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On a sequence of Fourier coefficients

V. Venu Gopal Rao and B.N. Sahney

In this paper we establish (e, 1) summability of the sequence

{an(x)} and by using Tauber's Second Theorem, we deduce the

convergence criterion of the conjugate series of a Fourier series.

1.

Let f(t) be an integrable function periodic with period 2m and let

its Fourier series and its conjugate series be

2] [
(1.1) %—ao + ) (ancosnt+bnsinnt) = Z A (t)
n=l n=0
and
(1.2) ) (bncosnt-ansinnt) =} B (t) ,
n=1 n=1

respectively. We write
V(t) = fla+t) - Fla-t) - 1 ,
k(t) = flzte) - fla-t) .

Fejér [3, pp. 55, 62] has shown that if 1 = f(x+0) - f(x-0) exists

and is finite, the sequence {an(x)} is summable (e, r) , »>1 , to

the value 1/ ; and if f 1is of bounded variation, the theorem holds
true for r > 0 . Obrechkoff [2] proved that if f 1is integrable (L)
and if t-llf(x+t)—f(x—t)—l| is integrable near t = 0 , then

-1 7

n z rBr(x) + 1/m . Later Mohanty and Nanda []] proved the following:
r=1
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THEOREM MN. If

¥(t) = o{(log 1/¢)™} , as t >0,

and
a =08, b =0, o<s<1,
then the sequence {an(x)} is swmmable (¢, 1) to the value 1l/m .

The object of this paper is to prove the following theorem:

THEOREM 1. If

¢ A
(1.3) Y(t) = J Yuddu = o(t) , A4>1,
0
and
8
(1.4) j ld6G)| = o(£™) , w850,
/8

where 0(u) = u W(x) and where n satisfies 1 >1n >0, then {an(x)}

is swmmable (e, 1) to the value 1l/m .

2. ’

Proof of Theorem 1. From Mohanty and Nanda [1], we write

n T
(2.1) a7t § B (2) - 1w =2 J {f (z+t)-f(z-t)-1}g(n, t)dt + o(1)
=1 0
1 ("
=L [ wielgln, 01t + o)
Tl
=TI +o0(1),
say, Where
_ 14d
gln, t) = - ey {cost + cos2t + ... + cosnt}
_ 1 d [sinnt _
T T ondt {tant/2 + cosnt 1}
_ |21 _sinnt 1 cosnt 1 .
= {hn . 2 2 ta.nt/2} *+ 3 sinnt .
sin“t/2
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Then
T
I=I W(t)gln, )t

0
m . T

- J ‘11 { sinnt _ cosnt}dt +%I W(t)sinntdt
0 bnsin?¢/2 4 0
wm o (i)t s

= {J J + W(t)G(n, t)dt + o(1)
0 m/n (n/n)l/A

= Il + 12 + 13 +0(1) ,

¢) = sinnt _ cosnt .

say, where G(n,
nt2 ¢

We have the following estimates:

G(n, t) = 0n?t) , ®/m=2t=0

Gln, t) = 0(1/t) , t > m/n
E%G(n, t) =G'"(n, t)y =0n%), Wn=z=t=0
and
G'(n, t) =0(n/t) , t>1/n.
Then
T/n
(2.2) Il = J Y(t)G(n, t)dt
0
Tf/n TT/n
= [‘Y(t)G(n, t) o - J Y(¢t)G' (n, t)dt
0
/ T/n A
= o{[t 2™ - J ¢ dt}
0
=o(1) ;
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(n/n)2/8
(2.3) I, = J v(t)G(n, t)dt
m/n
@ 1/A
= j Y(£)G(n, t)dt , where a = (n/n)
T/n
o a
= B%ﬂcw,tﬂ"h1-f ¥(¢)G' (n, t)dt
n/n
A =1laa o A -1
= o{[f .t ] I J t.t dt}
m/n /n
o
= of 41 J tA'ldt}
{ m/n - w/n
= o(1) .
Finally it remains to show that I3 = 0(1) . To evaluate I3 we write
8 sinnt 6 cosnt
I = J w(e) LRt g J w(e) o2t g,
3 a nt? o
=3, v 3.0
say. Put
t
8(t) = ¢ W(e) , o) = J |d6(u)|
0
then
o(t) = o(t'm) and 6(z) = 0(t™™)
Then

I - J W(t) sinnt dt
3.1 a nt?

S . s
= J a(t) s‘g”n dt = - j 8(t)dA(zE) ,
Q nt a

where

6 3 -2.n-
A(g) = | Siont g o 2 sinmdu = 0(n"2t"2) .
= -N 2-n
t nt nt
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So
$ 5 )
I31 7 L 8(¢)dn(t) = [o(e)A(e)] - Ja A(£)d8(s)
=P+Q,
say.
P = 0[t-nAn-2tn-2]2 - 0(n"?) [tn(l-A)—z]g = o(1) ;
and
8 )
le| = f IA(e) [ de(e)]| = o[n'2 j l%%ﬁ]
o a t
§
- -2 n-2 8 n-3
= o(n ){[t e(f;)]cl - Ja t O(t)dt}
8
= -2 n-2 -niqé _ n-3 ,-nhA
= 0(n ]{[t S i b Ja t .t dt}
$
- -2 n{1-4)-26 n(1-4)-3
= o ){[t 18 - ja ¢ dt}
= o(1) .
Finally
8 & $
- cosnt - ; cosnt - _
1327 Ja W) = —dt Ia 8(¢t) _tl'” dt Ja'e(t)dx(t)
where
(t) = 8 LoSNU 4, = -1 S udu = 0( —1tn-1)
X = . 1N = tl-n . cosnudu = O(n .
Therefore
$
I3, = J 8(¢)dx(t)
a
s 8
= [e(t)x(t)]a - I x(t)do(t)
a
=R-5,
say;
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R = 0{ [t—nA.n_ltn_ljg}
= O{n_l [tn(l_A‘)-l]g}
= o(1) ;

and
8
Is| = f Ix(t)||de(z)]
o
- O[n-l fé de(t)l}
a ¢
§
- O(n-l){[t-nA.tn—l]g _ J tn(l—A)—Edt}
o
= o(1) .
Finally
(2.4) I, =o0(1) .

3

Hence from (2.1), (2.2), (2.3) and (2.4), we have

n Y} rB (x) - 1/m=0(1) ,as n~+o.
P
r=1

This completes the proof of Theorem 1.

3.
We have the following convergence criteria for the conjugate series:

THEOREM 2. If

t
(3.1) J k(u)du = o(tA] s A>1,
0
and
5
(3.2) [ Jaemew) ) =ole™ L 1s 0,
£1/8

then the allied series (1.2) converges to the value
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1 m
(3.3) T J k(t)cott/adt ,
0

provided that the integral exists as a Cauchy integral at the origin.

Now we deduce Theorem 2 as a corollary of Theorem 1 employing the
following:

TAUBER'S SECOND THEOREM. If } v, is swmmable (A) , then a
necessary and sufficient condition that it should be comvergent is that the

sequence {nUn} igs swmmable (e, 1) to the value zero.

Proof of Theorem 2. The existence of the integral (3.3) as a Cauchy
integral at the origin implies the summability (4) of the conjugate
series (1.2) [3, p. 55].

Using Theorem 1, we find that the conditions (3.1) and (3.2) of
Theorem 2 imply the summability (e, 1) of the sequence {an(x)} to the

value zero. The convergence of the series (1.2) follows from Tauber's

Second Theorem.
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