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A DECISION PROBLEM FOR VARIETIES OF
COMMUTATIVE SEMIGROUPS

W.L. Cao

For a first order formula P: Vz;...Vza3yr ... 3ym (u(z1, ..., Zn, Y1, -+, Ym) =
v(Z1, ..., Tay Y1, .+, Ym)), where u and v are two words on the alphabet
{z1, ..., Za, 91, ..., Ym}, and a finite set E of semigroup identities with zy = y=
in it, we prove that it is decidable whether P follows from E, that is whether all
the semigroups in the variety defined by E satisfy P.

1. INTRODUCTION

One of the fundamental decision problems in algebra is the so-called word problem:
decide whether a identity P follows from a set E of identities. It has been proved that
the word problems for semigroups and groups are both undecidable, but decidable for
commutative semigroups and commutative groups [1].

Some important semigroup properties cannot be described by semigroup identities,
for example, S is

(i) regular;
(i) simple;
(iii) a group, et cetera.
But they can be described as S satisfies
(i) VzIy(zyz = z);
(1) VzVyIudv(uzv = y);
(iil) VzVy3Iz(zz = y) A VeVy3z(zz = y), et cetera.

In this paper, we consider the following decision problem for semigroups: decide
whether P follows from a set E of semigroup identities, where P is the first order
formula

Vz1...Vza3yr .. Jym(u(Z1, ooy Zny Y1y ooy Ym) E V(215 vy Tny Y1y < -y Ym))

and u, v are two words on the alphabet {z,..., 2n, ¥1,..., Yym}. Notice P will
reduce to an identity if the existential variables y; do not appear in P.
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We say a semigroup S satisfies P if for any 81, ..., 85, in S, there are wy, ..., wm
in S, such that

U(81, ooy Sny Wy ney W) = V(81,000 Sny W1,y ey Win)

holds in S.

We say P follows from E, written as E I P, if whenever a semigroup S satisfies
every identity in E, S satisfies P also, that is all semigroups in the variety [E] defined
by E satisfy P.

For any set T, let £+ and X* denote, respectively, the free semigroup and free
monoid generated by . For a word w € X* and a letter a € I, (':) denotes the
number of times the letter a appears in w.

We regard a semigroup identity u = v as a pair of words (u, v) € Vt x V+, where
V is a countably infinite set of variables.

Let A = {a;,4a3,...,8n,...}, and A, = {a1, a2, ..., an}, n > 1. We define the
following binary relations on A} :

!

i) wpBw', if for some homomorphism ¢: V¥ — A}, and u = v in E,
n n

p(u) =w, p(v) =v';

(i) w o w', if for some u,v,z,y € A%

¥, w=zuy, w = zvy, and upfv or
E
vpFu;
cen » .
(iii) w?w',xf w = w' or for some 21, 22, ..., 2k € A}, w=121, W' = 2z,

z,-«gz,-.,.l,iSk—l.
So «%» is the congruence generated by pZ, and A}/ 4%» is the relatively free semi-

group in [E] over the set {{a;] |1 < ¢ < n}, where [a;] = {w € A} | a; 4—;—» w}. P
follows from E if and only if there are w;, ws, ..., wym € A}, such that

u(ay, ..., @n, w1, ...,wm)e—;—»v(al, ceey Gy Wy o ey Win).

2. THE RESULTS

From now on, we assume that zy = yz is in E, that is [E] is a variety of commu-
tative semigroups.
Let E'={u=v€ E| (%) # () for some z € V}. Without loss of generality, we

assume

E = E'U {zy = y=z},

’ (3 1
E' = {2025 . .2f* =21l 2hk |i=1,2,..., L}, (if E'#0)
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— i on b1 tm

(B, ooiy Tay Yy eevs Ym) =27 o Z20Y - Y,
U ! ! ’

= g% %, 4 ¢
V(Z1, ooy Zny Y1y oy Ym) =2, o 20 Y Y

LEMMA 1. If E' =, then it is decidable whether E I+ P.
PROOF: E |- P if and only if there are w; = [] a;” € A}, j < m, such that
=1

(a1, ...y Gy Wy o0y W) *—;—* v(a1, .-y Gny W1, ..., Wr). But E' = @ implies that

for any words w,w’' € A},

w > ' if and only if () = (¥]), for all a; € An. So
E |F P if and only if the following linear system with integer unknowns z;; is solvable:

m
SN Tizi5=8:;, i=1,2,...,n;
j=1

* n
(*) Yzi; >0, 7=1,2,...,m;
f=1

zij 20 1=12,...,n,j=1,2, ...,m'
where Tj = t; —t;, S; = s; = 8;. Without loss of generality, we assume that all T; # 0
(because we can delete y; from P, if T; = 0).
Case (i). There are some T, Tg, 1 € a,f < m, Ty > 0, Tg < 0. In this case

(*) is solvable if and only if (Th, T2, ..., Tm) | Si, 1 < 1 < n. Clearly, (*) is solvable
implies (Ty, T2, ..., Tm) | Siy 1 € i < n. On the other hand, if (T1, T3, ..., Tm) | Si,
then there are integers ayj, Y, Tjai; = S;. Let us assume that 77 > 0, T, < 0. Take
Bij = —TmNij +aij, 1<j<m -1, ;= agm-{-EN,'jTj. We have

Y Tiii + Tmyi = S,

ji<m
and if N;; are sufficiently large (in particular, Nj;), we have g8;; >0, Y TjBi; > Si,

ji<m

then we have 7; = (S,- - E Tjﬁ,',')/Tm > 0.
I<m

Case (ii). T;>0,j=1,2,..., m. (The case of T; < 0 can be treated similarily.)
In this case, any S; < 0 implies (*) is unsolvable. If S; > 0 forall i =1,2,...,n,
any solution of (*) will satisfy 0 < z;; < Si, so it is decidable whether or not (*) has
solutions. 1]

From now on, we assume that E’' # (. Define
Qe = min{g > 0| (af, a?*%) or (alte, aj) € pE for some p > 0},
and
DE =(g11y++391ky 921y ++-» G2ky +-+» GL1y -+ -5 GLA)»

N

that is Dg is the greatest common divisor of g;;, where g;; = p;; — pﬁj, 1<i< L,

1<5<k.

https://doi.org/10.1017/50004972700015288 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700015288

460 W.L. Cao [4)

LEMMA 2. For any w,w' € A}, w «—:? w' implies (;‘:) - ('::) = 0 mod Dg,
1<1<n.

PROOF: It is enough to prove that (‘") — (:’:) =0 mod Dg, 1 <i<n,foral
(w,w')€pE. Let f=ge E', f=2zl". .z}, g_zf“ P"' . Then ¢: V¥ — A}
is a homomorphism, ¢(f) = w, ¢(g) =w', and (“’(:il)) =eaij,1=1,2,..., k. We

have
(Z) - ( ') Zk: (prj — P3)eij =0 (mod Dg).

j=1

LEMMA 3. E | z95 = 29e+Dg,

PROOF: Let Dg = 3 Bijgij and M = max{1,1-8;; (1<i<L,1<j<k)}.
We have
(*) Dg =) (M +Bi)g:; - ), Mgij.-
Because M 2 1, M + ;; 2 1, for any sufficiently large number N,

N+D
a{V ;‘a1+ Es

because we can find an implication chain corresponding to equation (*). Assume

( Qe _QF +P)

a’¥?, a; € pF, we have

alQE LN aIQE'f'NP *, a1QE+NP+DE 2 GIQE'*DB.
E E E

0
For convenience, we write w; < w; if for some (w, w') or (w', w) € pE, (‘:'1) -
(a‘) = ("” - (‘:'I), i=1,2,...,n, and (':“) # (':") for some a; € A,. Note wy « w;
implies w, 4%» wy. On the other hand, w; «-—;—» w, implies either
(i) ("") = (w’) 1<i<n;or
(ii) for some zy, 22,...,2, € A}, w1 =21, wa=2,, 2 & zi41,1 < 85— 1.

Now, let N = max{k, QE} For a word all 2. .a*» € A}, construct sets Bi(w),
Ci(w), and functions F”: A, — {0, 1} 1terat1vely.

(i) Construct

Bo(w) = {w} = {a¥ a:’ ..afn)
1, ifk; 2
F*(e;) = {

0, otherwise;
Co(w) = {a'xl’lag, ...af* | pj = min{k;, N}, j < n}.
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(ii) For any i > 0, construct

Bi(w) = {a["a3?...a0" | gyt ay? ... a0 & w', for some

w' € Ci—1(w)},
1, if F¥,(e;) =1orm; > N for some
F(a;) = ailay?...am € By(w)
0, otherwise;
Ci(w) = {a}'al?...al" | for some ay;'ay? ...ap™ € By(w),

pj = min{N, m;}, j <n}

U {af*al?...al" | for some a7’ a3 ...ap™ € Bi(w),
pj = F*(a;)N + (1 - F{*(a;))m;}

U C,-_l(w).

LEMMA 4. The following statements are true:
(i) Ci(w) € Cita(w), 12 0;
(i) Ci(w)C{allay?...aP |m; <N, j=1,2,...,n};
(i) Ci(w) = z+1(w) implies Ci(w) = Ciyp(w) and F, = Fy,, for any
p>0.
a0

PROOF: Self-evident.
Let i be the number such that Ci(w) = Ciy1(w), define

F¥ = F¥ .
= L4
C(w) = {aT"a;?...a" | for some a'ad’ ...ad" € Ci(w),

m; = F¥(a;)N + (1 - F*(a;))gj} -

LEMMA 5. Forany:i2>0
(1) F¥(aj) =1 implies w «%» wa?E;

(i) for any af*a}?...aP" € Ci(w), thereis af*ad? ...ad» € A}, where ¢ =
pr if F¥(ax) = 0, otherwise ¢x 2 N, k= 1,2,...,n, and w 4—;7»

al'al? .. .ain.
PROOF: We prove this lemma by induction. For ¢ = 0, it is clearly true. Now
assume it is true for i— 1. If F*(a;) =1 and F}*,(a;) =1, then w c%» wa;)‘J , by in-
ductive a.ssumption If F(a;) =1 but F{” (a;) =0, then there are a;"'ay” ...ap" €

Bi(w), aMal?...af € Ci_y(w), m‘a’"’...a?" = a;"a:’ ..alr m; > N. By
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inductive assumption, there are af‘ af’ .afr € A}, o af’ .al» «%» w, f; = hj,
but fi > hi for all k # 5. Now we have

- h;
w«———»a{‘a{’ ...a;’ ...afl"
E 2

m m' ™my !

—a,ta,? a7 ... an™ (where m}, = fi — hx + m4)
m; m m;+D !

——atay .07 P g (by Lemma 3)

Now take a¥! ...aP» € Ci(w) if af* ... a2 € Ci_1(w), then by the inductive assumption

and since w 4%» wa.jDE for all j with F*(a;), we know thereis af' ...ad* € A}, where

gr = pi if F?(ax) =0, and gx > N, if F’(ax) =0, k =1,2,...,n,and w 4%»
a® ...a% . If ¢ ...a% ¢ Ci_y(w), let a™ ...a™ € B;(w), a’...ak» € Ci_y(w),
af'...af» € A}, such that
() pj=m;,if F*(a;)=0;
(i) aM...ahn = a™ ... o7
(i) = «%) a{‘ .afr, and f; > N if F®,(a;) = 1, otherwise f; = h;,
i=142,...,n

Then we have

w '%v af'...al" (by (iii))
* ! ! .
< a;t...ap", (by (ii))
where m} = m; + (g9; — h;). Because w 4? wa E where F}’(aj) =1, letting M >

N/Dg, we have

[31 g
w Tal ceean’,

where ¢; = m; + MDg > N, if F(a;) =1, otherwise g; = m; = m; = p;. 0
LEMMA 6. Let w = af'...af». If there is w' = af'...ad» € A}, such that
w «—;—bw' and ¢; > N, then F¥(a;) =1.

ProoF: If p; > N, then F¥(a;) = Fj°(aj) = 1. Now assume p; < N. If
F¥(a;j) =0, let

W=2p D 21 €= ... D S 5.z, =w,
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where z; = a}' ...a¥" i < s, and ¢;; < N forall i <t-1, but g > N. There
are z! € C;(w), 2! = &' ...ak", where p;; = ¢i; if F¥(a;) =0, otherwise p;; = N,
i <t—1. Imitate z,—y <= z;, we have z}_, <= a'! ...a%», where hj = g¢;; > N. So

F“(a;)=1. 0

LEMMA 7. Let w = o] ...a™, w' = af'...a%. If w «— w', then there is
E

at* ...aP» € C(w), where p; = g; if F*(a;) =0, otherwise pj = N.
PROOF: Let

W=z 2 <= ... =,

where z; = ai?? .. .a?jn , t < t. Just as we did in the proof of Lemma 6, take the same
2} € Ci(w). So there is al'...af» € C(w), where p; = N if F¥(a;) = 1, otherwise
Pi =4 =45- O

LEMMA 8. Let w=ai"...a7", w' =a'...al*. Then w«—};—»w',ifa.ndonly
if

(1) mi—gqi =0 (mod Dg), i < n;

(i) Fv=F";

(i) Cw)NC(w')#0.

Proor: Clearly, w 47;—» w' implies the conditions (i), (ii), and (iii), by Lemma 2,

5, 6, 7. Now assume that (i), (ii) and (iii) are true. For convenience, we assume that
F“(aj)=1forall j <d, F¥(a;) =0 for all j > d, where d > 0. (ii) and (iii) imply
that there are w; = a{‘ . ..a‘{"a:i*i‘ L@l wy = af‘ ...a:"asi"il ...ak~ € A7, f;,
hj2N,and w 4%»101, w' %» wy,. Forany j <d, fi—h; = (f;j —mj)+(mj —¢;)+
i 2, gt

i % , by Lemma

(g; — hj) = 0 (mod DEg), by (i) and Lemma 2, and therefore a
3. Hence w —— w; s wy ——s w'. 0
E E E
Now we state and prove the main result of this paper.

THEOREM 9. Let E and P be as described before, E' # 0. It is decidable
whether E I P.

H ! ’ .
PROOF: w = al'...a’», w' = a;'...a;". We can assume F¥ (a;) = 1 if and

only if j < p, for some p > 0. We need to consider three cases.
(i) All ¢; and ¢; = 0. In this case, P reduces to an identity, and E I P if and
only if w ? w'. By Lemma 8, this is decidable.

(i) Some t; > 0, and some ¢; > 0. In this case, E IF P if and only if
(Pe, T, T3y ..., Tn) | Si, 1 =1,2,...,n, where T; = ¢; —t;, Si = 8 — 8. Be-
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casue there are wy, ..., w, € A, such that

w(ayy .v.y G, W1, ..., wm)%v(al, ceey Gy Wy eeey Wrn)s
the following system with integer unknowns z;; is solvable:
(***) S:+ ZTj:c,',- =0 (mod Dg), i=1,2,...,n;

and this in turn implies (Dg, T1, T2, -.-, Tm) | Si, ¢ = 1,2,...,n. On the other
hand, (Dg, T1, T3, ..., Tm) | Si means (***) is solvable, and if z;5, i < n, j < m,isa
solution, then M Dg +;;, i < n, j < m,is also a solution, for any M > 0. Therefore,
there exist wy, ..., wy € A}, such that

(e)>m (2)>w
()= () =0 tmeare
i=12,...

=1,2,...,n;
where u = u(a1, ..., Gn, W1, «o-, W), v =v(G1, ..., Gy W1, ..., Wr). Let
X=d". . at, Y=qal'. . af
where hj:(tz),sz(;),an. We have
u«%»X«—é—»Y«—;—»v.

(i) All ¢} =0, but some t; > 0. We can assume that all ¢; > 0. In this case, it
is not difficult to see that E I P if and only if

(a) F¥ < FY (thatis F¥(a;) =0 forall j > p);
(b) (tl’t21'-'-atma DE)|s—s’,i<p;
(c) forsome al’...afr € C(w'), there exist z;; > 0, such that s;+ Y tizij =
i=1
so it is also decidable. 1
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