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Abstract

Let I" be a group and I'” be a subgroup of I of finite index. Let M be a [-module. It is shown that M is
(strongly) Gorenstein flat if and only if it is (strongly) Gorenstein flat as a ["-module. We also provide
some criteria in which the classes of Gorenstein projective and strongly Gorenstein flat I'-modules are the
same.
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1. Introduction

As a nice generalisation of the notion of finitely generated projective modules,
Auslander and Bridger introduced in [3] the notion of modules in Auslander’s G-class
(modules of Gorenstein dimension zero) over left and right Noetherian rings. Several
decades later, Enochs and Jenda [12] extended the ideas of Auslander and Bridger and
introduced the notion of Gorenstein projective modules. These modules generalise the
notion of a module of G-dimension zero to the class of all modules (so not necessarily
finitely generated ones). An R-module M is said to be Gorenstein projective, if M is a
syzygy of a complete projective resolution, that is, if there exists an acyclic complex
of projective (left) R-modules

6n+] 6n
Poi — P —5 P, Py —

which remains acyclic when applying the functor Homg(—, P) for any projective R-
module P, such that M =1Im ¢y. This definition can be dualised and allows one to
define the class of Gorenstein injective modules. These notions generalise the classical
notions of projective and injective modules. To complete the analogy between classical
homological (dimension) theory and Gorenstein homological (dimension) theory,
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Enochs et al. [13] introduced the notion of Gorenstein flat modules as a generalisation
of the notion of flat modules. These Gorenstein homological modules have been
studied extensively by many authors (see [4, 12, 15], for instance). In particular,
it is known that Gorenstein homological modules share many nice properties of the
classical homological modules: projective, injective and flat modules, respectively.

A (left) R-module M is called Gorenstein flat if there exists an exact sequence of
flat (left) R-modules

>

Onl On
Fo.---—F,,,.—F,—F,_,— -

such that I ®g F, is exact for any right injective R-module 7 and M = Im 6.

The notion of strongly Gorenstein flat modules is introduced and studied by Ding
et al. [11] and for this reason these modules are renamed Ding projective modules by
Gillespie; see [14]. A left R-module M is said to be strongly Gorenstein flat if there
exists an exact sequence of projective R-modules

6n+l 6}1
Pt Py =5 Py =5 Py —

with M =1Im 8y and such that the functor Homg(—, F), where F is a flat R-module,
leaves the sequence exact. It is worth noting that this definition is different from the
concept of strongly Gorenstein flat modules studied in [8]. The strongly Gorenstein
flat dimension is defined via resolutions by strongly Gorenstein flat modules. It follows
from the definition that every strongly Gorenstein flat module is Gorenstein projective.
On the other hand, there are examples of the strongly Gorenstein flat module which is
not projective (flat), and (Gorenstein) flat module which is not strongly Gorenstein flat;
see [11]. In addition, it is proved in [11] that over coherent rings, strongly Gorenstein
flat modules lie strictly between projective and Gorenstein flat modules. Strongly
Gorenstein flat modules and dimensions were studied further in [19, 20]. In this note,
we study (strongly) Gorenstein flat modules over group rings. Actually, our main result
in this direction reads as follows.

MaiNn Tueorem. Let T be a group and T a subgroup of T of finite index. Let M be a
I"-module. Then, M is (strongly) Gorenstein flat if and only if it is (strongly) Gorenstein
flat as a T’ -module.

We end this paper by presenting some criteria which guarantee that the class of
Gorenstein projective I'-modules coincides with the strongly Gorenstein flat ones.

Throughout the paper, I' is a group and ZI is its integral group ring. By a
I-module, we mean a ZI'-module. We use this abbreviation throughout our notation.
For example, for a '-module M, the flat (respectively, Gorenstein flat) dimension of
M over ZI' is denoted by fdr M, (respectively, GfdrM). The tensor product and Hom
functor over ZI" are denoted by — ®- — and Homp(—, —). All modules are considered
as left modules unless specified.
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2. Gorenstein flat modules

Dermvition 2.1. Let I' be a group and M be a I'-module. We call M Gorenstein flat if
there is an exact sequence of flat '-modules

F.:"'_>F1_>F()_>F_]_)"',

such that M = Im (Fy — F_;) and I ®r — leaves the sequence F, exact, whenever [ is
a right injective ['-module.

ExawmpLE 2.2. The following statements are well known.

(1) Every flat '-module is Gorenstein flat.

(2) LetTI be a finite group. Then the trivial I'-module Z is a Gorenstein flat module;
see [1, Example 4.2].

(3) LetI beagroup and I’ be a subgroup of finite index. Let M be a Gorenstein flat
I'"-module. Then ZI' ®~ M is a Gorenstein flat I'-module.

Remark 2.3. Using the facts that injectives are summands of co-frees and that co-frees
are injectives, one can replace ‘injective’ by ‘co-free’ in Definition 2.1. In addition,
due to the fact that the injective dimension of any coinduced module is at most one,
‘co-free’ may be replaced by ‘coinduced’; see [16].

Recall that a I'-module is coinduced if it has the form Homgz(ZI', A) where A is

an abelian group, and a I'-module is co-free if it is a direct product of copies of
Homz(ZI', Q/Z).

ProposiTionN 2.4. Let I" be a group and I be a subgroup of T of finite index. Let M be
a I'-module which is flat over I"'. Then M is a Gorenstein flat I'-module.

Proor. Let M be a I'-module. It is known that there exist a [-epimorphism ZI" ®
M — M and a I'-monomorphism M — Homp (ZI', M) which are split over I". The
hypothesis imposed on M yields that ZI' ® M = Homp (ZI', M) is a flat I'-module.
By repeating this argument for the kernel and the cokernel of these maps respectively,
and continuing this way, one obtains an acyclic complex of flat I'-modules which splits
overI”,

Xe: - —mXo > X —Xy—m X, —X,— -,

such that M =Im (Xy) — X_;). So, in order to complete the proof one only needs
to show that J ®r X, is acyclic, where J is a coinduced I'-module. To do this,
one should note that it is not hard to see that there is a coinduced I""-module J’
such that J = J’ ® ZI" (as I'-isomorphism). Therefore, we obtain the isomorphism
JorX.=J @ X,. According to the construction of X,, one deduces that the
complex J’ ®p X, is exact. So the claim follows. O

As an application of the above proposition, we include the following example.

ExawmpLE 2.5. Let I be a finite group and I be its trivial subgroup. It is known that the
I'-module Q, with trivial action, is flat over I'". So the above proposition yields that Q
is a Gorenstein flat '-module.
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THEOREM 2.6. Let I be a subgroup of T of finite index and M be a T'-module. Then M
is Gorenstein flat if and only if it is Gorenstein flat as a I -module.

Proor. According to [1, Lemma 4.10], we only need to show the ‘if” part. So, assume
that M is a I'-module which is Gorenstein flat over I'”. Therefore, it follows from the

. . d
definition that there is a short exact sequence of ["-modules 0 —w M — F' — L' —
0, where F’ is flat and L’ is Gorenstein flat. Consider the following commutative
diagram of I'-modules and I'-homomorphisms with exact rows:

0 —> M — Homp (ZI', M) —> [, ——> ()

0——M—Homp(ZI'F’) —= K ——=0

where ® = Hom(id, d). Since the I"-homomorphism F’ — Homp (ZI, F’) is a
split monomorphism, there is a flat ["-module X in which Homp (ZI', F’) = F’ & X,
as ["-modules. Consequently, one has the I""-isomorphism K = L’ & X, implying that
K is Gorenstein flat as a I’-module. We may therefore repeat the argument with K
replacing M and in this way we produce a right I'-flat resolution of M,

) (2.1)

0O—M—>F | —F,,—- -

such that every kernel of its morphisms is Gorenstein flat as a I’-module. Consider the
flat resolution of I'-module M,

oo— F— Fy— M — 0. 2.2)

Obviously every syzygy of this flat resolution is Gorenstein flat when viewed as a
I"-module. Splicing complexes (2.1) and (2.2) yields the acyclic complex of flat
I'-modules

Fo,---— F —Fy—F | — F_5—>---

b

such that M =Im (Fp — F_;) and every syzygy of F, is Gorenstein flat as a
I"-module. Hence, to complete the proof, one needs to show that J ®r F, is exact
where J is an arbitrary coinduced I'-module, thanks to Remark 2.3. But this also
follows from the fact that every syzygy of F, is Gorenstein flat over I'” in conjunction
with the argument which has been used in the above lemma. The proof is then
complete. O

Remark 2.7. Let I" be a finite group and I"” be the trivial subgroup of I. Then the
I'-module 7Z, with the trivial action, is not flat; however, Z is a free (and hence flat)
I'"-module. Therefore, the above theorem does not hold true for flat modules.

Combining the above theorem with [15, Theorem 3.14] gives rise to the following
proposition.

ProposiTioN 2.8. Let I be a group such that ZI is a coherent ring. Let T be a subgroup
of T of finite index. Then for a given I'-module M, GfdrM = Gfdr M.
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3. Strongly Gorenstein flat modules

DeriniTioN 3.1. Let I" be a group and M be a I'-module. As we have mentioned in the
introduction, M is called strongly Gorenstein flat if there exists an acyclic complex of
projective I'-modules

Po:--— P —P— P —Pyr—,
with M =1Im (Py — P-;) and such that the functor Homp(—, F') leaves the sequence

exact, where F is a flat [-module. It follows from the definition that every strongly
Gorenstein flat module is Gorenstein projective.

RemMark 3.2. We should remark that, as in [11, 19], we cannot find an example of a
Gorenstein projective module which is not strongly Gorenstein flat. It follows from
[9, Theorem 4.2] that the projective dimension of any flat '-module is less than or
equal to one, whenever I' is a finite group. Hence, in this case every Gorenstein
projective module is a strongly Gorenstein flat I'-module and so Gorenstein projective
modules coincide with strongly Gorenstein flat modules.

Dermnition 3.3. Let M be a nonzero I'-module. We say that the strongly Gorenstein flat
dimension of M is n > 0, denoted by SGfdrM = n, if n is the least integer for which
there exists an exact sequence

0O—F,— - —Fyp—M—0,

where all F; are strongly Gorenstein flat I'-modules. If no such n exists, then we shall
write SGfdrM = co. By convention, SGfdr0 = —co.

THeOREM 3.4. Let I be a subgroup of T of finite index and M be a I'-module. Then M
is strongly Gorenstein flat if and only if it is strongly Gorenstein flat as a I’ -module.

Proor. The ‘only if’ part follows from the fact that every projective I'-module is
also projective over I” and for any flat ["-module F’, the I'-module ZI' ® F’ is flat
and Homp (ZI, F') 2 ZI' ® F’. So let us prove the ‘if” part. Assume that a given
I-module M is a I'-module which is strongly Gorenstein flat when viewed as a
I"-module. It follows from the definition that M is a Gorenstein projective module
over I'". According to [6, Theorem 2.8], M is indeed a Gorenstein projective I'-module
and hence there is a complete projective resolution P, of I'-modules such that M is its
zeroth syzygy and every syzygy of this resolution is a Gorenstein projective I”-module.
Assume that F' is an arbitrary flat '-module. Due to Lazard’s theorem, there is a direct
system (P;);; of finitely generated projective [-modules such that F = lim—; P;. Take,
for any i, a projective I'"-module P; such that P; = ZI' ® P}, as I-modules. Letting
F = lim—l) P, one infers that F” is a flat ["-module and F = ZI' ® F’. This, in turn,
implies the isomorphism Homp(P,, F) = Homr (P,, F’). So the claim follows. O

The above result, in conjunction with the fact that the class of strongly Gorenstein
flat modules is projectively resolving [19, Theorem 2.1], yields the following result.
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CoroLLARY 3.5. Let I be a group and I be a subgroup of T of finite index. Then for a
given I'-module M, SGfdp M = SGfdrM.

Remark 3.6. Let R be an associative ring with identity. The left (respectively, right)
strongly Gorenstein flat dimension of R, denoted ISGFD(R) (respectively, rfSGFD(R))
is defined as the supremum of the strongly Gorenstein flat dimensions attained on the
category of left (respectively, right) R-modules. If R = ZI', then R is isomorphic with
the opposite ring R°P and so the distinction between left and right module is redundant.
In this case we drop the superfluous letters / and r.

Prorosition 3.7. Let T be a group and 1" be its subgroup of finite index. Then
SGFD(ZI') = SGFD(ZI™).

Proor. First we show the inequality SGFD(ZI") < SGFD(zZI'). If SGFD(ZI') = oo,
there is nothing to prove. So assume that SGFD(ZI') is finite, say n. Take an arbitrary
I"-module M. Then the I'-module ZI" ® M has strongly Gorenstein flat dimension at
most n and hence the above corollary gives rise to SGfdr (ZI' ® M) < n, implying
that SGfdp M < n, since M is a I"-direct summand of ZI'®~ M. Consequently,
SGFD(ZI”) < n. On the other hand, in order to verify the inequality SGFD(ZI') <
SGFD(ZI"), we may assume that SGFD(ZI") is finite and apply the above corollary
again. The proof is complete. O

ProposiTioN 3.8. Let T" be a group. Then SGfdrZ = 0 if and only if T is a finite group.

Proor. Let SGfdrZ=0. Then Z is a strongly Gorenstein flat I'-module and, in
particular, it is Gorenstein projective. Now, one may apply [2, Proposition 2.19] to
deduce that I is a finite group. Conversely, assume that I is a finite group. Making
use of [2, Proposition 2.19] again one deduces that Z is a Gorenstein projective
I'-module. Hence, the result follows from the fact that Z is a finitely presented
I'-module in conjunction with [19, Proposition 2.4]. O

RemMark 3.9. Because of [19, Proposition 2.4], a finitely presented module M is
Gorenstein projective if and only if it is strongly Gorenstein flat. Moreover, it is
shown by Bennis [7, Theorem 3.3] that an infinitely presented module M is Gorenstein
projective if and only if it is Gorenstein flat. So every infinitely presented module is
Gorenstein projective if and only if it is Gorenstein flat if and only if it is strongly
Gorenstein flat. In particular, if T is a finite group, then a finitely generated I'-module
M is Gorenstein projective if and only if it is Gorenstein flat if and only if it is a
strongly Gorenstein flat I'-module.

We recall that a (not necessarily nonzero) I'-module M is said to be infinitely
presented, if it admits a free resolution - - - — F| — Fy — M — 0, such that, for
each i, F; is a finitely generated free I'-module.

In the following we show that if the trivial I'-module Z has finite strongly Gorenstein
flat dimension, then the same is true for all I'-modules M.

Lemma 3.10. Let T' be a group. Then for any I'-module M, SGfdrM < SGfdrZ + 1.

https://doi.org/10.1017/5S000497271300107X Published online by Cambridge University Press


https://doi.org/10.1017/S000497271300107X

[7] (Strongly) Gorenstein flat modules over group rings 63

Proor. Clearly we may assume that SGfdrZ is finite, say n. Hence, Gpd;Z < n, and
so, by using [1, Proposition 3.2], we infer that every Gorenstein projective I'-module
is strongly Gorenstein flat. In particular, for every I'-module M, Gpd-M = SGfdrM.
Now [5, Proposition 2.4(c)] completes the proof. O

Before stating the last result of this paper, we need to recall some terminology.
Let " be a group. Recall that the finitistic dimension of ZI', denoted by findim ZI',
is the supremum of the projective dimension of those I'-modules of finite projective
dimensions. We say that I" is of type FP, provided the trivial ['-module Z is infinitely
presented. The class HE was defined by Kropholler in [18] as the smallest class of
groups which contains the class of finite groups, and whenever a group I' admits a
finite-dimensional contractible ['-CW-complex with stabilisers in H, then I" is in H.

Tueorem 3.11. Let I be a group which satisfies one of the following:

(1) findim ZI" < oo,

(2) GpdpZ < ooy

(3) T isanug-group of type FPy,

4) silf T < oo, where silf T is the supremum of injective lengths of flat I'-modules.

Then the classes of Gorenstein projective U'-modules and strongly Gorenstein flat
I'-modules are the same.

Proor. (1) Assume that findim ZI" is finite. Then, as shown by Jensen [17, Proposition
6], any flat I'-module has finite projective dimension and so the claim follows.

(2) In order to obtain the desired result, one only needs to apply [1, Proposition 3.2]
and [2, Proposition 2.8].

(3) If T" is an Hg-group of type FP,,, then, by [10, Corollary C] in conjunction with
[2, Remark 2.10], Gpd;Z < oo. Hence the result follows from part (2).

(4) According to [1, Theorem 2.2] for any group I', one has the equality silf I' =
silp I', where silp I is the supremum of injective lengths of projective I'-modules. On
the other hand, we always have findim ZI" < silp I', implying that findim ZI" is finite.
Now we get the result by part (1). O
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