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Hurwitz on Hadamard designs

T. Storer

An »n x m-matrix on »n signed variables is called Hadamard of
Williamson type if each variable occurs exactly once in each
row, and the inner product of any pair of distinct rows is zero.
We show here that these matrices correspond in a natural way to
rational formulas for products of sums of »n squares, shown by
Hurwitz to exist only for n =1, 2, 4, and 8 . Hurwitz'
arguments contain an implicit proof that this correspondence is
one~to-one (we show this directly) and hence that Hadamard
matrices of Williamson type exist for orders 1, 2, 4 and 8

only.

An Hadamard design {1, 2] is an n x n array H(n; k) of k
signed variables ("letters") with the property that the inner product of
any two distinct rows of the arrasy is zero. Such a design has been said
to be of Williamson type (after [6]) if k = n and each letter occurs

exactly once in each row of H(n;n) A H(n) , and it has recently been shown

[5] that 5

this note is to show that this result was known to Hurwitz [3, 4].

exists if and only if n =1, 2, 4, or 8 . The purpose of

If

2 2 2 2 2 2] _ 2 2 2
(1) Prl tx,t et xn][yl ty, toae ¥ yn] = Pl +P, Lt Pn s

where the Pi are bilinear forms in the xj, yk , we may form an n x n

matrix H = Hij] whose <ij-entry Hij is the (signed) coefficient of z;

in Pﬁ . In the special case n = 4 , for example,

Received 15 September 1970. The author was supported in part by a
National Science Foundation research grant.
109

https://doi.org/10.1017/5S0004972700046323 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700046323

110 T. Storer

N
1

= 2y + Xoyo * T3y3z * Yy, Py = x1Y2 - Toyy *t T3yy - Tuyz .

P3 = xy3 - oYy - T3y) + Tuyr , Py = XYy + Tpyz - T3ya - Ty

YT Y2 Y3 Yu
Y2 <Y1 Yu» Y3
Y3 Yy Y1 Y2
Yu Y3 -Y2 Y1

is Hadamard of Williamson type. Hurwitz essentially showed that a formula
of type (1) exists for a given »n if and only if n =1, 2, 4, or 8 ,

(n)

and that each of these formulas leads to an # -(which he exhibits in

[31, p. 570) of the corresponding order. Thus, if it could be shown that

(n)

to each H there .corresponds a formula of type (1), the admissible

g{n)

orders n for would also be known. This is implicit in Hurwitz'

discussion, being, in fact, almost trivial. PFor, given an Hadamard

) A o
matrix H H = [?ij] R Qeflne bilinear forms Pl’ P2, . Pn by the

previous correspondence; further define H = [ﬁij] vhere, if

H., =ty Clearly A is Hadamard of Williamson

ik J
type and, if

~ =i
» then Hij z, -

X = xf + xg + ...t xs s, Y= yi + y: + .00+ ys ,
then
HHRRT = (HﬁT)(HﬁT)T = X¥.I (I =nxn identity matrix) .
But
(HET)ij = kgl Hikﬁjk Z0, {HﬁT)ij = kgl ijﬁik Z0
and
Hikﬁjk = (coets. of & in Py).(coers. of y in P .
If, now, y, = (coeff. of z, in P} , let
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xo(k) = (coeff. of ys in Pj) ; this defines a permutation o0 of the

n-set. Further, from the definition of H , we have

(coert. Ty(x) in P,) =t (coeff. =z, in Pj) ; ‘thus
|(coeff. of z in Pi).(coeff. of Yy in PE]I =

|(coeff. of T5(k) in Pj).(coeff. of yo(k) in Pi)l

and hence H = [|(HHT)ij

] is symmetric. This implies that XY is a sum
of 7 'squares of bilinear forms in the xi, yj . Continuing with the
case n =L , for example, we find

Py, P, P3 Py

Py, -P, P, =P,y

P3 —PL, —Pl Pz

i -

which is, again, Hadamard of Williamson type, as expected.

As a final interesting note, Hurwitz' closing remark in [3] implies
that an Hadamard design of order 16 on p letters, each of which must

occur exactly once in each row, must satisfy

p < 2igg26 +2710.1 ,

that is p < 10 .
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