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OSCILLATION CRITERIA FOR CERTAIN SECOND ORDER
NONLINEAR DIFFERENCE EQUATIONS

S.R. GRACE AND H.A. EL-MORSHEDY

This paper is concerned with nonlinear difference equations of the form
A’z +anf(za) =0, n=12,...

where A is the forward difference operator defined by Au,_ = %, —upn_q, A2uy_; =
A(Aun_1) and {ag} is a real sequence which is not assumed to be nonnegative. The
function f is such that wf(u) > 0 for all u # 0 and f(u) — f(v) = g{u,v)(u — v), for
all u,v # 0, and for some nonnegative function g. Our results are not only new but
also improve and generalise some recent oscillation criteria. Examples illustrating the
importance of our main results are also given.

1. INTRODUCTION

In this paper we consider the second order difference equation
(E) A%z, )+ anf(zn) =0, n=12...

where A denotes the forward difference operator, that is, Au,_y = up — up_q, A2up_y =
A(Au,-y) and {a,} is a sequence of not necessarily nonnegative real numbers. The
function f : R — R is continuous such that wf(u) > 0 for u # 0. Throughout this work we
consider f(u) — f(v) = g(u,v)(u ~ v), for all u,v # 0, and for some nonnegative function
g if nothing else is assumed. The nonnegativity of g means that f is nondecreasing on
(0,00) and (—c0,0). The function g will be assumed to satisfy either one of the following

conditions:

(1.1) glu,v) 2 A>0, forall u,v#£0
or

(1.2) |u"1|£1|f2Ag(u,v) >0, forsome A>0.
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By the Mean Value Theorem, it is easy to see that if the function f is differentiable on
R then (1.1) and (1.2) will be equivalent to

fllu)>A>0 forall u#0, ("=d/du)

and

IullgAf (u) >0 forsome A >0

respectively. We observe, also, that the class of all functions satisfying (1.2) contains not
only those functions which satisfy {1.1) but also all superlinear functions; f is called a
superlinear function if

o ] -0 ]
(1.3) /E m < oo and . m < oo forevery e>0.

By a solution of equation (F), we mean a real sequence {z,} which satisfies the
equation (E) for n = 0,1,.... A nontrivial solution {z,} of equation (F) is said to be
nonoscillatory if there exists N > 0 such that z,,.,z, > 0 for all n > N, otherwise it is
called oscillatory. Equation () is oscillatory if all of its solutions are oscillatory. Before
proceeding further, we remark that the letters i, J, k, n, N, N; and N below always
denote positive integer variables.

A prototype of equation (F) is the equation

(E)) A’z 1 + ag)z,]  sgnz, =0, v>0, n=12...
which is a discrete version of the well-known Emden-Fowler equation
02)) z"(t) + a(t)lz(t)r sgnz(t) =0, v>0, t>0.

Hooker and Patula [5] obtained many results regarding the oscillatory properties of
equation (E,) which correspond to certain discrete analogues of (E;). For v > 1, that is,
in the superlinear case, they have proved the following discrete version of the well-known
Atkinson’s criterion [1]:

THEOREM A. [5, Theorem 4.1] Suppose that v > 1 and a, > 0 eventually. Then
equation (E,) is oscillatory if and only if

[o o]
(1.4) Y ia; = oo
i=N

For equations of type (E) when (1.1) is satisfied and {a,} is not assumed to be
nonnegative, Thandapani et aliter [13] proved the following result:
THEOREM B. [13, Theorem 3] In addition to (1.1), suppose that

o0

(1.5) > a; exists,

i=N
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and ) o
(1.6) liminf A(n) > Y where A(n) =) a;.
If © 42 ()

A
1.7 2T =™

where A, (n) = max{A(n), 0}, then equation (E) is oscillatory.

The previous result completes, partially, an earlier result by Szmanda [11] (see
also [13, 15]) given by the following:

THEOREM C. [11] Assume that f is a nondecreasing function on R. Then equation
(E) is oscillatory if
(1.8)

r

I
F4

a; = OQ.
The following result for equation (E) in the superlinear case has been established
recently in {15]:
THEOREM D. {15, Theorem 3.1] Assume that (1.3) and (1.5) are satisfied. If

n o0
(1.9) nll_)ngoz > ai=o0,

k=N i=k+1

then equation (E) is oscillatory.

Theorem D does not assume any restriction on the sign of a,,. But this theorem fails
in a large class of equations because of condition (1.5).

It follows from the above introduction that the problem of finding oscillation criteria
that avoid condition (1.5), as well as the nonnegativity assumption of a,, is of particular
interest. This problem was investigated in [3] for equation (F) when f(z) = z; the
aim of the present paper is to obtain some of those criteria, when either (1.1) or (1.2)
is satisfied. Our main result of section 2 (that is, Theorem 2.1) is motivated by an
open problem raised in [13] to impose a condition on A(n) (defined by (1.6)) which is
independent of A, while the main result of section 3 (that is, Theorem 3.3) is motivated by
Theorem A and Theorem B. The rest of our results improve and generalise some recent
oscillation criteria in [3, 13]. We also note that discrete analogues of some results for
differential equations in [2, 4, 6, 7, 9, 10] are presented.

2. MaIN REsuLTs

THEOREM 2.1. Assume that (1.1) holds and there exists a sequence {¢,} satis-
fying
(2.1) lim inf i=ZN a; > ¢n, foreverylarge N
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and )
o (¢
(2.2) > 1(+ )\)@_ =00

where ¢} = max{¢,,0}, A is given by (1.1). Then equation (E) is oscillatory.

PROOF: Suppose that {z,} is a nonoscillatory solution of equation (E); without
loss of generality we assume that z, is eventually positive. Then, z, > 0, n > N for
some N 2 0. Define W, as follows:

Az,

VVn , n 2z N+1.
f(zn—l)
Using equation (E),
Azy  Af(2p-1)
(23 AWTL:_an___—_’ TL>N+1
) f(xn—l)f(zfl)
Consequently
n n (A.’Ei_l)zg(xi—h Zi)
24 Wap1 =W == % — .
(2.4) + Hs i};ﬂ iz%l Fi1) f (i)
But

(Axn-l)Qg(xn—ly .’En)
f(zn—l)f(mn)

implies that we have either

20, forall n>N+1,

s (AIi-1)2g(Ii—1,$i)

(25) ; f@)f@)
or o0 2
(26) 5> L) ol@inm)

i=N+1 f(zia) f(zs)
Assume that (2.5) holds. Then (2.4) implies

(2.7) nlgrolo W, = —o0.

On the other hand, since f(u) — f(v) = g(u,v){u —v) for all u,v # 0, f(2n) — f(Tno1) =
9{(Zp, Tn-1)AZp_1 for all » 2 N + 1 which in view of (1.1) yields

W. = A‘,I:n-l - f(xn) _ 1
" f(xn——l) f(-rn——l)g(xm zn—l) g(xna xn—-l)
f(zn) _ l
f(zn—l)g(xm xn—l) A
(2.8) > —%, nzN+1
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Clearly, (2.8) contradicts (2.7). Therefore (2.5) can not hold and we consider now (2.6)

which implies that
(Azn—l)zg(xn—la -Tn)

lim =0
noroo f(@n-1)f(zn)
or equivalently v )
g(xn—lxxn f Tn—-1
2.9 lim W2 = 0.
( ) n—»00 f(zn)
We have two possible cases for W2; either limsup W2 = M > 0 or Jim W2 = 0. Suppose

n—o00
the first case holds. Then there exists a subsequence {7} such that Ng — 00 as k — 00

and klim W,?k = M. Since g(zp,Zn_1) 2 A > 0foralln > N+1 (due to (1.1)); (2.9)
—00

yields
f(xﬂk—l)
lim ——— =0.
k100 f(zﬂk)
Then an intger K can be chosen so large that
(2.10) f(Zne—1) < f(zn,) forall k> K.

From the nondecreasing nature of f on (0,00); (2.10) implies that z,, > zn,_1, k > K
(that is, Az,,_y > 0, k > K) which in turn implies that w,, > 0 for all k > K. Let
K| 2 K be an integer such that n, > N + 1 for all ¥ > K;. Then replacing n with n; in
(2.4) we obtain

e el (Az;_, ) 9(zi_1, ;)
Wo, — W, = - a; — : "_’1, k> K
* A i=%;0—1 i:%-l f(xz—l)f(xt) !
or 1 1 2
= " (Azisy) g9(mioa, zi)
Wri 2 a; + . k> K.
e i=;+1 i=%1 f(@ia) f(z:) !

Taking the limit inferior of the above inequality as k — oo,

sz 1 -1:1 1,-7:1)

xi l)f(xt)

On the other hand, if W;? — 0 as n — oo, then W,, — 0 as n — oo. So, by taking the
limit superior of both sides of (2.4), we get that (2.11) holds in this case, too. Next, let
a subsequence {ix}72, be defined by

(2.11) ¢n+Z >¢n, n2N+L

{2 ={i>2N+1:¢; 20} and i —o00 as k— oo.

Using (2.11),
(2.12) Wi, 2 ¢, 2N+ 1L
Also, the second inequality in (2.8) yields

f(zik--l)g(xik—lyzik) S A
f(])ik) =z /\VV,‘,e + 1

w2 N+1.
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From the above inequality, (2.12) and the fact that the function H(z) = z2/(Az + 1) is
increasing on [0, 00), we have

(Axik—l)zg(xik—h xik)
1 f(xik—l)f(zik)

= (Axi—l)Qg(zi—l;-Ti)
L o fm)

[Ms

(2.13) >\ i H(g;,) = Z (¢' )

AT+ 17

k=1 i=n

In view of (2.6) and (2.13), we get

2 (¢1)’

S +1

< 00, nzN+1

which contradicts (2.2). Thus equation (E) can not have a nonosciilatory solution under
our assumptions. This completes the prooof. a0

We note that if either

S ) o )
g;(‘ﬁ) or ;A¢?+1

is convergent, then 1im ¢+ = 0. Hence, there exists a real number M > 0 such that
¢ < Mforalln > 1 and

. 29N
(¢) (61)

i /\M+1(¢+) forall n3>1,

which, by comparison, yields that the convergence of any one of the above two series
implies that of the other. The following result is a consequence of Theorem 2.1 and the
above analysis:

COROLLARY 2.1. In addition to the conditions (1.1) and (2.1), assume that

(214) S (67) =

Then equation (E) is oscillatory.
EXAMPLE 2.1. Consider the equation (E) in which

n2n?+8n+7 B 1 _
(n+1)(n+2) " (n+1)V¥

an = (-1)

it 1s found that

(=" 1 v, =DV 1
Tare B FE Rt
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then
-n¥, 1
N+1 ' (N+1)/*
Accordingly, there exists a sequence {¢,} defined by
(1", 1

1 + 1/2?
n+ (n+1)

n—oo

liminf ¥ a; = -1+ (=1)" +
i=N

On=-1+(-1)"+ nxl

and satisfying (2.1). Furthermore
1 1

+
gy ={ n+1" (n+1)7
0 otherwise.

if n is an even integer

Therefore .

i(‘ﬁ)z?ZHl:m'

i=1 i=1

In view of Corollary 2.1, equation (E) with the above {a,} is oscillatory. Moreover
one can see that none of the results in {5, 11, 12, 13, 14, 15] can be used to examine
the oscillation of (E) in this case.

It follows from the proof of Theorem 2.1 that we can derive the next result:

COROLLARY 2.2. Suppose that (1.1) is satisfied and furthermore

o0
(2.15) limsup Y _a; = co.

n—oo

Then equation (E) is oscillatory.

PROOF: Proceeding as in the proof of Theorem 2.1, we obtain (2.4) and (2.8). But,
(2.4) and (2.15) imply that liminf W, = —oo which contradicts (2.8). This completes

the proof. 0

ExAMPLE 2.2. Consider the following difference equation
A%z, ) + [1 + ansin(ﬂ(n - 1)/2)] (x,. + zi) =0, n=12,...

where « is any real number. We shall apply Corollary 2.2 to show that the above equation
is oscillatory. Clearly, (1.1) is satisfied with A = 1. Furthermore

ng a; =(n+1) (1 - %cos(w(2n - 1)/4)) + %sin (7n/2)

—%sin(ﬂ'(N - 1)/2) +N (—1 + %cos(w@N - 3)/4)) ,

which leads to

n
limsup Y a; = oo.

https://doi.org/10.1017/50004972700033360 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700033360

102 S.R. Grace and H.A. El-Morshedy 8]

Then (2.15) is satisfied and by Corollary 2.2 we conclude that all solutions of the above
equation are oscillatory. One such solution is {z,} where 2, = 0 and zop4; = (—1)",
n=0,1,...

REMARK 2.1. Corollary 2.2 extends and improves (3, Corollary 2.1] to more general
equations. Also, Corollary 2.2 improves Theorem C when condition (1.1) is satisfied.
Furthermore, since
(2.16) limsup — Z Za =
n—oo k Ni=N

implies (2.15) then Corollary 2.2 extends the discrete analogue of Wintner’s criterion
(2.16) to more general equations (see [3]). Finally, it enables us to obtain certain improve-
ments of discrete analogues of known results for the differential equations, for example,
[7, Corollary 1].

The last result in this section is concerned with the oscillation of equation (£) when
(2.2) fails, that is,

2
= (¢1)
2T <
In this case, one can define
2
< (hi(k))
) =én  hn) = ,62:% Mg (k) + 1

and
[(ho(k) + Ama(k)) ]
A(ho(k) + Ma(k)) " +17

where h;(n) will be assumed to obey the following condition:

i=1,2,...

oo}
higa( Z
There exists a positive integer J such that

(2.17) hi(n) existsfor i=1,2,...,J and hyu(n)=occ.

THEOREM 2.2. Suppose that the conditions (1.1), (2.1) and (2.17) are satisfied.
Then equation (E) is oscillatory.

PROOF: As in the proof of Theorem 2.1, one can proceed to obtain (2.11) from
which we get (2.13), that is,

Azz-— i-1y L4
(2.18) g(f@Lgmf) > Aha(n).

By using (2.18) in (2.11), we obtain

(2.19) Wy > ho(n) + Ahq(n).
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From (2.19) together with similar arguments to those implying (2.13), one derives

& (Azi-1)’g(Tio1, 3:)

; f(@io1) f (i)

Repeating this process, we get

> /\hg(n)

Wo > ho(n) + Ahy(n);

hence ( )2 ( )
X (Aziy) " g(Tia, T
> Ah n) = 00,
Z;, f(@ie1) f (i) s ()
which contradicts (2.6). This completes the proof. g

REMARK 2.2. Corollary 2.1 and Theorem 2.2 do not require that (1.5) or (1.6) is satisfied.
Therefore, these results improve [13, Theorem 3 and 4], respectively, and answer the open
problem of [13, p.206].

3. FURTHER RESULTS

Suppose that
n
(3.1) li’{ggf ;va,- 2 ¢n =20, forevery large N.

We show that (3.1) enables us to know more information about the monotonicity of the
nonoscillatory solutions of equation (E). Strictly speaking, we have the following result
which improves the discrete analogue of the well-known result of [2] for the differential
equation
y'(t) +a®)f(y®) =0, t>0.
LEMMA 3.1. Assume that f is a nondecreasing function and (3.1) is satisfied. If
{zn} is a nonoscillatory solution of equation (E), then z,Az, > 0 eventually.

PRrOOF: Suppose that z, is eventually positive. Then there exists an integer N > 0,
such that z, > 0 for n > N. Define W, as in the proof of Theorem 2.1, we obtain (2.3)
from which we get

n " Az Af(zis)
) ntl — Wi = — T @) f(m)
(32) Wns et iz%-la ,-511 Hai)f(z)

If the lemma is not true, then either Az,, < 0 eventually or Az, oscillates. Assume that

Az, < 0 eventually; then in view of (3.1) one can choose N; > N such that i a; 20
i=N;
and Az, <0 for all n > N; — 1. But by Abel’s transformation [8, p.36] we have

n

n n k
> aif(zi) = f(@n41) D ai— I Af(zi) D @, forall n> Ny

i=N; =N =N i=N;
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hence i a;f(z;) 2 0 for all n > N;. Then equation (E) implies that

1,=N1

Az, € Azy,1 <0 forall n> Ny

summing this inequality twice from N{ + 1 to n, then taking the limit as n — oo, we
obtain that z, = —oo as n — oo which contradicts the positivity assumption of z,,.

Suppose that Az, oscillates. Then it is possible to choose Ny > N such that
Wh,+1 € 0. Hence, (3.2) implies that

Wsr < — Z": 4 — i Ami—lAf(fEi—l)_
i=Nz+1 i=Ng+1 f@iz1) f(=:)
Taking the limit superior as n — oo of the above inequality, we get lirr: sup Wy <0
n—oc

and since W, = Az,_1/f(2n-1), Az, must be eventually negative which contradicts the
oscillatory assumption of Az,. If z, is eventually negative, similar arguments imply a
contradiction, too. This completes the proof. 0

ExAMPLE 3.1. Consider equation (E;) with

2n+ 1)
anzm, v>0, n=12,....
Since a, > 0 for all n = 1,2,..., (3.1) is satisfied. According to Lemma 3.1, any
nonoscillatory solution of (E}), say {z,}, with the above {a,} will satisfy z,Az, > 0

eventually. The reader can see easily that z, = n/(n + 1) is one such solution.

THEOREM 3.1. Suppose that f is a nondecreasing function on R and (2.15),
(3.1) are satisfied. Then equation (E) is oscillatory.

PROOF: Assume the contrary. Then there exists a nonoscillatory solution {z,} of
equation (E) which can be assumed to be eventually positive. By Lemma 3.1, Az, is
eventually positive. Now, proceeding as in the proof of Theorem 2.1, we obtain (2.4)
which implies, in view of (2.15), that li,{r_l)grolf W, = —oo and hence Az, can not be

eventually positive. This contradiction completes the proof. g

REMARK 3.1. Theorem 3.1 is a discrete analogue of [10, Theorem 2].

Now, if (3.1) holds and {z,} is a nonoscillatory solution of equation (E), Lemma
3.1 leads to the existence of a positive real number A and an integer N > 0 such that
|z,| = A for all m > N. So if (1.2) holds, one can find a real number x > 0 such that

(3.3) 9(Tn_1,Za) 2 p forall n>N.

Since in the proofs of all the rsults in Section 2 the left hand side of (1.1) is calculated
along the nonoscillatory solutions of (E), one can use (3.3) rather than (1.1) in these
proofs provided that (1.2) and (3.1) are satisfied. In this case, new oscillation criteria
can be obtained, from those of Section 2, that require f to satisfy (1.2), which is weaker
than (1.1). In particular, from Corollary 2.1 we get the following result:
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THEOREM 3.2. Suppose that the conditions (1.2) and (3.1) are satisfied. If

o0

(3.4) b (9:)* = oo,

then equation (E) is oscillatory.

THEOREM 3.3. Suppose that f is a nonodecreasing function on R and (1.3),
(1.4) are satisfied. Then equation (F) is oscillatory.

PROOF: Let {z,} be a nonoscillatory solution of equation (E). As usual, assume
that x, is eventually positive, that is z,, > 0, n > N for some N > 0. Then Az, is either
eventually negative or eventually positive or oscillatory.

Suppose that Az, is eventually negative. In view of (1.4), one can find N; > N such
that

> 4a; >0, and Az,_; <0, forall n> N.
i=N;

By Abel’s transformation, we obtain

n

n n k
Y iaif(zi) = f(Za1) D dai— Y Af(zx) D iai > 0;

=Ny =Ny =N, i=N
n
then equation (F) implies Y. ¢A%z;_; < 0. But in view of [5, Lemma 2.2(b)], we have
i=N;

n
Z iAz.Ti_l = TLAZL'n - (N1 - I)A.’ENl_l -z + TN -1-
=N,

We let
n
Up =Zp — 2Ty, and P, = — Z iN% g~ NiAzpy,—1, forall n> Ny,
i=N;

and get

Un
Aun——+%=0, n 2 Nj, uy, =0.
n n

Then (14, Lemma 3.1] implies that

n-1 wi
Uy = —T — , n=N+1,N+2...
" i=Zle(z+1) ! !

where ¥, > —N1Azn,_1 > 0 for n > N;. Hence

=1 1 1
Up < —(—-NlAZ’Nl_l)nizzN‘ m = (N]A.’ENl_l)TL <F1 - E) .

As n — oo the above inequality implies that u, — —o0, which contradicts the positivity
assumption of z,. Thus, Az, can not be eventually negative. Therefore, there exists a
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subsequence {ng} such that ny — co as k — oo, and Az,, > 0, ny =2 No > N. Using
Abel’s transformation again, we get

z 1 n+1 Azy i 1
— A% = ——— Az, — (Ny+1)— 2 — Az A——r.
i=NZQ+1 f(-'l?i) ' f(zn-H) ( 2 )f(IN2+1) i=N22+1 f(-'l"z)
By equation (E),
n+1 Az, n 1 LA
—Az, — (Np+1)——2— — Az A—— + 1a; =0
f(.'l:n+1) ( 2 )f(‘rN2+l) ,‘=NZZ+1 f(xi) i:%z:-f‘l
or
n+1 Azy L ZA.’L‘,Af(SE,) i Ax; LA
O Az = (Np 1) Sl e’ ALLVI + ia; = 0.
f(xn+1) ( 2 f(zN2+1) i=Ny+1 f(zi)f(xi+l) i=%2:+1 f(xi+l) i=N22+1

Consider the above relation with n = ny; we get

1 A ok A ,'A i 2k A ] 2k R
Tt g (N, 1) 3 HATA(Em) %S a=0
f(xnk+1) f(zN2+1) im=No+1 f(zi)f(xﬁl) i=Na+1 f(xi+1) i=Ny+1
and this implies

Azy, ok o Agx;
3.5 —(Np+1)—2~+ ia; € .
(3:5) (N: f(xNz+1) i:%,:.n i=%2:+1 f(z:)

Define u(t) = z, + (t —n)Az,, n Lt L n-+1landn 2 N, + 1. It is easy to see that
u'(t) = Az, (v/'(t) = du(t)/dt). So if Az, > 0 then z, S ult) Czppy forn <t <n+1
and the nondecreasing nature of the function f yields

f(zn) < f(u(t)) < f(zn.-{-l), n<t<n+1 and n} N2+1,

which implies that
(3.6)

Az, < u'(t)
flene) = f(u(t))
On the other hand, if Az, < 0; Ty < w(t) < Tn and f(Tap1) < F(u(t)) < f(2a)

for n <t < n+ 1. Therefore, (3.6) holds also for this case. Thus (3.6) is true for all
n > Ny + 1. Now, by (3.5) and (3.6), we have

, n<tL<n+1.

AQZN U . Pk i+l A(IJ,‘
— (N +1)— 2 4 ia; < dt
( 2 )f(xNZ‘f'l) ‘i=§+l i:%—}-l i f(xi-i-l)
ng i+1 !
< Z / u'(t) it
i=Np+1 7t f(u(t))

u(ne+l) oy oo du
= / P / <o
uNo+1) f(u) ~ Jumvar) f(u)
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Taking the limit as k — oo in the above inequality, we obtain

A o o d
Ny +1) W2y y ia,-g/ 2w
f(@n+1) i=Ng+1 u(N2+1) f(u)

which contradicts (1.4). Thus equation (E) can not have a nonoscillatory solution pro-
vided that (1.3) and (1.4) are satisfied, which is our desired conclusion. 0

ExAMPLE 3.2. Consider the following equation
Nlgp g+ (1+2(-1)")[za| sgnz, =0, v>1, n=12,....

In this case, the function f(z) = |z|“sgnz satisfies (1.3). Furthermore, since a, =
1+2(-1)""", we find that

i ia; = n(n+1)/2+ (-1)*2n +1)/2 = [N(N = 1)/2+ (-)" "N - 1)/2].

=N

Consequently, %oj ta; = oo (that is, (1.4) is satisfied); by Theorem 3.3 we conclude that all
i=N

solutions of the above equation are oscillatory. One such solution is {z,} where z,, = 0,
Toner = (=1)"(2/3)/¥“ D foralln=0,1,....

REMARK 3.2. Theorem 3.3 is sharp in the sense that when a, > 0, eventually, (1.4)
will become necessary and sufficient condition for the oscillation of equation (FE) as in
Theorem A (see also [12, Theorem 1]). Since the sequence {a,} is not assumed to
be eventually nonnegative, Theorem 3.3 improves the discrete analogue of Onose [9].
Finally, the continuous analogue of Theorem 3.3 can be found in [4, 6]
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