 2(x, y)(a, y)* — 2¢(a, ) |y + 2(x, y) (a, y)?

=0.
(iv) Itis easy to see that
WZF(Z) — (%, y)Fo — |}’|2 =0,
where F is the well-known Funk metric. It follows that

v (ay) _ 2lap)
¢ ¢ ¢
= |}’|2 72<x7y>(Fu - Fy) 7w2(Fa *FO)Z

= |y|2—2<x7y>

= |y|* +2{x, y)Fy — w*F — 2(x, y)F, — w*F2 + 2w*F,F,

= F.[—2(x, y) — w*F, + 2w*Fy]
= F[—2(x,y) — W*F, +2(0 + (x, y))]
= F,(20 — W*E,)

:Fa{z(,_wz(mi;,m . <a’<y>)]

= Fu(e —(x,y) — w%z,y}).

https://doi.org/10.4153/CJM-2010-051-7 Published online by Cambridge University Press

_ (1) _ij2<a,y> tCny) | 1(w2<a,y> +((xy)

1331


https://doi.org/10.4153/CJM-2010-051-7

1332 Xiaohuan Mo and Changtao Yu

3 Scalar Flag Curvature

In this section we determine the projective factor and flag curvature of a class of
projectively flat (o, 3)-metrics, generalizing expressions previously only known in
the case of generalized Funk metrics [10] and Mo—Shen—Yang metrics [8].

Recall that for a Finsler metric F on an open subset U C R”, F is projectively flat if
and only if its geodesic coefficients G satisfy the following [9]

G = Py’
The scalar function P is called the projective factor of F.

Proposition 3.1 Suppose that Finsler metric

(3.1) F

(0 way) +Cxy)
- ()

is projectively flat where ¢ = ¢,._, satisfying 2.2)). Then F has projective factor

w

! S
+ (9" — ;(“a )’>9¢C)m

2r—1)(x, y)

3.2 P =
(3.2) 2rw?

and scalar flag curvature

(3.3)

1) [ v 1 ) (r )2 (e
2r) Pw? -\ 4r? F2wt 0P+
¢

4F4w—%+4

K:—<1

<_%<“»)’>9¢C + ¢’1/J) [4(—% + 1) Flx, y)w ™7 + 3C_%—2}

(r+ Da,y)( 2
rPw =+ '

+ (=t )06+ 0'0)

Proof For a projectively flat Finsler metric F, its projective factor P and scalar flag
curvature K are given by

i 2 p
(3.4) p— Foy . K= M
2F F2

Write A = f%. Then

_ M0 rwia,y) +Clxy)
F=an ( ¢o )

that is

(3.5) (WHME = *04.

https://doi.org/10.4153/CJM-2010-051-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-051-7

On Some Explicit Constructions of Finsler Metrics with Scalar Flag Curvature 1333
By using (3.5) and Lemma[2.5] we have
(3:6)  —2(x,y)A+ DwPF+ WPyl = 2a0* " a, y)0p + (NP9
It follows that
(37  Foy = M{Z(x Y)Y+ DWF + (Y7220 a, y)06C + @1}
Substituting (3.7) into the first formula of (3.4) yields (3.2]). We rewrite as
&'
(3.8) FuP2P = (x, y) (A + Dw™F + Cz’\*z[ {a, y)0¢C + —z/)]
From (3.3)) and (3.6) we have
(Fo )y = (P2 20 a, y)06C + ¢'9).
Together with (2.4]) we obtain
(Fot)gy! = 2™ F(x, y) + (2w 2Ma, 7)06C + 0],

On the other hand, by using Lemma[2.5] we have

/

[ Ma oo+ Su]
= AQ2A = D a, )20 + 2N — 1)¢P 7 a, )"y + 5@‘”—%%2.
Differentiating (3.8) with respect to x; and contracting with y/ yields
(P72 (2Ma, y)09C + ¢'P)P + Fw 2P,y

= A+ D[2Fw® 2 (x, y) + (w2 (20 a, )08C + ¢'1)1(x, )
+ (A + DFO? y)? + A2X — D 2{a, )2 002\ — 1) a, y) o'y

Lz)\—4 11,12
+ oo

It follows that
20+ DY) O+ D,y A2 ,
69)  pyy = 2O DR A DESCT o\ o, ypt0c + o)
A+ DP | ACA = D(a,y)*¢2
+ wZ Fw2)\+2 0(]5
QX — 1)<a7y><2)\_3 /
+ Fo2A+2 ¢ ,(/}
CZ/\ 4 2\+2
+ 2F9w2)\+2¢”w - Fw 242 (2)\<a }’>0¢C + d) ¢)
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By using (3.2)) we obtain

_ Q) O+ D )¢

P’ ot Fop2hta (2X{a, y)0¢¢ + ¢'¢)
4r—4 -
+ WOMQ’ y)06C + ¢')”.
Together with (3.9)) yields
2 QD ¥ =Dy 2
P =Pyl = - 2 + o4 Y E ¢
A+ 1D {x, y) (P2 /
O o )00 + ')
3C4)\74
+ W(ZMQ»}’W% +¢'Y)?
2\ — 1){a, y)(?—3
= Fufﬂff (¢ + Ma, y)0¢C).
Plugging this into the second formula of (3.4)) yields (3.3). [ |

Remark  We have two special cases of Proposition 3.1

(1) When ¢ is given in (II)) and n = 0 then F is the generalized Funk metric with
projective factor

P 1[ VOB +Ey)? | y)  {ay)
2 1 — |x|? 1— x> 14+ {(a,x)
and constant flag curvature K = — i;
(2) When ¢ is given in (II) and #n = 1, then F was constructed in [8] with projective

factor

o VI—BPLEFEIF | (n)
1= P I P

and zero flag curvature.

4 Proof of Theorem 1.1]

In the following we find the polynomial solutions of (Z.2)).

Lemma 4.1 Ifr=—p= fﬁ, e = 2", n € N, then the solution of Z2)) is

. . (_l)kcﬂ—1$2k+2
¢(S) =1+4+2"s+ ank:gm.

https://doi.org/10.4153/CJM-2010-051-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-051-7

On Some Explicit Constructions of Finsler Metrics with Scalar Flag Curvature 1335

Proof Let

3 (_l)kcn7152k+2
=1+2"s+2n0 ) — Kk =
J =1+ 2+ 2B kv 2)

It is easy to show f(0) = 1, and

B (71)kcn—152k+1
/ T 1 k
1 "0 T k4 1)

It follows that f'(0) = ¢, and

1 roo\ —r!
1 _ n—1,_ 1\k~n—1 2k — T2
F1(s) = 2n3 (—=1)"C " s p<1+ps> .

Now our conclusion can be obtained from Lemma2.2limmediately. ]

Proof of Theorem[I.1] Let us take a look at the special case of Theorem 2.1t when
C] :C2: 1,C3:77:0,,u:—1,r:—p,

h=S o =,
w

Thus we have

(70 (T (wHa,y) + Clx, )
[ Fa g= szf% :

It follows that F := ad)(g) satisfies (3.1]) and

a="a p=‘"p
w r
where ) lay)
__ 0 o (xy) (ay
o = E, ﬁ = wz + C
A direct calculation yields
- w1 —lal?)
(4.1) 1Blla = 1Blla =1 - ———=
¢
(cf- [4, p. 9]). By Corollary[24] there exists by > 0 such that
_ B
Fimas o (3)

is a Finsler metric when || ||, < b,. Note that |a| < 1. Together with (£I)) there ex-
ists an open subset at the origin in R”, denoted by V, such that ||3]|, < b, whenever
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x € V. It follows that F is a Finsler metric on V. Now Theorem [I.]] can be obtained
from Proposition[B.1} Lemmal£Iland Theorem 2-Ilimmediately. [ |

5 More Constructions

In the rest of this paper we shall find more Finsler metrics of scalar curvature and
determine their flag curvature.

Lemma 5.1 Ifr=—p= then the solution of 2.2) is

2n 2n—1’

n—1
P(s) =es+ (2n — DA [m-ksarcsins — Z M(l _ SZ)LJI] )

(@n—2)!! “— (2k+1)!
Proof For any o € R, we have the following
(5.1) (3+20) /(1 +x*)"dx — 2(1+ o) /(1 +x*)7dx = x(1£x)"+C
and

(52) /x(l :I:xz)g dx = iﬁ(l :I:xZ)H—o' +C

where C; and C, are constants.
When n = 1, it is direct calculations similar to the proof of Lemma[ZT]
In the general case, taking

2 -5 2n—3
! ¢ﬂada—”

£ -1

in (51)) and (52) respectively we obtain the following formulas

o 1 _ 22n3 2n—3 . 2
(5.3) /(lfx) dx = 72(71—1))6(1 x7) 2 /(1 x) dx

and

(5.4) /x(l —xz) P dx = — !
2n —

Let us assume that Lemma[5.0lis true for n — 1. By using (2.3), (53) and (5.4), we
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obtain
1 1
2n—172n—1
§ T 2n—3
=1l+e+(@2n—1) (1—02)7"7 dodr
0 0
1— o)™ 2n—3 ;
_1+es+(2n—1)/ U( o) T+ 2 (1— 0™ dcr] dr
n—1) 2n—2 ),
2n—1 2;11 s
=1l+es+ [ (1-0*)"7 }
2n— 2 2n—1 0
2n—1)2n—3
L @n-D@n=3) (1 2 o dr
2n—2
17 22nl
=1+e+ ( o)
2n —2 2n—2

(211—1)(2;1—3)//(1 a) dcrdr
2n—2

22n;l
= [1—(211—3)//(1—0 dadr}+es—
2n—2

2n—1 (1—s5

= |: _##—65}4—65—4

2n—2 n—3°2n—3 2n—2

2n—17(2n—3)! > 2k —2)1 5\ 2l

*2n—2{(2n—4)!1[”175+Sarcsmsfz(2k+1)!!(lfs)2”
1_2@

pe A=) T

2n—2

o en-Dup —— Qk=21  ,oua

—65+m|: 1—5 +sarcsms—zm(l—s)2}. |

Lemma 5.2 Ifr = —p = 5, n €N, then the solution of 2.2 is

o @n-DUp 1 1—s S (k-)n 1
o) =t G 2)”[1+251n1+s_kz_;(2k+1)!! (1—52)k]'

Proof Similar to the proof of Lemma[5.dlwhere we take 0 = —n # —1 in (5.1)) and
2. u

Lemma 5.3 Ifr=—p = 1=, n €N, then the solution of (Z.2) is

o en-up -2 S (2k-3) 1
¢(s)_65+(2n3)u[2\/7152_; 2ol 52)2’;1}

forn > 2.
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Proof When n = 2, it is direct calculations similar to the proof of Lemma 4.1}
In the general case, similar to the proof of Lemma[5.Tlwhere we take 0 = — 2”—2“ #

—lando = 72”2—_1 # —1in (&I) and (5.2) respectively.
Theorem 5.4 Let ¢(s) be a function defined by

@(s) = es+ M[m-ksarcsms Z M(l — SZ)LJI] )

(2n—2)I1 (2k+ 1)
Then the polynomial (c, 3) metric on an open subset at the origin in R" given by

1
(”“"'?Mm KO+ (52

( (1- |x| )<a7y> +(1+ (a,x))(x,y> )
(1+ (a,2))/(1 = [xP)[y* + (x, )2
is of scalar curvature with flag curvature
Cn+ Dy  @n+1)2n—=3)(x,y)> " Y"
2F%u? 4F2* 20F3w2n+l
C2n73

4F4w4n+2

— (2 o+ o)

K=-

((2n—1){(a, )08 + ¢'v) [2(2n + 1)F{x, y)w™ ™" + 3¢ ]

— 2)<a7 y>C2n74
F3w2n+l

wheren € {0,1,2,...}, a € R" is a constant vector with |a| < 1.

Proof Similar to the proof of Theorem [[I] where we use Lemma 5] instead of
Lemmal41] [ |

Theorem 5.5 Let ¢(s) be a function defined by

_ . n- @k—2n_ 1
MS)feHM[I 2 1+57;(2k+1)”(1 Sz)k}'

Then the following (o, 3) metric on an open subset at the origin in R"

_ VO BPyP+ x 9)? (x,7)
F= (1= |x)t=n ¢( VA= Py +(x ) )

is of scalar curvature with flag curvature

(n—Dlyl? N (n* — 1)(x, y)* P2

K= 2.2 P2t T 292
!
+ %[4(1 — n)E{x, y)w ™" + 3]

wheren € {0,1,2,...}.
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Proof Similar to the proof of Theorem [[] where we use Lemma instead of
LemmalZ1] ]

Theorem 5.6 Let ¢(s) be a function defined by

Qn—2nr 1-2¢ X (k-3 1
(2n —3)! [2\/1 — 2 kz:; (2k)!! (1-— 52)“—;1} ’

Then the (v, B) metric on an open subset at the origin in R" given by

VA= Py + (xp)?

o(s) = es+

(x,y)
(1— |x)"=" ¢< V= xP)]y* + <x,y>2)

is of scalar curvature with flag curvature
_ @n=-3)|y N (2n+1)(2n — 3)(x, y)? 2o’
- 2PW? 4P 20F3 w32
!
AT

4F4w6*4”

wheren € {0,1,2,... }.

K

[2(3 — 2n)F(x, y)w' ™" + 3]

Proof Similar to the proof of Theorem [[I] where we use Lemma 53] instead of
LemmalZ1] ]
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