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Abstract

We describe the Galois action on the middle ¢-adic cohomology of smooth, projective fourfolds K 4 (v) that occur
as a fiber of the Albanese morphism on moduli spaces of sheaves on an abelian surface A with Mukai vector v. We
show this action is determined by the action on Hgt(A 7> Q¢ (1)) and on a subgroup G 4 (v) < (A X A)[3], which
depends on v. This generalizes the analysis carried out by Hassett and Tschinkel over C [21]. As a consequence,
over number fields, we give a condition under which K5 (A) and K, (A) are not derived equivalent.

The points of G 4 (v) correspond to involutions of K 4 (v). Over C, they are known to be symplectic and contained
in the kernel of the map Aut(K(v)) — O(HZ(KA(V),Z)). We describe this kernel for all varieties K4(v) of
dimension at least 4.

When K4 (v) is a fourfold over a field of characteristic 0, the fixed-point loci of the involutions contain K3
surfaces whose cycle classes span a large portion of the middle cohomology. We examine the fixed-point locus on
fourfolds K4 (0,1, s) over C where A is (1, 3)-polarized, finding the K3 surface to be elliptically fibered under a
Lagrangian fibration of K4 (0, /, s).

Contents

1 Introduction 2
2 Moduli spaces over arbitrary fields 5
3 Symplectic involutions on K 4 (v) 7

3.1 Automorphisms from translation and tensor . . . . . .. ... ... .o 7

3.2 Involutionsand fixedloci . . . . . . . .. ... . 13
3.3 Symplectic automorphisms and involutions . . . . . . ... ... ... 0oL, 15
4 The middle cohomology of fourfolds K 4 (v) 16
4.1 Results in characteristiczero . . . . . . . . . . ... Lo 16
4.2 Results in positive characteristic via lifting . . . . .. ... ... ... ... .. 18
5 Relation to derived equivalences 19
5.1 Compatibility with the Rouquier isomorphism . . . . . ... .. ... ... ...... 20
5.2 Derived equivalence of fourfolds of Kummertype . . . .. ... ... ......... 21
6 A (1,3)-polarized example: Lagrangian fibrations 23
6.1 Fix(¢") for Ko(A) .« o v v e e e e e 24
6.2 Stable sheaves and compactifications of the Jacobian . . . . . ... ... ... .... 24

© The Author(s), 2023. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the Creative
Commons Attribution licence (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in
any medium, provided the original work is properly cited.

https://doi.org/10.1017/fms.2023.37 Published online by Cambridge University Press


doi:10.1017/fms.2023.37
https://orcid.org/0000-0001-8879-7891
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/fms.2023.37&domain=pdf
https://doi.org/10.1017/fms.2023.37

2 S. Frei and K. Honigs

6.3 The Lagrangian fibration of K4(0,7,5) . . . . . . . . . . o i 25
6.4 The Lagrangian fibration restricted to Fix(¢*) . . . . .. ... ... . .. ... .... 26
7 A (1,3)-polarized example: Singular fibers of an elliptic K3 28
8 A (1,3)-polarized example: Isolated points 32
8.1 Geometry of A[2] . . . . . . i e e e e e e e e e 32
8.2 The fiber of Fix(¢*) over PVhyp . . v o v o oo 33
8.3 The fibers of Fix(¢*) over PVey . . . v o o o o o e e e e e e e 33

1. Introduction

Given a polarized abelian surface (A, H) defined over an arbitrary field k, we may study moduli spaces
of geometrically H-stable sheaves on A with a fixed Mukai vector v = (r, [, s); that is, fixed rank, Néron-
Severi class of the determinental line bundle and Euler characteristic. Under mild conditions on the
Mukai vector, the moduli spaces M4 (v) are smooth and projective. Their Albanese varieties are A x A,
and we denote a fiber of the Albanese morphism by K4 (v).

If defined over C, the variety K4 (v) is a hyperkihler variety of dimension v> — 2 and is deformation
equivalent to the generalized Kummer variety K,,(A) = K4(1,0,-n — 1), where n := "2—2 — 1, which is
given by the fiber over 0 of the summation map acting on the Hilbert scheme of length-(n + 1) points on
A. Following Fu and Li [17], who study these varieties over other fields, we call the K4 (v) symplectic
varieties (see Proposition 2.5). There are four known deformation types of hyperkihler varieties: K3["1-
type, Kummer type (or Kum,,-type) and the two sporadic examples of O’Grady [49, 50]. The varieties
K4 (v) are of Kummer n-type. It has been shown [41, Prop. 2.4] that under a lattice-theoretic condition,
if n + 1 is a prime power, any hyperkihler of Kummer n-type is the fiber of the Albanese map of a
moduli space of stable objects on an abelian surface A. So varieties K4(v) do not exhaust the class but
are, at this point, the best understood.

In [21], Hassett and Tschinkel analyze the cohomology of complex generalized Kummer fourfolds
K>(A). They show that H*(K,(A), Q) is generated by H*(K»(A), Q) and an 81-dimensional vector space
spanned by the cycle classes of 81 distinct K3 surfaces in K;(A). These surfaces are each contained
in the fixed locus of a symplectic involution of the form ¢;¢*, where ¢ is multiplication by —1 on A,
and ¢, is translation by a point of the three-torsion A[3] of A. Hassett and Tschinkel use deformation
theory to show that the middle cohomology for any hyperkéhler variety X of Kum,-type has a similar
decomposition. The cohomology of Kummer-type hyperkihler varieties is also studied in [19].

In this paper, we extend these results by characterizing the Galois action on the £-adic étale cohomol-
ogy of fourfolds K4 (v) over nonclosed fields. As one might expect from the results of Hassett—Tschinkel,
there is an 81-dimensional subspace of Hgt(Kg(A),;, Q¢(2)) whose Galois action is determined by the
structure of A[3]. However, deformation-theoretic tools are too coarse to keep track of how the Galois
action changes for other fourfolds K4 (v), which we find depends on v:

Theorem 1.1 (Theorem 4.4, Proposition 4.6). Suppose Ka(v) is a smooth, projective variety over
an arbitrary field k. Then, there is a subgroup Ga,(v) < (Ag x Ap)[3] and a Galois equivariant
isomorphism

HY (Ka(v);, Qe(2)) = Sym? HZ,(Ka(v)g, Qe (1) &V,

where V is the 80-dimensional subrepresentation of the permutation representation Q¢[G a; (v)] such
that

Qe[Ga ()] =VeQy,

and the trivial representation Q¢ is the span of (0,0) € G a(v). The Galois action on the group ring
Q¢[G a; (v)] is induced by the action on G o (V).
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By a generalization of the work of Yoshioka [56], this means the Galois action on the middle
cohomology is determined by the action on Hgt(A,;, Q¢ (1)) and the action on the subgroup G4, (v),
which is the kernel of the isogeny ¢: A X A— AxXA given by (x,y) — (dar (¥) —sx, dr(x) +ry) (See
Section 3.1). This stands in surprising contrast to the case of moduli spaces of sheaves on K3 surfaces —
symplectic varieties of K3!"I-type — where the cohomology representations depend only on that of the
K3 surface [15, Thm. 2].

As a consequence, by studying the even cohomology of K, (A) for A defined over a number field, we
are able to show the following result on derived equivalence:

Corollary 1.2 (Corollary 5.8). Let A be an abelian surface over a number field k for which the permu-
tation representations associated to Ag (3] and A [3] are not isomorphic. Then, K>(A) and K, (A) are
not derived equivalent over k.

In forthcoming work [16] on Galois actions on torsion subgroups of abelian surfaces, examples of
such abelian surfaces are constructed. Intriguingly, this corollary shows that if K»(A) and K, (A) are
derived equivalent after base change to C, then the kernel of the Fourier—Mukai transform cannot be
given by naturally associated bundles that would descend to the field of definition for A. Corollary 1.2
complements the recent work of Magni [37], which provides a sufficient condition for the existence of
such equivalences over algebraically closed fields of characteristic zero.

The cohomology group V in Theorem 1.1 is generated by K3 surfaces contained in the fixed-point
loci of symplectic involutions on K4(v). We give a case-by-case explicit description of G 4(v), and
hence, an explicit description of these symplectic involutions, which dictate the Galois action on V.

By work of Boissiere—Nieper-Wisskirchen—Sarti in [8], Hassett—Tschinkel in [21] and Kapfer—Menet
n [31], for any hyperkéhler variety X over C of Kum,,_;-type, the kernel

ker(Aut(X) — O(H?*(X,Z))) = Z/2Z = (Z/nZ)*
consists of symplectic automorphisms of X; when dim X = 4, the kernel contains all of the symplectic

involutions of X. We give an explicit description of this kernel for hyperkihler varieties K4 (v) of any
dimension at least 4 over C.

Theorem 1.3 (Theorem 3.15). Suppose K 4(v) is a smooth, projective variety over k = C. Then,
ker(Aut(K4(v)) — O(H*(Ka(v),2)))
consists of automorphisms of the following two forms:
Ly®t, and K(xy) =Ly ®1K,

where k = * if Ko(v) is an Albanese fiber over symmetric line bundles, and otherwise k is a composition
of t* with a translation. The k) are symplectic involutions of Ka(v), and when dim K4 (v) = 4, these
are all of the symplectic involutions.

In the complex case, the group G 4(v) also appears in [38] as I',. Markman defines I, as the kernel
of the map ¢ above as well as in terms of Clifford algebras (§10.1, Remark 4.3 op.cit.). The result [38,
Lemma 10.1] and its proof show I', embeds into the monodromy group of K4(v), acts trivially on
H?(K4(v),Z) and H*(K4(v),Z), and that M4 (v) is isomorphic to a quotient of A X A x K4(v) by an
action of I',,. Thus, the fact that the automorphisms Ly, ® #} are symplectic is not new, but we provide a

proof to make our study of this family self-contained.
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Beyond their analysis of the middle cohomology for K (A), Hassett and Tschinkel explicitly describe
the fixed-point loci of the symplectic involutions. They show that the locus fixed by the standard
involution contains the Kummer K3 surface

{(a1,az,a3) | a1 =0,a; = —asz, ay # 0},

as well as a unique isolated point supported at the identity element 0. Tar{ in [54] finishes the description
by showing there are 35 more isolated points, which are tuples of two-torsion points of A. The deformation
invariance of the symplectic involutions implies that the fixed locus of any ¢, yy in K4(v) also consists
of a K3 surface and 36 isolated points [31, Thm. 7.5].

Motivated by these results, we seek a similar description of the fixed-point loci in fourfolds K4 (0, /, s),
whose general member is a degree s + 3 line bundle on a genus 4 curve in the linear system |L| with
¢1(L) = I. These moduli spaces admit a Lagrangian fibration, which aids in our study. We give the
following description:

Theorem 1.4 (Theorem 7.2). The K3 surface in the fixed-point locus of * acting on Ka(0,1,s) is
elliptically fibered with four singular fibers of type I and 10 singular fibers of type I.

The singular fibers in this elliptic fibration agree with a natural elliptic fibration on the Kummer K3
surface Kj(A) when A is (1, 3)-polarized — a necessary condition for K4(0,/, s) to be a fourfold. The
K3 surface appears to be closely connected to the relative Jacobian of K;(A) — P'.

We also describe the isolated points in the fixed-point locus using the Abel map for the curves in |L]|.

Outline

In Section 2, we provide a brief introduction to moduli spaces of sheaves, and Kummer-type varieties
arising from them, over arbitrary fields. In Section 3, we identify which automorphisms of M4 (v) given
by translation and tensoring by a degree 0 line bundle restrict to automorphisms of K4 (v), and then show
how these give rise to the description of the symplectic automorphisms discussed in Theorem 1.3. We
also begin the analysis of the fixed-point loci for the symplectic involutions. In Section 4, we study the
middle cohomology of fourfolds K4 (v), proving Theorem 1.1. In Section 5, we compare our results to
questions about derived equivalences between abelian surfaces and their generalized Kummer fourfolds.
Namely, we give criteria in Section 5.1 for when a derived equivalence between abelian surfaces A and
B induces an isomorphism between G 4(v) and G g(v), and we prove Corollary 1.2 in Section 5.2.

The second half of the paper is dedicated to studying the fixed-point locus of ¢* for fourfolds
K(0,1, s) over C, including the proof of Theorem 1.4. In Section 6, we study the general geometry of
K (0,1, s) and the fixed-point locus, and then focus on the elliptic fibers of the K3 surface in Section 7.
In Section 8, we describe the isolated points in the fixed-point locus.

Notation

We write the standard involution on an abelian surface A, the morphism multiplying by —1 in the group
law of A, as t: A — A. We write K,,(A) for the generalized Kummer variety of dimension 2n. In
particular, we write K| (A) for the Kummer K3 surface of A.

For a smooth projective variety X over a field k, let X; := X X, k. We denote by H (X3, Z) the £-adic
Mukai lattice of X, which is the direct sum of the even cohomology twisted into weight zero:

=~ dim X 1 .
H(Xp, Ze) = @Dty HE (Xp. Ze(i)).

This lattice is given the usual Mukai pairing. For X = A an abelian surface, (@, 8) = —aoBs4+a282—a40-
We will always assume that our Mukai vectors v satisfy the conditions given in Setting 2.4 unless
indicated otherwise.

Throughout, D (X) denotes the bounded derived category of coherent sheaves on X.
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2. Moduli spaces over arbitrary fields

Let A be an abelian surface defined over an arbitrary field .

Definition 2.1. Let w € Hgt(A @>Z¢(2)) be the numerical equivalence class of a point on Ag. A Mukai
vector on A is an element of

N(A) :=Z®NS(A) & Zo,

where N(A) is a subgroup of H(A %> Z¢) under the natural inclusion.
Given a coherent sheaf F on A, we assign to it a Mukai vector v(F) € N(A) given by its rank, the
Néron-Severi class of its determinantal line bundle and its Euler characteristic. We will write this as

v(F)=(r1y5).

By fixing a Mukai vector v and a polarization H on A, we can construct the moduli space M4 g (v)
parametrizing H-semistable sheaves on A. We use the more compact notation M4 (v). We ask that the
Mukai vector satisfies the following conditions in order to ensure that the moduli space is nicely behaved
(i.e., is a nonempty, smooth, projective variety over k).

Definition 2.2.

(a) A Mukai vector v € N(A) is geometrically primitive if its image under N(A) — N(Ay) is primitive
in the lattice.
(b) A Mukai vector (r, [, s) is positive if one of the following is satisfied:
i r>0
(ii) r =0, lis effective and s # 0
(iii) r=0,/=0and s < 0.
(¢) A polarization H € Pic(A) is v-generic if every H-semistable sheaf with Mukai vector v defined
over k is H-stable.

A polarization is often v-generic if it is not contained in a locally finite union of certain hyperplanes
in NS(Ag)r defined in [28, Def. 4.C.1], but this is not always enough to ensure genericity (see, for
example, [15, Ex. 1.7]).

When v2 = 0 and H is v-generic, Mukai showed that My (v) is an abelian surface [46, Rmk. 5.13].
We focus on the higher-dimensional case.

Proposition 2.3. Let v € N(A) be a geometrically primitive and positive Mukai vector with v > 2, and
let H be a v-generic polarization on A. Then, Ma(v) is a nonempty, smooth, projective, geometrically
irreducible variety of dimension v? +2 over k.

Proof. The projectivity and smoothness are shown in [17, Prop. 6.9], which relies on classic results in
[44] as well as [34] for the construction of moduli spaces of semistable sheaves over arbitrary fields.
Geometric irreducibility of M4 (v) follows from [29, Thm. 4.1] (note that the authors work over C, but
their proof holds for any algebraically closed field). Finally, the dimension claim follows from [44, Cor.
0.2] once we know M4 (v) is nonempty; nonemptiness is a consequence of [56, Thm. 0.1] along with a
lifting argument as in [17, Prop. 6.9] when the field has positive characteristic. O

Let v := (r, 1, s) be a Mukai vector as in Proposition 2.3 and let
®p: D(A) — D(A)

denote the Fourier—Mukai transform on A, which has kernel the Poincaré bundle P on A X A.Tn [56, Thm.
4.1], Yoshioka proves over C that the Albanese variety of My (v) is A X A and fixing any Fy € Mg (v),
we define the Albanese morphism as follows:

Ma(v) > Ax A 2.1)
F > (det(F) ® det(Fp)~", det(®p(F)) ® det(Pp(Fp))™")
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This construction also shows that over an arbitrary field k, the following map gives the Albanese torsor
of My (v):

alb: Ma(v) — Picl, x Pic”} (2.2)
F = (det(F), det(®p(F))),

where m is the Néron-Severi class in the Mukai vector ®p(v) := (s, m, r), which is the negative of the
Poincaré dual of [ by [45, Prop. 1.17].

Setting 2.4. Let A be an abelian surface defined overafield k. Letv := (r, [, s) € N(A) be a geometrically
primitive and positive Mukai vector with v > 6 and char k { ~-. Let H be a v-generic polarization on
A. Fix (L, M) a pair of line bundles in Pic/(A) x Pic™(A). Let K o(v) be the fiber of alb over (L, M).

Over C, [56, Thm. 0.2] shows that K 4 (v) is a hyperhihler variety, and the following result generalizes
this to other fields.

Proposition 2.5 [56, Thm. 0.2], [17, Prop. 6.9]. Suppose we have data as in Setting 2.4. Then, K o(v)
is a smooth, projective symplectic variety of dimension v> — 2 and is deformation equivalent to the
generalized Kummer variety K ,2_5) > (A).

For K4(v) over a field of characteristic zero, which we may assume is a subfield of C, K4 (v)c is a
hyperkihler variety. In positive characteristic, Fu and Li [17, Def. 3.1] define a symplectic variety X to
be a smooth connected variety, where ﬂ?(X ) = 0 and X admits a nowhere degenerate closed algebraic
2-form.

We are interested in symplectic involutions on K4 (v). We will show in Theorem 3.15 that these all
involve the induced action of the standard involution ¢ on A. Pullback ¢* sends degree O line bundles
on A to their inverses. For any line bundle £ € Pic(A), the multiplication by » map has the property
that [n]*L = £ ® M for some M € Pic’(A). Thus, £ and * £ differ by a degree 0 line bundle, so are
always in the same Néron-Severi class.

In order for ¢* to give a well-defined morphism on K4(v), K4(v) must be a fiber of the Albanese
morphism over a pair of symmetric line bundles L and M, which we prefer to do when possible for
notational simplicity. In the case of generalized Kummer varieties K,,_1 (A) or varieties K4(v) whose
Mukai vector has trivial Néron-Severi class, it is always possible to choose the fiber over the structure
sheaves of A and A. For other choices of Mukai vector, we show in Lemma 2.6 below that over an
algebraically closed field, we may always choose such a pair of symmetric line bundles.

Lemma 2.6. Let A be an abelian variety over an algebraically closed field k. Then, any class in NS(A)
has a symmetric representative. Moreover, there is a short exact sequence of the following form, where
PicY™(A) is the subgroup of all symmetric line bundles:

0 — Pic’(A)[2] — PicY™(A) — NS(A) — 0.
Proof. The action of ¢* on the following short exact sequence
0 — Pic’(A) — Pic(A) — NS(A) — 0
gives rise to the long exact sequence
0 — Pic(A4)[2] — Pic(A)¥™ — NS(A) —» H'(2/2Z,Pic®(A)) — -,

where NS*Y™(A) = NS(A) since, for any line bundle £, ¢* L is in the same Néron-Severi class as £. The
group H'(Z/2Z, Pic’(A)) is trivial since crossed homomorphisms correspond to elements in Pic®(A)
and principal crossed homomorphisms correspond to choices of element in Pic’(A) that have a square
root, which is all of them, since we are working over an algebraically closed field. O
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The proof above requires the field k to be algebraically closed, but we will often work over a
nonclosed field. In that case, the existence of a symmetric line bundle in a given Néron-Severi class
is not guaranteed. Rather than working over a finite extension of the ground field in order to acquire
a symmetric bundle, we will simply alter * by a correction factor to get an associated involution on
K 4(v) (see Construction 3.10).

3. Symplectic involutions on K 4(v)

In [8, Cor. 5(2)], the authors show that, for X = K,,_; (A) over C, the kernel of
v: AutX — O(H*(X,Z))

is isomorphic to Z/2Z = (Z/nZ)*, generated by ¢ and translation by elements of A[n]. In fact, this group
of automorphisms is isomorphic to Z/2Z x (Z/nZ)* for any hyperkihler variety X of Kum,,_;-type,
since it is a deformation invariant [21, Thm. 2.1]. Moreover, when dim X = 4, ker v contains all of the
symplectic involutions [31, Thm. 7.5(i)]. Markman identifies a subgroup I, = (Z/nZ)* of ker v when
X = K4(v) as coming from the kernel of ¢ defined below [38, §10.1]. In this section, we give an explicit
description of ker v for K4 (v); when we are in the more general Setting 2.4 and k is arbitrary; this will
allow us to understand the action of the Galois group on the fixed-point loci of the involutions in ker v.
In Section 3.1, we identify which automorphisms of M4(v) given by translation and tensoring by
a degree O line bundle restrict to automorphisms of K4(v) and show they form a group isomorphic
to (Z/nZ)*. We also identify the group of such automorphisms when v is not primitive. The other
automorphism needed to generate ker v is ¢* when K (v) is the Albanese fiber over symmetric line
bundles; in Section 3.2, we produce an involution « to replace ¢* in the more general setting. We then
study the fixed loci of the compositions of x with the automorphisms produced in Section 3.1. In
Section 3.3, we show that these compositions are symplectic and act trivially on H>(K 4 (v),Z).

3.1. Automorphisms from translation and tensor

In this section, we work with data as in Setting 2.4, with the additional assumption that k is an
algebraically closed field, and we define n := VTZ Because k = k and chark t n, we have Aln] =
(Z/nZ)*.

We recall that given a line bundle £ € Pic(A), ¢ : A — A is defined by ¢ (x) := t*L® L7, where
tx: A — Ais translation by a point x € A. We denote by Ly, € Pic’(A) the line bundle corresponding
to a point y € A. Note that ¢ is dependent only on the Néron-Severi class of £, so we will use the
notation @..

Pullback by the translation map and tensoring by degree O line bundles give automorphisms of
M 4(v), and we are interested in when these automorphisms respect the Albanese morphism. That is, we
identify in Theorem 3.1 below which of the L, ® t}; € Aut M4 (v) restrict to automorphisms of K4 (v).

Theorem 3.1. Let v be a Mukai vector as in Setting 2.4. There are exactly n* elements (x,y) € A x A
Sfor which the automorphism Ly, ® t;, on Ma(v) restricts to an automorphism on K s(v). These elements
form a subgroup

Ga(v) < (AxA)[n],
whose set of k-points is isomorphic to (Z/nZ)*.
The elements of G o(v) are the solutions to the following equations on A and A, where | and m are

the Néron-Severi classes of L and M:

¢1(x) =-ry and ¢,(y) = sx. 3.1
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Equivalently, G 4(v) is the kernel of the following isogeny:

p: AXA—AxA (3.2)
(x,9) 2 (Pm(y) — sx, d1(x) +1Y).

The proof of Theorem 3.1 requires analysis of ¢; and ¢,,. We will crucially need the following lemma.

Lemma 3.2 (Yoshioka [56, Lem. 4.2]).

$pmodr=—x-1la and ¢o¢,=-x-1; ,

lZ

where x := x(L) = (M) = 5 =n+rs.
Additionally, we recall that for any F € D(A),

Op(tiF) = Ly ® ®p(F) and ®p(F®Ly) = £,0p(F).

This follows from [43, (3.1)]. Though the statement is not quite identical to the one we give here, it
immediately follows from biduality of the Poincaré bundle [26, 9.12].

Proof of Theorem 3.1. The main issue in this proof is that maps of the form L, ® £} are not, in general,
well-defined as automorphisms on K4 (v). Given F € K4(v), Ly ® £, F has the same Mukai vector as
F but may not have the same image under the Albanese morphism. For instance, pullback by ¢}, in
general, preserves Néron—Severi classes of line bundles and acts trivially on the structure sheaf, but it
does not act trivially on all line bundles.

We therefore seek the (x,y) € A x A that satisfy the following conditions:

L =det(F) =det(Ly ® ,.F) = Ly ® 1, det(F) = LY @ ;L
M = det(®p(F)) = det(®p(Ly ® 1,.(F))) = det(ty,(L_x ® Pp(F)))
=1,(LE @ det(®p(F))) =15 (LE; @ M) = LE, @ 1, M.
We may rewrite these conditions as the equations (3.1). Equivalently, these (x, y) are the kernel of the
map ¢ in (3.2).

Precomposing the map ¢ with : A x A — A x A, where y/(x,y) = (¢m(y) — rx, ¢1(x) + sy), and
applying Lemma 3.2, we have

pow(x,y)=¢o (¢m(y) —rx,di1(x) +sy)
= (Pm(B1(x) +5Y) = 5(Pm(y) = 1X), $1(Pm (y) = rx) +r(¢1(x) + 5Y))
=(—x-x+rsx,—x-y+rsy)=-n(x,y).

Thus, ¢ o = [—n], so ¢ is surjective and is hence an isogeny. Similarly, i o ¢ = [-n] and G 4(v) <

(Ax A)[n].
We show G4(v) = (Z/nZ)* in Lemma 3.6. This will require an understanding of preimages of
elements under ¢; and ¢,,, which we study in Claims 3.4 and 3.5. O

Remark 3.3. Since the maps ¢; and ¢,, are determined by the Néron—Severi classes of L and M, the
proof of Theorem 3.1 shows that the automorphisms of M4 (v) given by elements of G 4(v) will restrict
to automorphisms of not just one, but any fiber of the Albanese morphism on M4 (v).

Furthermore, for any (x, y) € (A x A)[n], the automorphism L, ® t induces a permutation of the
Albanese fibers and if (x,y) ¢ G 4(v), this permutation does not have any fixed fibers.

If we extend the domain of det X det @ p to elements of D(A) with Mukai vector v (by mapping to
the Grothendieck group before taking determinants), L, ® t; acts on the fibers of this map as well.

Before proving Lemma 3.6, we need results on the kernels of ¢; and ¢,,,:
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Claim 3.4. Let p # chark be a prime and x # 0. Suppose p? is the highest power of p dividing x.
Then, the group of p-power torsion points in Ker ¢; = ker ¢, is

(Z/p™Z)* x (Z/p™Z)?,

where 0 < ny < nyandny +ny = q. If ny > 0, then L and M are p™ -st powers of other line bundles.

If L and M are separable, we may define their polarization type to be the termwise product of pairs
(p™, p™) as p varies over primes dividing y (cf. [6, §2]).

Proof. Since ker ¢; = ker ¢_; and y (L) # 0, we may assume that L is ample. The proof of Riemann—
Roch for abelian varieties in [47, §16] implies that the degree of ¢; is x°. The structure of ker ¢; NA[p9]
is then determined by Lemma 3.2 and the fact that the Weil pairing e” on the p-torsion is skew-symmetric
[47, §20, Thm. 1]. Since ¢,, is the negative of the dual of ¢; [0, §2], the group structure of p-power
torsion points in ker ¢,,, is isomorphic to that in ker ¢;. The last statement is a consequence of [47, §23,
Thm. 3]. O

The images of any two elements of the same order under the compositions ¢; o @,,, or ¢, o ¢; will
have the same order. However, ¢; and ¢, do not respect orders in this way.

Claim 3.5. Let p # chark be a prime dividing y, and assume that | and m are not p-th multiples of
other classes, so ny = 0. Suppose p® | x for some d € N.

(a) Supposeu € A[p?]nker ¢;. Then, the preimage of u in A[ p?] under ¢, is of the form b+ (Z/ p®Z)?
for some b € A[p?].

(b) Supposev € A[p?]nker ¢,,. Then, the preimage of v in A[p?] vader ¢; is of the form a+ (Z] p*Z)*
for some a € A[p?].

Now, suppose p? = y.

(c) Suppose u € A and ¢;(u) has order pc. Then, the preimage of u in A under ¢,, is of the form
b+ (Z/piZ)? for some b € A[p<+a].

(d) Suppose v € A and ¢, (v) has order pc. Then, the preimage of v in A under ¢; is of the form
a + (Z/piZ)? for some b € A[p*4].

Proof. (a) By Lemma 3.2, the composition ¢; o ¢,, is given by multiplication by —y. Thus, ¢,, o ¢; acts
on A[p?] as the zero map, and hence,

im¢m|A[pd] < A[Pd] Nker ¢;.

By Claim 3.4, A[p4] N ker ¢; has p>? elements and ¢,, acting on A[p?] is a p2¢-to-1 map. It follows
by counting that im ¢m|A[pd] = A[p¢] Nker ¢;. By Claim 3.4, the preimage of u is as stated.

Part (b) follows analogously.

(c) By Lemma 3.2, the preimage of ¢;(u) under ¢; o ¢,, consists of elements of order p*4. By
Lemma 3.4, the result follows.

Part (d) follows analogously. O

The following result is proved using a case-by-case argument. The explicit argument given has
the advantage of aiding in the analysis of examples. See [38, Lemma 10.1] for an approach using
deformations over C.

Lemma 3.6. The solutions to the equations (3.1) form a group isomorphic to (Z/nZ)* < (A x A)[n].

Proof. Case 1: y = 0.
Both L and M must have degree 0, so ¢; and ¢,, are both the 0-morphism. The equations (3.1)
simplify to

O0=-ry and O =sx.
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Furthermore, n = —rs. Since v = (r, [, s) is positive and vZ > 4, we must have r > 0 and s < 0. The
solutions consist of all products of |s|-torsion points on A and r-torsion points on A.

The group of solutions is isomorphic to (Z/rZ)* x (Z/|s|Z)*, hence (Z/nZ)*, since in this case,
primitivity of the Mukai vector implies r and s are relatively prime.

Now, let p be a prime divisor of n and p4 be the highest power of p dividing n. We treat the remaining
cases by analyzing solutions in (A x A)[p9]. We may then conclude by using the Sun Zi Remainder
Theorem.

Case 2: y # 0 and at least one of r or s is relatively prime with p.

Suppose r is relatively prime with p. Fix an arbitrary x € A[p9]. The equation ¢;(x) = —ry then has
exactly one solution y because multiplication by —r acts bijectively on A[p?].

Now we check that (x, y) is a solution to (3.1): Applying ¢,,, we have ¢,, o ¢;(x) = —r¢,,(y). Using
Lemma 3.2, we then have —rsx = —r¢,,(y). Since x and y are p?-torsion, multiplication by —r acts
bijectively, implying sx = ¢, (y).

Thus, for each x € A[p?], there is one y € A[p9] so that (x, y) is a solution to (3.1). The projection
map (x, y) > x gives an isomorphism from solutions to (3.1) to A[p9] = (Z/p9Z)*.

If s is relatively prime with p, an analogous argument shows there is exactly one solution (x, y) to
(3.1) for each y € A[p?] and that, again, the group of all solutions is isomorphic to (Z/p9Z)*.

Cases 1 and 2 have covered all cases where r and s are not both divisible by p. Going forward, we
assume p | r and p | s. If char(k) # 0, our assumption in Setting 2.4 that char(k) { n implies in the
following cases that char(k) # p, and so we may apply Claim 3.4. By the primitivity of the Mukai
vector, n; = 0 and n, is equal to the highest power of p dividing y.

Let j be the highest power of p dividing » and k be the highest power of p dividing s. If 7 or s is 0, we
choose the convention that j or & is co.

In each of Cases 3, 4, 5, we handle in stages the situations where g becomes higher and higher relative
toj and k. From now on, we assume j > k. If kK > j, the argument is analogous.

Case 3: x £0,0 < k < jand q < j. We observe that p? is the highest power of p that divides y.
Solutions (x, y) € (A x A)[p4] to the first equation in (3.1) are precisely those where ¢;(x) = 0. By
Claim 3.4, the group of such x is isomorphic to (Z/p9Z)>.
Fix such an x. We observe that sx € A[p9?] and ¢;(sx) = 0. By Claim 3.5(a), the preimage of sx
under ¢,, in A[p4] is of the form b+ (Z/ p9Z)? for some b € A[p4]. Thus, there are p*¢ total solutions.
The projection (x, y) +> x gives a surjective group homomorphism G 4 (v) - (Z/p9Z)?. The kernel
of this map consists of all solutions where x = 0, which by Claim 3.4 is isomorphic to (Z/p9Z)?. Since
Ga(v) < (AxA)[p?] = (Z/p9Z)8, this short exact sequence shows it must be isomorphic to (Z/p9Z)*.

In Cases 4 and 5, we make a reduction argument. We observe that for any (x, y) € G4(v), (sx, sy) €
GA(v) N (A x A)[p?7*]. In each of Cases 4 and 5, we will show that the map

Ga(v) = Ga(v) N (Ax A)[p?F] (3.3)

given by multiplication by s is surjective and p**-to-1. This argument may be repeated to reduce each
case to previous cases.

Case4: y #0,0<k <j<gqgandq < j+k.
We note that p? | y. Since g — k < j, the argument in Case 3 shows that

Ga() N(Ax A)[p™"] = (z/pT*2)*. (34
Let (u,v) € GA(v)N(AxA)[p97F]. We seek (x, y) € G a(v) < (AXA)[p?], where (sx, sy) = (u, v).

First, we search for elements y, where ¢,,(y) = u# and sy = v. Thus, we look at the preimage of u under
¢m and analyze which of those elements give v when multiplied by s.
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Note that ¢;(u) = —rv = 0. Since u is p?~*-torsion, it is also p9-torsion. So by Claim 3.5(a), the
preimage of u under ¢,, in A[p9] is of the form b + (Z/p9Z)?, where b € A[p?]. Multiplying by s
gives a p?*-to-1 map on the following cosets:

b+(Z/piZ)* 5 sb+ (Z/p?*2)2.

We will now show that v is in the image of this map: the preimage of su under ¢,,, in A[p4] is of the form
v+(Z/p9Z)?. The preimage of su under ¢,, that is p?~*-torsion is thus of the form v + (Z/p9~¥Z)? and
has exactly p?(@~%) elements. Now, the elements of sb + (Z/p?~¥Z)? are p4~*-torsion, there are p2(@=%)
of them and their image under ¢,, is su. Thus, these sets are equal, implying v € sb + (Z/p9*Z)>.
Thus, there are p* elements y € A[p?] with the desired properties.

Now we search for elements x, where ¢;(x) = —ry = —%v and sx = u. Note that since j > k,

-4 = % for some c, d relatively prime with p. We may define multiplying by 5 on p-power torsion

points by taking the preimage under multiplication by d since it is a bijection on such points. We examine
the preimage of —%v under ¢; and analyze which of those elements give u when multiplied by s.

Note ¢, (=5v) = —ru = 0. So by Claim 3.5(b), the preimage of —%v under ¢; is of the form
a+ (Z/p9Z)?, where a € A[p?].

Multiplying by s gives a p?*-to-1 map on the following cosets:

a+(Z/p?7)* > sa + (Z)pi*7)2.

We will now show that u is in the image of this map: The preimage of —rv under ¢; in A[p?] is of the
form u+(Z/p?7Z)*. The preimage of —rv under ¢; that is p?~*-torsion is thus of the form u+(Z/p9=*7)?.
The elements of sa + (Z/p97¥Z)? are p?~*-torsion and their image under ¢; is —rv. Thus, these sets
are equal, implying u € sa + (Z/p?*Z). In summary, there are p>* elements x € A[p?], where
¢1(x) = =Lv =—ryand sx = u.

This shows that (3.3) is a surjective p**-to-1 map. Since multiplication by s decreases the order of
the p-power torsion of an element by exactly p¥, by (3.4) we may conclude that G 4(v) = (Z/p?Z)*.

Case 5: y #0,0 < k < j < qand j +k < q. In this case, p/** divides y and no higher powers of p
may divide y.
By the argument in Case 4, we have

Ga(v) N (AxA)[p/**] = (z/p'**2)*. (3.5)

We will first extend our result for solutions of order up to pj+2k. For convenience, define ¢ :=
min{q, j + 2k}.
Let

(u,v) € Ga(v) N ((Ax A)[p"*]\ (A x A)[p/]).
We seek
(x,y) € Ga(v) N (Ax A)[p']

so that (sx, sy) = (u, v). First, we search for elements y, where ¢,,(y) = u and sy = v; thus, we look at
the preimage of u under ¢,, and analyze which of those elements give v when multiplied by s.

If ¢;(u) = 0, then the argument from Case 4 shows that there are p?* elements y € A[p'], where
¢om(y) =uand sy =v.

If ¢;(u) € A[pk] \ {0}, then by Claim 3.5(c), the preimage of u under ¢,, in A[p’] is of the form
b+ (Z/p/**Z7)?, where b € A[p'] \ A[p/*¥].
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Note that ¢;(¢,,, (b)) = —rv and by Lemma 3.2, —rsb = —(n+rs)b = —rv. Multiplication by s gives
a p**-to-1 map on the following cosets:

b+ (Z/p**7)* 5 sb+ (2)pi 7).

We will now show that v is in the image of this map.

The preimage of su under ¢,, in A[p/**] is of the form v + (Z/p/**Z)2. The part of v + (Z/ p/**7Z)?
whose image under multiplication by —r is —rv is of the form v+(Z/ p/Z)?. Since ¢,,, maps sb+(Z/p’ Z)?
to su and multiplying this coset by —r gives —rv, by counting elements, sb + (Z/p’/Z)* = v+ (Z/p’Z)>.
Hence, v € sb + (Z/p’Z)?. Thus, there are p>* elements y € b + (Z/p/**7Z)?, where ¢,,(y) = u and
sy =v.

Now we search for elements x where ¢;(x) = —ry = —%v and sx = u. We examine the preimage of
—%v under ¢; and analyze which of those elements give # when multiplied by s.

If ¢ (=5v) = —ru = 0, we may conclude using the arguments in Case 4. Otherwise, by Claim 3.5(d),
the preimage of —Zv under ¢; in A[p’] is of the form a + (Z/p’**Z)? where a € A[p']\ A[p/**]. Note
that ¢,,(¢;(a)) = —ru and by Lemma 3.2, —rsa = —ru.

Multiplying by s gives a p>*-to-1 map on cosets:

a+ (Z/[Jj+kZ)2 2 sa+ (Z/p’Z7)*.

We will now show that u is in the image of this map. The preimage of —rv under ¢; is of the form
u + (Z/pi**7)*. The part of u + (Z/p/**7Z)* whose image under multiplication by —r is —ru is of the
form u + (Z/p’7Z)?. We have shown that ¢; maps sa + (Z/p’Z)? to —rv and multiplying this coset by
—r gives —ru. By counting elements, we have the set equality sa + (Z/p/Z)? = u + (Z/p’Z)>. Hence,
u € sa+(Z/p’Z)*. Thus, there are p** elements x € a + (Z/p/**Z)?, where ¢;(x) = —Zv and sx = u.
Thus, the following map is surjective and p**-to-1:

Ga(v)N(AxA)[p'] S Gav)n (AxA)[p*]. (3.6)

If g < j + 2k, we may now conclude, in combination with (3.5), that G o(v) = (Z/p9Z)*.

If ¢ > j+ 2k, (3.6) shows that G4(v) N (A x A)[p/*2K] = (Z/p/***Z)*. The above argument
may be repeated for solutions of orders up to p/*>* and then upward inductively to conclude that
Ga(v) = (Z/pi7)*. O

Example 3.7. (a) For K>(A) = K4(1,0,-3), [ and m are the trivial Néron-Severi classes (these are
treated in general by Case 1 of the proof of Lemma 3.6), so ¢;(x) = 0 and ¢,,,(y) = 0. The equations (3.1)
simplify to 0 = —y and 0 = —3x, which recovers the fact that the group of symplectic automorphisms
for K;(A) is generated by ¢ and translation by elements of A[3] [8, Cor. 5(2)].

(b) In Sections 6—8, we consider fourfolds K4(v), where v = (0,1, s) for / primitive and y = 3. If
s = s’ mod 3, then G4(0,1,s) = Ga(0,1,s"), leaving only three possible distinct groups of this form,
which are described by a combination of Cases 2 and 3 of Lemma 3.6. Case 2 shows that G 4 (0, /, 1) and
G A(0,1,2), though in general distinct, each have one element (x, y) € (A x A)[3] for every y € A[3]:
for any y € A[3], there is one x € ker ¢; so that tyM =~ L, ® M. However, we see from Case 3 that
G 4(0,1,0) is the product of ker ¢; and ker ¢,,,.

The assumption in Theorem 3.1 that v is primitive is necessary for G 4 (v) to be isomorphic to (Z/nZ)*.
In the case where v = 2vq for v a primitive Mukai vector with v% = 2, which is used to construct
O’Grady sixfolds, the solutions to the equations (3.1) are precisely of the form (A X A)[2] = (2/22)8,
as is shown in [42, Lem. 5.1]. We generalize this result by extending Theorem 3.1 to find all solutions
to (3.1) for any Mukai vector.

In the following result, we alter our hypotheses by naming the primitive vector of Setting 2.4 vy and
considering a multiple of vq.
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Corollary 3.8. Let v = (r,1,s) be a Mukai vector on an abelian surface A so that v = dvg, where
2
vo = (ro, lo, S0) is primitive and n := VTO

Then, the group G 4(v) of solutions (x,y) € A X A to the following equations
¢i(x) =-ry and ¢u(y)=sx (3.7)

is isomorphic to (Z/dnZ)* x (Z/dZ)*.

Proof. Let m and mg be the respective Néron-Severi classes determined by ®p. We see from the
definition of ¢; that ¢; = d - ¢, and likewise, ¢,,, = d - ¢y, : if we choose (Lo, Mp) € Picl (A) xPic™ (A)
and L := Lgbd, M = Mgz’d, then for any x € A, we have

¢1(x) =L L™ =1L @ (L)™' = (1iLo ® Ly")®! = d - ¢y (x).
Since ¢;, and ¢,,, are group homomorphisms, we have, for any (x,y) € A x A,
¢1(x) = ¢1,(dx) and G (y) = Py (dy).
Thus, a pair (x,y) € A X A is a solution to (3.7) if and only if
b1, (dx) = —rody and @ (dy) = sodx,

or equivalently, (dx, dy) solves the equations (3.1) given by vy. By Theorem 3.1, the set of solutions to
the equations (3.1) given by vq is isomorphic to (Z/nZ)* = G s(vo). We may conclude by observing
that the set of solutions to (3.7) is given by exactly the elements of A X A that are in G 4 (vo) after being
multiplied by d. O

3.2. Involutions and fixed loci

Let A be an abelian surface over an arbitrary field k. If K4(v) is a fiber over symmetric line bundles,
then ¢* gives an involution of K (v). However, if symmetric bundles do not exist in the appropriate
Néron-Severi classes over k, we show here how to define an involution « to replace ¢*. For the remainder
of the section, we fix a set of data as in Setting 2.4 and hence, fix a variety K4(v) over k.

We first give a lemma that will allow us to construct the involution «.

Lemma 3.9. Suppose we have an additional choice of line bundles L’ € Pic'(A), M’ € Pic"(A) over k.
Let Ko(v) := alb™ (L’, M"). Then, there is an element (a, b) € (A x A)(k) so that L, ® £ Ka(v) —

Ka(v) is an isomorphism over k. It is unique up to composition with elements in G o(v) (k).

Proof. Recall that for any (x, y) € A X A, applying Ly, ®1} to an element F € K4(v), we have
det(Ly ® 13 F) =LY ® 1L, and det(®p(Ly ® 1;.F)) = LE @ 1, M.

We also recall that the morphism ¢: A x A — A x A from (3.2) is an isogeny defined over k and sends
sends (x,y) to

(MM ' @LE, iLa L™ @ LY).

The element (a, b) desired is precisely a preimage of (L’ ® L™', M’ @ M~') € (A x A)(k) under ¢.
Finally, L, ® t}, : Ka(v) — Ka(v)’ is an isomorphism since it has an inverse L_;, ® t* . O
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Construction 3.10. Applying ¢* gives an isomorphism from K 4 (v) to alb™! (:*L, ¢*M). By Lemma 3.9,
there is an (a, b) € (A x A)(k) such that L;, ® ¢ maps isomorphically from alb™' (:*L, :* M) back to
Ka(v). So we have the following automorphism defined over k:

k: Ka(v) = Ka(v)
Fio Lyt

Remark 3.11. We note that « is an involution. More generally, for any (c,d) € A x A, the morphism
Ly ® t7.0* (which in general is an automorphism of M (v) but perhaps not of K(v)) is an involution on
M4 (v). Indeed, (1o t.)? =id on A and Ly is degree 0 and hence, fixed under pullback by translation;
thus, for any F € M4(v), we have:

(Lag®t:") o (Lg®t")(F)=La®tit" Ly @10 t0" (F)

c

=Ly®6L}' @ F=L,®L)' ® F=F.
The following are thus involutions of K4 (v), where (x,y) € G4(v)(k):
K(x,y) =Ly ® 13K.

Under the simplifying assumption that L and M are symmetric, we may instead denote these involu-
tions as

L(x,y) = Ly ® l‘it*.

Lemma 3.12. Let n := V; be odd. Assume k = k and that L and M are symmetric, so ¢* is an involution
on Ko(v). Then, Fix(t(x,y)) is a translation of Fix(1(0,0)); that is, there exists (u, w) € G o(v) so that

FiX(L(X,y)) =L, ® t; (FiX(L(O’O))).
More generally, without the assumption that L and M are symmetric, there exists (u, w) € G o(v) so that
FiX(K(x,y)) =L, ® [; (FiX(K(O’()))).

Proof. Let F € K4(v) be in the fixed locus of ¢*. Pick (u,w) € G4(v) so that 2w = y and 2u = x,
which is possible since n is odd. For instance, when VTZ =3, Ka(v) is a fourfold and the elements of
G A(v) are all three-torsion, so we may choose (—x, —y).

Then, L,, ® t;,F must be fixed by the involution

Ly®t,"(L,, ®1",) = Loy, ®1;,1".
The other direction of the containment is similar, as is the case with ¢* replaced by «. O

Proposition 3.13. Let n := "2—2 be odd, assume k = k and let L' € Pic'(A) and M’ € Pic™(A) be
symmetric line bundles (cf. Lemma 2.6). Fix an involution k as in Construction 3.10 on KA (v). Then,
the fixed locus of k in K s(v) is isomorphic to the fixed locus of t* = 19 0) in Ka(v)’.

Proof. By Lemma 3.9, there is an (x, y) € A X A so that Ly ®t; gives an isomorphism from K4 (v) to
Ka(v)’. The composition

(Loy®1%) 0t o (Ly ®1})

may be rearranged to Ly, ® t*, (", where L, ® t*, gives an isomorphism from alb™' (*L, " M) to
KA (v). Thus, by the uniqueness statement of Lemma 3.9, there is an element (u#, w) € G o(v) for which
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Ly ®1t,0L 5, ®1", isequaltothe map Lj, ® 7, in the definition of «. Then, L_, ® 1~ , Fix(¢") is equal
to Fix (k(—u,-w)), which is isomorphic to Fix(«) by Lemma 3.12. O

Finally, we give the following general result on the action of the Galois group on the geometric fixed
loci.

Proposition 3.14. Let k be an arbitrary field. For (x,y) € Ga.(v), the action of o € Gal(k/k) sends

the fixed locus of K (x,y) in Ka(v)g to the fixed locus of K (g1, g-1y)-

Proof. Suppose F is fixed by «(x,y). We use the equality #, o 0 = 0 o ¢,-1,, and the observation that o
commutes with ¢ and, moreover, «, since « is defined over the ground field k, to simplify the following
equation:

o' F =0 (Ly®t,kF) =0"'Ly @ ' tykF = 0'Ly®1t | k(" F).

—1y

Then, we have 0*Ly = L -1, which we may verify using ®p: D(A) — D(A):

@p(Log1y®0"Ly) =1 0" k(-y)[—g] = o™t k(-y)[—¢]
= 0"k(04)[-g] = k(04)[-¢]. o

3.3. Symplectic automorphisms and involutions

Let A be an abelian surface over C. In the following lemma, we give a generalization of [8, Cor. 5(2)]
to hyperkéhler varieties K4(v) over C.

Theorem 3.15. Suppose we are in Setting 2.4 and we fix an involution k as in Construction 3.10. Then,
the kernel of

v: Aut(K4(v)) = O(H*(Ka(v),2)) (3.8)

consists of automorphisms of the form Ly ® ty and of the form k(x y) := L, ® tik for (x,y) € G4(v).
Thus, for any (x,y) € Ga(v), the automorphism Ly ® ty is symplectic. The k(4 y) are symplectic
involutions of K o(v), and when dim K4 (v) = 4, these are all of the symplectic involutions.

Remark 3.16. While « is not unique, by Lemma 3.9, the collection of elements in ker v is independent
of the choice made in Construction 3.10.

Proof. Elements of (x,y) € A X A act on M (v) via L, ® t;. Abelian varieties are path-connected, so
the action of any element in A X A is homotopic to the identity, which implies the induced action on
H*(M4(v),Z) is trivial. If (x, y) € G 4(v), then Theorem 3.1 shows that the action of L, ® t;, restricts
to K4(v). By [56, Thm. 0.2(2)], the restriction map H>(M4(v),Z) — H*(K4(v),Z) is a surjection.
Therefore, L, ® t% acts trivially on H?(Ka(v),Z) as well.

By [56, Thm. 0.2(2)], there is an isomorphism

H*(Ka(v),Z) =7,

where vt c H®V¢"(A,Z) is the orthogonal complement to v under the Mukai pairing. Since ¢* acts by
—1on H'(A,Z), it acts trivially on H®V¢"(A, Z).

If we assume L and M are symmetric, ¢* is an automorphism of K 4 (v) and therefore must act trivially
on H>(K4(v),Z). If L and M are not both symmetric, since we are working over an algebraically closed
field, we observe that « is a composition of translation to an Albanese fiber over symmetric bundles,
application of ¢* on that fiber and translation back (cf. proof of Proposition 3.13). Thus, « will act
trivially on H2(K4(v),Z) as well.
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By the discussion above, ker v contains 2n* elements, so by Theorem 3.1, we have identified all of
them. The automorphisms in this kernel are clearly symplectic as the symplectic form generates part of
H*(K4(v),C).

For any nontrivial choice of (x,y) € G4(v), L, ® t} is not an involution, but by Section 3.2, k(xy)
is an involution on K4 (v).

Finally, suppose dim K4 (v) = 4. By [31, Thm. 7.5(i)], all of the symplectic involutions of K4 (v) act
trivially on H>(K4(v),Z). O

4. The middle cohomology of fourfolds K 4(v)

In this section, we work with data as in Setting 2.4 with the additional assumption that v> = 6, so
Ka(v) is a fourfold. We will prove results characterizing the middle cohomology of K4(v) when k has
characteristic 0 in Section 4.1. We use these results to characterize the cohomology similarly when k
has positive characteristic in Section 4.2 via a brief lifting argument.

4.1. Results in characteristic zero

Assume K4(v) is defined over an arbitrary field k of characteristic zero, so we may assume without
loss of generality that k < C. In this case, we can identify the Galois representations which make
up the middle cohomology of K4(v). This will depend on understanding the fixed loci of () for

(x,y) € Ga (v).

Proposition 4.1. Suppose k = k. The fixed locus of any involution K(x,y) Jor (x,y) € Ga(v) on a
Jourfold K 4(v) consists of a K3 surface and 36 isolated points.

Proof. First, suppose k = C. Work of Hassett and Tschinkel [21] and Tar{ [54] shows that the statement
is true for K> (A). A discussion of the isolated fixed points in this case is given in Section 6.1.

Every hyperkéhler fourfold K4(v) is deformation equivalent to K»(A) and by [21, Thm. 2.1], its
group of symplectic involutions is also a deformation invariant. Thus, as in Kapfer and Menet [31, Thm.
7.5], the fixed loci are related by deformation as well, so the statement holds for K 4 (v).

Now let k be any algebraically closed field of characteristic zero. Since A is defined over k, we can
assume without loss of generality that k < C. Let K4 (v)c := Ka(v) Xx C and consider the Cartesian
square

K(x,y)
Ka(v)c —= Ka(v)c

o

K(x,y)
Ka(v) ——=Ka(v),

where k() is formed by replacing « with its extension to C, which we call 8. By Theorem 3.15, k(x y)
is a symplectic involution, and by the argument above, Fix(k(,y)) is a K3 surface Z := Z(, ,) C€ Kz (v)c
plus 36 isolated points.

By [14, Rmk. 3 following Thm 2.3],

Fix(K(x,y)) = Fix(k(x,y)) X C.
This descent of the fixed-point locus means that Fix(k(x,y)) consists of a surface S := S ) C Ka(v)
along with 36 k-points. We claim that S is a K3 surface. Indeed, we see via the valuative criterion of

properness, using the fact that Fix (k. y)) is a closed subscheme of K4 (v), that S — Spec k is proper. By
flat base change, we have that H! (S, O5)®C = H' (Z,07) = 0,and H*(S, ws)®C = H*(Z,w) = C,
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so wgs has a nonvanishing global section and hence, is trivial. Finally, S is smooth by [11, Lem. 4.1],
which completes the proof. O

See [30] for further discussion of these fixed-point loci in hyperkihlers of Kummer type.

Let k now be arbitrary. Let S(,,) C Ka(v); be the K3 surface in Fix(k(yx,y)) and s(cy) €
H(Ka(v)g, Qe(2)) the image of [S(x,y)] € CH? K(v); under the cycle class map CH? Ka(v); —
H{ (Ka(v)z, Qe (2)).

Lemma 4.2. For o € Gal(k/k), the induced action on the cycle classes S(x,y) Jor (x,y) € Gap(v) is
given by

O-*S(x,y) = S(ox,0y) € H:_;‘;(KA(V)]E, Q[(Z))

Proof. By [40, Prop. 9.2], the cycle class map is Galois equivariant, so 0*s(y,y) is the cycle class of
[0"Sxy)] € CH? KA (v)g. As in the proof of [40, Prop. 9.2], we have that [0S« )] is the preimage
of S(x.y) under o*: Ka(v); — Ka(v);. By Proposition 3.14, (c*)"'(S(x.y)) = S(ox.oy). Thus, we
conclude that 0"y y) = S(ox,oy)» s desired. |

Definition 4.3. For a finite Galois module G, let Q¢[G] be the Q¢-vector space with basis given by G,
where the action of the Galois group on Q[ G] is determined by the action on G: for o € Gal(k/k) and

Yeiec aigi € Qe[G],

o- Z a;gi = Z ai(o - gi).

gi€G gi€G
We call Q¢[G] the permutation representation.

Recall that when & is not algebraically closed, the group G 4, (v) naturally has the structure of a finite
Gal(k/k)-module.

Theorem 4.4. There is an isomorphism of Galois representations
H;,(Ka(v)p, Qe(2)) = Sym® Hy (Ka(v)g, Qe(1) @V,
where V is the 80-dimensional subrepresentation of Q¢[G a, (v)] such that

Qe[Gay (W] =V o Qy,
and the trivial representation Qg is the span of (0,0) € G (v).

Remark 4.5. As will be shown in Lemma 5.7, the action of the Galois group on He?t(K AWz Qe (1)),
and hence Sym” H (K4 (v)z, Q¢ (1)), is determined by the action on H%(Ag, Qe(1)).

Proof. By Theorem 3.1, we have 3* = 81 involutions

K(xy): Ka(W)g = Ka(v)g
F i Ly @tikF,

where (x,y) € Ga ().

As in the proof of Proposition 4.1, let K5 (v)c := Kao(v) Xx C and K(,,y): KA(V)c — Ka(v)c the
base change of k(). By Proposition 4.1, Fix(k(x,y)) contains a K3 surface Z(, ) € K4(v)c. This
gives 81 distinct K3 surfaces in K4 (v)c, where the distinctness follows from [21, Thm. 2.1]. Via the
cycle class map, these 81 surfaces give corresponding classes z(x y) € H*(KA(v)c, Q).
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Similarly, there are K3 surfaces S, y) € Ka(v); and corresponding cohomology classes sy y) €
Hgt(KA(v),;, Q¢ (2)) such that S, yy Xz C = Z(,,y) € Ka(v)c. Under the comparison and smooth base
change isomorphisms

H*(Ka(v)c, Q) ®g Qr(2) = Hg(Ka(v)g, Qe(2)),

the classes z(«, y) correspond to the classes sy, y).

By [31, Thm. 7.5(ii)], the pair (K4(v)c, K(x,y)) is deformation equivalent to the pair (K»(Ac),?; o
[-Id] B for some 7 € Ac[3]. In particular, these complex manifolds are diffeomorphic and so they
have isomorphic cohomology rings. By [21, Prop. 4.3] (see also the discussion in [31, §6.4]), the Q-
span of {Z(x,y) = 2(0,0) } (x.y) eG4, (v) i an 80-dimensional vector space of H*(KA(v)c, Q¢(2)) which is

a direct sum complement to the subspace Sym?> H2(K4(v)c, Q¢ (1)).
Since the s(y y) in H*(Ka(v)g, Qr(2)) correspond to the Z(x,y) it follows that

V i= Spang, {S(x.y) = $0.0)}(x.y)€Ga, )

is an 80-dimensional subspace of Hgt(KA(v),;,Qg(Z)) which is a direct sum complement to

Sym? H2 (KA (v)g, Qe(1)). )
By Lemma 4.2, we know that for o € Gal(k/k),

J*(s(x,y)) =S(ox,0y)-

Thus, V is a Galois-invariant subspace of Hgt(K A(V)g> Qe (2)). Noting that Qz[G 4, (v)] is semisimple
by Maschke’s Theorem — the Galois action factors through a finite group representation determined by
the finite extension of k over which G 4, (v) is defined — and that o (s(0,0)) = 5(0,0), this shows that V
is the 80-dimensional subrepresentation of Q¢ [G 4, (v)] such that

Qe[Gay(M)] =VeoQy,

where the trivial representation corresponds to (0,0) € G4, (v). Hence, Hgt(K AV, Qr(2)) has the
decomposition as stated. O

4.2. Results in positive characteristic via lifting

In this section we observe that, because Kummer varieties K4(v) defined over a field of positive
characteristic lift to characteristic O [17], we may use Theorem 4.4 to give a similar description of the
middle cohomology.

Proposition 4.6. Suppose we have data as in Setting 2.4, where the base field k has characteristic p > 0.
Then,

H}(Ka(v)g, Qe(2)) = Sym® H3(Ka(v)g, Qe(1) & V7,

where V' is the 80-dimensional subrepresentation of Q¢[G a (v)] such that

Qe[Ga,(M] =V ®Qy,
and the trivial representation Qg is the span of (0,0) € G4, (v).

Proof. As explained in the proof of [17, Prop. 6.9], it is possible to lift K4(v) to characteristic O by
lifting its defining data. That is, the data (A, v, H, L, M) defined over k has a lift (A, vw,H, £, M) to
a complete discrete valuation ring W of characteristic zero with residue field k and field of fractions
F := Frac W. Note that all of this lifting data can be recovered from a lift of (A, H, L). Indeed, lifting
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A automatically gives us a lift of A, and lifting line bundles on A amounts to lifting their Néron—Severi
class; a lift of the Néron—Severi class of M is given by the Néron—Severi class of det(®p(L)). Call the
specialization of vy to the generic fiber vp.

There is a surjection of Galois groups

Gal(F/F) —» Gal(k/k) 4.1)

which is given by restricting automorphisms to the ring of integers of F and then passing to the quotient
k. By the smooth base change theorem [ 1, Exp. X VI, Corollaire 2.2], for £ # p, there are isomorphisms

H2(Ka, (vF),Qe(1)) = HZ(Ka(v)g, Qe(1)), and

¢ ¢ 4.2)
Hét(KAF (VF)» Qf(z)) = Hét(KA(V)]E’ Qf(z))a

which are equivariant with respect to the action of Gal(F/F) on the left and Gal(k/k) on the right,
compatible with (4.1).

The isomorphisms of (4.2) are compatible with the ring structure on cohomology, so the isomorphism
Hgt(KAﬁ (VE),Qr(2)) = Hgt(KA(v),;, Q¢ (2)) restricts to an isomorphism

Sym? H3 (Ka, (v), Qe (1)) = Sym? H3(Ka(v)z, Qe (1)),

which is again compatible with the respective Galois group actions.
Let the following be the decomposition given by Theorem 4.4:

Hg(Ka, (vF),Qe(2)) = Sym®> Hy (K, (vF),Qe(1)) @V,

and let V' C Hgt(KA(v),;_, Q¢(2)) be the vector space complement to Sym? Hgt(KA(v),;, Q¢ (1)). Using
the fact that V is a Gal(F/F) subrepresentation of Hg[(l( Ar(VF),Qr(2)), we conclude that

H{(Ka(v)g, Qe(2)) = Sym® H3(Ka(v);, Qe(1) @ V'

as Gal(k/k) representations. In particular, there is an isomorphism V = V’ which is equivariant with
respect to the action of Gal(F/F) on the left and Gal(k/k) on the right, again compatible with (4.1).
The subgroup G4, (vr) < (Ap X Af)[3] is given by equations (3.1) determined by v, which is part
of our lifted data. Thus, since the action of Gal(F/F) on V is given by G 4. (v), the action of Gal(k/k)
on V’ must be the one determined analogously by G 4, (v). O

5. Relation to derived equivalences

There are a number of results related to derived equivalences of smooth, projective symplectic varieties.
For example, if X and Y are derived equivalent smooth complex projective surfaces, then D (Hilb" X) =
D(Hilb"Y) [51, Prop. 8]. If X and Y are K3 surfaces, then the converse holds, and if two moduli
spaces of stable sheaves My (v) and My (v’) are derived equivalent, then X and Y are also derived
equivalent [5, Cor. 9.7]. If X and Y are derived equivalent K3 surfaces over any field k, then the ¢-adic
étale cohomologies of any moduli My (v) and My (v’) of equal dimension are isomorphic as Gal(k /k)
representations [15, Thm. 2]. However, it is still an open question when such moduli are derived
equivalent.

In the direction of symplectic varieties of Kummer type, complex abelian surfaces A and B are
derived equivalent if and only if there is an isomorphism Kj(A) = K;(B) between their associated
Kummer K3 surfaces [24, 53]. This result has also been proved for abelian surfaces over fields of odd
characteristic [36]; the relation between Kummer surfaces and twisted derived equivalence of abelian
surfaces has been examined in [35, Thm. 6.5.2]. While A and A are always derived equivalent over their
field of definition, it is not known exactly when there is a derived equivalence between the generalized
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Kummer fourfolds K»(A) and K> (A). Recently, it was shown that, over an algebraically closed field of
characteristic zero, they are derived equivalent when A has a polarization of exponent coprime to 3 [37,
Theorem 1].

Given these results, we ask the following two questions, which we examine in Sections 5.1 and 5.2,
respectively.

Question 1. Suppose we have a derived equivalence of abelian surfaces D”(A) = D?(B). How do the
groups G 4 (v) introduced in Section 3 interact with the Rouquier isomorphism A x A ~ B x B?

Question 2. Under what conditions are irreducible symplectic fourfolds of Kummer type derived
equivalent?

Throughout this section, we will assume we are working with data as in Setting 2.4 and that all
varieties K4 (v) are an Albanese fiber over symmetric line bundles.

5.1. Compatibility with the Rouquier isomorphism

Proposition 5.1 (Rouquier, cf. [26, Prop. 9.45]). Let A and B be abelian varieties and F: D(A) — D(B)
a derived equivalence. There is an isomorphism f: A X A — B x B, called the Rouquier isomorphism,
which maps (a, @) € AXA to the unique element (b, B) € BXB so that the following diagram commutes:

D(A) —E~ D(B)
Lo ®t, \L iLE ot} 5.1

D(A) —E~ D(B).

The following proposition gives some results addressing Question 1.

Proposition 5.2. Let A and B be abelian surfaces over a field k, and let v = (r,l,s) € N(A) and
v =(r',l',s") € N(B).

Let F: D(A) — D(B) be a derived equivalence such that F(v) = v’. Then, the base change of the
Rouquier isomorphism to the algebraic closure k restricts to a group scheme isomorphism

fi: Ga,(v) > Gp (V) (5.2)

under any of the following conditions:

(a) For any elements F,G € Ma(v) such that alb(F) = alb(G), we have det(F (F)) = det(F(G)) and
det(®p o F(F)) =det(Dp o F(G));

(b) Fis a stability-preserving Fourier-Mukai transform; that is, if E € Mo (v), then F(E) isin Mg(v');
or

(¢) k=Cand VTZ =3 (i.e., Kao(v) is a fourfold).

We note that the isomorphism (5.2) implies that the actions of Gal(k/k) on G A;(v) and G, (v)
are isomorphic.

Proof. Let (a,a) € Ga.(v). By Remark 3.3, to prove that (b, 8) = fz(a,a) € Gp,(v'), it suffices
to produce an element H# € D(B), where v(#H) = v’, det(H) = det(Lg ® t;H), and det(®p(H)) =
det(@p(Lp @ 1,H)).

Under condition (a), for any F € Ma(v), we may take H := F(F). In this case, we have Lg ® t; H =
F(Lo®1t,F). Since

det(F) =det(L, ® 1, F) and det(®p(F)) =det(Pp(L, Q1,F)),

condition (a) allows us to conclude that ‘H has the needed property.
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Under condition (b), F restricts to an isomorphism M4 (v) — Mg(v’) and by the universal property
of the Albanese morphism, there is a commutative diagram as follows:

Ma(v) —— = Mp(v)

i alb \L alb

Pic! (A4) x Pict(A) — 2 = Pic! (A) x Pic? (A)

Thus, F satisfies condition (a).

By [21, Prop. 4.3] if K4 (v) is a fourfold, the intersection of the fixed loci of kx and (L, ® t},)k acting
on K4(r,1,s) is nonempty. For instance, in K>(A), the intersection of Fix(«) and Fix(« (7)) where
7 € A[3] (cf. Lemma 3.12) contains (0, 7, —7).

Let G be an element in this intersection. It is thus fixed by L, ® ;,. Following the diagram above, we
see that H := F(G) is fixed by Lg ® 1, and thus, F satisfies the needed condition. m]

Remark 5.3. The barrier to a proof of Proposition 5.2 under more general conditions is that it is not
known that a general Fourier—Mukai equivalence will respect the Albanese morphism acting on M4 (v).

The proof of Proposition 5.2 under condition (c) hinges on the selection of an element fixed by
the automorphisms from Theorem 3.1. We anticipate that analogous results are available for higher-
dimensional varieties of Kummer type. For instance, in K,,_1(A), the intersection between Fix(¢(g,0))
and Fix(¢(7,0)) where T € A[n] contains (0, 7,27,...,(n - 1)7).

Example 5.4. (a) For any abelian surface A we have the Fourier—Mukai equivalence ®p : D(A) —
D(A). For any Mukai vector v on A, condition (a) of Proposition 5.2 is satisfied for F = ®p since
®po®p =1"o [-2]. If v :=(r,1,5), then v’ := F(v) = (s,m,r) [56, Lemma 3.1], and G4, (v) and
G A (v") are very closely related via the canonical identification between an abelian surface and the

dual of its dual. By Theorem 3.1, the elements in G 4, (v) satisfy the equations shown in (3.1) and the
elements of G A (v’) satisfy the equations

dm(y) = —sx, ¢i(x)=ry for (y,x) € Ax j

Thus, (x,y) € Ga,(v) if and only if (-y,x) € GA;; ).

(b) Let A be an abelian surface defined over a field k of characteristic 0 with NS(A) = ZI and I> = 2n.
By [20, Lem. 3.6], the Fourier—Mukai equivalence L ®"“ (-): D(A) — D(A) satisfies condition (a) of
Proposition 5.2; in fact, M4 (1,0, —n) = M4 (1,1, 0). Moreover, by [56, Prop. 3.5], applying the Fourier—
Mukai transform @ p followed by a shift [—1] gives an isomorphism M4 (1,1,0) = M 4(0, —[,-1), where
[ is the Néron-Severi class of ®p(1,1,0). If [ is an ample generator of NS(A), then —[is an ample
generator of NS(A).

The shift functor [ 1] acts on Mukai vectors by multiplication by —1, and in general, G 5 (v) = G o(—v).
Thus, there are isomorphisms of group schemes

Ga(1,0,-n) = Ga(1,1,0) = G 4(0,~1,-1),

though as discussed in Remark 3.7, the groups G 4(1,0, —n) and G 4(1, [, 0) are distinct subgroups of
(Ax A)[n].

5.2. Derived equivalence of fourfolds of Kummer type

The following result provides some information on Question 2 and allows us to produce an example
where two such varieties over a number field k are not derived equivalent over k.
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Proposition 5.5. Let A and B be isogenous abelian surfaces over a finitely generated field k of charac-
teristic 0. Let v and v' be Mukai vectors with v* = v'> = 6, so that Ka(v) and Kg(v') are fourfolds. If
Ka(v) and Kp(v’) are derived equivalent over k, then Q¢[G a; (v)] and Q¢[G g, (v')] are isomorphic
as Gal(k/k)-representations.

We begin with a lemma about the orthogonal complement to v in the Mukai lattice.

Lemma 5.6. Let A be an abelian surface over a field k and v a Mukai vector with v> > 2. Let
vt c H(Ag,Q¢) be the orthogonal complement to v under the Mukai pairing. Then, there is a Galois

equivariant isomorphism v = H?t(A,;, Qr(1)) ® Qp.

Proof. Letw := (1,0, —n) forn := sz > 1, and note that

wh = H3(Az. Qe (1)) ® Qe (1,0, m)).
We will show that v+ = w*. For any y € H(Ag, Q) with y? # 0, let reflection through y be given by

2(x,y)
XX ———=)y.

Observe that (v —w)? # 0 or (v +w)? # 0, and so reflection through v — w or v + w gives an isometry
H(A;,Q;) — H(Ag, Q) which sends v to +w. Thus, the isometry restricts to a Galois equivariant
isomorphism v+ — wt. mi

Lemma 5.7. Let A be an abelian surface over a field k and v a Mukai vector with v? > 6. Then, there is
a Galois equivariant isomorphism

HZ (Ka(v)p, Qe(1)) = H (Ag, Qe(1)) ® Q.

Proof. By [56, Thm. 0.2(2)], along with the comparison theorem for singular and étale cohomology and
the smooth base change theorem, we have a Galois equivariant isomorphism Hgt(K AWM, Qe(1)) = vt
(In fact, this isomorphism exists over Z,, while the isomorphism of Lemma 5.6 may only exist over Q).
This combined with Lemma 5.6 gives the result. O

Proof of Proposition 5.5. Suppose that K4 (v) and Kg(v’) are derived equivalent, so they have isomor-
phic sums of even cohomologies after Tate twists [22, Lem. 3.1]: ﬁ(KA(v),;, Q) = H(KB(V'),;, Qy).
We know that the zeroth and top cohomologies of K4(v) and Kg(v’) are trivial Galois representations,
and Lemma 5.7 gives that

Hag(Ka()i, Qe(1)) = Hg (A Qe(1)) @ Qe.
By Theorem 4.4 and Poincére duality (cf. [23]), it follows that there is an isomorphism of Galois modules
H(Ka(v). Qo) = Q" © Hg (Ar. Qe(1))® © Sym® H (Ka (V). Qe(1)) @ Va,

where V4 := V from Theorem 4.4. There is a similar isomorphism for H (Kp(v'), Q) involving V. We
will check that these representations are semisimple, so that we can reduce to a comparison of V4 and V.

By [13, Thm. 3] and its extension to finitely generated fields of characteristic 0 in [57, Thm. 4.3],
H?t(A,;, Q) is a semisimple representation, and thus so is Sym? Hgt(KA(v),;, Q¢ (1)). The Gal(k/k)-
representation Q¢ [G a, (v)] factors through a finite group representation, determined by the finite exten-
sion of k over which G Ag (v) is defined, and so by Maschke’s theorem, it is also semisimple. Thus, the
representation H(K 4 (v), Q¢) is semisimple. The same also holds for H(K g (v’), Q¢), so applying Schur’s
Lemma, this allows us to cancel isomorphic representations in the direct sums for H(KA(v),Q.) and
for H(Kz(v’), Q¢). Since A and B are isogenous, there is an isomorphism Hgt(A,;, Q) = Hgt(B,;, Qo)
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so along with the observations above, we are reduced to an isomorphism V4 = Vp. This extends to an
isomorphism Q[Ga, (v)] = Q¢[Gp, (v")], as desired. O

We use this result to give a negative answer to Question 2 in the case of generalized Kummer varieties
KQ(A) and Kz(A).

Corollary 5.8. Foran abelian surface A defined over a number field k for which Q¢ [ A[3]] and Q¢ [A[3]]
are not isomorphic as Galois modules over k, K»(A) = Ko(1,0,-3) and K;(A) = K4(3,0, 1) are not
derived equivalent over k.

Proof. We have G4, (1,0,-3) = A[3] and by the discussion in Example 5.4(a), G4, (3,0,-1) =
GAL (1,0, -3) = A[3]. The result then follows by Proposition 5.5. O

In [16] the authors exhibit an abelian surface A defined over a number field & where Q/[A[3]] and
Q¢[A[3]] are not isomorphic as Galois modules over k.

Remark 5.9. If A is an abelian surface as in the proof of Corollary 5.8, any derived equivalence between
K»(A) and K,(A) would have to be defined over a field larger than k. Moreover, the kernel of such a
derived equivalence could not be constructed out of only universal bundles, since such bundles would
naturally be defined over k, and the derived equivalence would descend.

Remark 5.10. The argument in Corollary 5.8 cannot be used to rule out derived equivalences between
K>(A) and K> (A) in many contexts; for instance, it does not work when A is principally polarized, since
such a polarization would give an isomorphism between A[3] and A[3].

Proposition 5.5 also holds for Kummer varieties over fields of positive characteristic that satisfy the
hypotheses of Proposition 4.6; Tate’s theorem gives the needed semisimplicity result [55]. However,
over a finite field in general, Tate’s isogeny theorem implies there is an isomorphism between the Tate
modules 7;A and Ty A. Thus, it would not be possible to use the approach of Corollary 5.8 to rule out a
derived equivalence between K»(A) and K»(A) if A was defined over a finite field.

6. A (1,3)-polarized example: Lagrangian fibrations

In this and the following sections, we consider an extended example where we work over C.

Let (A, L) be a polarized abelian surface where L is symmetric, NS(A) = ZI for [ := ¢;(L) and
I?=6,s0Lisa (1, 3)-polarization (see Claim 3.4). Let K4(0,1, s) be as in Setting 2.4 and assume
M € Pic™(A) is also symmetric. We will see below that the spaces K4 (0,1, s) are fibered over P2 in
Jacobians of irreducible genus 4 curves, and while they can be identified fiberwise as s varies, their
global geometry differs: the discriminant of the Beauville-Bogomolov—Fujiki form on Pic(K4 (0, [, s))
changes, so these moduli spaces are not, in general, birational.

We consider the fixed locus of K4(0, 1, s) under the action of ¢*, which we refer to as Fix(¢*). By
Lemma 3.12, the fixed locus of any symplectic involution on K4 (0, [, s) is a translation of Fix(¢*). The
moduli space K 4 (0, /, s) parametrizes rank 1 stable sheaves, or equivalently, rank 1 torsion-free sheaves,
supported on irreducible curves in A. When the supporting curves are smooth, these sheaves are line
bundles on the curves, but we also encounter curves with nodal singularities, in which case the space of
rank 1 torsion-free sheaves naturally compactifies the space of line bundles.

In this section, we give necessary background and show that there is a natural fibration of K4 (0, [, s) in
abelian surfaces such that Fix(¢*) ¢ K4(0,/, s) contains an elliptically fibered K3 surface. In Section 7,
we will analyze the singular fibers of this K3 surface, and in Section 8 we will analyze the isolated
points of the fixed locus.

For comparison, we first give a description of Fix(¢:*) in K4 (1,0, —3) here.
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6.1. Fix((") for K»(A)

The points in K»(A) = K4(1,0,-3) consist of 0-dimensional length 3 subschemes of A for which the
support sums to 0. It was shown in [21, Thm. 4.4] that Fix(¢*) contains the Kummer K3 surface

{(a1,az,a3) | a1 =0,az = —a3,as # 0} 6.1)

as well as a unique isolated point supported at the identity element 0.

Any length 3 subscheme in Fix(¢*) containing a point a € A in its support that is not fixed by
¢ must be of the form (0, a, —a), which is in the Kummer K3 surface described above. Thus, the
remaining isolated points in Fix(¢*) found by Tar{ [54] must consist of triples of three distinct points of
A[2] = (Z/2Z)* that sum to 0. The identity element cannot be contained in such a triple. Once we have
chosen two of the points, the third is forced, and length 3 subschemes are unordered, so we have

115
3( 2) =35
such isolated points.

6.2. Stable sheaves and compactifications of the Jacobian

Let Pic?(C) be the set of degree d line bundles on any curve C. We write Picdc for the Picard scheme

of degree d on a curve C, and we use W‘é to denote the moduli scheme parametrizing rank 1 degree
d torsion-free sheaves on the mildly singular curves C that arise in this paper, which are all Gorenstein
and, moreover, have planar singularities.

If C is elliptic, Picdc = (C for any d, and this fact has some generalizations to compactified Jacobians
of singular genus 1 curves that we will find useful.

Proposition ﬂ [33, 83, p. 14],[12, Ex. 39]. Let C be a genus 1 reduced curve that is irreducible and
nodal. Then, Picg = C for any d.

The Abel map [33, Def. 1.0.5] and a generalization of it for compactified Jacobians of Gorenstein
curves is useful to our arguments. We use the development of this map given by Kass in [33], though
we do not need the full power of Kass’s theory.

Generalized divisors on C are nonzero subsheaves of the sheaf of the total quotient ring of C, Ip C KC,
that are coherent O¢c-modules. These divisors generalize Cartier divisors, which they coincide with
when Ip is a line bundle. An effective generalized divisor on C is a O-dimensional closed subscheme
Z c C, meaning the following generalization of the Abel map continues to have the intuitive quality of
sending points to corresponding elements in ﬁad [33, Def. 5.0.7], [2, Thm. 8.5]:

a: HilbZ — Pic? (6.2)
[D] = Ip

When the degree d is greater than or equal to the arithmetic genus g, this map is surjective and generically
has fibers isomorphic to P4~ If D is an effective generalized divisor, ! ([Ip]) is the complete linear
system |D|. If g = d, the map is generically injective. The locus where « is non-injective in this case is
the exceptional locus C, which consists of divisors D whose image under the canonical map lies on a
hyperplane. Such divisors D, D’ are linearly equivalent if there are canonical divisors K, K’ such that
K-D=K -D"

Related to Proposition 6.1, this generalized Abel map is an isomorphism when C is a nodal genus-1
curve.
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6.3. The Lagrangian fibration of K4(0, 1, s)

Since 12 = 6, Ka(0,1, s) is 4-dimensional, and since NS(A) = ZI for [ := ¢ (L), the curves C € |L|
are irreducible. Hence, all rank 1 torsion-free sheaves are stable. Thus, K4 (0, , s) parametrizes rank 1
torsion-free sheaves on irreducible curves C C A where C € |L|, which are generically line bundles.
Curves in this linear system have arithmetic genus 4 and by Riemann-Roch, the line bundles parametrized
by K4(0,1, s) have degree d := s + 3.

We see that h°(A, L) = 3 and h'(A, L) = h*(A, L) = 0. Thus, there is a map sending elements of
K (0,1, s) to their supports in the linear system |L|:

f:Ka(0,1,5) > P*> = |L| (6.3)
F + supp(F)

Lemma 6.2. Let C € |L| and h¢: C < A be the natural inclusion. The fiber of f over C € |L| is the
fiber over M of the following surjective morphism:

L Sid .
¢c: Picg — Plcgl (6.4)

F > det(®p(heyF)).
This fiber f~1(C) = 1,061 (M) is a translation of the fiber of the following map over 0 4:

jc i Pick — A (6.5)
ID - —ZD,
where XD is the sum of points in the divisor D using the group law on A.

When C is smooth, j¢ is the morphism given by the universal property of the Jacobian, which sends
a line bundle (e.g., O(p — ¢)) to p — q.

Remark 6.3. We will analyze the (*-invariant portion of 9051 (M) in later results. This lemma shows that
we may reduce to analyzing the (*-invariant portion of the fiber of jc over 04, which we call ker jc,
somewhat abusing notation in the singular case.

Proof. Recall that K4(0, 1, s) is the fiber of the Albanese map over (L, M):
alb: M4(0,1,s) — Picl, x Pic”} . (6.6)

We consider the interaction of alb with f. Let C be the tautological family of curves in |L|. We may
identify the fiber of (6.6) over {L} X Pic% with the relative compactified Jacobian Pic? _,, which has

7 ~epr
a map to supports g : Pic‘C’ 2 |L|. Thus, there is an inclusion K4(0,[,s) — Pic‘c’ /52 making the
following diagram commute:
Ka(0,1, ) Picg .,
g 6.7
; l 6.7)

|L| = P2

For any curve C € |L]|, the fiber of g over C is ﬁ'cg, which is isomorphic to Picg if C is smooth. The
morphism ¢c¢ given in the statement of the lemma is the restriction of the Albanese morphism (6.6) on
M4(0,1,s) to Picé. Using (6.7), we see the fiber of f over C is equal to the fiber of ¢ over M.
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Let £ be a line bundle on C and p a point in C. As in [52, §17.2], applying det(®p(hc.—)) to the
short exact sequence

0->L—->LO(p) — k(p) —0
implies
ec(L®O(p)) =¢c(L)® Pp,

where P, is the line bundle on A corresponding to p € C C A. Moreover, for any divisor D on C, we
have

ec(L®O(D)) = ¢c(L) ® Prp,

where Psp is the line bundle on A corresponding to the point on A that comes from summing D using
the group law on A. If C is singular, this argument may be extended to ideal sheaves of generalized
divisors D. Thus, ¢c is a translation of the morphism j¢ of (6.5) by an element of Pic? (C).

If C is smooth, the map induced by applying the universal property of the Jacobian to the inclusion
C — A is surjective [10]; thus, ¢c is surjective as well.

Alternately, to prove ¢ is surjective for smooth curves C, we may observe that ¢c is equivariant
under the action of Pic’(A) and the action of Pic’(A) on Pic™ A is transitive. For singular C, if we
restrict ¢ to Picg C P_ic”Cl, the same argument holds and so ¢¢ is surjective. O

In [20], Gulbrandsen shows that the map f: K4(0,1, —1) — P? is a Lagrangian fibration. There is a
similar Lagrangian fibration of K4 (0, [, s) for any choice of s.

Proposition 6.4. For any s, the map f: K(0,1,s) — P? is a Lagrangian fibration.

Proof. By [39, Thm. 1], it suffices to prove that f is surjective and its fibers are connected. By Lemma
6.2, the fiber of f over C € |L| is the fiber of ¢ over M, which is nonempty since ¢¢ is surjective. Thus,
f is surjective. By [10, Lem. 2.6], the fibers of f over smooth curves are connected. By considering the
Stein factorization of f, we conclude that f has connected fibers. O

6.4. The Lagrangian fibration restricted to Fix((*)

Since K (0, 1, s) is fibered over |L|, we begin by analyzing the action of ¢* on |L|.

The restriction of the Weil pairing (—, ¢ (=)) on points in A to A[2] yields a quadratic form
gr: A[2] — . Since ker(¢y) = (Z/3Z)?* (see Claim 3.4), it contains only the trivial element of A[2].
Hence, g1, is nondegenerate. Whether ¢y, is even or odd as a quadratic form (cf. [52, p. 63], [9, §3])
determines several facts about the action of ¢* on |L|.

Proposition 6.5. The action of " on H°(A, L) decomposes into eigenspaces H(A, L), and H°(A, L)_

with eigenvalues +1. Furthermore,

2 ifqyr iseven
1 ifqr is odd

1 ifqr iseven

dim(H°(A,L),) = { 2 ifqr isodd

dim(H(A,L).) = {

We call the 1-dimensional and 2-dimensional eigenspaces, respectively,
Vhyp and Veu.

For generic A, any curve C € PVyy, is smooth and hyperelliptic, and there are 10 points in A[2] though
which it passes. If q is even, then 04 is among these 10 points. The remaining 6 points in A[2] are the
base locus of PVey. If qr is odd, then 04 is among these 6 points.
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The space Vhy, was named for the fact that the curves in it are hyperelliptic. The name V¢ was chosen
because, by Riemann—Hurwitz, quotients C /¢ of smooth curves C € PV are elliptic.

Proof. Calculations on the dimensions of H%(A, L), and the number of points through which these
curves pass have been carried out in [9, §3], [10, §3] and [48]. See [7, Ch. 4] and [52, Ch. 13] for further
details. O

By Proposition 4.1, Fix(¢*) consists of a K3 surface and 36 isolated points. Here, we study the
geometry of the K3 surface.

Proposition 6.6. The K3 surface in Fix(t*) is elliptically fibered.
Proof. By Proposition 6.5,

IL|" = PV L PVpy, = P! LUPY,

and thus, Fix(¢*) is fibered over P! L1 PV,

By Lemma 6.2, the fiber of K4 (0, , s) over C is the fiber of ¢ over M. Let C € |L|* be smooth. By
Remark 6.3, to determine the dimension of the (*-invariant parts of this fiber, we examine the eigenvalues
of the action of ¢* on the tangent space of ker jc.

We have a short exact sequence on tangent spaces

0 — Ty ker jc — Ty Picl. — TyA — 0.

The tangent space ToA is H' (A, O,), and it is 2-dimensional with (* acting as multiplication by —1.
The tangent space Ty Pic% is H'(C,O¢) = H°(C,w¢)*, which is 4-dimensional. On the other hand,
tensoring the short exact sequence

0— O0a(-C) > 04y > O¢c -0
with L = O4(C) gives
0> 04— L—0Oc(C)—0.
By adjunction, O¢(C) = wc, so we have the following long exact sequence:
0 — H(A,04) > H(A, L) > H(C,wc) = H'(A,04) — 0.

The map H°(A, O4) — HY(A, L) sends the generator of the 1-dimensional space H°(A, Oy4) to [C].
Putting all of this together, the eigenvalues and dimensions of eigenspaces of ¢* acting on the tangent
space of ker j¢ are equal to those of ¢* acting on H(A, L)/[C].

Suppose C € PViy,. Then, by Proposition 6.5, the eigenvalues of ¢* acting on HY(A,L)/[C] are
both the same: if g is even, they are both +1, and if ¢, is odd, they are both —1. In each case, these
eigenvalues are different from the eigenvalue of the action of ¢* on [C]. If, instead, C € PV, then for
g1 even or odd, the eigenvalues of ¢* acting on H(A, L)/[C] are +1 and —1.

The tangent space of the fiber of Fix(¢*) over C € PVyy, U PV, is isomorphic to the eigenspace of *
acting on Ty ker j¢ with the same eigenvalue as the action of ¢* on [C]. Thus, Fix(¢*) has 0-dimensional
fibers over PVyyp, and generically 1-dimensional fibers over PVey = P!. For any C € PV that is smooth,
the fiber of jc over 04 is 2-dimensional and so must be an abelian surface. Since ¢* acts with two different
eigenvalues on the tangent space of ker jc, it must be, up to isogeny, the product of two elliptic curves.

Generically, curves C € PV are smooth, and as mentioned above, C/¢ is an elliptic curve. Since the
quotient map C — C/¢ is a ramified cyclic double cover mapping between smooth varieties, pullback
induces an inclusion Pic®(C/t) < Pic®(C). We may represent any point in the image as O (x +¢(x)) for
some x € C. Such line bundles are in ker jc. Similarly, there is an inclusion of Picg P into (9061 (M)",
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and by the tangent space calculation, we see that generically these elliptic curves Pich )= C/u are the

1-dimensional part of the fiber of f over C. O
In the case of K4 (0,1, —1), we are able to give the following refinement by a different argument.

Proposition 6.7. The fixed locus of " on K 4(0, 1, —1) consists of the Kummer K3 surface K1 (A) = K;(A)
and 36 isolated points.

Proof. Hassett and Tschinkel [21] and Tar{ [54] showed that the fixed locus of a symplectic involution
on K;(A) consists of the Kummer K3 surface K| (A) and 36 additional isolated points.

As discussed in Example 5.4(b), a series of derived equivalences compatible with (* gives an
isomorphism K4(0,/,-1) = K;(1,0,-3). Hence, the K3 surface in the fixed locus of (* acting on
K 4(0,1,-1) is isomorphic to K; (A), which is isomorphic over C to K| (A) [24, 53]. O

7. A (1, 3)-polarized example: Singular fibers of an elliptic K3

The proof of Proposition 6.6 shows that the fibration K4 (0, [, s) — |L| restricts to a fibration Fix(¢*) —
PVen, and when C € PV is smooth, the fiber of Fix(¢*) over C is isomorphic to Picg e It remains to
examine the fibers in Fix(¢*) over curves in PV, that are singular. We show below that the singular
fibers are the same as the singular fibers of a natural elliptic fibration of the Kummer K3 of A, which
we now describe.

In [48], Naruki analyzes an elliptic fibration of Kummer K3 surfaces that are constructed from (1, 3)-
polarized abelian surfaces. He uses the linear system PV, of Proposition 6.5 to induce a linear system
we will call W on K (A), which yields an elliptic fibration K;(A) — P! whose fibers are generically
C/i for C € PV,y. Since C € PV, must have arithmetic genus 4 and pass through at least 6 points in
A[2], Riemann—-Hurwitz shows that if C/¢ is a smooth elliptic curve, then C must be smooth as well
and pass through exactly 6 points in A[2].

Proposition 7.1 (Naruki [48, §4]). Under a genericity assumption on A [48, p. 224, (GA)], the linear
system W has:

(i) Four singular fibers of type I,.
(ii) Ten singular fibers of type I,. There is one fiber of this type for each point of A[2] that is not in the
base locus of PVey. The line in K| (A) that is the blow up of this point is contained in the fiber.

We show that the same is true for Fix(¢*):

Theorem 7.2. Let A be an abelian surface satisfying the hypotheses at the beginning of the section such
that the singular fibers of W consist of four fibers of type I, and ten fibers of type I, as in Proposition
7.1. Then, for any s, Fix(1*) € K4(0,1,s) contains an elliptically fibered K3 whose singular fibers are
of the same type.

Proof. We split the proof into two parts. In Proposition 7.3 below, we show that there are 4 fibers of
type I;. In Proposition 7.4, we show that there are 10 fibers of type I5.

For topological reasons, this must be all of the one-dimensional locus of Fix(:*) ¢ K4(0,1,s).
Indeed, the 4 singular fibers of type I; and 10 singular fibers of type I, account for the fact that the
topological Euler number of a K3 surface is 24 [27, Rmk. 11.1.12]. O

Proposition 7.3. Let C € PV be a curve inducing a genus 1 singular curve C /v of type I in W. Then,

W%/L = ﬁé/t is a singular curve of type Iy and includes into (ker jc)* .

Proof. By assumption, the curve C/¢ is of type I; and hence has arithmetic genus 1 with one nodal
singularity. Applying the Riemann—-Hurwitz formula for singular curves [18, (1.2)] to the double cover
C — C/1, we see the arithmetic genus 4 curve C has geometric genus 2 with 6 ramification points, so
it must have two singular points that are exchanged by «. We call these points x and tx and then write
[x, ex] for the singular point of C/t.
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Consider the induced map on the normalizations of these curves: C” — (C/t)”. Since this is a
ramified double cover of curves, the pullback map Pic®((C/t)*) — Pic®(C”) is an inclusion. We have
the following map between short exact sequences of groups:

0 C* Pic®(C/1) — Pic®((C/1)”) —=0

L

0 —C"®C* —— Pic’(C) ——— Pic’(CY) ——=0

The elements of C* correspond to all possible choices for identifying the two fibers over a given node.
The vertical maps are pullbacks along quotient maps, and C* — C* & C* is the diagonal map, which
corresponds to a choice of gluing a line bundle at the node on C/: getting mapped to the same choice
of gluing at each of the nodes on C. By the five lemma, the map Pic®(C/t) — Pic®(C) is an injection.
The Abel map (see Section 6.2) shows the points in Wal , correspond to points on the curve C/t,
and all its elements are line bundles except for the sheaf corresponding to the singular point of C/«.
The pullback map P_iczjl L P_ice2 sends L([x, tx]) to L([x] + [ex]), which is also not a line bundle

and maps to 0 under ¢¢. Thus, this pullback map is an injection. The sheaf L£([x, tx]) is fixed by ¢*.

We may choose an isomorphism Pic;!, = Pic?,, compatible with «* to see that P_IC% /e

M Clt ™ Cle
(ker jc)* . L
By Proposition 6.1, Pic% /e is a singular curve of type I;. O

includes into

Proposition 7.4. Let C € PV be a curve inducing a genus 1 singular curve X of type I, in W. Then,
(ker jc )¢ contains a curve of type I.

Proof. By the discussion in [48], the curve X in the linear system W that corresponds to C is the
intersection of a line and a conic. The line in X is the blowup of a point ¢ € A[2] that is one of the 10
such not in the base locus of PV,);. The curve C thus has a node at g. The normalization f: C¥ — C
inherits an action of ¢, and the quotient C” /¢ is the conic contained in X. Thus, C" is hyperelliptic and
as a double cover of C” /4, it is ramified at 8 points, consisting of the six points py, ..., pe in the base
locus of PV,y and the two points above g (named g1, g2). By Riemann—Hurwitz, C” has genus 3. Thus,
C has arithmetic genus 4 and geometric genus 3, so the node at p is its unique singularity.

Via Altman and Kleiman’s presentation schemes [3], we have the following description of P_icoc (cf.
[32, §3.3]). Pullback by the normalization map f : C¥ — C gives the short exact sequence on Picard
groups

0 — C* - Pic’(C) - Pic’(C”) — 0, (7.1)

where, again, the elements of C* correspond to all possible choices for identifying the two fibers over q.
The presentation scheme of f gives a P'-bundle 7: P — Picl.,, where the fiber over a point /” € Pic.,
is given by presentations of /’; that is, short exact sequences of sheaves on C of the following form:

0—-1— f.I' > k(g) — 0.

It follows that 1 € ﬁ%, so there is a natural morphism «: P — ﬁ%, which is an isomorphism when
restricted to the preimage of Picl. C EOC. For each I’ € Picl.,, there is a C* ¢ P! = n7!(1), exactly
the C* of (7.1), which gets mapped injectively under « into Pic%.

Furthermore, there is a closed embedding &”: Pic%v x{q1,q2} — P, which sends a pair (I’, g;) to
the presentation

0= £I'(=gi) = I’ = fo(I'ly) = 0.
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This gives the description of the rest of the P!-fiber of 7 over a point I’ € Pic%v: these are the two
points compactifying the C* described above. Thus, to complete the description of P_ic(é, it remains to
describe « restricted to s’(PicOCV x{q1,q2}).

Here, « is 2-to-1, but does not just trivially glue the two copies of Picocv together. Rather, they are
glued with a twist:

ke'(I',q1) = ke’ (I'(q1 — q2), q2)-
Since CY is hyperelliptic, 2q; ~1in 2g2 and O(g; — g2) is 2-torsion in Picocv, which further implies that
ke’ (I'(q1 = q2),q1) = k&' (I, q2).

With this observation in hand, we now describe the one-dimensional component of the locus of ﬁ%

that is in (ker jc)* . While we are working in ﬁoc, we will instead consider the fiber over 04 of ¢c.
By abuse of notation, we will also call this ker ¢c.

Claim 7.5. The locus of P_IC% that is both fixed by 1* and is in ker pc contains

K[ (Oc) U (O (g1 - 42))),
which is two copies of P! intersecting at two points (i.e., a singular curve of type I).
Proof. First, we observe that if I’ € Pic%,, is fixed by ¢*, and
0—-1— fI' > k(q) >0

is a presentation of I’, then / is also fixed by ¢*. Indeed, by push-pull, we know that f..*I’ = * f.I’. We
have the short exact sequence

0—- I - fl > Fk(q) =0,

so if I’ is fixed by ¢*, then I = (*I. Thus, if I’ is fixed, then the whole P!-fiber in P is pointwise fixed as
well. Note also that, given a short exact sequence 0 — I — f.I’ — k(q) — 0, if I € ker ¢¢, then by
the discussion in the proof of Lemma 6.2 about the behavior of ¢¢ in short exact sequences, so are all
the other possible I giving presentations of I'.

Since there is a short exact sequence

0— Oc — fiOcv — k(g) =0

and O¢ € ker ¢, we know any other kernels of presentations of f.Oc¢v will as well. We also have that
Ocv is fixed by (*, so it follows that k(7™ (O¢~)) is both fixed by «* and in ker ¢¢.

The same holds for k(77! (O¢v (g1 — q2)): since ¢y and g5 are fixed by ¢, Ocv (g1 — g2) is fixed by
¢*, and we will show that any presentation is sent to 0 by ¢c. For a presentation

0—1— f.0cv(q1—q2) — k(q) = 0,
applying the inclusion A¢ : C — A and ®p, we have
det®p(hc.d) ® Py = det®p(hes frOcv(q1 — q2)).
There is also a presentation

0— f.O0cv(=q1) = f.0c»(q1 = q2) = k(g) = 0, (72)
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which gives
det®@p(hc.f:Ocv(—q1)) ® Py = det®@p(hc. f.Ocv(q1 — q2)),
and hence,
det®@p(hc.d) = det@p(hc.fiOcv(—q1)).
On the other hand, there is a presentation
0— fiOcv(=q1) = f.Oc» = k(q) = 0, (7.3)

s0 £.0cv(=q1) € k(771 (Oc¢»)), which we showed above is in ker ¢c. Thus, the same is true for /.
It remains to show that these two P!’s in Pic% are glued together at two points. But this follows from

the description of P_ic%, since

ke'(Ocv,q1) = ke'(Ocv(q1 — q2), 92)

and
ke'(Ocv(q1 = q2), q1) = k&' (Ocv, q2). o

While above we work in degree 0, we can twist by a degree d line bundle on C to get the description in
Picdc. This completes the proof of Proposition 7.4. O

Remark 7.6. It is interesting to consider (ker jc)* in Propostion 7.4 from the point of view of the Abel
map. We consider the case where d = —4. The fixed locus (ker jc)* C Pic;:4 contains all divisors of the
form —(x + wx + y +ty) for x, y € C, but the information from the Abel map alone does not make clear

which of these divisors get identified under linear equivalence in ﬁz“. We will show that these divisors

are all contained in the curve from Proposition 7.4. We may choose an isomorphism P_ic% = P_ice4 by

subtracting four copies of a 2-torsion point p € C not at the node. Let p” € C¥ be preimage of p under
the normalization map. Since C” is hyperelliptic, Ocv(—4p’) = Ocv(—x" —wx’ =y’ — 1y’), where x’
and y’ are the preimages of x and y in C". There is a presentation

0— Oc(~x—-wx—-y—1y) = (fiOc»)(=4p) — k(q) — 0,

so these divisors all lie in the P! corresponding to the twist of k(71 (O¢v)).

The divisors —(x + tx + y + ty) correspond to a two-dimensional family in Hilb‘é, but their image in
ﬁg‘ is at most 1-dimensional, so they must lie in the exceptional locus of the Abel map. Since C is not
hyperelliptic, the canonical morphism gives a closed immersion into P3 and divisors in the exceptional
locus are those that lie on a hyperplane in P3; we see there must be an interaction of these planes with
the action of ¢, but the particulars of it are not immediately clear.

It would also be nice to have a description of the elements in P_ice4 contained in the other copy of P! in
(ker jc)* . Since the canonical bundle w¢ is fixed by ¢* and f*we = wer @ Ocv (q1+q2) = Ocv (4p” +
g1 +¢2), line bundles on C which fit into presentations with middle term f; (f *w&l ® Ocv (x" +wx’)) lie
in the P! corresponding to the twist of (771 (O¢v (g1 — q2)). However, the question of exactly which
effective divisors give rise to these line bundles is again dependent on the geometry of the canonical
embedding.

Remark 7.7. In this section we have shown that the elliptic K3 surface in Fix(¢*) has the same types
of singular fibers as those in the fibration of the Kummer K3 surface studied by Naruki [48]. By
Proposition 6.7 for K4(0,, —1), the K3 surface in the fixed-point locus is isomorphic to the Kummer
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K3 surface. However, it is not apparent that, in general, there is any kind of natural map from the K3
surface studied by Naruki to Fix(¢*), or that these fixed-point loci are Kummer K3 surfaces.

8. A (1, 3)-polarized example: Isolated points

Finally, we seek a description of the 36 isolated points in Fix(:*). We will use a combination of the
Abel map and information about the geometry of 2-torsion points in a (1, 3)-polarized abelian surface
to finish our description of the fixed loci.

8.1. Geometry of A[2]

The description of the isolated points in Fix(¢*) € K4(0,1,s) will require an understanding of line
bundles on curves C € |L|* corresponding to divisors which sum to 0 in A.

As discussed in [4], the line bundle L? on our (1, 3)-polarized abelian surface gives an embedding
of the desingularized Kummer K3 surface into P3. They describe an action of the Heisenberg group on
P3 that connects the geometry of the group action of elements A[2] to the corresponding lines in the
Kummer K3 surface.

We use notation from Hudson’s analysis of A[2] for principally polarized abelian surfaces [25, Ch.
1,84], which has the same group structure: We write the group of points of A[2] in multiplicative
notation in terms of (a not minimal set of) generators 1, A, B, C, A’, B’, C’, where 1 is the identity. The
following multiplication tables hold:

|A B C | A7 B C
A|ll C B Al C B
B 1 A B’ 1A
C 1 c’ 1

Following Naruki [48], we see the six points of A[2] that occur in the base locus of PV, must be a set
of six in the group that coincides with those that would lie on a plane in Hudson’s (16, 6) configuration,
and so we take the following six points to be in the base locus of PV:

AB’,AC’,BC’,BA’,CA’,CPB’. 8.1)

Any possible choice of six points will have the same numerical properties described below as they will
differ by a translation.
The remaining ten points of A[2] are then:

1,A,A’,B,B’,C,C’,AA’,BB’,CC". 8.2)

We will need the following observations in our identification of the isolated fixed points:
Lemma 8.1.

(a) The product of any four distinct points in (S.1) cannot be the identity.
(b) Given any point in (8.2), there are exactly two ways to then choose three distinct points from those
in (8.1) so that the product of the four points is the identity.
(c) There are fifteen ways to choose four distinct points from among (8.2) so that their product is the
identity.
Proof. The results may be verified directly.
In part (b), for instance, if we choose 1, we have exactly

(1)(AB')(BC')(CA’) and (1)(AC’)(BA’)(CB').
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In part (c), the fifteen possibilities are:

(D(A)(A")(AA)) (A)(B)(C)(CC)
(1)(B)(B')(BB) (A (B)(C)(CC)
(meyeHee) (A)(B')(C)(BB")
()(AA")(BB)(CC’) (A")(B)(C')(BB')
(1) (A)(B)(C) (A)(B)(C)(AA))
(H(A)(B)(C) (A)(B")(C")(AA")
(A)(A")(BB)(CC") (B)(B')(AA")(CC)
(C)(C")(AA")(BB') o

8.2. The fiber of Fix(1*) over PViy,

Let C € PVpyp = PO, For A a general (1, 3)-polarized abelian surface, C is smooth by [10, Lem. 3.4], so
the kernel of ¢¢ (6.4) is an abelian surface (see Proposition 6.4). The action ker ¢ ¢ inherits from ¢* on
K (0,1, s) is the action of [—1] on it as an abelian surface. Thus, there will be exactly 16 isolated fixed
points, consisting of the 2-torsion points on ker ¢c.

We may also analyze (ker pc)® using the Abel map a from (6.2). Since C is hyperelliptic, the
canonical morphism is the degree 2 morphism 7: C — P'. The canonical divisors of C are of the form
77N (1) + 771 (t2) + 771 (t3) for t1, 12, t3 € PL. The sets of points in Hilbg. which sum to 0 and are fixed by
(* consist of points of the form 77! (¢;) + 77 (¢;), which are all linearly equivalent, and of four distinct
2-torsion points that sum to 0.

From this point of view we find that the sixteen isolated points in Pica4 that sum to 0 and are fixed
by ¢* are (the negative of) the fifteen points given by Lemma 8.1(c) and the one point that is the image
under « of all points of the form 77! (¢;) + 77 (12).

This argument may be used to show that the same result holds for Picdc. We can take the isomorphism
Pice4 = Pic‘é to be given by adding d + 4 copies of a fixed 2-torsion point p, in which case the
isomorphism commutes with ¢*. It is not always possible to choose this isomorphism so that it commutes
with taking the kernel of the summation map, but we may instead consider the elements in Pic‘é that sum
to (d +4) - p, which amounts to simply performing this calculation in a different fiber of the Albanese
map (2.2), which is related to our preferred fiber by an isomorphism.

8.3. The fibers of Fix(t*) over PV,

In the last section, we found 16 of the 36 isolated points in Fix(¢*). To find the rest we examine (ker pc)*
as C varies in PV, = PL.

If C is smooth, by our analysis of the tangent space of ker ¢ in the proof of Proposition 6.6,
(ker o) is isomorphic to the elliptic curve C/t, and there are no isolated points.

Let C € PV, be singular of type I;. Consider the modified Abel map

a: Hilb}. — Picg.

The curve C passes through exactly six 2-torsion points (8.1) (cf. Proposition 7.3). By Lemma 8.1(a) the
only sets of four points on C that sum to 0 and are fixed by ¢* are those of the form (x, tx, y, ty) for some
x,y € C.Points of this form are already contained in the image of the pullback Picoc = Picg/t — Picg‘.
Thus, (ker ¢c)* 2 C/t, and there are no isolated points.

Now let C € PV, be singular of type I,. The curve C passes through seven points in A[2]: those in
the base locus of PV, (see (8.1)) as well as one additional 2-torsion point. The points in Hilb‘(": that sum
to 0 and are fixed by ¢* are those of the form (x, tx, y, ty) for some x,y € C, as well as any tuple of four
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2-torsion points that sum to 0. By Lemma 8.1(a,b), there are exactly two points of the latter form and
they are isolated from the points of the former form (cf. Remark 7.6). Thus the fiber of Fix(¢*) over C
consists precisely of a singular curve of type I, and two isolated fixed points. There are ten such singular
curves, and thus all of the 36 isolated points in Fix(¢*) are now accounted for.

Remark 8.2. It would be interesting to use the presentation scheme description of P_icg, for C € PV
singular, to identify the two isolated points in the fiber of Fix(¢:*) over C. For example, what line bundles
do they pull back to on C”?

Acknowledgements. We heartily thank Nicolas Addington, for pointing us in the direction of this work, and Alexander Polishchuk,
for fruitful conversations during the early stages of this project. We also thank Nils Bruin, Maria Fox, Lie Fu, Zhiyuan Li, Eyal
Markman, Martin Olsson, John Voight and Chelsea Walton for helpful discussions.

Competing interest. The authors have no competing interests to declare.

Financial support. During the preparation of this article, S.F. was partially supported by NSF DMS-1745670, and K.H. was
partially supported by NSERC.

References

[1] A. Altman and S. Kleiman, ‘Compactifying the Picard scheme’, Adv. in Math. 35(1) (1980), 50-112. MR 555258
[2] A. Altman and S. Kleiman, ‘The presentation functor and the compactified Jacobian’, in The Grothendieck Festschrift,
Volume I (Birkhiuser, Boston, 1990), 15-32. MR 1086881
[3] W. Barth and I. Nieto, ‘Abelian surfaces of type (1, 3) and quartic surfaces with 16 skew lines’, J. Algebraic Geom. 3(2)
(1994), 173-222.
[4] T.Beckmann, ‘Derived categories of hyper-kdhler manifolds: extended Mukai vector and integral structure’, Preprint, 2021,
arXiv:2103.13382.
[5] C. Birkenhake and H. Lange, ‘An isomorphism between moduli spaces of abelian varieties’, Math. Nachr. 253 (2003), 3-7.
MR 1976843
[6] C.Birkenhake and H. Lange, ‘Complex abelian varieties’, in Grundlehren der Mathematischen Wissenschaften [ Fundamental
Principles of Mathematical Sciences], second edn, vol. 302 (Springer-Verlag, Berlin, 2004). MR 2062673
[7] S.Boissiere, M. Nieper-Willkirchen and A. Sarti, ‘Higher dimensional Enriques varieties and automorphisms of generalized
Kummer varieties’, J. Math. Pures Appl. 95(5) (2011), 553-563. MR 2786223
[8] M. Bolognesi and A. Massarenti, ‘Moduli of abelian surfaces, symmetric theta structures and theta characteristics’, Comment.
Math. Helv. 91(3) (2016), 563-608. MR 3541721
[9] P.Boréwka and G. K. Sankaran, ‘Hyperelliptic genus 4 curves on abelian surfaces’, Proc. Amer. Math. Soc. 145(12) (2017),
5023-5034. MR 3717933
[10] P. Donovan, ‘The Lefschetz-Riemann-Roch formula’, Bull. Soc. Math. France 97 (1969), 257-273. MR 263834
[11] E. Esteves, ‘Compactifying the relative Jacobian over families of reduced curves’, Trans. Amer. Math. Soc. 353(8) (2001),
3045-3095. MR 1828599
[12] G. Faltings, ‘Endlichkeitssitze fiir abelsche Varietiten iiber Zahlkorpern’, Invent. Math. 73(3) (1983), 349-366. MR 718935
[13] J. Fogarty, ‘Fixed point schemes’, Amer. J. Math. 95 (1973), 35-51. MR 332805
[14] S. Frei, ‘Moduli spaces of sheaves on K3 surfaces and Galois representations’, Selecta Math. (N.S.) 26(1) (2020), 16. MR
4054877
[15] S. Frei, K. Honigs and J. Voight, ‘On abelian varieties whose torsion is not self-dual’, In preparation.
[16] L. Fu and Z. Li, ‘Supersingular irreducible symplectic varieties’, in Rationality of Varieties (Progr. Math) vol. 342
(Birkh&user/Springer, Cham, 2021), 147-200. MR 4383698
[17] A. Garcia and R. F. Lax, ‘Rational nodal curves with no smooth Weierstrass points’, Proc. Amer. Math. Soc. 124(2) (1996),
407-413. MR 1322924
[18] M. Green, Y. Kim, R. Laza and C. Robles, ‘The LLV decomposition of hyper-Kéhler cohomology (the known cases and the
general conjectural behavior)’, Math. Ann. 382(3—4) (2022), 1517-1590. MR 4403229
[19] M. Gulbrandsen, ‘Fibrations on generalized Kummer varieties’, Ph.D. thesis, University of Oslo, 2006.
[20] B. Hassett and Y. Tschinkel, ‘Hodge theory and Lagrangian planes on generalized Kummer fourfolds’, Mosc. Math. J. 13(1)
(2013), 33-56, 189. MR 3112215
[21] K. Honigs, ‘Derived equivalent surfaces and abelian varieties, and their zeta functions’, Proc. Amer. Math. Soc. 143(10)
(2015), 4161-4166. MR 3373916
[22] K. Honigs, ‘Derived equivalence, Albanese varieties, and the zeta functions of 3-dimensional varieties’, Proc. Amer. Math.
Soc. 146(3) (2018), 1005-1013. With an appendix by J. D. Achter, S. Casalaina-Martin, K. Honigs and C. Vial. MR 3750214
[23] S. Hosono, B. Lian, K. Oguiso and S. Yau, ‘Kummer structures on K3 surface: an old question of T. Shioda’, Duke Math. J.
120(3) (2003), 635-647. MR 2030099

https://doi.org/10.1017/fms.2023.37 Published online by Cambridge University Press


https://arxiv.org/abs/2103.13382
https://doi.org/10.1017/fms.2023.37

Forum of Mathematics, Sigma 35

[24] R.W. H. T. Hudson, Kummer’s Quartic Surface, Cambridge Mathematical Library (Cambridge University Press, Cambridge,
1990). With a foreword by W. Barth. Revised reprint of the 1905 original. MR 1097176

[25] D. Huybrechts, Fourier-Mukai Transforms in Algebraic Geometry, Oxford Mathematical Monographs (The Clarendon
Press, Oxford University Press, Oxford, 2006). MR 2244106

[26] D. Huybrechts, Lectures on K3 surfaces, vol. 158 (Cambridge University Press, Cambridge, 2016). MR 3586372

[27] D. Huybrechts and M. Lehn, The Geometry of Moduli Spaces of Sheaves, second edn, Cambridge Mathematical Library,
(Cambridge University Press, Cambridge, 2010). MR 2665168

[28] D. Kaledin, M. Lehn and C. Sorger, ‘Singular symplectic moduli spaces’, Invent. Math. 164(3) (2006), 591-614.MR2221132

[29] L. Kamenova, G. Mongardi and A. Oblomkov, ‘Symplectic involutions of K3("! type and Kummer n type manifolds’, Bull.
Lond. Math. Soc. 54(3) (2022), 894-909. MR 4453747

[30] S. Kapfer and G. Menet, ‘Integral cohomology of the generalized Kummer fourfold’, Algebr. Geom. 5(5) (2018), 523-567.
MR 3847205

[31] J. Kass, ‘Lecture notes on compactified Jacobians’ (2008). URL: https://people.math.sc.edu/kassj/Lecture Notes on Com-
pactified Jacobians.pdf. Accessed 23 Mar 2022.

[32] J. Kass, ‘Singular curves and their compactified Jacobians’, in A Celebration of Algebraic Geometry (Clay Math. Proc.) vol.
18 (Amer. Math. Soc., Providence, RI, 2013), pp. 391-427. MR 3114949

[33] A.Langer, ‘Semistable sheaves in positive characteristic’, Annals of Mathematics (2) 159(1) (2004), 251-276. MR 2051393

[34] Z. Li and H. Zou, ‘Derived isogenies and isogenies for abelian surfaces’, Preprint, 2021, arXiv:2108.08710.

[35] Z. Li and H. Zou, ‘A note on Fourier-Mukai partners of abelian varieties over positive characteristic fields’, Kyoro J. Math.,
To appear, Preprint, 2023, arXiv:2107.05404.

[36] P. Magni, ‘Derived equivalences of generalized Kummer varieties’, Preprint, 2022, arXiv:2208.11183.

[37] E. Markman, ‘The monodromy of generalized Kummer varieties and algebraic cycles on their intermediate Jacobians’,
J. Eur. Math. Soc. (2022). Published online first.

[38] D. Matsushita, Addendum: ‘On fibre space structures of a projective irreducible symplectic manifold” [Topology 38(1)
(1999), 79-83; MR1644091 (991£:14054)], Topology 40(2) (2001), 431-432. MR 1808227

[39] J. Milne, Etale Cohomology (PMS-33) vol. 33 (Princeton University Press, 2016).

[40] G. Mongardi and M. Wandel, ‘Induced automorphisms on irreducible symplectic manifolds’, J. Lond. Math. Soc. (2) 92(1)
(2015), 123-143. MR 3384508

[41] G. Mongardi and M. Wandel, ‘Automorphisms of O’Grady’s manifolds acting trivially on cohomology’, Algebr. Geom. 4(1)
(2017), 104-119. MR 3592467

[42] S.Mukai, ‘Duality between D (X) and D (X) with its application to Picard sheaves’, Nagoya Math. J. 81 (1981), 153-175.
MR 607081

[43] S. Mukai, ‘Symplectic structure of the moduli space of sheaves on an abelian or K3 surface’, Inventiones Mathematicae
77(1) (1984), 101-116.

[44] S.Mukai, ‘Fourier functor and its application to the moduli of bundles on an abelian variety’, in Algebraic Geometry, Sendai,
1985, Adv. Stud. Pure Math. vol. 10 (North-Holland, Amsterdam, 1987), 515-550. MR 946249

[45] S. Mukai, ‘Moduli of vector bundles on K3 surfaces and symplectic manifolds’, Sigaku 39(3) (1987), 216-235, Sugaku
Expositions 1(2) (1988), 139-174. MR 922020

[46] D. Mumford, Abelian Varieties, vol. 5, Tata Institute of Fundamental Research Studies in Mathematics (Oxford University
Press, London, 1970). Published for the Tata Institute of Fundamental Research, Bombay. MR 0282985

[47] 1. Naruki, ‘On smooth quartic embedding of Kummer surfaces’, Proc. Japan Acad. Ser. A Math. Sci. 67(7) (1991), 223-225.
MR 1137912

[48] K. O’Grady, ‘Desingularized moduli spaces of sheaves on a K3’, J. Reine Angew. Math. 512 (1999), 49-117. MR 1703077

[49] K. O’Grady, ‘A new six-dimensional irreducible symplectic variety’, J. Algebraic Geom. 12(3) (2003), 435-505. MR
1966024

[50] D. Ploog, ‘Equivariant autoequivalences for finite group actions’, Adv. Math. 216(1) (2007), 62-74. MR 2353249

[51] A. Polishchuk, Abelian Varieties, Theta Functions and the Fourier Transform (Cambridge Tracts in Mathematics) vol. 153
(Cambridge University Press, Cambridge, 2003). MR 1987784

[52] M. Artin, A. Grothendieck and J. L. Verdier, Théorie des Topos et Cohomologie Etale des Schémas. Séminaire de Géométrie
Algébrique du Bois-Marie 1963—-1964 (SGA 4). Tome 3 (Lecture Notes in Mathematics), vol. 305 (Springer-Verlag, Berlin-
New York, 1973). MR 0354654

[53] P. Stellari, ‘Derived categories and Kummer varieties’, Math. Z. 256(2) (2007), 425-441. MR 2289881

[54] K. Tari, ‘Automorphismes des variétés de kummer généralisées’, Ph.D. thesis, L’ Université de Poitiers, 2016.

[55] J. Tate, ‘Endomorphisms of abelian varieties over finite fields’, Invent. Math. 2 (1966), 134—144. MR 206004

[56] K. Yoshioka, ‘Moduli spaces of stable sheaves on abelian surfaces’, Math. Ann. 321(4) (2001), 817-884. MR 1872531

[57] Yu. G. Zarhin, ‘Endomorphisms of abelian varieties, cyclotomic extensions, and Lie algebras’, Mat. Sb. 201(12) (2010),
93-102. MR 2760104

https://doi.org/10.1017/fms.2023.37 Published online by Cambridge University Press


https://people.math.sc.edu/kassj/LectureNotesonCompactifiedJacobians.pdf
https://arxiv.org/abs/2108.08710
https://arxiv.org/abs/2107.05404
https://arxiv.org/abs/2208.11183
https://doi.org/10.1017/fms.2023.37

	1 Introduction
	2 Moduli spaces over arbitrary fields
	3 Symplectic involutions on KA(v)
	3.1 Automorphisms from translation and tensor
	3.2 Involutions and fixed loci
	3.3 Symplectic automorphisms and involutions

	4 The middle cohomology of fourfolds KA(v)
	4.1 Results in characteristic zero
	4.2 Results in positive characteristic via lifting

	5 Relation to derived equivalences
	5.1 Compatibility with the Rouquier isomorphism
	5.2 Derived equivalence of fourfolds of Kummer type

	6 A (1,3)-polarized example: Lagrangian fibrations
	6.1 Fix(ι*) for K2(A)
	6.2 Stable sheaves and compactifications of the Jacobian
	6.3 The Lagrangian fibration of KA(0,l,s)
	6.4 The Lagrangian fibration restricted to Fix(ι*)

	7 A (1,3)-polarized example: Singular fibers of an elliptic K3
	8 A (1,3)-polarized example: Isolated points
	8.1 Geometry of A[2]
	8.2 The fiber of Fix(ι*) over P Vhyp
	8.3 The fibers of Fix(ι*) over P Vell


