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On a sequence of Fourier coefficients

V. Venu Gopal Rao and B.N. Sahney

In this paper we establish (a, 1) summability of the sequence

{nB^ix)} and by using Tauber's Second Theorem, we deduce the

convergence criterion of the conjugate series of a Fourier series.

1.

Let fit) be an integrable function periodic with period 2TT and let

its Fourier series and its conjugate series be

00 CD

(1.1) | aQ + I [ancosnt+b sinnt) = I A (t)

and
QO 00

(1.2) I [b cosnt-a sinnt) = I BAt) ,
n=l n=l

respectively. We write

\i>(t) = f(x+t) - f(x-t) - I ,

Kit) = fix+t) - f(x-t) .

Fejer [3, pp. 55, 62] has shown that if 1 = f(x+0) - f(x-O) exists

and is finite, the sequence {nB (x)} is summable (c, r) , v > 1 , to

the value 1/TT ; and if / is of bounded variation, the theorem holds

true for r > 0 . Obrechkoff [2] proved that if / is integrable (L)

and if t"1|/(x+t)-fix-t)-l\ is integrable near t = 0 , then

-1 n

n \ rB ix) -*• l/v . Later Mohanty and Nanda [/] proved the following:
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THEOREM MN. If

Ut) = o{(log 1/t)"1} , as t + 0 ,

and

an = 0[n~6) , bn = 0(«~6} , 0 < 6 < 1 ,

then the sequence {nB (x)} is swrmable {a, l ) to the value

The object of this paper is to prove the following theorem:

THEOREM 1. If

,t .
(1.3) ¥(£) = \j>(u)du = o[ta) , A > 1 ,

; 0

and

rS

a/A

r6

d.J») |<*e(u)| = o ( t " n } , TT > 6 > o ,
I 1 /A

where 6(M) = u ^ ( M ) a;7wZ where n satisfies 1 > n > 0 , then {nBn{x)}

is siormahle (e , l ) to the value Z/ir .

2.

Proof of Theorem 1. From Mohanty and Nanda [ J ] , we wri te

(2.1) n"1 I rB (x) - l/ir = ± {/(x+t)-/(ar-t)-Z}3(n, t)dt + oil)
r=l J0

-, fir

J0

= I + o(l) ,

say, where

g(n, t) = - — -rr {cost + cos2t + . . . + cosnt}

1 d fsinnfr . „.= - — -TT {r—TTT' + cosnt -n dt [tant/2

\ 1 . „ „ .

2
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Then

f
I = $(t)g(n, t)dt

f17

'0

= f Mt)\ S±Rnt - £2S2*]di + i f
J0 Unsin2t/2 * j J0

TT/n f (TT/n ) 1 / A

+ o( l )

„, ,s sinwt cosnt
say, where Gin, t) = —r— .

nt2 t

We have the following estimates:

Gin, t) = Oin2t) , n/n > t 2 0

Gin, t) = Oil/t) , t > -n/n

j£ Gin, t) = G' in, t) = Oin2) , ir/n > t 2 0

and

G' in, t) = Oin/t) , t > v/n .

Then

rv/n
(2.2) I., = \pit)Gin, t)dt

1 Jo

in, t)Y'n -
0 J0
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(2.3) J 2 = 1 4>(t)G(n, t)dt

= [ \j>(t)G(n, t)dt , where a = (ir/n)1/A

'•n/n

, *)]J, - f YUJG'Cn, t)dt
'•n/n

* -" •n/n

Finally i t remains to show that J = o(l) . To evaluate I we write

f 6 - - • — - r6 cosntI = f ,Kt)SiS2*^_ f Ht)£SZ

J 3 .1 + J3.2 '

say. Put

r
'0

then

0(t) = Olt'^) and 6(*) = Oit'^) .

Then

f

e(t) = t~>(*) , e(t) =
In

J ' - •»

where

= f e(«) ^^fr^dt = - f
' n yrf-. 'I

A(t) = —r— dt = — 5 — siI, ,2—n .2-n I.' t nt nt ' t

6
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.1 = f e(*)*vt*) = [8(*)A(*)]* - f

So

'>- . .

= P + Q ,

say.

L J a \ JL

and

Finally

fO fO' fO

1̂  _ = '('(t) ^7—eft = 6(t) 7̂ dt = - 6(t)dx(*)
J»«- j t I ,i~ri />a

where

X(*) = f ^f^-dw = - ^ i - f oosnudu =

Therefore

J3.2 I

l l - f .
= R - S ,

say;
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= o(l) ;

and

r
'a

r6

0L-i f6 Jiiiii

F i n a l l y

(2.1+) I =

Hence from ( 2 . 1 ) , ( 2 . 2 ) , ( 2 . 3 ) and ( 2 . U ) , we have

- 1 n

n i rB (x) - 1/T\ = o(l) , as n -*• °° .

r=l r

This completes the proof of Theorem 1.

3.

We have the following convergence criteria for the conjugate series:

THEOREM 2 . If

ft
(3.1) <{u)du = o{t ) , A > 1 ,

J0

and

(3 .2 ) f \d{u~n<(u))\ = 0{t~n) , 1 > n > 0 ,

then the aVL-ied series (1.2) converges to the value
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(3.3) ^ <(t)cott/2dt ,
•'o

provided that the integral exists as a Cauahy integral at the origin.

Now we deduce Theorem 2 as a corollary of Theorem 1 employing the

following:

TAUBER'S SECOND THEOREM. If I U is summable (A) , then a

necessary and sufficient condition that it should be convergent is that the

sequence {nU } is summable (c, l) to the value zero.

Proof of Theorem 2. The existence of the integral (3.3) as a Cauchy

integral at the origin implies the summability (A) of the conjugate

series (1.2) [3, p. 55].

Using Theorem 1, we find that the conditions (3.1) and (3-2) of

Theorem 2 imply the summatdlity (c, l) of the sequence {nBn(x)} to the

value zero. The convergence of the series (1.2) follows from Tauber's

Second Theorem.
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