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Growth of III in towers for isogenous curves

Tim Dokchitser and Vladimir Dokchitser

ABSTRACT

We study the growth of III and p*>°-Selmer groups for isogenous abelian varieties in
towers of number fields, with an emphasis on elliptic curves. The growth types are
usually exponential, as in the ‘positive p-invariant’ setting in the Iwasawa theory of
elliptic curves. The towers we consider are p-adic and l-adic Lie extensions for | # p, in
particular cyclotomic and other Z;-extensions.

1. Introduction

The algebraic side of the Iwasawa theory of elliptic curves is concerned with the study of the
structure of Selmer groups in cyclotomic Z,-extensions of Q, as well as other towers of number
fields. The aim of the present paper is to systematically study the behaviour of Selmer groups for
isogenous elliptic curves E and E’ or abelian varieties. The isogeny makes it possible to bypass
Iwasawa theory and, in particular, to avoid any assumptions on the reduction types. Moreover,
it allows us to work with p°-Selmer groups in general [-adic towers, for both [ = p and [ # p.
For instance, we construct elliptic curves whose p-primary part of the Tate-Shafarevich group
goes off to infinity in all [-cyclotomic extensions of QQ, in contrast to Washington’s theorem which
says that the p-part of the ideal class group is bounded in these extensions for [ # p.
We show that in the nth layer of the p-cyclotomic tower of Q, the quotient

| [p™]|/ M e [p>]]

(if finite) is pt?"+OM) a5 though it came from an Iwasawa module with A-invariant 0 and p-
invariant u, except that p may be fractional when E has potentially supersingular reduction
at p. Our formula for p is explicit and surprisingly simple, and there is similar behaviour in
other p-adic and [-adic towers. It would be interesting to understand the structure theory of the
associated Selmer groups that gives rise to such growth.

Our main results for Z;-extensions (Theorems 1.1 and 1.2) and general Lie groups
(Theorem 1.3) are as follows.

THEOREM 1.1. Let |J,, Q(I"™) be the l-cyclotomic tower, p a prime, and E and E' two isogenous
elliptic curves over Q. Then for all large enough n,

!Ulzs/Q(zn) =1l " +e(n)
| e jqny [P

for some v € Z, some |e(n)| < 83 and p € 57 given by
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0 if I # p or ord,(jr) <0,
/> if | = p and ord,(jg) > 0.
E

If 1 # p or | does not divide the degree of the isogeny E — E’, then ¢(n) = 0.

Here and throughout the paper, Q(I") denotes the degree-I" extension of Q in the cyclotomic
7Z;-extension. We write Ap and A for the minimal discriminants! of the two curves, jg and jg
for the j-invariants, Qp and Qg for the Birch-Swinnerton-Dyer periods (see §2), and III° for
the Tate-Shafarevich group IIT modulo its divisible part ITI4V. We also write Sel,~ for the
p°°-Selmer group, Selﬁl‘é for its divisible part, rk,, for its Zp-corank,2 ¢, for the Tamagawa number
at v, and fx, /g, for the residue degree of K., /Qp. The big-O notation refers to the parameter n.

THEOREM 1.2. Let K be a number field, p a prime number, and Ko, = J,, Ky, a Z;-extension
of K, with [K,, : K] =1". Let ¢ : E — E' be an isogeny of elliptic curves over K, with dual
isogeny ¢'. Then

SeliY(E/K,, 1115 o0 . Qp
| ed;i;v ( // )[¢>1| | OE/Kn[pOO]I _ o) u:ordp< E/K) 3
1Seldy (B / K, [¢]] W, [p™]] Qp/K

where the sum is taken over primes v of bad reduction for E/K and

v

CU(E//K) . . ..
d, ——"—=~ f totally split in K. /K
Orpcv(E/K) if v is totally split in Ko /K,
o= TRy g (BB ey is ramified i d ord, j5 >
19 ord, Ap ifl = p, v|p is ramified in Ko /K and ord, jg > 0,
0 otherwise.
Ifrky E/ Ky is bounded, then |15, ;. [p*]|/[I3, . [p*]] = pH" O ag well.

THEOREM 1.3. Suppose that K is a number field and K, /K is a Galois extension whose Galois
group is a d-dimensional [-adic Lie group; write K, /K for its nth layer in the natural l-adic Lie
filtration. Let p be a prime number and ¢ : A — A’ an isogeny of abelian varieties over K, with
dual ¢t : A" — A,

(i) If A is an elliptic curve, then there is p € Q such that

SIS (A/Kn)[0]] MM, )] gy oo
|Seld (A'/K,,)[¢]] 1T/, [p]]
(ii) If A and A’ are either semistable abelian varieties or elliptic curves that do not have
additive potentially supersingular reduction at primes v | p that are infinitely ramified in K/ K,

then there are constants 1, ..., uq—1 € Q such that for all sufficiently large n,
‘Selgég (A/Kn) [¢]| ’I‘T‘I%/Kn [poo” _ ,u,ld”—0—,ull(d_1)”+-~-+,u,d,1l”+0(1)‘
|Seldty (At / K, [o]| 1L sk, [P

[
If A(K,,)[p™] is bounded, O(1) may be replaced by a constant pg € Q.
(iii) If rk, A/K,, is O(I*"D™) in (i) or O(1) in (ii), then all the conclusions of (i) or (ii),
respectively, hold for |IT5 o [p*]|/|I05, 5 [p%]| as well.

L1f the base field is not Q, there may be no global minimal model. We then regard Ag and Ags as ideals that
have minimal valuation at every prime.

* Thus, rk, A/K =1k A/K +t if 147, = (Qp/Zy)". Of course, conjecturally, ¢t = 0, IIT = I11° and Sely% (A/K) =
A(K) ®Qp/Zp. In any case, I11° is a torsion abelian group all of whose p-primary parts are finite.
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Remarks 1.4. (1) If p t deg ¢, then the p>°-Selmer groups and the p-part of III cannot have
¢-torsion, so the corresponding quotients in Theorems 1.1-1.3 are trivial. The results can be
reduced to those for isogenies of p-power degree.

(2) In Theorems 1.1 and 1.2, the quotient Qp//Qp is a rational number (Lemma 2.3). For
p-isogenous curves over Q it is 1 or p*!; see [DD15, Theorem 8.2]. The term 1—120rdp(A 5 /AE)
is 0 unless F has additive potentially supersingular reduction at p; see [DD15, Table 1]. In this
exceptional case, p does not have to be an integer; see Example 1.6.

(3) Suppose that Gal(Ko/K) =TI = Z,. If the dual p>°-Selmer group of E/K is a torsion
Zyp|[I']]-module, then the invariant p of Theorem 1.2 is pu(E) — pu(E"), the difference of the classical
p-invariants of the two Selmer groups over K. In this setting, Theorem 1.2 is equivalent to a
theorem of Schneider (for odd p); see [Sch87] and [Per87, Appendix].

(4) Suppose that E/Q has good ordinary reduction at p. Then the dual p>-Selmer group
of E over the p-cyclotomic extension over QQ is a torsion Iwasawa module, by Kato’s theorem
[Kat04]. A conjecture of Greenberg [Gre99, Conjecture 1.11] asserts that the isogeny class of E
contains a curve of py-invariant 0. Granting the conjecture, Theorem 1.1 implies that:

(a) in the isogeny class of E/Q, the curve E,, with the largest period Qp,, has p-invariant 0 at
all primes of good ordinary reduction;

(b) E has p-invariant ord, (Qg,, /QE) at p.

Thus, the theorem provides a conjectural formula for the p-invariant. We note here that
Greenberg’s conjecture is known not to hold in general over number fields; see [Dri03].

(5) Greenberg (see [Gre0l, Exercises 4.3-4.5]) has observed that if ¢ : E — E’ is a p-isogeny
over K whose kernel is ,, then the map

K*/K*? =~ HY(Gal(K/K), ,) — H'(Gal(K/K), E[p])

induced by the inclusion , C E[p] provides a way to construct classes in the p-Selmer group of E.
The units of K contribute to the Selmer group, and the rank of the unit group is roughly [K : Q].
In particular, one can exhibit p-like growth of Sel,(E) in towers K, /K. It would be interesting
to similarly explain the Selmer growth in Theorems 1.1-1.3 for p-power isogenies with arbitrary
kernels.

(6) By a theorem of Washington [Was78], for p # [ the p-part of the ideal class group
is bounded in the [-cyclotomic tower. Theorem 1.2 provides examples of elliptic curves over
Q for which the analogous statement for the Tate-Shafarevich group fails; see, for instance,
Example 1.5.

In the opposite direction, Lamplugh [Lam| has recently proven the following analogue
of the theorem of Washington for elliptic curves E/Q with complex multiplication by the ring of
integers of an imaginary quadratic field K. Let p > 3 and [ > 3 be distinct primes of good
reduction of E that split in K/Q. Lamplugh proved that if K, is the nth layer of the unique
Z-extension of K unramified outside one of the factors of [ in K, then the p°°-Selmer group of
FE over K, stabilises as n — oo.

(7) The constants u and py, ..., pg in Theorem 1.3 can be made explicit, as in Theorem 1.2.
Following the proof of Theorem 8.7, this requires knowledge of the decomposition and inertia
groups at bad primes; the other ingredients are computed in Proposition 8.5.
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Ezample 1.5 (Ordinary reduction). Let us show that the curves 11al and 11a2 have unbounded
5-primary part of III in the cyclotomic Z;-extension of Q for every prime [. There are 5-isogenies

11a2 — 1lal — 11a3,

and Q1143 = 5Q1a1 = 2501142 = 6.34604 . ... So, by Theorem 1.1, for every [ there exist v, v] € Z
such that
[T 102/ [57]] = 25", [T 161 /00 [5™]] = 51

A standard computation with cyclotomic Euler characteristics (as in [DDO06, §3.11], for
example) shows that for every ordinary prime [ for which a; # 1 (e.g. I = 3,7,13,17,...), the
curves have rank 0 over Q(I") for all n > 1. For such primes, v; and v] can be taken to be 1 and
the number of primes above 11 in |J,, Q(I"), respectively.? For [ = 5, these bounds are exact, as
1T, 143/q(57) is known to have trivial 5-primary part for all n > 1.

Ezample 1.6 (Potentially supersingular reduction). Let E/Q be an elliptic curve with good
supersingular reduction at p, and let K, = Q(p"), the nth layer in the p-cyclotomic tower. By a
theorem of Kurihara [Kur02], under suitable hypotheses,

MLy, )] = P02, = P

Note that such curves cannot have a p-isogeny, by a result of Serre [Ser72, Proposition 12]. In

contrast, elliptic curves over Q with additive potentially supersingular reduction at p can have
a p-isogeny, and there are examples for which

Mg, [p™]] = p"

with g > 1. For instance, there is a 9-isogeny ¢ : 54a2 — 54a3. These curves have potentially
supersingular reduction at p = 3, and

Q5403 = 9402,  Asgaz = —2731 Asgez = —2- 32

By Theorem 1.1, there is a constant v such that for all large enough n,

5402/ K, [3°]] n 11-3 4
|I_T_[54a2/Kn[3OO” > a2/ — 93 M-‘ru’ _9_ _ g

(M 5403) 1, [3°]] 12

Ezample 1.7 (False Tate curve tower). To illustrate Theorem 1.3 for a higher-dimensional I-
adic Lie group, let K, = Q(C3n, */7), a ‘false Tate curve tower’ in the terminology of [HV03,
DDO06]. Let E = 11al and E’ = 11a3, as in Example 1.5. We find (see Example 3.3) that either
Mg/, [5°] is infinite or

|IHE/Kn [500” _ g32n—1_gn

M gk, [5°°] .

Example 1.8. Let K., be the unique Zg—extension of Q(i) and let K, be its nth layer; thus
Gal(K,,/Q) = Csn x Dasn. If we take the 5-isogenous curves E = 75al and E’ = 75a2 over Q,
with additive potentially supersingular reduction at 5, we find that (see Example 3.4)

|Selg‘l’g(E/Kn)[¢” ‘HIEE/KTLBOOH :5u52”+u1(n)5”+u2(n)
[Sel§ (£ /1) [¢1]] I e i, [5]]

380 v is almost always 1 as well; for [ < 107 the only exception is I = 71.
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with
p=—b m) =1-3-10" mm) =0

So the assumption in Theorem 1.3(ii) that E does not have potentially supersingular reduction
cannot be removed, as the p; may fluctuate with n.

Ezample 1.9. As opposed to the cyclotomic extensions, for general Z;-extensions of number
fields there is an extra term in g coming from the Tamagawa numbers (compare Theorem 1.2
with Theorem 1.1). For example, consider the 5-isogeny 1lal — 11a3, as in Example 1.5, in
the 5-anticyclotomic tower Ko, of K = Q(i). Because 11 is inert in Q(7) and so totally split in
K /K, there is a p-contribution from the Tamagawa numbers (5 and 1) in this Zs-extension,
but not in the cyclotomic one.

Remark 1.10 (CM curves with o > 0). If Ko /K is a Zj,-extension and Sel,~ (E/K) is cotorsion
over the Iwasawa algebra of Gal(K/K), then it has a well-defined p-invariant as in classical
Iwasawa theory. Theorem 1.2 gives a formula for its change under isogenies in terms of elementary
invariants, and allows us to generate examples with positive p-invariant.

Consider, for instance, elliptic curves with complex multiplication and good ordinary
reduction at p. Such examples over Q with a p-isogeny are almost non-existent: there are 13
CM j-invariants over QQ, and there is only one with a p-isogeny that admits good reduction at p.
It is j = —335% (CM by Z[(1 +/=7)/2]), 2-isogenous to j = 3352173 (CM by Z[v/—7]). (This
is easy to check from the table of CM j-invariants [Sil94, Appendix A] and by computing the
isogenous curves, e.g. using Magma [BCP97].) The simplest example with these j-invariants is

¢ :49a1 — 49a2.

Here Q4941/Q4942 = 2, and so 49a2 does have positive u-invariant for p = 2 as well as unbounded
2-part of III in every cyclotomic Z;-extension of QQ, by Theorem 1.1. Assuming Greenberg’s
conjecture (Remark 1.4(4)), the curve 4942 and p = 2 is the unique example (up to quadratic
twists) of a good ordinary CM curve over Q with positive p-invariant.

Over larger number fields, other examples are easy to construct. For instance, the curve

V5 —1

E:y2zx3—24z7 24322 +zx, z= 5

is defined over K = Q(C20)" = Q(v/2+3) and has CM by Z + 5iZ. It has good ordinary
reduction at the prime above 5, and is 5-isogenous to y?> = 2> + zz. Upon computing the
periods and applying Theorem 1.2, we find that it should have positive u-invariant both over
the Zs-cyclotomic extension of K and over every Zs-extension of K (i) = Q({20)-

Let Fi be the composite of all Zs-extensions of K (i), so that G = Gal(Fuo/K) = Z3. The 5-
Selmer group of F over Fy, is conjectured to satisfy the My (G)-conjecture of non-commutative
Iwasawa theory [CFKSVO05]. As John Coates remarked to us, this example provides evidence
for the conjecture as follows. Similar arguments to those given in [CS12] would show that the
M (G)-conjecture implies that the pg-invariant of the Selmer group over Fi, has to be equal
to the usual p-invariant of the Selmer group over the cyclotomic Zs-extension of K (i), which
we have shown to be non-zero. Thus, granted the M (G)-conjecture, it would follow that the
pa-invariant of the Selmer group over Fi, has to be positive, and then an easy further argument
shows that the p-invariant over every Zs-extension of K (i) would also be positive, in accord with
what we have proven.
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Brief overview of the paper. To control the change of Selmer groups, we invoke the theorem by
Cassels and Tate [Cas65, Tat65/66] on the invariance of the Birch—Swinnerton-Dyer conjecture
under isogeny. This is recalled in Theorem 3.1 in § 3, after we introduce a convenient choice of
periods in § 2. Most of the rest of the paper studies how the terms of the Birch—-Swinnerton-Dyer
formula behave in towers of local fields and number fields: minimal differentials in § 4, Tamagawa
numbers in §5, torsion in §6, and the divisible part of Selmer in §7. At the end of §3 we also
give some examples of how this procedure works. Theorems 1.1-1.3 are proved in § 8. In §§4 and
5 we rely on the results of [DD15] that describe how local invariants of elliptic curves change
under isogeny.

The Appendix concerns the behaviour of conductors of elliptic curves and Galois
representations in field extensions. There is no assumption on the existence of an isogeny here,
and the results may be of independent interest.

Notation. We write E and E’ for elliptic curves and A and A’ for abelian varieties. We usually
have an isogeny E — E' or A — A’, denoted by ¢. Its dual B/ — E or (A’)! — A' is denoted
by ¢'!. Number fields are denoted by K, F,..., and [-adic fields (finite extensions of Q;) are
denoted by I, F,.... We also use the following notation:

|'|v

normalised absolute value at a prime v;

v(+), ordy(+) normalised valuation in a local field or at v;

JIE j-invariant of an elliptic curve E;

Ap,Ap/k minimal discriminant of an elliptic curve over K;
5, ¢ v(Ag/k), v(Ap k) when K is local;

TE/x conductor exponent of E/K when K is local;
Omy(F) see Definition 4.1;

wmin = wf}f’iz? Néron minimal exterior form of an abelian variety

CA/K CU(A/K)
Q0"

at a prime v (minimal differential for an elliptic curve);
Tamagawa number over a local/global field at v;

infinite periods (see Definition 2.1);

I01, T4 111° Tate-Shafarevich group, its divisible part, IT1°= IIT/IT14Y;
Selp~ (A/K) lim Sel,yn (A/K), the p-infinity Selmer group;
rk,(A/K) Zy-corank of Selye(A/K);
Q™) the nth layer of the cyclotomic Z;-extension of Q,

i.e. the unique totally real degree-I" subfield of Q((jn+2);
X[¢], X [p™] ¢-torsion, p-primary component of an abelian group X;

LA}

integer part (floor) and fractional part {z} =z — |z].

Any two non-zero invariant exterior forms w; and wy on an abelian variety A/K are multiples
of one another, i.e. w1 = aws with a € K. We will write w; /we for the scaling factor .

When K is an [-adic field, recall that an elliptic curve E//K has additive reduction if and only
if it has conductor exponent fg/c > 2, and that fp,c = 2 if and only if the f-adic Tate module
of E is tamely ramified for some (any) ¢ # [. We call the reduction tame in the latter case, and
wild if fg/c > 2. It | > 5, the reduction is always tame. We remind the reader that F /K has
potentially good reduction if v(jg) > 0 and potentially multiplicative reduction if v(jg) < 0.

Finally, an l-adic Lie group G is a closed subgroup GLg(Z;) for some k; it has a natural
filtration by open subgroups, the kernels of the reduction maps mod ™.
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We use Cremona’s notation (such as 11al) for elliptic curves over Q.

2. Periods

We introduce a convenient form of periods of abelian varieties over number fields, which are
model-independent and well-suited for the Birch—-Swinnerton-Dyer conjecture.

DEFINITION 2.1. An abelian variety A/K has a non-zero invariant exterior form w, unique up
to K-multiples. If K = C, we define the local period

QA/(C,w:/ 2dimA’w /\w’
A(C)

If K =R, define

QA/(C w
Qarw = / lw| and Qf p=—S"—".
/ A(R) / Qi/R,w

If K is a number field, define the global period

Qu/r = H |w/wi™, H Qu/K, w0

vfoo v]oo

Here v runs through places of K, and the term at v in the first product is the normalised v-adic
absolute value of the quotient of w by the Néron minimal form at v.

Remark 2.2. Note that both % /K, and {24, are independent of the choice of w, by the product
formula for the second one.

An elliptic curve F/Q can be put in minimal Weierstrass form, with the global minimal
differential w = dz/(2y + a17 + a3). Then Qg = Qg/r,, which is the traditional real period
Q4 or 2Q4, depending on whether or not E(R) is connected. If E(C) = C/Z7 + Z under the
usual complex uniformisation, then (7, /R = Imr.

LEMMA 2.3. Let ¢ : A — A’ be an isogeny of abelian varieties over a number field K. Then both
Qi /Qa Kk and, for real places v, QZ'/Kv/QZ/KU are positive rational numbers. They have

trivial p-adic valuation for all p { deg ¢.

Proof. Fix a non-zero invariant exterior form w’ on A’, and set w = ¢*w’. For v | oo,

Quak,w  |coker¢: A(K,) — A'(K,)|
Qajk,w  |kerg: A(K,) - A'(Ky)|

This is a positive rational, and considering the conjugate isogeny ¢’ : A’ — A (so that ¢' o ¢
and ¢ o ¢’ are the multiplication-by-deg ¢ maps), we see that the only prime factors of |ker| and
|coker| are those dividing deg ¢. The claim for Q* now follows.

As for the global periods,

QA’/K |w//w;}1,i’1;)|v H QA//mel

QA/K Voo ’CU/wglgl’v

QA/Kv,o.z

v]oo

is a positive rational. If v { deg¢, then qﬁ*(wf,i;‘)) is a unit multiple of wﬁfé‘, and so

1

]w’/w%%]v/\w/wﬁiﬂv = 1. Thus Q4 /Q4/k has trivial p-adic valuation at primes p{deg¢. O
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LEMMA 2.4. Let A be an abelian variety over a number field K, and let F'// K be a finite extension.

Then .
F:K * w|v complex w;mn
QA/F = Q[“/K] H (QA/KU)#{ | plext H min |7
v real vawlp! W W

where v runs over places of K and w over places of F' above v.

Proof. Choose an invariant exterior form w for A/K. We compute the terms in 4,p using w.
Let v be a place of K. If v is complex, then Hw‘v Qa/Fpw = Qf/gw

writing ¥ and X_ for the sets of real and complex places w|v in F', we have

* FIK * —
HQA/Fw,w: H Qa/K,w H Q,Qél/Kv,wQA/KU :QELVK}W(QA/Kv)IE }

. If v is real, then,

w|v wEX weEX _
If v { 0o, then
H w _ H w wvmi“ | w [F:K] wlr}mn
ol E}in w - o w{}nin w wgin “ - wvmin ) ol gin "
Multiplying the terms over all places v of K gives the claim. O

Remark 2.5. For elliptic curves, the term w™n /emin

discriminant of F in F,,/K, (cf. [Sil86, Table II1I1.1.2]),
wmin 1 AE/K
dw| %= ) = —ordy :
o <w$mn> 2" <AE/F

3. BSD invariance under isogeny

relates to the behaviour of the minimal

We now state a version of the invariance of the Birch-Swinnerton-Dyer conjecture under isogeny
for Selmer groups (see p. 1986 for the notation).

THEOREM 3.1. Let ¢ : A — A’ be a isogeny of abelian varieties over a number field K, and let
¢t + A" — A! be the dual isogeny. If the degree of ¢ is a power of p, then

[Selp (A/K)[¢]l Mk [p™]] _ |AK)[p™]] A (K)[p™]] Qayx I co(A'/K)
[Selp (A /K) (¢! Iaryic o]l AN HAE) N Qayre 0 o A/

Otherwise, the left-hand side and right-hand side have the same p-part.

Proof. This is essentially [DD10, Theorem 4.3], which says that

‘Selgg(A/K)[fls” ’H-I,Z/K[pw” _ ‘A(K)tors‘ ’At(K)tors‘ QA’/K H C’U(A,/K)
]Selg(ifé (A/t/K)[(ﬁt” pldeg ¢ |IH?4,/K[poo” |A/(K)t0rs| |Alt(K)tors| QA/K vfoo CU(A/K) ‘
The term Q(¢) in [DD10] is exactly SelgiX(A/K)M. O
1988
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COROLLARY 3.2. Let ¢ : A — A’ be an isogeny of abelian varieties over a number field K with
dual ¢' : A" — A and let F/K be a finite extension. If the degree of ¢ is a power of p, then

Sl (A/F)[]| [ plp™]|  |AF)[p™]| A (F)[p™]] (QA,/K>[F:K1
[P [A"(F)[p]]

)
)

|Seldly (At / F)[¢t]] W p[p>]] — |A/(F Qa/k
OF, #{w|v complex} / wm,in wm,in

<1 () s |

v real QA/KU vfoo CU(A/F) vywlv WA /wA,w w

where v ranges over places of K and the w |v are places of F. If ¢ has arbitrary degree, then the
left-hand side and right-hand side have the same p-part.

Proof. Combine Theorem 3.1 with Lemma 2.4. O

Corollary 3.2 is our main tool for studying the Selmer growth in towers in §8. As we now
illustrate, it already enables us to construct explicit examples of interesting growth of Selmer and
III. The general behaviour of the Tamagawa number quotient will be discussed in § 5, the torsion
quotient in § 6, and the contribution from exterior forms in §4, under the name of Omg(F).

Ezample 3.3. Let K,, = Q((3n, 3%), a ‘false Tate curve tower’ in the terminology of [HV03,
DDO06], and let ¢ : E = 11lal — E’ = 11a3 be the 5-isogeny as in Example 1.5. A result of
Hachimori and Matsuno [HM99, Theorem 3.1] and a cyclotomic Euler characteristic computation
as in [DDO06, §3.11] show that rk E/K,, = rks E/K,, = 0 for all n > 1. Therefore

Selseo (E/Kn) = HIE/K,L [500]7

and similarly for E’.
The periods of the two curves are

Qg =1.2692... = tQp g, Qg =1.1493... = 5Q% g,

and both curves have torsion of size 5 over all K,,. Applying Corollary 3.2, we find that either
g/, [5°] is infinite for some n, or

32n—1

U, [5%)] 5% <9Ef/@>2'32"‘1 . <QE//R> c(E'/K)
|HIE’/Kn [500” 52 QE/Q QE/]R Wi CU(E/Kn)
.22n—1
_ 52f _ 532n—173n'
53277, 1 X 53n

Ezample 3.4 (Fluctuation in Selmer growth). In the previous example, the quotient of the

Tate—Shafarevich groups grew like 53" 7'=3"  Theorem 1.3 shows that such growth of the
form ppolyromialin i s 5 general phenomenon. However, the assumption on primes of additive
potentially supersingular reduction is essential, as we now illustrate.

Let K = Q and let K be the unique Z2-extension of Q(i), so that

Gal(Koo/Q) = Z5 X (Z5 X 02)

Write K, for the nth layer of K /K, so Gal(K,,/Q) = Csn X Da.5n.
Consider the following curves over QQ, which are connected by a 5-isogeny ¢ : £ — E’:

E:y’+y=a®—2® 87 (75al, Agg =35,
By vy=a®— 2% +420 +443 (T5a2, Agijg = —3° - 5%).
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They have non-split multiplicative reduction at p = 3, of Kodaira types I; and I5, respectively, and
additive potentially supersingular reduction at p = 5, of Kodaira types IV and IV*, respectively.
Their periods are

Qpjg=14025... = Qp g, Qg = 1.6646... =50}, .

Both curves have trivial torsion over Q(i) and therefore no 5-torsion over K, by Nakayama’s

lemma.
By Corollary 3.2,

[Selst (B/Kn)[¢]] Mk, (5 _ <QE/K> ' <QE’/R> "

SeldY (B /K, [¢1]| W gk, 5] \ Qp/x Qp/r
co(B'/Kn) 17 co(B'/Kn) 71 |“E5/ 95
X H CU(E/Kn) H Co E/K olp mln/w%llg ;

v|3 vl|5

The prime p = 3 is inert in Q(¢) and in the 5-cyclotomic tower, and the prime above it in Q(¢)
is totally split in the 5-anticyclotomic tower of Q(i). So there are 5™ primes above 3 in K,,. The
curves E and E’ have split multiplicative reduction at each of them (of types I; and I5), and so

co(E'/Ky)

R = 5
3 e (E/Ky)

]

The Tamagawa numbers at v |5 in K, are coprime to 5 (potentially good reduction), but they

do contribute to the quotient of w terms. Specifically, there are two primes v;" and v;, above 5 in

K,, (one above 2 + i and one above 2 — i in Q(4)), both with residue degree 5" and ramification
degree 5.

Remark 2.5 lets us the compute the w term. For v = vff,

wmln A
ordv<§l::1> = iord < E/Q )
wE75 12 AE‘/Kn

The valuation ord,(Ag/k, ) € {0,1,...,11} is uniquely determined by the congruence

ord, (Ag/k,) = ordy(Ag/g) = ord,(5%) mod 12.

1 A - 5"
— ord, B/Q ) -5 .
12 Ap/k, 12

Similarly, the corresponding term for E’ is [(8 - 5™)/12], and we find that

Therefore

WSO | _ (55 ) LB5M)/12) = (4:57)/12) _ (55")(1/3)5"~(1/3)(=1)" _ 5(1/3)5™"~(1/3)(-1)"5"

v

Inln mll’l
WEs / wE,v

Putting everything together, we deduce that

div o 00
|Selse (E£/ Ky)[9]] |HIOE/Kn B _ 1257 55 55" 5(1/3)5 ~(1/3)(~1)"5" 2
|Selg¥ (B / K) [¢!]| W51, (5]

5—(1/3)52"+(1—(2/3)(-=1)")-5"
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4. Minimal differentials

In this section we investigate the behaviour of the last term in Corollary 3.2 (the contribution
from the exterior forms) in towers of local fields. We study its valuation, denoted by Omg(F)
below, and how it changes with F.

DEFINITION 4.1. Let F/K be a finite extension of [-adic fields, and write vx and v for their
valuations. For an isogeny ¢ : A — A’ of abelian varieties over K, define

wm{in wmin
Omy(F) = or (i ) —ur ().
War/k Wa/k

so that ) _
min min
W i/ WA
min min
Wa/K Wi /F

g [OmeP) =

)

f

where kr is the residue field of F and |- |r the normalised absolute value.
LEMMA 4.2. (i) If A, A’/ are semistable, then Omg(F) = 0 for every F/K.
(i) If F'/F/K are finite and F'/F is unramified, then Omgy(F) = Omgy(F').

Proof. (i) The minimal models of A and A" and the minimal exterior forms over K stay minimal
over F.
(ii) Ditto for F'/F. O
We now restrict our attention to elliptic curves. The term v]:(w%l;l}_./wg?k) measures the

extent to which the minimal Weierstrass model of E/K fails to stay minimal over F, and
Omyg (F) is zero if the models of E and E’ change by the same amount. The relation to minimal
discriminants is as follows.

Notation 4.3. Let ¢ : E — E’ be an isogeny of elliptic curves over K. Write

0 =vc(Agk), O =vc(Apyx), OF =vr(ApiF), OF = vr(Ap,F)
for the valuations of the minimal discriminants.
LEMMA 4.4. If F/K has ramification degree e, then

e =0 ed—br e(0 -6 dF—iF
12 12 12 12
Proof. Using [Sil86, Table I11.1.2], we find that

vf(wg}nf> = 1U;<AE/’C> _ =9

Om¢(]:) =

and similarly for F’. O

THEOREM 4.5. Let F/K be a finite extension of [-adic fields of ramification degree e, and let
¢ : E — E' be an isogeny of elliptic curves over K. Then

Omgy(F) = e+ €(F)

and
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(i) p=¢€(F)=0Iifltdeg¢, or E/K has good, potentially ordinary or potentially multiplicative
reduction.

Suppose that E has additive potentially good reduction. Write § = vi(Ap/c) and & =
vic(Ap k) Write* 8 = 0,2,3,4,6,8,9 or 10 if E has Kodaira type Iy, II, III, IV, [oo, TV,
IIT* or IT*, respectively, and similarly & for E’. Then:

p=(0"—0)/12 and (F) = {ed/12} — {ed’/12} if E has tame reduction;
p=(0"—0)/12 and e(F) = {€d/12} — {ed'/12} if F/K is tamely ramified;
p=(8'—6)/12 and |e(F)| < 2 if | # 2; if, moreover, 3 |e, then |e(F)| < &;

= (0’ —0)/12 and |e(F)| < (regsx +1)/2 if | = 2; here r is any real number satisfying
r > fp/k/2— 1, where fg/ is the conductor exponent of E, and L is the subfield of F cut
out by the upper ramification group Ij.

ii)
iii)
iv)
) n

Proof. By Lemma 4.4,

65’—5’;_6(5—5;_6(5’—5)+5]:—(5'f 1)
12 12 12 12

The claims are trivial if ¢ is an endomorphism E — E. Decomposing the isogeny if necessary, it

is clear that in (i)—(iii) we may assume that deg ¢ = p is prime.

(i) [DD15, Theorem 5.1] (or [DD15, Table 1]) describes the change in the discriminant under
isogenies of prime degree. If E has potentially good reduction, and if either [ # p or F has good
or potentially ordinary reduction, then 6 = ¢’ and §r = ¢’-. If E has potentially multiplicative
reduction, then ¢’ — 6 = v (jg) — vk (jr), and similarly 0% — 67 = e(vk(jr) — vk (jrr))- In both
cases the right-hand side of () is 0.

(ii) If E/K has tame reduction, the reduction stays tame over F. Furthermore, we have that
0<9,0,0r,0% < 12 by [DD15, Theorem 3.1]. Because the discriminant changes by 12th powers

when the model is changed,
ed ed’
o) ol

and (f) implies the asserted formula.
(iii) By [DD13, Theorem 3],

B ed . ed’
BT T 1]

Om¢(.7:) =

and the claim follows from ().

(iv) Write m and m’ for the numbers of components of the Néron minimal models of E/F
and E'/F, respectively. As [ # 2, by [Sil94, §IV.9, Table 4.1] the curves E and E’ do not have
Kodaira type I, and 1 < m, m’ < 9. Since E and E’ have the same conductor exponent (over
F), by Ogg’s formula [Sil94, IV.11.1] we have that

|67 — %] = |m —m/| <8

Therefore, by (1),

e =9
12

If, moreover, 3 |e, then 3 |dr, 0%. In this case |67 — %[ < 6 and [e(F)| < %

Omy(F) = +e(F), |e(F)| <

W N

* We use 8 (Icelandic letter ‘eth’) as it is a relative of the letter 4.
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(v) By Ogg’s formula and [Pap93, Theorem 2], we have fp,r < 07 < 4fp/r. As E and E’ have
the same conductor, the same bounds hold for ¢z, and so [0 — 6’| < 3fg,/r. By Theorem A .4
in the Appendix,

fe/r=fec <ecyx(fexc —2)+2.

Therefore 5 5| . . 1
F—OFl o CL/K _ L_cx L_TekTh
o STy ek =24 <=7 rdg 2

The claim follows from (1), with e(F) = (07 — 0’%)/12. O

Remark 4.6. Note that in Theorem 4.5(iii), the formula p = (0’ — 9)/12 may not be replaced by
(0" — &) /12. For example, the 2-isogenous curves 64al and 64a4 over Q9 have type I5,§ = 12,0 =6
and type 11,6’ = 6,0" = 2, respectively, and §' —§ # & — 0. If E/K has tame reduction, e.g. when
K has residue characteristic at least 5, then 6 = 0 and the two formulae are the same.

COROLLARY 4.7. Let K, = Q;(p™) be the completion of the nth layer of the p-cyclotomic tower
at a prime above [, and let ¢ : E — E' be an isogeny of elliptic curves over Q;. Then

Omy () = p" 4+ €(n),

and p = €(n) = 0 unless | = p | deg ¢ and E has additive potentially supersingular reduction. In
this exceptional case, writing § = ord; Ag/q, and 0’ = ord; Ay q,, we have

g ifl>5,
) 1
pr— < _— ] pr—
2 12 ’ ‘6(n)| ~N 2 lfl 37
1
65 ifl = 2.

If, moreover, E has tame reduction, then e(n) = {p"d/12} — {p"d’'/12}.

Proof. 1f | # p, then Omy = 0 by Lemma 4.2(ii). If [ { deg ¢, or if E/IC has good, potentially
ordinary or potentially multiplicative reduction, then Om, = 0 as well, by Theorem 4.5(i).
Assume henceforth that [ = p | deg ¢ and E has additive potentially supersingular reduction.

The last claim for ¢(n) is contained in Theorem 4.5(ii), and the assertion for [ > 3 was proved
in Theorem 4.5(iv).

Finally, suppose [ = 2. By Theorem 4.5(v), the asserted equality holds with |e(n)| <
(re+1)/2, where r > fp/q,/2 — 1 and e is the ramification degree of the field cut out by Ig),.
By [LRS93] we have f /g, <2+ 6ug,(2) = 8. So we can take 3 <r <4, L = Q(2*) and e = 4
(or £L=0Q2(2) and e =2 if n =1). Then |e(n)| < (re+1)/2 < (4r + 1)/2, which gives the bound
of 6.5 as r — 3. O

Remark 4.8. If | = p > 3, then every curve over K with potentially good reduction is tame, so
€(n) in Corollary 4.7 is explicit. If [ # p, it is zero, and for [ = p = 3 it can be made explicit as
well by using Ogg’s formula as follows.

Suppose that E/K,, has wild reduction for all n. The conductor exponent of E /K, stabilises
by Corollary A.6 in the Appendix, and the number of components m on the Néron minimal model
satisfies 1 < m < 9 (cf. the proof of Theorem 4.5(iv)). Therefore the congruence ik, = ex, /q,0
mod 12 determines both m and dx, uniquely. The same is true for E’, and we get an explicit
formula for €(n) = (dx, — d), )/12 for large n.
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Let us also observe that €(n) € {—%,O, %} for large n in this case. Indeed, the ramification
degree ey, /g, is divisible by 3, and so d¢, — 5’,Cn is also divisible by 3. By Lemma 2.4 and
Theorem 4.5(iv),

Ok — Ok,

— K| — Je(n)] <

)

DO | =

and so [k, — d) | < 6. Moreover, dx, — 30 = 0 mod 4 (see [DD15, Theorem 1.1]), so ok, and
J), have the same parity, whence dx,, — dj € {—6,0,6}.

5. Tamagawa numbers

We now turn to the behaviour of the Tamagawa number quotient from Corollary 3.2 in towers
of l-adic fields.

THEOREM 5.1. Let K =Ky C K1 C Ky C -+ be a tower of l-adic fields, and let ¢ : E — E’ be
an isogeny of elliptic curves over K. Then the sequence

CE’/ICO CE’/ICl CE’/ICQ
) ) 3
CE/Ko CE/K1 CE/K2

stabilises unless [ | deg ¢, ex,/k — oo and E/K has wild potentially supersingular reduction (in
particular | = 2,3). In this exceptional case, and in all other cases where E has potentially good
reduction, all terms in the sequence lie in {1,2,3,4, %, %, i}

Proof. First, if ex,/x 7> oo, then the extensions K,11//K, are eventually unramified, so the
Tamagawa numbers of F and E’ stabilise.

Next, suppose that either [ { deg ¢ or E is not wild potentially supersingular. If E = E’; there
is nothing to prove. Otherwise, by decomposing ¢ into endomorphisms and isogenies of prime
degree if necessary, we may assume that deg ¢ = p is prime. Now apply the classification for the
quotient ¢/c¢’ from [DD15, Table 1]. All the conditions in the table that determine ¢/¢’ (i.e. that
E is good, ordinary, additive, split multiplicative, has non-trivial 3-torsion, v(jg) = pv(jg), etc.)
stabilise in the tower ), and hence so does the quotient.

Now suppose that E and E’ have potentially good reduction. In particular, the reduction is
good or additive over all Ky, and so 1 < cg/i,,» Cpr/x, < 4 (see [Sil94, §IV.9, Table 4.1]). To prove
the claim, it suffices to check that if one of them, say cg/k,, is 3, then the other cannot be 2 or 4.
Indeed, cg/k, = 3 implies that E has Kodaira type IV or IV* and cg/ /i, € {2,4} implies that E’
has type IIL, IIT*, I§ or I (see [Sil94, §IV.9, Table 4.1]). Such curves cannot be isogenous, because:
(a) for I = 2 the former types are tame and the latter are wild [KT82, Proposition 8.20]; (b) for
[ = 3 the former types are wild and the latter are tame [Kra90, Theorem 1]; and (c) for [ > 3
the curve E’ also has type IV or IV* e.g. from [DD15, Table 1] or by considering the valuations
of minimal discriminants and the smallest fields where the curves acquire good reduction. O

Remark 5.2. If deg¢ is a prime p > 5, then the quotient c¢(E'/K,,)/c(E/K,) is particularly
simple. It stabilises to:

e p if F/K, has split multiplicative reduction for some n, and vi(jg/)/vc(jg) = p;
e 1/pif E/K, has split multiplicative reduction for some n, and vk (jg')/vc(jE) = 1/p;
e 1 in all other cases.
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COROLLARY 5.3. If ¢ : E — E' is an isogeny of elliptic curves over Q and Q(I™) is the nth layer
in the [-cyclotomic tower, then the sequence

c(E'/Q(M))
1 co(E/Q(I™))

stabilises, unless [ | deg ¢ and E has wild potentially supersingular reduction at [ (in particular,
[ =2,3). In this exceptional case, for all sufficiently large n, the terms are of the form C - ay, for

some constant C' and some o, € {1,2,3,4, %, %,% .

Remark 5.4. For elliptic curves with wild potentially supersingular reduction, the quotient of
Tamagawa numbers might not stabilise.

As an example, take the 3-isogeny F = 243al — 243a2 = E’ over Q(3"), and consider
the Tamagawa numbers at primes above 3. As in Remark 4.8, one may compute the minimal
discriminants and the number of components of the Néron minimal model (and thus the Kodaira
types). We find that the Kodaira types of E,E’ alternate between IV* II and IT*,IV. The
Tamagawa numbers for types I and IT* are always 1 (see [Sil94, §IV.9, Table 4.1]), and they turn
out to be 3 for the IV and IV* cases, so that the Tamagawa quotient alternates between 3 and %
(To see that the Tamagawa numbers are 3, we use the fact that over a local field K/Qjs, the parity
of ordsz (¢(E'/K)/c(E/K)) can be recovered from Omg(K), the local root number w(E/K), and
the Artin symbol (—1, K(ker ¢')/K); see [DD11, Theorem 5.7]. In our case, Omy(K) is computed
as in Remark 4.8, the local root number is +1 over Q3 and is unchanged in odd-degree Galois
extensions, and the points in ker ¢’ are defined over Q, so that the Artin symbol is trivial.)

Finally, we record the fact that Theorem 5.1 also holds for semistable abelian varieties.

THEOREM 5.5. Let K C K1 C Ko C --- be a tower of l-adic fields, and let ¢ : A — A’ be
an isogeny of semistable abelian varieties over K. Then the quotient of Tamagawa numbers

c(A'/K,)/e(A/K,,) stabilises as n — .
Proof. By [BD14, Corollary 3.2.8], for sufficiently large n,
c(A/Ky) =C e, and c(A/K,) =C"- €K, /K

for some constants C' and C’. Here e is the ramification degree, and r denotes the rank of the
split toric part of A/K,, (and of A’/KC,,) for large enough n. The claim follows. O

6. Torsion

To deduce the exact growth of III from the isogeny invariance of the Birch—Swinnerton-Dyer
conjecture, we need to control torsion in the Mordell-Weil group in towers of number fields. This
is the purpose of this section.

PROPOSITION 6.1. Let K C K; C Ky C --- be a tower of number fields, and let ¢ : A — A’ be
an isogeny of abelian varieties over K of degree p*m, with p{m. Then for every n > 1,

|A(EK) [p™]]

—— = =p" with k(1 —2dimA) <a, <k.
| A/ (K [p]]

If A has finite p-power torsion over |J,, K, then the quotient stabilises.
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Proof. Because ¢ : A(K,)[p>®] — A'(K,)[p>] has kernel of size at most p*, the left-hand side
quotient is at most p¥. The same argument applied to the conjugate isogeny ¢’ : A’ — A (with

¢ o ¢ the multiplication-by-p* map) gives the first claim. The second claim is clear, as both
A(K,)[p™] and A'(K,,)[p™] stabilise. O

COROLLARY 6.2. Let K be a number field, Ko, = |J,, K, its cyclotomic Z;-extension, and A,
A’/ K isogenous abelian varieties. Then for every prime p the sequence |A(K,)[p™]|/|A" (K,)[p*]|
stabilises as n — 0.

Proof. By the Imai—Serre theorem (see, e.g., [Rib81]), A has finite torsion over K. O

Remark 6.3. If A= FE is an elliptic curve over K = Q and the K,,/Q are Galois, the assumption
that E has finite p-power torsion over Ko = |J,, K, simply means that K, does not contain
the full p-division tower Q(E[p°]). Indeed, if E/K, has infinite p-power torsion and Ko, /Q is
Galois but does not contain Q(E[p*]), then E[p"] has a Galois stable cyclic subgroup of order p”
and hence a cyclic p"-isogeny for every n > 1. Since £ cannot have CM over Q, this is impossible
by Shafarevich’s theorem on the finiteness of isogeny classes.

7. Divisible Selmer

The ultimate global invariant that we need to control is the divisible part of the p*°-Selmer group.
Its Z,-corank rk, A/K is conjecturally the Mordell-Weil rank, which is hard to bound in general
towers of number fields K,/ K. As a result, we only give elementary bounds on ]Selgi‘é (A/K,)[d]|
in terms of rk, A/K, and prove some stabilisation results that we will need in §8.

LEMMA 7.1. Let ¢ : A — A’ be an isogeny of abelian varieties over a number field K, and let p
be a prime number. Then

Seld (A4/K)[g]| < pto A/Kord ez,

Proof. Let d = deg ¢, and let ¢’ be the conjugate isogeny, so that ¢’ o ¢ is multiplication by d.
Then it is clear that

Seldi¥ (A/K)[¢] C Seld (A/K)]d).

The right-hand side has size p'r 4/K0rdpd gince Selgiz(A/ K) is isomorphic to (Q,/Z,)"» 4/K.
|

COROLLARY 7.2. Let K C K1 C Ky C -+ be a tower of number fields, ¢ : A — A’ an isogeny
of abelian varieties over K, and p a prime number. Then
L ISeld(A/K)lg]
p iv
|Selg (A" / K)[¢t]]

= O(tk, A/K,).

Proof. Apply Lemma 7.1 to ¢ and ¢'. O
LEMMA 7.3. Let F'/K be a Galois extension of number fields and A/K an abelian variety. Then

|ker(Res : Selng(A/K) — Selgé‘é(A/F))‘ < |A(F)[p™] |k A/K
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Proof. First observe that for every n > 1,
ker(Res : Selyn(A/K) — Selyn (A/F))
is killed by M = |A(F)[p*]|. Indeed, Sel,»(A/K) C HY(K, A[p"]), and the kernel of
Res : H' (K, A[p"]) — H'(F, A[p"])

is H'(Gal(F/K), A(F)[p"]) by the inflation-restriction sequence, and so is clearly killed by M.
Because Sel,~ is the injective limit of the Sel,», the asserted kernel on Sel,~ and on Selgé‘o’ is
also killed by M. As Selgi‘é(A/ K) = (Qp/Z,)"™» 4/K | the result follows. O

THEOREM 7.4. Let K be a number field, A/K an abelian variety, p a prime number and K C
Ky C Ky C --- a tower of Galois extensions of K. Suppose that both A(K,)[p™] and rk, A/ K,
are bounded as n — oo.

(i) There exists ng such that the restriction maps

T+ SelS (A Ky) —> Seld¥ (A/K,)

are isomorphisms for all ng <n < n'.

(ii) If ¢ : A — A’ is an isogeny, then |Selgf>¥ (A/K,)[¢]| is eventually constant, equal to p* for
some 0 < A < ord, deg ¢ - limy,, oo 1k, A/ K.

Proof. (i) Because rk, A/K, <1k, A/K, for n < n/, the p™°-Selmer rank eventually stabilises.
Replacing K by some K,,, we may thus assume that rk, A/K,, is independent of n. The maps
Jpn have finite kernels by Lemma 7.3, so they must then be surjective.

By assumption, A has finite p-power torsion over |J K,,, say of order M. The (increasing)
sequence |ker Jp | is bounded by Lemma 7.3, so it stabilises, say at ng. Now suppose ng < n < n'.
The map J,, ,,» cannot have non-trivial kernel because Jy ,,» = J, »’ © Jon, the kernels of Jy, and
Jo,ns are of the same size, and Jy,, is surjective. Thus the J,, ,,» are both surjective and injective,
as required.

(ii) Take ng as above, so that rk, A/ K, is constant and the J,, ,, are isomorphisms for n > ny.
Then, by Lemma 7.1, |SelgiX(A/KnO)[¢]| = p* for some 0 < A < ord, deg ¢ - 1k, A/K,,,. Now the
maps Jy,,, are isomorphisms and commute with ¢, and the result follows. O

COROLLARY 7.5. Let Ko = |J,, K\ be the l-cyclotomic tower of a number field K, and let
¢: A— A’ be an isogeny of abelian varieties over K. If tk, A/K, is bounded as n — oo, then
]Selgé‘é (A/K,)|[¢]| is eventually constant.

Proof. For cyclotomic towers, torsion in A(K,) is bounded by the Imai—Serre theorem (see, e.g.,
[Rib81]). O

COROLLARY 7.6. Let Qs = J,, Q(I") be the l-cyclotomic tower of Q, and let ¢ : E — E’ be an
isogeny of elliptic curves over Q. Then |Selgé?§(E/Q(l”))[¢]\ is eventually constant.

Proof. By Kato’s theorem [Kat04], the p®°-Selmer rank of E is bounded in the cyclotomic tower.
O
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8. Selmer growth in towers

In this section we prove Theorems 1.1-1.3. The proofs rely on the invariance of the Birch—
Swinnerton-Dyer conjecture under isogeny (as in § 3) and the explicit computations of the periods
Q4 and 4/, the exterior form contributions Omy, and the Tamagawa numbers and torsion from
662, 4, 5 and 6. In fact, Theorem 8.2 and Proposition 8.5 give an explicit description of the
Selmer quotient in almost completely general towers of number fields. To obtain the statements
for I, we also bound the contributions from the divisible part of Selmer using the results of § 7.

Notation 8.1. Let F/K be a Galois extension of number fields, and let ¢ : A — A’ be an isogeny
of abelian varieties over K. For a place v of K and a place w |v of F write

QF,
&/ K if K, R, F, =C,
QA/KU
Yo =191 in all other Archimedean cases,
cw(A'/F)\ omy(Fu)
— k| TPV if
culd/F) Kol ifvtoo,

where k,, is the residue field at w and Omy is as in Definition 4.1. Note that 7, = 1 for primes
of v of good reduction; see Lemma 4.2.

If K C Ky C Ky C--- is a tower of Galois extensions of K, we write e, n, fyn and n, , for
the ramification degree of v, the residue degree of v and the number of places above v in K,,/ K,
respectively. In this setting, we also write v, , for the v, for F' = K,,.

THEOREM 8.2. Let F'/K be a Galois extension of number fields, and let ¢ : A — A’ be an isogeny
of abelian varieties over K. If the degree of ¢ is a power of p, then

[Selp (A/F)@ll ULy e _ JA(F)[p™)| |AY(F)[p™| <QA,/K>[F1K}HW
|Selgy (A" /F)[¢t]] M p[p™®]]  |A(F)[p]| [A*(F)[p>]I \ Qa/k L

where n,, is the number of places of F' above v. If ¢ has arbitrary degree, then the left-hand side
and right-hand side have the same p-part.

Proof. This is a rephrasing of Corollary 3.2. O

THEOREM 8.3. Let Qo = |J,, Q(I") be the l-cyclotomic tower, p a prime, and ¢ : E — E’ an
isogeny of elliptic curves over Q. Then for all large enough n,

Sl (B/QUM)[9)l Mg qum ™| _ ()
|Seld¥ (B /Q(17))[¢]| T jqam) [p™]] ’

with u € %Z given by
0 if I # p or ord,(jr) <0,

=t 1 Ap
P Qp —ord, <AE> if | = p and ord,(jg) > 0,
E

[ { deg ¢, then e¢(n) = 0.
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Proof. To find the Selmer quotient, we apply Theorem 8.2. The torsion contribution is eventually
constant by Corollary 6.2. Now compute the v, ,, (see Notation 8.1) for K;,, = Q(I") and all primes
v of Q. By Corollary 5.3, the product of Tamagawa quotients stabilises unless [ < 3, [ | deg ¢
and E has wild potentially supersingular reduction at [. In that case, the term is of the form
16" with [¢(n)| < 1 when [ = 3 and |¢(n)| < 2 when [ = 2. By Corollary 4.7, the Omy term is 1
unless [ = p and E has additive potentially supersingular reduction at [, in which case it is

p(l"/12)0rdp(AE/ /Ag)+n(n)

)

with |n(n)| bounded by 2 33 L and 6 for p > 3, p =3 and p = 2, respectively. The claim follows,
with the asserted bounds for e(n) = £(n) + n(n). O

COROLLARY 8.4. Theorem 1.1 holds.
Proof. Combine Theorem 8.3 and Corollary 7.6. O

PROPOSITION 8.5. Let K C K1 C Ko C --- be a tower of Galois extensions of K, and let
¢ : A — A’ be an isogeny of abelian varieties over K. For a prime v of K and a rational prime p,

(i) if v 1 p, or A is semistable at v, or A is an elliptic curve which does not have additive
potentially supersingular reduction at v, then ord, v, is constant for sufficiently large n.

Suppose that v | p and that A= E and A’ = E' are elliptic curves with potentially good reduction
at v. Write § = 6E/Kv,5 =dp/K,,0 = O0p/K, and 0 = Op//K, as in Theorem 4.5. Then, for all
sufficiently large n,

Ordp Yo,n = ,uvev,nfv,n + 6v,mfv,anv/Q],, + Zn,
with:

(i) po = fr,/0,(0" —0)/12, ey n = {€vnd/12} — {eynd'/12}, and z, constant if E has tame
reduction at v;

(iil) po = fK,/0,(0" —0)/12, €y n = {€vn0/12} —{ey ,0'/12}, and |2,| < 2 if all K,/ K are tamely
ramified at v;

(iv) s = fr,j0, (8" = 8)/12, evn| < 3, and |2n| < 1 ifp = 3;

(V) o = fr,0,(0"' = 8)/12, €yn = O(1), and |z,| < 2 if p = 2 and all upper ramification
subgroups of the inertia group I\ g, /kx at v have finite index.

Proof. Combine Lemma 4.2(i) with Theorems 4.5 and 5.1. O

Remark 8.6. For sufficiently large n, the constants ordy,~,, in (i) and z, in (i) are just
ord, (cw(A'/Ky)/cw(A/Ky)), where w is a prime of K,, above v. If K /K, is unramified at
primes above v for n sufficiently large, then z, = ord, (¢, (A'/Ky)/cw(A/Ky)) and the €, ,, are
constants in (iii)—(v) as well, by Lemma 4.2(ii) and Theorem 5.1.

THEOREM 8.7. Let K be a number field, p a prime, and Ko, = J,, K, a Zj-extension of K with
(K, : K] =1". Let ¢ : E — E' be an isogeny of elliptic curves over K. Then
[Sely (B/Kn)[¢]| Mg, 0]
ISeld (B / K, [¢]| WL ¢, [P

_ ul"+0(1) _ E'/K Z
- p,LL 9 - OI'd < > + vy
,LL P QE/K . ILL
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where the sum is taken over the primes v of bad reduction for E/K and

(B K
ord, Ccv((E//K)) if v is totally split in Ko /K,
o =S fr,/0 Aprg\ . . e .
? ord, if I = p, v|p is ramified in K /K and ord, jg > 0,
12 Ap/x
0 otherwise.

Proof. We apply Theorem 8.2. The torsion contribution is O(1) by Proposition 6.1. All
Archimedean places are totally split in K, /K, since Z; has no elements of order 2, so v, =1
for v | oco. It remains to show that ord,(ys5") = upl™ + O(1) for primes v of K of bad reduction
for E and E’. Because the inertia and the decomposition subgroups at v are closed subgroups of

Zi, the possible local behaviours of K,/K at v are:

(1) Ko/K is totally split at v, so ny, =1", €y, =1 and f,,,, = 1;

(2) Ks/K is not totally split but unramified at v, so ny, = ¢, ey, = 1 and f,,, = I"/c for
some constant ¢ and all large enough n;

(3) Ko/K is ramified at v, so ny, = c1, €y =1"/ci1c2 and f, , = c2 for some constants ¢; and
co and all large enough n; here necessarily v | [.

In the first case, Omg (K, ) = 0 for w | v since K, ,, = K, and hence ordp(wa";i") = pyl™. In
the second case, Omy is still 0 by Lemma 4.2(ii), so Y™ is a finite product of bounded quotients
of Tamagawa numbers, which is O(1).

Assume we are in the third case.

If v { p or E does not have additive potentially good reduction at v, then ord, 7, », is eventually
constant by Proposition 8.5(i), and hence so is ordp('yg, %"); in particular, it is again O(1). Also
ty = 0: either v {p, or E and E’ have good reduction at v and ord, Ap k= ordy, Aprg =0, or
E and E’ have potentially multiplicative reduction (i.e. ord, jg < 0).

Suppose that v | p and E has additive potentially good reduction at v. Now apply
Proposition 8.5(ii) for p > 3, (iv) for p = 3, and (v) for p = 2 (noting that by class field theory,
all upper ramification groups in the inertia group of Gal(K /K) = Z; are of finite index) to find
that

Nuy,n 6, - 5 n
Ordp(’}/v,rl ) = <va/Qp]26v,nfv,n + fv,nfv,anu/Qp + Zn) Nyn = ,val + O(l) O

COROLLARY 8.8. Theorem 1.2 holds.
Proof. Combine Theorem 8.7 and Corollary 7.2. a

THEOREM 8.9. Suppose that K is a number field and K,/ K a Galois extension whose Galois
group is a d-dimensional [-adic Lie group; write K, /K for its nth layer in the natural Lie
filtration. Let p be a prime number and ¢ : A — A’ a K-isogeny of abelian varieties. If either A and
A’ are semistable or they are elliptic curves that do not have additive potentially supersingular
reduction at primes v|p that are infinitely ramified in K,/K, then there are constants p1, ...,
1a € Q such that for all sufficiently large n,

Seldi¥ (A/K)[¢]] [Tk, [p™°)] |A (K, [p™]] |A™ (K, [p™))]

Sel i (4 /K, (6] 1T s, (]| TA(K ) (]| [AH(K) [p]]
_ plj/ldn—’—ull<d71)n+”'+l»’/d—1l”+ltd‘
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If A is a general elliptic curve, then there is y € Q such that for all sufficiently large n,

[Selyex (A/Kn)[6]] [k, [0 _ O
|Seldhy (A’ / K [o]] T ¢, [0

Proof. We will apply Theorem 8.2. Note that the torsion contribution is O(1) by Proposition 6.1,

so we can ignore it for the second claim.
Fix a prime v of K. The decomposition group D, and the inertia group I, are closed Lie
subgroups. So, for all sufficiently large n,

€o = Col" )

fv,n — Can(dim D,—dimI,) ’

N = C3ln(dfdim Dy)

for some constants C1, Cy and C3 (that depend on v). If v 1 [, then the tower K, /K, is eventually
tamely ramified at v, and dim I, < 1. If v | [, then, on the contrary, all the upper ramification
subgroups of I, are of finite index by Sen’s theorem [Sen72, §4, main theorem].

We now compute ord,(y5") for every place v of K.

e v is Archimedean. If v is real and stays real in the tower, or if v is complex, then v, , = 1.
Otherwise, 7, », € Q stabilises for large enough n, so ord, (v, ") grows like C1%" for a suitable
C Q.

e v{p or A/K, is semistable or AJ/K, is an elliptic curve that is not additive potentially
supersingular. Again, ord, 7, is constant for large n, by Proposition 8.5(i), so ord,(yu")
grows like C1™d=dimDv) 61 some C € Q.

e v|pand A/K, is an elliptic curve. By Proposition 8.5, for large n,

Ordp Yon = ,uvev,nfv,n + 6v,’rLfv,anv/QP + Zn,

with z,, 1, and €, as in the proposition. (The proposition applies because either v | [ and
the upper ramification groups at v have finite index in I,,, or v { [ and K/ K, are eventually
tamely ramified.) If e, ,, — 0o, then dim I,, > 1 and ord,(v,") = C1% +0(1(4~)") for some
C € Q. Otherwise, e,,, is eventually constant, as are z, and €,, by Remark 8.6. In that
case, ordp(ygﬁl‘") = Q[ 4 ¢/pld=dim Dv) for gome C, C' € Q.

Taking the product over all places v and applying Theorem 8.2, we get the claim. (The term
(QA//K/QA/K)[K":K] gives a contribution of the form pCld" for some C' € Q.) O

COROLLARY 8.10. Theorem 1.3 holds.

Proof. (i) This is Theorem 8.9(ii).

(ii) Combine Theorem 8.9(i) and Proposition 6.1.

(iif) If rk, A/ K,, = O(1¢¥=1)™) then the divisible Selmer quotient is PP by Corollary 7.2,
and the torsion quotient is p®) by Proposition 6.1. Moreover, if rk, A/ K, and A(K,)[p>] are
bounded, then the torsion quotients stabilise by Proposition 6.1, as does the divisible Selmer
quotient by Theorem 7.4(ii) applied to ¢ and to ¢'. This gives the results for III7 a
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Appendix. Conductors of elliptic curves in extensions

In this Appendix we give bounds on the growth of conductors of elliptic curves in extensions
of local fields. These results are independent of the rest of the paper, and do not rely on the
presence of an isogeny.

Let K be a finite extension of @, and let Ixc be the inertia subgroup of Gal(K/K). We will
be interested in continuous representations x : Ix — GLg4(C), in other words, those that factor
through a finite extension of K. We write I™ for the upper ramification groups of Ix.. We denote
by fy, fE,... the conductor exponents of a representation, an elliptic curve, etc.

Notation A.1. For an irreducible continuous representation x # 1 of I, set
my, = max{i : x(I') # id}.
i>1
We set m1 = —1.

LEMMA A.2. Let x and p be irreducible continuous representations of Ix.

(i) my = fy/dimyx — 1.

(ii) x factors through I /I™ if and only if m, < n.
(ili) If m, < my, then fpgy = fydimp.

(iv) If m, = my, then f,g, < f,dimp = f,dim x.

Proof. (i) See [Ser79, ch. 6, §2, Exercise 2]. (This is formulated in [Ser79] on the level of finite
extensions, but the definition extends directly to the whole of Ix, since upper ramification groups
behave well under quotients.)

(ii) This is clear.

(iii) By (ii), the group I"x acts trivially on p and non-trivially on x. As I"™x < [k and x is
irreducible, x has no invariants under I”x. Therefore p ® x has no invariants either, and so each
irreducible constituent 7 of p ® x has m, > m,. On the other hand, clearly I acts trivially on
p ® x for m > m,, so m; = m, and f; = (f,/dim x)dim7 by (i). Taking the sum over 7, we

deduce that ]
dim(x ® p)

dim y = fydimp.

fp®x = fx

(iv) As in (iii), let 7 be an irreducible constituent of p ® x. For m > m,, the group I™
acts trivially on x and on p, and hence on 7. Therefore, by (ii), m, < m, and taking the limit
m — my gives m; < my. By (i), fr < (fy/dimx)dim7, and taking the sum over 7 as in (iii)
gives the claim. |

THEOREM A.3. Let K be an l-adic field and p : Ixx — GL4(C) a non-trivial continuous irreducible
representation. Take n > f,/dimp — 1, and write N = I"™ for the nth ramification subgroup (in
the upper numbering) of Ix. Then, for every finite extension F/IC,

fRes]:p = fResJ__Np < e]-'N/IC(fp - d) + d.
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Proof. Because conductors and the upper numbering remain unchanged in unramified extensions,
we may assume that F/K is totally ramified. Decompose Indz/x 1 as @, 7 with 7 irreducible.
By the conductor-discriminant formula,

fRes_;:p = fInd]_-/,C Resrp — dU/C(A]:/IC)
= fp®1nd.7:/IC1 - dfhld]:/lcl = pr@T - dfT

TeJ
Let Jy C J be the (multi-)set of 7 which factor through Ix/N. Then
fRes]_.Np = Z fp®7’ - dfT
TEJN

by the same argument. However, m, > n > m, for 7 ¢ Jy by Lemma A.2(ii), and so the terms
foor —d fr are 0 by Lemma A.2(iii) for such 7. This proves the equality fresr, = fRest o
For the inequality, first observe that by the argument above,

fRes;:p = Z(fp@T - df‘r),
Jp

where J, C Jy is the set of 7 € J for which m,; < m,. By Lemma A.2(iii) and (iv), noting that
dim 7 < f, for every 7 # 1, we have

fresrp= Y (fpor —dfr) < Y (fpdimr —d f;)

TeJp T€J,
<fp+ Z (fpdimT —ddimT)
TeJ,\{1}

=fo+(fp— d)((Z dimT) — 1)
TEJ)

<fot(fp —d)<< Z dimT) — 1>
TGJN

= fy+ (= FY K] = 1) = d+ (f, — DIF 5 K],

which gives the claim, as we assumed that F /K is totally ramified. 0O

THEOREM A.4. Let K be an l-adic field and E/K an elliptic curve with additive reduction. Take
n > fgp/2 — 1 and write N = I"™ for the nth ramification subgroup (in the upper numbering) of
Gal(K/K). Then, for every finite extension F /K,

feyF = feyrvy <epnc(fex —2) +2.

Proof. Write £ = FN. Let V be the Weil-Deligne representation associated to the first étale
cohomology of E/K, and let p be its ‘Weil part’ (i.e. the semisimplification of H (E, Q) ® C
for some ¢ # 1).

Fither p is irreducible or it is a sum of two one-dimensional characters v¢; and 9 of the
same conductor (because 1119 = det p is the cyclotomic character, which is unramified). The
conductor depends only on the action of the inertia group, so, by applying Theorem A.3 either
to p directly or to the v;, we find that fres; p = fRes; p-

Now, if E/K has potentially good reduction, then V' is a Weil representatation and fr = f,, so
the result follows from Theorem A.3. If F//£ has multiplicative reduction, then fr,r = fr/r = 1,
and the result again follows.
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Finally, suppose that E/L has additive potentially multiplicative reduction. By Theorem A.3,

fResfp = fResEp < eﬁ/lC(fp - 2) +2.

Over any field where E has additive reduction, fg = f, > 2. This fact over L, together with
the formula, shows that fresr, = 2; in particular, E/ has additive reduction over F. Thus E
has additive reduction over all three fields, and the formula then translates to the claim in the
theorem. O

COROLLARY A.5. Let K be an l-adic field and K°° /K a possibly infinite Galois extension. Let
E/K be an elliptic curve with additive reduction. Suppose that for some n > fg/2—1, the upper
ramification subgroup I}C‘oo/,c of the inertia group of K*° /K has finite index e. Then, for every
finite extension L of IC in K*°,

feic <e(fex—2)+2.

Proof. This is clear, since esr, /x = es1/c < €, where I = I ik a

COROLLARY A.6. Let K be an l-adic field and K> /K a Galois extension whose Galois group
is an l-adic Lie group. Then there is a constant C' > 0 such that every elliptic curve E/K has
conductor exponent fr/, < C over all finite extensions £ of K in K*. Moreover, if K= = J,, K,
with KCp,, /K finite Galois, then fg /i, stabilises as m — oo.

Proof. This is clear for curves with good and multiplicative reduction. If E/IC has additive
reduction, by [Pap93, Theorem 1] the conductor exponent fg/c is at most 2, 3vx(3) + 2 or
6uic(2) +2 when [ > 5,1 = 3 or | = 2, respectively. By Sen’s theorem [Sen72, § 4, main theorem],
I /i < I /i is of finite index for every n, so the two claims follow from Corollary A.5 and
Theorem A .4. |
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