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A NOTE ON THE LEAST QUADRATIC NON-RESIDUE
OF THE INTEGER-SEQUENCES

M.Z. GARAEV

In this paper we consider the problem of an upper bound estimate for the least
quadratic non-residue modulo prime number on special arithmetic sequences such as

£(n) = [an] and f(n) = [n].

1. INTRODUCTION.

Throughout the text p denotes a prime number. We also use the following notations:
A < B means that |A] < ¢B for some positive number ¢ which may depend only on

Gyernyd

a,...,b, (a/p) denotes the Legendre symbol, and d denotes the least positive quadratic
non-residue (mod p) that is, the least positive integer for which (d/p) = —1.

The problem of an upper bound estimate for d originates in the work of Vinogradov
[10], where he gave the estimate

d< pl/(2\/5)+e_
€

Vinogradov based his proof on the inequality

n
> (3) = 06 108p)

1<ngz p

discovered by him and independently by Pélya [6]. Currently the best upper bound for
d is due to Burgess [1] where he obtained the estimate

(1) d < pH/verte,
[

Such problems for special arithmetic sequences have been considered by Preobrazhenskii
[7, 8]

DEFINITION: ([8].) Let f be a real-valued function on the natural numbers. The
family of integers [ f (n)] is called the integer-sequence.

We denote by nmia(f) the least positive integer n such that the number [f(n)] is a
quadratic non-residue (mod p).
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THEOREM. ([8]) Let f(n) = an where « is a real irrational number and assume that
the incomplete quotients of the continued fraction expansion of o are bounded. Then for
any € > 0 the estimate

(2) nmin(f) < p1/(2\/3)+€
aE

holds.

In other words if gx+1/gx are bounded then (2) holds, where by g; we denote the
denominators of the convergents of ¢, arranged in increasing order. It should be pointed
out that the proof of the above Theorem is of use to obtain (2) also for & with gz41 < g,
for large k. This holds for algebraic o in view of Roth theorem. But it is also true for
almost all & in the sense of Lebesgue measure. The following statement is a consequence
of {3, Theorem 32]:

THEOREM. ([3]) Let € be any fixed positive number. Then for almost all « the

inequality .

q2+€

- £| <
q

has at most a finite number of solutions for integers p and q (¢ > 0).

By taking p/q = pi/qr where py /g is a convergent of o, and using

1
‘a - ’ﬁy <
13 Qkr+1

we see that for almost all o and for all k > kg(a,€) we have gryy < q,t*‘. Therefore in
view of the proof of the Theorem of [8] we conclude that estimate (2) in fact holds for
all irrational algebraic as well as for almost all .

2. STATEMENT OF THE RESULTS

The following Theorems 1, 2 and 3 are the results of our note:

THEOREM 1. Let the integer-sequence [f(n)] be such that

1< [f(n+1)] ~ [f(n)] < é(n)

where ¢(n) is an increasing sequence and assume that there is a positive integer M such
that f(1) < ¢(M) <p— M and

M > 2232(4(M) + 2)p' 2 logp.

Then
nmin(f) < M.

Using arithmetic properties of the sequence [on] we can improve the estimate of
Theorem 1 for this special case:
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THEOREM 2. Let f(n) = an where & > 0. Then for any ¢ > 0 there exists c(e) > 0
such that the estimate

nein(f) <€ (1+l)p<1/4)+(1/4\/a+e
€ o

is valid for all primes p,p > (o + (1/))c(e).
Our estimate is less precise than (2), however it is valid for all & > 0.

Theorem 1 gives an upper bound for ny,(f) when f(z)/z increases very slowly. For
example if f(n) = n(logn)!~% then for any small positive numbers ¢, § one has

nmin(f) £<<5 p1/2+e'

A corresponding question naturally arises for functions f(n} which grow faster than
nlogn, say for f(n) = n°® with non-integer ¢,c > 1. In this regard we prove the following
result:

THEOREM 3. Let f(n) =n° where 1 < ¢ < (12/11), and € > 0. Then

nmin(f) < 1)3/(‘4(6—40)\/.?)4,E
€c

for all sufficiently large p.

3. PrOOF OoF THEOREM 1

The following statement is a particular case of a general celebrated result of Weil
[12] (see also [11, p. 11, Lemma 2C; p. 45, Theorem 2G]).

LEMMA 1. Let h(z) = (x—a1)...(z—ax) where the integers a;, . . ., ax are different
(mod p). Then

pz_i (E(’Tx)_)e(i’riaz)/p < kp1/2.

z=0

LEMMA 2. Let N, M be any integers 0 < M £ p — 1. Then under the conditions
of Lemma 1 we have

%(M)‘ < 2kp/?logp.
z=N p

PROOF: Since for integers z,6 one has

1, ifz=4 (mod p)

p-1
- eemilata=a))
0, ifz# 6 (modp)

a=0

1
p
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then
N+M P NAMop-le-l .
XI:V (__g:_)) ;_; 62; ZOZ( (I)) 2wi(a(z—8)/p)
= z=0 a=o0
MZM(@) 15 Nz*f’e?,,,w,,,) E(h(x))em(u/p) .
z=N 4 p a=o0 z=0 p
Applying Lemma 1 we have
N+M —1 | N+M
Z( (z)) <k -(1/2)2 Z 2milad/p)|
z=N a=0' §=N

Picking up the term corresponding to a = 0, and evaluating the sum over § for 1 € a
< p — 1 we obtain

3. ()<

=N

-1

< k(M +1)p~ (/2 4 fp=(1/2) lem —

The latter sum is not greater than plogp (see for example {4, p. 109-110]). Therefore

N+M

> (%)
p

z=N

< 2kp*?log p.

Let us now prove Theorem 1. Consider the function

(B(M)}+1
Hz)= [] hal2

n=1

where h,(z) =1 — ((z + n)/p). We have that

M M
EF(z) >M- Z:(F(:z:)—l)i.

The function H(z) ~ 1 is a sum of 2™+ — 1 functions of the type +(h(z)/p) with
h(z) subject to the conditions of Lemma 1 and 2 (the roots of h(z) are distinct (mod p)
since (M) < p). Therefore applying Lemma 2 each time with N =1 we obtain

M
Z F(z)

> M — 26M*2(g(M) +1)p? logp > 0.

z=1 u
M
Since |} F(z)| > 0 then F(z) # 0 for some z,1 € z < M and hence
z=1
r+1\ _ (z+2\ _ T+ [p(M)]+1y
(p)—(p)_'”( P )_—1'

Theorem 1 now follows from the conditions

f(1) <¢(M), 1< [f(n+1)] - [f(n)] < ¢(n).
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4. PrROOF OF THEOREM 2

We need a well-known result of Burgess [1]:

LEMMA 3. Let §,¢ be any fixed positive numbers. Then for all sufficiently large p
and any N, we have

N+H n 6H
2 G)ls

provided H > p{l/9+e,
As we agreed before d denotes the least positive quadratic non-residue (mod p).
For the proof of Theorem 2 we distinguish 3 cases:

CASE 1. ais an irrational, a > 1.

Let
1

a2+(1/a3+...)

be an expansion of ¢ into a continued fraction and denote by p1/g1,p2/¢2, . . . the conver-

a=a +

gents of a. If we set pg = 1, g = 0 then we can write

h=a = [a], @1 =1, Pry1 = Qpy1Pk + Pe—1, Qk+1 = Cr1Gk + Gr—1.

There exists a number &k such that ¢, < d < ¢x4;. From the properties of continued
fraction we have
P Ox
a==—+—
9% QkGk+1
where 0 < 6 < 1 for odd k, and —1 < 6, < O for even k.

If k is odd integer then from gxy, > d we have
[age) = px, [odgr] = dpsx.-

Since d is a non-residue (mod p),pr < ad < p then one of the numbers p,dp; is a
quadratic non-residue (mod p). Now the required estimate follows from

dpk s d2 <<pl/(2\/z)+£
&

where we used (1).
Let &£ be an even integer. Consider 2 possibilities.
(a) gre1 < pU/9+¢. Then we can write

0
o= Pk+41 + k+1
Qk+1 Qk+19k+2

where 0 < 6, < 1. We have as before

[agr+1) = Pr+1, [adgrt1] = Pep1d, Prs1 < apl/te < p,
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Now the required estimate follows from

qu“ & p(1/4)+(1/4\/5)+£.
€

(b) gry1 > pM/9+e. Put H = p(/4)+¢ and let n = zq; where z runs through integers
1<z < H. Since —1 < 6, < 0 then jan] = zpx — 1. Also note that px < 2aq; < p.
We make use of Lemma 3. Taking 6 = 1/2 we have that

’g(mﬂ_ 1)’ -

where p}, is defined from pgp; = 1 (mod p). Hence among the numbers zp, —1 with 1 < z
< p{1/9+*¢ there exists a quadratic non-residue (mod p). Therefore

H

> (558)| <%

2
=

Nmin(f) € zgx & pM/D+/4VE+e
€

Case 1 is thus treated completely. ]
CASE 2. « is rational, a > 1.

In this case the number of convergents of a are finite. Let p;/¢1,...,pr/q be all
convergents of a. If g, < d then we prove Theorem 2 by taking n = ¢, or n = dg,. If
g > d then from ¢; = 1 we deduce that ¢, < d < gx41 for some k < r. The remainder of
the proof is the same as in Case 1 and we omit it here.

Case 3. 0<axgl.
The case o = 1 is classical and the desired estimate follows from (1).
Let 0 < a < 1. Then for ng = [d/a) + 1 we have

ang = ald/e] + a = d + a1 - {d/a}),

when [ang] = d. Therefore nmin(f) < no < pY/4Ve*¢/a.
Theorem 2 is thus proved. 1]

5. PROOF OF THEOREM 3

The following two Lemmas are well known and can be found for example in {2,
p. 255]:
LEMMA 4. For any real number t we have

eZm'ht 1
ot)= 3 2ﬂih+o(m)

1<|h|SH

where o(t) = 1/2 — {t}.
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LEMMA 5. Let M = HlogH,H > 10. Then

i log H
\/1+H2sm§7r Z cnett + ( H )

1R

where |cy| < (log H/H)e W/H,
Let 0 € @ < B < 1, and o(t) = o(e,[,t) be a periodic function with period 1

defined as

1, if {t} € (&, H]
) o(t) = ,

0, otherwise.
Then

ot) =B-a+o(f-1)—ela-1).

This equality together with Lemma 4 and 5 gives

LEMMA 6. Let X > 10, H > 10. Then for some 1 < N < HlogH and m
€ [N,2N] we have

> o(g(x) = -——X Rlog? H
X/2<z<X

where x
r-o(X+| 3 e

X/2<z<X

In fact, for any real v we have

> e(r-s@) < > %

X/2<z<X 1<hgH

Z e21rihg(:)
X/2<z<X
log H
L alp Y

1<hgHlog H

XlogH
H

Z e21rihg(z) +

X/2<z< X

which proves Lemma 6. 0

LeEMMA 7. (Van der Korput). Let k be a positive integer, k > 2. Suppose that
F(z) is a real-valued function with k continuous derivatives on [X/2, X]|, X > 1. Further

suppose that
0< A< F® < h), K =261

Then

e21riF(z) < Xh?/K/\l/2K—2+X1—(2/K)/\—(1/2K—2)

X/2<z<X
where the implied constant is absolute.
For the proof see [5, p. 378].
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Now we are ready to proceed to prove Theorem 3. Let ; be a positive number which
is considerably smaller than ((12/11) — c)e. For a large prime p we distinguish two cases
depending on the value of d.

Casg 1. d = p.
Put

(4) X = d(7c—-6)/(6-4c)+51 .

Since (7¢ — 6/6 — 4c) +¢; < 1 then all numbers of the form dz with z < X are quadratic
non-residue. Our aim is to find z, (X/2) < z < X such that [n¢] = dz for some n. It
would then follow that

nmin(f) < (d(ac/6—4c)+e,)1/c

which together with (1) proves Theorem 3.
The equation [n°] = dz is equivalent to the inequality

(dz)'* < n < (dz + 1)V

This holds if JX) (11
0 < {(dz+ 1)/} < (—)4—-

since ((dX)®/9-1)/4 < (dz + 1)}/¢ — (dz)*/°. Therefore it is enough to prove that
> o((dz + 1)) >0
X/2<z<X

where o(t) is defined from (3) with a = 0, 8 = ((dX){/9-1) /4. Taking g(z) = (dz+1)/°
and applying Lemma 6 we obtain

1/cy(1/c)—1
(5) > o((dz+1)) > —)f-ds— —Rlog’ H

X/2<z<X

Z 2mim(dz+1)1/¢
€ b

(X/2)<z<X

where

R<<£+ 1< N<m<2N 2HlogH.

We can choose H as we please, provided H > 10.
In order to estimate R we make use of Lemma 7. Here we take F(z) = m(dz +1)'/¢
and k = 3. For X/2 < z £ X we have

F®(z) < Nd"/ex(/=3,
Therefore A < Nd/¢X(/9-3 From N < Hlog H it follows that

R« (ffﬁ 4 HV/BgM6e x (/D+(/60) | g~(1/60) Xl-(l/sc)) log H.
£,C
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We choose now H = X3/7-(1/7€)g~(1/7¢) apd recall (4). Obviously we have H > 10 and

R« (d(4c—3/6—4c)+((4c+1)51)/7c + d(l4c—13)/(2(6—4c))+((6c—1)51)/Gc) logd.

€,

From the other side
Xl/cd(l/c)—l = d(4c-3)/(6—4c)+51/c.

.
tnee dc+1 1  14c—13 4c—3

——— -, <
7c S 26—4d0) - 6-4c
then by (5) we have the estimate

Z o((dz + 1)) > 0.

X/2<zg X

which proves the Case 1 in Theorem 3. 1]
CASE 2. 2 < d < p.

Now our starting point is that dz? is a non-residue for all z,z < p. We suppose
X/2 < z < X and choose X = p!/1%,
The equation [n¢] = dz? is equivalent to the inequality

(dz®)Y° < n < (dz? + 1)Ve.

This holds if
(dx2)(1/c)-1

1/c
0< {(dz+1)"°} < 10

Therefore it is enough to prove that

o((dz? + 1)) > 0
(X/2)<zgX

where o(t) is defined from (3) with & = 0, 8 = ((dX?2){/9-1)/10. Analogously to Case 1
we apply Lemma 6 by taking g(z) = (dz? + 1)/¢. We have

(6) (sz; . o((dz? +1)1/e) > XdUO _ Rlog? H,

RX+| ¥ emm@)% 1 CNSm<2N <2HlogH
(X/2)<zgX

where we can choose any H, H > 10.
In order to estimate R we apply Lemma 7 for F(z) = m(dz? + 1)/ and k = 3. It
is easy to see that for X/2 < z £ X we have

F®(z) < Nd'/ex /)-8,
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Therefore we can take A < Nd*/¢X(2/©)-3 Then using N < Hlog H we have

R <c (% +Hl/sdl/ecX1/2+1/3c+d-(1/sc)X1-(1/3c)) log X.

€,
We choose now H = X3/7-2/7¢d-1/7 and recall that X = p'/19. Obviously we have

H > 10 and
R« (X(4/7)+(2/7c)d1/7c+Xl—(l/Sc)d—(l/Gc)) lOgH

£,c

From ¢ < 12/11 it follows

4 2 2 1
?+%<z—l, 1_§<Z—1
Now the estimate
o((dz® +1)"¢) > 0
(X/2)<zgX
follows from (6) using d < p®'.
Theorem 3 is proved. 0

REMARK. Two kind of problems arise in connection with Theorem 3. One is further
improvement on the range of nuyi,(f), and another one is improvement on the range
of c¢. One is able to apply the method of exponential pairs. It would give after some
consideration the following result:

Let (k,A) be an exponential pair. Then for any ¢ < 2/(1+ s + A) we have

nmin(f) < p(l+"_’\)/(4(1"*¢)\/5)+s‘
€,C

In 1955 Rankin [9] proved that for some 6 with
0.32902135684 < # < 0.32902135688

there exists an exponential pair (k, ) = ((8/2) +¢,1/2 + /2 +¢) for any small positive
€. Hence we have admissible range for ¢ as

12
— +0.00257....
c<11+0 5

and

Timin f) E<<c pl/(8( 1-62¢)\e)+e

where #; = 0.66451.... Both estimate are slightly better than that one of Theorem 3.
However this improvement is not strong enough. One can expect that there is another
way to treat the problem which would make considerably better improvement than we

have just discussed.
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