Compositio Mathematica 130: 75-88, 2002. 75
© 2002 Kluwer Academic Publishers. Printed in the Netherlands.

p-Typical Dynamical Systems and Formal Groups

HUA-CHIEH LI
Department of Mathematics, National Taiwan Normal University, Taipei, Taiwan, R.O.C.
e-mail: li@math.ntnu.edu. tw

(Received 13 December 1999; accepted in final form 24 October 2000)

Abstract: By using the idea of logarithm, we give an effective method to decide whether a stable
series is an endomorphism of a formal group or not. We also give examples that contradict Lubin’s
conjecture.

Mathematics Subject Classifications (2000). 11S31, 11F85, 11L05.

Key words. stable series, logarithm, p-typical dynamical systems, p-typical formal groups.

1. Introduction

A one-dimensional formal group law over a ring 4 is a formal power series in two
variables F(x, y) € A[[x, y]] such that

F(x,0) = x, F@QO,y)=y, F(x, F(y,z)) = F(F(x, ), 2).

An endomorphism of F(x, y) is a power series f(x) € A[[x]] without constant term
such that

JFEX, ) = F(f(x). /().

In the theory of formal groups over the ring of integers in a finite extension of the
p-adic field Q,, the field generated by all roots or fixed points of the iterates of
an endomorphism is well known due to the efforts of J. Lubin and J. Tate [11]
and J-P. Serre [12]. We are interested in finding conditions for a series to be an
endomorphism of a formal group. In [5], we give a necessary and sufficient condition
for a stable noninvertible series to be an endomorphism of a formal group. The result
is not satisfactory, at least for practical purposes, since it involves infinitely many
iterations.

Let 4 be an integral domain and f(x) € A[[x]]. We say that f(x) is stable if
f(0) =0 and f'(0) is not 0 nor a root of 1. A series A(x) € A[[x]] without constant
term is called invertible if there exists a series g(x) € A[[x]] such that
h(g(x)) = g(h(x)) = x. A necessary and sufficient condition for /4(x) to be invertible
is that /'(0) € A*. Since A(x) is invertible, it and its iterates can have no other roots
than 0, but the fixed points of the iterates of A(x) (that is, the periodic points of
h(x)) are of serious interest. In the other case, if f(x) € A[[x]] without constant
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term and 0 # f(0) € 4 \ A*, then we call f(x) a noninvertible stable series. In this
case, f(x) can have no other fixed points than 0, but the roots of its iterates, now
play a role parallel to the periodic points of an invertible series. These two studies
become no longer disjoint in case an invertible series commutes (under
composition) with a noninvertible series, a phenomenon familiar enough when
all are endomorphisms of a formal group. (Please see [9] for more detail.) In
the case of a formal group over the ring of local integers, its endomorphisms
form a commuting family (under composition) which contains both stable
invertible series and stable noninvertible series. In [9], Lubin conjectures that
for a stable invertible series u(x) to commute with a noninvertible series f(x),
there must be a formal group somehow in the background. In particular, in this
case, if all the iterates of f(x) have only simple roots, Lubin [10] conjectures that
f(x) must be an endomorphism of a formal group. The results in [6] and [7]
support this conjecture.

In this paper, by using the idea of logarithm, we give a more effective method to
decide whether a stable series is an endomorphism of a formal group or not. When
f(x) is a stable series over a characteristic zero integral domain 4, its logarithm
is the unique series L(x) over the fraction field of 4 with L_}-(O) =1 and
Ls(f(x)) = f"(0)Ls(x). When f(x) is an endomorphism of a formal group F(x, y).
The logarithm of f(x) is exactly the logarithm of the formal group. Thus L(x)
is the unique series such that Ly(0) =1 and F(x,y) = L_;I(Lf(x) + Ls(y)), where
L;'(x) is the inverse power series, i.e. L;'(L(x)) = Ly(L;'(x)) = x.

Because we are mainly interested in the roots of iterates and periodic points of a
stable series and when two stable series commute to each other, they have the same
set of roots of iterates and periodic points (see [9, Propositions 2.1, 3.1 and 3.2]
for more detail), we naturally have the following definition.

DEFINITION. Let f(x) be a stable series over a characteristic zero integral domain
A. Then the dynamical system over 4 arising from f(x) is the set of all g(x) which
are stable series over A with g(f(x)) =f(g(x)). In particular, if f(x) is an
endomorphism of a formal group over A, then we call the dynamical system over
A arising from f(x), a dynamical system arising from a formal group.

Given two systems Sy and S, over A, we say that they are isomorphic if there
exist fi(x) € S;, fo(x) € S; and an invertible series u(x) over A such that
u( f1(x)) = fo(u(x)). In addition, if /(0) = 1, then we say these two systems are strictly
isomorphic. It is easy to check that if S is a system arising from a formal group over
A and S is isomorphic to S;, then S, is also a system arising from a formal group
over A.

In [9], we know that the relation of commuting is an equivalence relation and
g(f(x)) =f(g(x)) if and only if Ls(x) = Lg¢(x). Hence, we can use the logarithm
of f(x) to characterize the dynamical system arising from f(x) and call it the
logarithm of this system. In conformity with the formal group theory in [2], we will
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call a system p-typical if its logarithm L(x) is of the form
L(x)=x+ Z anx’".
n=1

If a system arising from a formal group is p-typical, then we will call such a formal
group a p-typical formal group.

When p is a prime and A4 is a Z,-algebra, it is proven by Hazewinkel in [2] that
every dynamical system arising from a formal group is strictly isomorphic to a
p-typical dynamical system. More precisely, in Proposition 3.2, we will see that
if L(x)=x+Y7,ax is the logarithm of a formal group over A, then
I(x)y=x+>, apnx/’” is also the logarithm of a formal group over A. Furthermore,
these two formal group are strictly isomorphic over 4.

The main theorem of this paper is the following theorem:

MAIN THEOREM (see Theorem 4.3). Let A be a 7,,-algebra and S be a dynamical
system over A. Suppose that in S there exists a stable series g(x) € A[[x]] with
g(0) € Z, and g(0Y — g'(0) € pZ, \ p*Z,. Then S is a dynamical system arising from
a formal group over A if and only if S is isomorphic to a p-typical dynamical system.

In practice, this theorem provides us a much easier method to determine whether a
stable series is an endomorphism of a formal group or not. Let f(x) be a stable series
over 4 and let

Li(x) = x+ Za,»xi
i=2
be the logarithm of f(x). We consider
l(.x) = X + Z apnxpn,
n=1

or in other words by simply striking out all terms in Ly(x) that should not occur in the
logarithm of a p-typical system. We will see later (Lemma 2.1) that if
Lj?l(l(x)) € A[[x]], then the system arising from f(x) is strictly isomorphic to the
system with logarithm /(x), which is p-typical. Furthermore, if there exists
g(x) € A[[x]] with g’(0) = p such that f(g(x)) = g(f(x)), then g(x) is in the system
arising from f(x) and g'(0Y — g'(0) = p* — p € pZ, \ p*Z,. Therefore, by our main
theorem, f(x) is an endomorphism of a formal group over A. In fact, combining
with Proposition 3.2 mentioned above, our main theorem says that f(x) is an
endomorphism of a formal group over A4 if and only if L/_-l(l(x)) € A[[x]] and there
exists g(x) € A[[x]] with g’(0) = p such that f(g(x)) = g(f(x)).

Since Z, is contained in the endomorphism ring of every formal group over
Z,-algebra, the condition in our main theorem is also necessary. In the final, we
will supply examples to illustrate that this condition is in fact sharp. We also give
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examples that contradict Lubin’s conjecture. To my knowledge, these are the first
kind of p-adic dynamical systems which we know that contain both stable
invertible series and stable noninvertible series but there is no formal group in
the background.

2. Basic Tools

In this section, 4 is an integral domain and K is the fraction field of 4. Let
f(x) € A[[x]] be a stable series. In [9], Lubin shows that we can find a unique
Ly(x) with L}(O) =1 such that Ly(f(x)) =f"(0)Ls(x). Therefore, for any b € K,
g(x) = L/?l(bLf(x)) is the unique power series in K[[x]] with g’(0) = » which com-
mutes with f(x). Lubin also shows that for any stable series g(x) € K[[x]],
f(g(x)) = g(f(x)) if and only if Ly(x) = Ly(x). Therefore, given a system S over
A with logarithm L(x), every element of S is of the form L~!(aL(x)) for some
a € A such that L™ (aL(x)) € A[[x]].

LEMMA 2.1. Let 8| and S; be two systems over A with logarithm L\(x) and Ly(x)
respectively. Then S| and S, are isomorphic if and only if there exists an invertible
series u(x) € A[[x]] such that Ly(u(x)) = u/(0)L(x).

Proof. Suppose that S; and S, are isomorphic. Then by definition, there exist
fix) € S1, fo(x) €S, and an invertible series u(x) € A[[x]] such that
u(f1(x)) = fo(u(x)). Consider 1/(0)L;(u~"(x)). It satisfies the defining condition for
the logarithm of f5(x) = u( f1(u~'(x))). By the uniqueness, it must therefore be equal
to Ly(x).

Conversely, suppose that S; is a system arising from fj(x) € A[[x]]. Consider
fo(x) = u(f1(u~'(x))). Because u(x) is an invertible series over 4, f>(x) is a power series
over A and Ly(f>(x)) = f3(0)L>(x). This implies that f>(x) € S, and hence S; and S
are isomorphic. [

LEMMA 2.2. Let fi(x) and f>(x) be stable power series with f{(0) = f5(0). Let Li(x)
and Ly(x) be the logarithm of fi(x) and fi(x), respectively. Suppose that
Li(x) = Ly(x)(mod x"). Then fi(x) = f(x)(mod x").

Proof. We prove this by induction. Suppose that for m <n,
f1(x) = fH(x) + cx(mod x™*1).  Since  f1(0)=£(0)=0 and Li(x)= Ly(x)
(mod x*1), we have that

FO)Li(x) = Li(fi(x))
= Ly(f5(x) + cx™) (mod x"*1)
= Ly(f>(x)) + cx"(mod x"*1)
= £(0)La(x) + ex™.

Because f{(0) = f5(0), this implies that ¢ = 0 and our induction follows. O
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LEMMA 2.3. Let fi(x) and f>(x) be stable power series with f{(0) = f5(0). Let Li(x)
and Ly(x) be the logarithm of fi(x) and f>(x), respectively. Suppose that

Li(x) = Ly(x) + cx"(mod x"™) and  fi(x) = fo(x) + dx"(mod x"1).
Then
c=d/(f{(0) = f{(0)").

Proof. We remark first that since fi(x) is stable, f{(0) — f{(0)" # 0 for all n. Because
L(0) = 1, we have that

FO)Li(x) = Li(fi(x))
= Ly(f5(x) + dx") + c(f>(x) + dx")'(mod x"t1)
= Ly(f2(x)) + dX" 4 ¢f5(0)"x"(mod x"*!)
= f5(0)La(x) + (d + ¢f3(0)")x"
= £5(0)L1(x) + (d + ¢f3(0)" — cf5(0))x"(mod x"1).

Since //(0) = £(0), this implies that ¢ = d/(f](0) — £1(0)"). O

In [2], Hazewinkel gives a method of constructing formal groups by means of
certain type of recursive procedure. Here, we just list some results which we need
later. (Please see [2] for more detail.)

The basic ingredients for the constructions are: a ring B such that 4 C B, a prime
number p, a principal ideal P of 4 such that p € P, a ring homomorphism
6 : B— B such that g(a) = ¢’(mod P) for all a € A and {sy, 52, ...} C B such that
siPC A, i=1,2,.... Now let g(x) € A[[x]]. Given the ingredients above, we con-
struct a new power series /y(x) € B[[x]] by means of the recursion formula

lo(x) = g(x) + Y _ 5oL, (x7),
i=1

where ¢’ /,(x) is the power series obtained from /,(x) by applying the automorphism
o' to the coefficients of /,(x). We remark that the equation above is in fact a recursion
formula for the coefficients of /,(x). Indeed, let

g =) b, ()= an,
i=1 i=1

then the a,,n = 1,2, ..., are recursively determined as follows. Write n = p"m where
m is such that p does not divide m. Then we have

a, = b, + Sla(an/p) +- 4+ Srar(an/p")'
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LEMMA 2.4. Let g(x) and h(x) be two power series over A with g(0) = 1 and let [,(x)
and I;,(x) be two power series over B constructed by the recursion formula above. Then
we have:

1) F(x,y)= Ig_l(lg(x) + L, (y)) is a formal group over A;
(i) 7' (In(x) € A[lx]]-

Let Cu(x, ) = &,((x + »)" — x" — y"), where ¢, = 1, when n is not a prime power
and ¢, = 1/q, when n is a power of the prime ¢. Let F(x, y) and G(x, y) be formal
groups over A with F(x, y) = G(x, y) (mod degree n). Then Lazard’s comparison
lemma [4] says that F(x, y) = G(x, y) + aC,(x, y) (mod degree n + 1) for some a € A.

Denote by [m]z(x) (resp. [m]g(x)) the unique endomorphism of F(x,y) (resp.
G(x, y)) such that [m](0) = m (resp. [m];(0) = m).

LEMMA 2.5. Suppose that F(x,y) and G(x,y) are formal groups over A and
F(x,y) = G(x,y) + aCy(x, y)(mod degreen+1). Then for me 7, [m]p(x)=
[m)g(x) + ae,(m" — m)x"(mod x"+1).

Proof. Please see [1, 111, Lemma 4]. O

3. Universal Formal Group Law

Most of the results in this section can be found in [2]. However, since we concentrate
on formal groups over Z,-algebra, we give here more direct proofs of these results by
considering logarithms. In this section 4 is a Z,-algebra and K is the fraction field
of A.

DEFINITION. A Formal group F(x, y) over a ring .A is universal for formal groups
over Zy-algebras if for every formal group G(x, y) over a Z,-algebra A, there is a
unique ring homomorphism ¢: A — A such that ¢, F(x, y) = G(x, y).

Now we take

AZZ[Vz, V3, V4,...], BZQ[Vz, V3, V4,...], PZPA, o:B— B
raise each V; to its pth power, s; :p*1 Vi foralli=1,2,..., and
00 ] )
gx)=x+ Z V,x" — Z V,,fx’"' and h(x) = x.
n=2 i=1

We construct power series /,(x) and /,(x) by means of Hazewinkel’s recursion
formula in previous section. We define Fy(x,p) =1/, Y(lg(x) + L,(y)) and
Fy(x, ») = ;1 ((x) + [(»)). An application of part (i) of Lemma 2.4 shows that both
Fg(x, y) and F(x, y) are formal group over A.
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We write

le(x) =x+ Z b, X" and [i(x)=x+ Z X",
n=2 n=2

then according to the recursion formula, we have that
bn = (I)n(V2a e anl) + )~n Vna

where @,(V>, ..., V,-1) € Q[V>5, ..., V,-1] and 4, =1 if n is not a power of p and
An = 1/p if n is a power of p. We also have that ¢, = 0 if n is not a power of p
and ¢, = b, if n is a power of p. In fact,

Cpi = by = \Pi(Vp, ..Vpi—l) + Vpi/p,
where lI’,(V s Vpi—l) (S Q[Vp, ey fo—l].

PROPOSITION 3.1. Fy(x, y) is a universal formal group for formal groups over
Z,-algebras.

Proof. For any formal group F(x, y) over 4 with logarithm L(x), we claim that
there exists a unique ring homomorphism ¢: A — A4 which tensoring with Q gives
us a homomorphism (also denoted ¢) ¢: B — K such that ¢ /[,(x) = L(x). We
remark that since /,(0) =1, this implies that /; '(x) € B[[x]]. Therefore, we have
¢l (x) = L7 (x) and, hence, ¢, Fy(x,y) = F(x, y).

For the proof of the claim, we use induction. Suppose that there exist
a,...,a,_1 € A such that

n—1
X+ Z((Di(aL i) + Zia)x' = L(x) (mod x").
P

Consider ¢: A — A4 the Z-homomorphism defined by ¢(V;) = a; for i <n—1 and
@(V;) =0 for j = n. Since ¢,ls(x) is a logarithm of a formal group F,(x,y) over
A. By Lazard’s comparison lemma and Lemma 2.5, we have that

(P15, () = [Plp(x) + ae,(p" — p)x”" (mod x"*)
for some a € 4. By Lemma 2.3, this says that
@, lg(x) = L(x) — ag,x” (mod x").

Recall thate, € Aand A, = 1 if nisnota power of pand e, = A, = 1/pif nis a power
of p. Hence we can uniquely choose «, =ag,/A, € A such that for the
Z-homomorphism : A — A defined by y(V;) =a; for i <n and yY(V;) =0 for
Jj > n, we have ,l(x) = L(x)(mod x"*1). Our claim follows. O

PROPOSITION 3.2. Let A be a Zy-algebra. Then every formal group over A is
strictly isomorphic to a p-typical formal group over A.
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In particular, suppose that L(x) = x + Y .o, a;x' is the logarithm of a formal group
over A. Then I(x) = x+ Y v anx*" is also the logarithm of a formal group over
A. Furthermore, these two formal group are strictly isomorphic over A.

Proof. By Lemma 2.1, we only need to prove that L~'(/(x)) € A[[x]]. Since l,(x) s
the logarithm of the universal formal group F,(x,y), there exists a ring
homomorphism ¢: A — A4 which tensoring with Q gives us ¢,/,(x) = L(x). Recall
that we get /4(x) by striking out all terms in /,(x) that its degree is not a power
of p. Hence, we have ¢,/;(x) = [(x). An application of part (ii) of Lemma 2.4 shows
that /.- L(l(x)) € A[[x]]. Our claim follows by applying ¢ to the coefficients of
Ig_l(x), Iy(x) and lg_l(lh(x)).

4. p-Typical Dynamical Systems

Let K be a totally ramified extension of degree e over (Q, and let Ok be its integer
ring. Let L be an unramified extension of K with integer ring O; and maximal ideal
‘P. We normalize the valuation v of Op such that v(p) =e. Let o € Gal(L/K) be
the Frobenius automorphism of L over K. Recall that o(x) = o’(mod P) for all
o e OL.

THEOREM 4.1. Let S be a dynamical system over Oy, arising from a stable series
f(x) € OL[[x]]. Suppose that in S there exists a stable series g(x) € O[[x]] with
g 0) € Ok and v(g'(0Y —g'(0)) = 1. If S is isomorphic to a p-typical dynamical
system, then f(x) is an endomorphism of a formal group over Of.

Proof. Recall that if /(x) is the logarithm of f(x), then /(x) is also the logarithm of
g(x). Without loss of generality, we assume /(x) =x+ ) o, a;x"". Observe that
the assumption v(g’(0Y —g’(0)) =1 implies that v(g’(0)"" —g’(0)) =1 and since
l(g(x)) = £'(0)/(x), by the assumption of g’(0) and by induction, we can easily get
wa;) = —i. By applying part (i) of Lemma 2.4, we only have to claim that there
exist {s1,s,...} such that s;P € Op and I(x) = x+ > 1, siofkl_(xf’i). Since ¢ is the
Frobenius automorphism, it is also easy to check that gxy = aig(xl’i)(mod P).
Hence, we have that (g(x) Y = (cig(x)y (mod P'*!) and then o'(a;)(g(x)" Y =
'(aj)(a’g(x"))’ (mod P). Therefore,

gy = gV + Y o' (a) gy
j=1
= olg(?) + Y o' (a))(ale(x")Y’ (mod P)
=1
= ¢’ l(c' g(x")) (mod P)
=il o g)(x)
= 0'(g () /(x").

For 51, we have that a¢; = s;. Since v(a;) > — 1, this implies that s;P € O;. Sup-
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pose our claim is true for sy, 5, . .., s,_1 and /(x) = x + Y17 s5,621(x"")(mod x"). We
choose s, € L such that

n—1 )
I(x) = x+ Zsiail(xpl) + 5, (mod x”"t1),

i=1

Therefore,

g(0)(x) = l(g(x))
n—1

=g(x)+ Z 5ioLl(g(x)") + 5,8 (0" X" (mod O, x""+1)

i=1

5:6'(g'(0)a1(x"") + 5,¢' (0¥ " (mod O, x"*1).

n—1
i=1

Now, since g’(0) € Og, we have that ¢'(g’(0)) = ¢’(0). Hence, the congruences
above implies

n—1 )
g0)s, " = g (0)(I(x) = Y si0' 1)) = 5, (0) ¥ (mod O, "),
i=1
Thus  s5,(g(0Y" —g'(0)) € Or. Since wg(0F —g(0)=1, we have that
s, P € Or. O

Consider the case K = Q,. Since Z, is contained in the endomorphism ring of
every formal group over O (by the embedding mi— [m](x)), we have the following
corollary:

COROLLARY 4.2. Suppose that L is a unramified extension of Q,. Suppose that S is
a dynamical system over Or. Then S is a dynamical system arising from a formal
group over Or if and only if S is isomorphic to a p-typical dynamical system and
in S there exists a stable series g(x)e€ Or[[x]] with g'(0)eZ, and

(g'(0)" — g'(0)) = v(p).

Corollary 4.2 and the proof of Theorem 4.1 show that every formal group over the
integer ring of a unramified extension of (), can be constructed directly by
Hazewinkel’s recursive formula. In general, this is not always true, so we use another
approach to extend the result of Corollary 4.2 to dynamical systems over any
7,,-algebra.

THEOREM 4.3. Let A be a Z,-algebra and S be a dynamical system over A. Suppose
that in S there exists a stable series g(x)e A[[x]] with g'(0)eZ, and
(g’ (0Y — g'(0)) = v(p). Then S is a dynamical system arising from a formal group
over A if and only if S is isomorphic to a p-typical dynamical system.
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Proof. We only have to prove the ‘if” part. Recall that
o) .
Wx) =X+ Y (ViVpe oo Vo) + Vi )X
i=1

where Wi(V,, ..., Vyi1) € Q[V,, ..., V-] Without loss of generality, we assume
that & is p-typical. let L(x) be the logarithm of S. We denote
C=2ZpVp,Vyo,..., Vpr,...]. Our goal is to find a ring homomorphism ¢: C — 4
which tensoring with Q gives us ¢, /;,(x) = L(x).

We use induction. Suppose that there exist ap,...,a,_1 € 4 such that

n—1 )
X+ (Fdar, . aim) +a/p = Lx)mod &),
i=1

Consider ¢: C — A the Z-homomorphism defined by ¢(V)) = a; for i <n—1 and
@(Vy) = 0 for j > n. Since for every formal group over 4, its endomorphism ring
contains Z, and ¢,/;(x) is the logarithm of a formal group over A, there exists
a power series f(x) € A[[x]] with f/(0) = g’(0) such that ¢,/;(x) is the logarithm
of f(x). By Lemmas 2.2 and 2.3, we have that

@.I(x) = L(x) +d/(f(0F" —f(0)x" (mod x""*")

for some d € A. Hence we can choose

an=d - p/(f(0)—f(0F) € 4
such that for the Z-homomorphism :C — A defined by y(V;) =a; for i<n
and Y(V;) =0 for j>n, we have V (/;)(x) = L(x)(mod xl’"H). Our induction
follows. O

Remark. The proof of Theorem 4.3, shows that Fj(x, y) as a formal group over C is
a universal formal group for p-typical formal groups over Z,-algebras.

5. Examples

In this section, we give examples to illustrate that the assumption g’(0) € Z, and
v(g’ (0¥ — g’(0)) = v(p) in Theorem 4.3 is essential.

Let K be an algebraic extension of O, and let O be its integer ring, with maximal
ideal M. If K is an algebraic closure of K, we denote by Og and Mk the integral
closure of Ok in K and the maximal ideal of Ok, respectively. There is a unique
extension of v to the algebraic closure K, and this will likewise be denoted v. If
f(x) = Y%, a:x', the Newton polygon of f(x) is constructed by erecting vertical half
lines on all the points of the form (i, v(a,-)) in the Cartesian plane, and then taking
the convex hull of the union of these lines. The Newton polygon is a natural tool
to study the roots of p-adic power series. Here, we just list some results which
we need later. Please see Koblitz [3] for more detail.
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By the vertices of the Newton polygon we mean the points (ij, v(a,_-,,)) where the
slopes change. If a segment joins two vertices (i, m) and (7', '), where i < 7, its slope
is (m' — m)/(i' —i); by the width of the segment we mean i — i, i.e. the length of the
projection of the corresponding segment onto the horizontal axis.

The proof of the following basic property of the Newton polygon can be found in
Koblitz [3].

PROPOSITION 5.1. If a segment of the Newton polygon of f(x) € K[[x]] has finite
width N and slope A, then there are, counting multiplicity, precisely N values of
o € K for which f(x) = 0 and v(o«) = — .

Since we only concern with roots in M ( i.e. roots with positive valuation), in the
following, we only consider those segments of Newton polygon which have negative
slopes.

LEMMA 5.2. Let f(x) be a stable noninvertible series in Ok[[x]]. Suppose that there is
only one segment of the Newton polygon of f(x) which has negative slope.

(1) Suppose that g(x)e Okl[x]] is a stable noninvertible series such that

S(&(x)) = g(f(x)). Then f(x)|g(x) in Okl[x]].
(i1) There is no stable series h(x) € Okl[[x]] such that h(h(x)) = f(x)

Proof. We first remark that if « € M is a nonzero root of a noninvertible stable
series p(x) € Og|[[x]], then every root of p(x) — o in Mg has valuation less than v(c).

(i) Suppose that « € My is a nonzero root of f(x). Because every nonzero root of
f(x) has the same valuation v(«), by the remark above, we have that every nonzero
root of iterates of f(x) has valuation less than or equal to w(x). Because
f(g(x)) = g(f(x)), the set of roots of iterates of f(x) equals to the set of roots of
iterates of g(x) and hence, « must be a root of some iterates of g(x). Now, if
g(a) = p #0, we have that v(f) > v(z). However, f§ is a root of iterates of g(x)
and hence a root of iterates of f(x), which contradicts the fact that every nonzero
root of iterates of f(x) has valuation less than or equal to v(«). Furthermore, it
is easy to check that if f(g(x)) = g(f(x)), then every common root of f(x) and
g(x) has the same multiplicity. Therefore, Weierstrass preparation theorem shows
that £(x) | g(x) in OIIx]].

(i1) Suppose that i(x) € Ok|[x]]is stable and &(h(x)) = f(x). Let f be a nonzero root
of h(x) in M. Then f is a root of f(x) and so is every root of i(x) — f in Mg. This
contradicts the assumption that every nonzero root of f(x) in My has the same
valuation. O

Our first example shows that the assumption g'(0)eZ,, in Theorem 4.3 is essential.
In the following, given the logarithm /(x) of a system, we denote [¢](x) the unique
power series with /([a](x)) = al(x).
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EXAMPLE. Let K = Q,(n) where n*> = p. Let a = (1 + m)p. We have that a &7, and
v(a) = v(p). Consider the p-typical system S over Ok with logarithm

I(x)=x+ pri/ai.
i=1

Then [a](x) € S but it is not an endomorphism of a formal group over Ok.

Proof. We only have to claim that [a](x) € Ok[[x]] and [p](x) € Ok[[x]]. First, it is
easy to check that [a](x) = ax + (1 — a”~")x”(mod x**!). We claim that [a](x) =
x’(mod pOg) by induction. Suppose that [a](x) = x” + cx"(mod pOy, x"*) for
n>p. Then since [I'(x)e€ Ok[[x]], we have that al(x)=I(a]l(x))=I(x")+
ex"(mod pOg, x"+1). Notice that /(x”) = al(x) — ax. This implies that ¢ € pOk.

Now suppose that [p](x) € Ok[[x]]. Since the Newton polygon of [¢](x) has only one
segment of negative slope and [¢]([p](x)) = [p]([a](x)), part (i) of Lemma 5.2 says that
[a](x) | [p](x) and hence by [8, Theorem 3.4], there exists h(x) € Ok[[x]] such that
[pl(x) = h([a](x)). Because

h([a)([al(x))) = [pl([al(x)) = [al([p)(x)) = [al(h([a](x)))

and [a](x) has no constant term, this implies that A([a](x)) = [a](h(x)) and hence
h(x) € S. Comparing the leading coefficients of [a](x) and [p](x) we have that
H©O)=(1+n)"". Thus A '(x) =[1 +7](x) € Ok[[x]]. However, by direct com-
putation, we have that

[14+7](x) = (1 +7n)x+ 1 = (1 + 7P Hx/p(mod x**1).

Since v(1 — (1 +7y’~1) = w(n) < v(p), we get a contradiction. O]

In the next example, we show that the assumption v(g’(0)’ — g’(0)) = v(p) in
Theorem 4.3 is also essential.

EXAMPLE. Let S be a system over Z, with logarithm
00 s )
I(x)=x+ pr Y.
i=1

Then [p?)(x) € S but it is not an endomorphism of any formal group over L.
Proof. We first check that

0 = 9+ (1= p ) (mod 3°1)

Using similar argument as above, we can prove that [p?](x) = x'mod pZZP. Hence
[#*](x) € S. Since the Newton polygon of [p*](x) has only one segment of negative
slope, by part (ii) of Lemma 5.2, it is impossible to find a stable power series
h(x) € Zp|[[x]] such that h(h(x)) = [p*](x). Because [p]([p](x)) = [p*](x), it follows that

(P)(x) € Z,p[[x]). O
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When A4 is a local ring and f(x) € A[[x]], then the lowest degree in which a unit
coefficient appears will be called the Weierstrass degree of f(x). If all coefficients
of f(x) are in the maximal ideal, then we will say that the Weierstrass degree of
f(x) is infinite.

All noninvertible series in the systems we constructed above have finite
Weierstrass degrees. In our next example, we have a system raises from a power
series with infinite Weierstrass degree. Surprisingly, this system contains both stable
noninvertible series and stable invertible series, but there is no formal group in the
background.

EXAMPLE. Let S be a system over 7, with logarithm I(x) = x+ x"/p. Then

S ={lal(x) | —a € p*Z,}. We remark that both [p*)(x) and [1 + p*)(x) are in S

but [p](x) is not in S. Hence S is not a system arising from any formal group.
Proof. We check first that

[a](x) = ax + (a — &”)x” /p(mod x**1).

Suppose that @’ — a € p>7Z,. Then since /(ax) — al(x) = (@’ — a)x” /p, by similar argu-
ment as above, we can prove that [¢](x) = ax(mod pZ,). Hence we have that
(@) —a e pZ,) S .

Next we check that

[PI(x) = px + (1 — p*~ ") (mod x"*1)

Suppose that [p](x) € Z,[[x]]. Then the Weierstrass degree of [p](x) is p. Notice that
[1 4+ p*)(x) = x(mod pZ,). In this case, Lubin [9, Corollary 4.3.1] shows that
[1 4 p*](x) cannot commute with a noninvertible series over 7, of finite Weierstrass
degree. We have a contradiction, and hence [p](x) €S. We can use similar argument
or use Theorem 4.3 to claim that [a](x) ¢ S for all a such that @’ — a € pZ, \ p*Z,.00

Remark. In this example, we understand that Lubin’s conjecture needs some
modification. However, in the example, the system has only finite many roots of
iterates and periodic points, but in [6] and [7] to support Lubin’s conjecture, we
do assume that our systems have infinitely many roots of iterates and periodic points.
Perhaps Lubin’s conjecture can be fixed by somehow expressing the hypothesis that
the dynamical system shall have an infinite set of roots of iterates and periodic points.
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