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A DECISION PROBLEM FOR VARIETIES OF
COMMUTATIVE SEMIGROUPS

W.L. CAO

For a first order formula P: Vzi ...Vajn3yi . . . 3 y m ( u ( z i , . . . , xn, j/i, . . . , ym) =
v(zi , . . . , xn, j/i, . . . , J/m)), where u and v are two words on the alphabet
{a:i, . . . , xn, y\, ..., y m }i and a finite set E of semigroup identities with xy = yx
in it, we prove that it is decidable whether P follows from E, that is whether all
the semigroups in the variety defined by E satisfy P.

1. INTRODUCTION

One of the fundamental decision problems in algebra is the so-called word problem:
decide whether a identity P follows from a set E of identities. It has been proved that
the word problems for semigroups and groups are both undecidable, but decidable for
commutative semigroups and commutative groups [1].

Some important semigroup properties cannot be described by semigroup identities,
for example, 5 is

(i) regular;
(ii) simple;

(iii) a group, et cetera.

But they can be described as S satisfies

(i) Vx3y(xyx = x);
(ii) VxVy3u3u(usu = y);

(iii) Va;Vy3z(zz = y) A VxVy3z(zx = y), et cetera.

In this paper, we consider the following decision problem for semigroups: decide
whether P follows from a set E of semigroup identities, where P is the first order
formula

Vxi...Vxn3yi...3ym(u(x1, . . . , x n , y u ..., y m ) = v(xt, ...,xn,yi, ...,ym))

and u, v are two words on the alphabet {zi, . . . , xn, j/i, . . . , ym}. Notice P will
reduce to an identity if the existential variables yj do not appear in P.
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We say a semigroup S satisfies P if for any si, ..., an in S, there are ti>i, . . . , wm

in S, such that

.., sn,wi, ..., wn) = v(ai, ..., an,v>i, ..., wm)

holds in S.

We say P follows from E, written as E Ih P, if whenever a semigroup S satisfies

every identity in E, S satisfies P also, that is all semigroups in the variety [E] defined

by E satisfy P.

For any set E, let E + and E* denote, respectively, the free semigroup and free

monoid generated by E . For a word v> £ E* and a letter a € E, (™) denotes the

number of times the letter a appears in w.

We regard a semigroup identity u = v as a pair of words («, v) £ V + x V+ , where

V is a countably infinite set of variables.

Let A = {oi, o2, . . . , o n , . . . } , and An = {oi, o2, . . . , o n } , n ^ 1. We define the
following binary relations on A%:

(i) v>Pnw'i ^ f° r some homomorphism tp: F + —» A+, and u = v in E,
<p(u)=w, <p(y) =w';

(ii) w <-> w' , if for some u,v ,x ,y € AJ ,̂ w = xuy, w' = xvy, and up^v or

(iii) w *-—* w', if w = w' or for some z\, z2, . •., Zk G A j , to = z\, w' = zu,
E

Zi <-• zi+1, i < k - 1.

So < * * is the congruence generated by p^, and A*/ <—> is the relatively free semi-
B E

group in [E] over the set {[aj] | 1 ^ t < n } , where [at] = {w € A+ | a< <-̂ -> «;}. P
E

follows from E if and only if there are vj\, v>2, • • •, tvm £ A*, such that

u ( o i , . . . , an, wlt . . . , wm) *-?-* v(ai, ..., an, wi, ...,wm).

E
2. THE RESULTS

From now on, we assume that xy = yx is in E, that is [E] is a variety of commu-

tative semigroups.

Let E' = {u = v e E\ (1) ^ (I) for some x € V} . Without loss of generality, we

assume

E = E' U {xy = yx},

E' = {*«»*?» ...x™ = z&xf* ...x*> | i = 1, 2 I}, (if E'? 0)
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u(xu . . . , * „ , yi,...,ym

»' «' i' * '

v ( x i , . . . , xn,yx, . . . , y m ) = z 1
l . . . X n " ^ 1 . . . i / ^ 1 .

LEMMA 1 . If E' = 0, then it is decidabie whether E II- P .
n s . .

PROOF: 25 Ih P if and only if there are to,- = [ ] <*»'' e -̂ n" > i ^ m> 8UC^ t*la t

u(ai , . . . , on , wi, . . . , w m ) *-rr* u (o i . •••» On. wi» • • •, u>m) • But E' = Q implies that

for any words to,u;' e .4+, w *-?-* w' if and only if (" ) = (" . ) , for all a< € An. So

J5 Ih P if and only if the following linear system with integer unknowns Xij is solvable:

(*)

TjXii =SU i = 1, 2, . . . , n;

,-7- ^ 0 , i = 1, 2, . . . , n, j = 1, 2, . . . , m'

where T,- = ij - 1 ^ , 5j = sj = s<. Without loss of generality, we assume that all Tj ^ 0
(because we can delete yj from P, if Tj =0) .

Case (i). There are some Ta, Tp, 1 ^ a, @ ^ m, Ta > 0, Tp < 0. In this case
(*) is solvable if and only if (Ti, T2, ..., Tm) \ Sit 1 < i < n. Clearly, (*) is solvable
implies (Tj, r2 , . . . , Tm) | S<, 1 < i < n. On the other hand, if (Tj, T2) . . . , Tm) \ Si,
then there are integers OHJ, ̂ TjOiij = Si. Let us assume that T\ > 0, Tm < 0. Take
Pii = -TmNij + atj, 1 < j ^ m - 1, 7 i = aim + £ JV -̂T,-. We have

and if N{j are sufficiently large (in particular, Na), we have 0ij > 0, £

then we have 7< = (Si - £ TjPij)/Tm > 0.

Case (ii). Tj > 0, j = 1, 2, . . . , m. (The case of Tj < 0 can be treated similarily.)
In this case, any Si < 0 implies (*) is unsolvable. If Si ^ 0 for all i = 1, 2, . . . , n,
any solution of (*) will satisfy 0 ^ Xij ^ Si, so it is decidabie whether or not (*) has
solutions. D

From now on, we assume that E' ^ 0. Define

QE = min{9 > 0 | (of, a\+q) or (a?+«, a«) G pf for some p > 0},

and

DE = {gn, . . . . 01*. gn, •••, 02*. ••-, ffii, . . . . 9Lk),

that is I?E is the greatest common divisor of gij, where gij = pij — p'^, 1 ^ * ̂  L,
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LEMMA 2 . For any tu,tt>' G A+, w <-̂ -» w' implies (") - ( " ) = 0 mod DE,

1 < * ^ n .

PROOF: It is enough to prove that (™) - ("') = 0 mod DE, 1 ^ t ^ n, for all

( « , w ' ) G , * . Let f = geE',f = x ? " . . . a t f 4 , * = z ? ' 1 . . . ^ ' k . T h e n **: V+ -» i l+
is a homomorphism, y?(/) = to, <p(g) = w', and (*"'/'') = o y , j = 1, 2, . . . , As. We
have

D
LEMMA 3 . £ Ih x ^ = X<3B+DB .

P R O O F : Let DE = T,^ii9ij and M = max{l, 1 - /Sy (1 < * ^ L, 1 < j ^ fc)}.
We have

Because M ^ 1, M + /?;,- ^ 1, for any sufficiently large number N,

because we can find an implication chain corresponding to equation (*). Assume

1 B 1 E 1 E 1

D
For convenience, we write w\ <^ V)2 if for some (IO, w') or («>', u;) € p B , ("*) —

C;) = (-•) - ( i )» i = 1,2, . . . ,», and ftj) # ( ^ ) for some a< G ̂ n . Note W l « w2

implies w\ *—> v>2. On the other hand, W\ «—> ti>2 implies either

(ii) for some z\, z2, . . . , z, G A+, wx = zx, w2 = z,, z* <$ zi+x, i ^ s - 1.

Now, let N = max{Jfc, QE}. For a word a j l a*3 ... a*n G 4 + , construct sets Bi(w),

d(w), and functions F-": An —» {0, 1} iteratively.

(i) Construct

f 1, if ib ^ N

(_ 0, otherwise;

C7o(t») = {a?1 a?' . . . a j - | Pj = min{fc;-, JV}, j ^ n} .
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(ii) For any t > 0, construct

B^w) = {a?1 a^2 ... < " | a?1 a?2 ... a?" <& w\ for some

w' G Ci-i{w)},

{ 1, if i 7^ i ( o i ) = 1 or m j - ^ JV for some

0, otherwise;

C<(u>) = {of1 a? ... o£" | for some a™1 a£*J . . . <C» G

p,- = min{JV, mj}, j < n}

U { a f afJ . . . a?" | for some a™1 o™J . . . < C

LEMMA 4 . The following statements are true:

(i) Ctfto) C CkM(«,),!> 0;
(ii) Ctfu;) C {a^11 a ^ . . . a™» | m,- < JV, i = 1, 2, . . . , n } ;

(iii) Ci(ty) = Ci+1{w) implies C,(io) = d+v{w) and i ^ j = F^, , , for any

p>0.

PROOF: Self-evident. D

Let i be the number such that Ci(w) — Ci+i{w), define

C(w) = {oT11 a^J . . . a^n | for some a?1 o«J . . . a '" G Ci(w),

LEMMA 5 . For any i ^ 0

(i) Fj"(aj) = 1 implies w «-̂ -> lyo- E ;

(ii) for any of1 a " . . . a£ n G Ci(w), there is a\lal2 ...a*n G A+, wAere g* =

Pk it F-°(ait) = 0, otherwise qt ^ iV, A: = 1,2, . . . , n , and to <-̂ ->

PROOF: We prove this lemma by induction. For t = 0, it is clearly true. Now
assume it is true for i — 1. If Fffaj) = 1 and Fjt^aj) = 1, then w <-̂ -» wa^ B , by in-

ductive assumption. If F^fa) = 1 but F^aj) = 0, then there are a?1 a?2 . . . aj1" G

ft(to), oj»4»...a5- G C i - i H , a r i « C . . . « C ^=> o*» aj» . . . a*-, my ^ JV. By
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inductive assumption, there are of1 Oj . . . a£n G A* , a[l a^ • • • On" *~^ w > fj = /*j >

but /* ^ h.* for all k ^ j . Now we have

- ' — - • ml
r — , U,j U,2

ml mi my + Df. m'
O l a ' a ' aE

E

• wa

am" (where m't = /* - A* + mk)

mi my + Df. m' ,, T ov
a2 ' . . . a,j ' ... an (by Lemma 3)

( m[ mi my rn'\ DE

ax
 xa2 * ...aj> ...an

nyj
B

E

Now take o^1 . . . a^n £ Cf(ti;) if a j l . . . a£" G C,-_i(to), then by the inductive assumption

and since w *—t wa^ B for all j with F™(aj), we know there is oj1 . . . oj1 G i l j , where

qk = pk if ^(ajfe) = 0, and qk > N, if ^ ( o t ) = 0, k = 1, 2, . . . , n, and w <-U

a?1 . . . a*- . If a f . . . aP» $ <7i-i(w), let ami . . . a m " G fl<(ti»), a^1 . . .a*- € C7*_i(w),
a{1 ... a£» € A+, such that

(i) Pi =mj, if *7"(«i) = 0;
(ii) *

(iii) x <-̂ U afl . . .a^", and /,• ^ JV if F^^a,-) = 1, otherwise fj = hjt

j = l , 2 , . . . , n .

Then we have

w ^ a « » . . . « { f (by(iii))

^ a r ' l . . . C » , (by (ii))

where m'j = rtij + (gj — hj). Because w *—* wa^ B where Fj°(a,j) = 1, letting M >

N/DE I we have

w <—> o•l
E

where q, = m) + MDE > N, if i^"(ay) = 1, otherwise q, = mj = my = pj. D

LEMMA 6 . Let w - a\l ... a£n . II there is w' = aj l . . . a»" G A+, such that

w *-^ w' and qj^N, then Fw(aj) = 1.

PROOF: If p, ^ N, then FtB(oy) = FJ"(ay) = 1. Now assume py < JV. If

ru = z0 <t=» 2j •*=*• . . . •<=> z«_i -<=^ zt •<=>• . . . <=>• z» = to',
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where z< = a*1 . . . a£n , t ^ 3, and q{j < N for all t < t - 1, but qtj > N. There

are z\ G Ci(w), z\ = afil . . . a£fn, where p<3- = gi;- if Fffaj) = 0, otherwise py = N,

t ^ * — 1. Imitate z«_i «=}> z t , we have zj_x ̂ => a*1 . . . a£n , where hj = ^ ^ JV. So

) = l . D

LEMMA 7 . Let w = a™1 ... a™" , w' = a?1 . . . a«» . If w «-̂ -» to' , then t iere is

...a£n G C(iu), where pj - q, if Fw(a,j) - 0, otherwise pj = N.

P R O O F : Let

w = z0 <*=> z\ -<=^ . . . <=> zt = w\

where z< = a\%1 . . . o^ , i ^ / . Just as we did in the proof of Lemma 6, take the same
z\ G Ci(w). So there is a\x ... a.%1 G C(w), where pj = N if Fw(aj) = 1, otherwise

DPi = qij =

if

LEMMA 8 . Let w = a™1 ... a™n ,w' = a\1... a«» . T i e n w <-̂ -> w', if a n d only
E

(i) m^ — qt = 0 (mod .£>£;), i < n;
(ii) f11" = W ;

(iii) C7(n;)nC(w;')^0.

PROOF: Clearly, w *-?-* w' implies the conditions (i), (ii), and (iii), by Lemma 2,
E

5, 6, 7. Now assume that (i), (ii) and (iii) are true. For convenience, we assume that

Fw(aj) = 1 for all j < d, Fw(aj) = 0 for all j > d, where d > 0. (ii) and (iii) imply

that there are wx = a(> . . . af
d" 0%$ . . .og» , «;, = o*1 . . . a*-a||*!ix . . . < » G A+, /,-,

hj ^ N, and u; «-̂ -» u>i, u>' < - ^ TI>W. For any j ^ d, fj-hj — (fj - m,-) + (m.j - qj) +
E E

(qj — hj) = 0 (mod DE), by (i) and Lemma 2, and therefore a? *—* CLj3 , by Lemma

3. Hence w *—> wi <-̂ -> w2 «-̂ -» to'. D
B JS JS

Now we state and prove the main result of this paper.
THEOREM 9 . Let E and P be as described before, E' ^ 0. It is dedd&ble

whether E\\- P.

PROOF: W — a*1 . . . < " , w' = a*1 . . . a ^ n . We can assume Fw'(aj) = 1 if and

only if j ^ p, for some p ^ 0. We need to consider three cases.

(i) All tj and t'j = 0 . In this case, P reduces to an identity, and E Ih P if and

only if IO <—»ii/. By Lemma 8, this is decidable.

(ii) Some t'j > 0, and some tj > 0. In this case, E Ih P if and only if
(DE, TU T2, . . . , Tm) I Si, i = 1, 2, . . . , n , where T,- = <,- - ^., S< = a,- - * . Be-
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casue there are wi, ..., wm £ A+ , such that

tt(oi, ...,an,wi,..., wm)<-^-> v(a1} ..., an, wi, ..., wm),

the following system with integer unknowns Xij is solvable:

(***) Si

and this in turn implies (DB, Zi, T2, . . . , Tm) | Si, i = 1, 2, . . . , n . On the other
hand, (DB, 2 \ , T2, . . . , Tm) \ Si means (***) is solvable, and if x,-;-, i ^ n , j ^ m, is a
solution, then MDE + X{J , i ^ n, j ^ m, is also a solution, for any M > 0. Therefore,
there exist toi, . . . , wm 6 A* , such that

;)>"• (:>"•

j = 1 , 2 , . . . , n ;

w h e r e w = u ( a i , . . . , a n , T D L . . . , t w m ) , v = v ( a i , . . . , o n , i » i , . . . , t u m ) . L e t

where ^ - Q ) , /,• = (;.) , j ^ n. We have

* XT * If *

u <—> X *—> Y <—> v.
E E E

(iii) All t'j = 0, but some tj > 0. We can assume that all tj > 0. In this case, it
is not difficult to see that E II- P if and only if

(a) F1" < Fw> (that is Fw(aj) = 0 for all j > p);

(b) (< i ,* 2 , . . . , t m , r > B ) | * - « ' , t < p ;

(c) for some oj1 . . . a£n G C'(tu'), there exist x;;- ^ 0, such that «j+ 53 ^i^tj =

fi,i>P + l]

so it is also decidable. U
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