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Abstract

Let [¢] be the integral part of the real number ¢ and let 1 be the characteristic function of the primes.
Denote by ms(x) the number of primes in the floor function set S(x) := {[x/n] : 1 < n < x} and by Sq, (x)
the number of primes in the sequence {[x/n]},>. Improving a result of Heyman [ ‘Primes in floor function
sets’, Integers 22 (2022), Article no. A59], we show

Ve dt Vx dt 1 3/5(1og 1 ~1/5 9/19
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2 2
for x — oo, where Cq, := 3, 1/p(p + 1), ¢ > 0 is a positive constant and ¢ is an arbitrarily small positive

number.
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1. Introduction

The distribution of prime numbers is one of the most important problems in number
theory. Denote by 7(x) the number of primes p < x. The prime number theorem states
that

m(x) = (x = o).

X X
log x * 0( (log x)z)
A strong form of this theorem is
a(x) = Li(x) + O(x exp(—c(log x)**(log, x)™%))  (x — ), (1.1)
where c is a positive constant, log, denotes the iterated logarithm function and
*odt

Li(x) := .
i(x) , logt
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The Riemann hypothesis is equivalent to the asymptotic formula
7(x) = Li(x) + 0:(x'*)  (x - o0), (1.2)
where ¢ is an arbitrarily small positive number. More generally, let N(x) be a set of
integers of [1, x] and let N'p(x) be the set of prime numbers in N (x). We expect that
INMI
log IN ()|

provided N(x) is rather regular and is not too sparse. Some well-known examples are

INe ()] ~ (x = 00), (1.3)

{gn+a < x}, {[n°] <x}, (m? +n* <x}, (m*+2n° <x}, {x<n<x+x"12%),

the respective densities for which are

x/o(q) (g < (log XA, Walfisz—Siegel [3]),
2817
1/c < : . )
X (c —2426,Rlvat Sargos [12] ),

34 (Friedlander—Iwaniec [4]),

X
3 (Heath-Brown [5]),
x"12*¢ " (Huxley [8]),

4

~

where [7] is the integral part of the real number ¢, ¢(q) is the Euler function, A is any
positive constant and € > 0 is an arbitrarily small positive number.
Recently, Bordelles er al. [2] investigated the asymptotic behaviour of the summa-

tive function
0= 23]

under some simple hypothesis on the growth of f and there are a number of further
developments on this theme. If we use A(n) to denote the von Mangoldt function, then
[13, Theorem 1.2(i)] or [15, Theorem 1] give us immediately

Sa(x) = Cax + 0(x'/?*9), (1.4)

for any £ > 0 and x — oo, where Cy := 3,51 A(n)/n(n + 1). Ma and Wu [11] applied
the Vaughan identity and the technique of one-dimensional exponential sums to break
the %—barrier by establishing

SA() = Cpx + O (x71), (1.5)

This result seems rather interesting if we compare it with (1.2). The exponent 35/71
has been improved to 97/203 by Bordelles [1] and 9/19 by Liu et al. [10], using more
sophisticated techniques of multiple exponential sums. Obviously, (1.5) is the prime
number theorem for the floor function set

Sx) = {E] :1<n <x}

https://doi.org/10.1017/5S0004972722001277 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972722001277

238 R. Ma and J. Wu [3]

considered as the weighted count of prime powers. Very recently, Heyman [7]
examined the number of primes in the floor function set S(x) without the multiplicity.
The principal result of Heyman [7, Theorem 1] is the asymptotic formula

_ A Vx .
ms(x) = Z 1= 1ng+0((logx)2) (x — o0). (1.6)

psX
dnsuch that [x/n]=p

Since Heyman [6, Theorems 1 and 2] proved that

IS@)| = 2vVx + O(1) (x — o0). 1.7)
it follows from (1.6) that (1.3) holds for this sparse set S(x). This may be the first
example of such a sparse subset of [1,x] NN (of density x'/?) for which the prime
number theorem holds.

It seems natural and interesting to establish an analogue of the strong form of the
prime number theorem in (1.1) for the set S(x). We prove such a result.

THEOREM 1.1. (i) For x — oo,
ns(x) = Lis(x) + O(Vxexp(=¢’(log x)*"* (log, x)~'/?)), (1.8)

where ¢’ > 0 is a positive constant and

Vx Vx
Lis(x):zf i+f _dar
, logt > log(x/t)

(i) There is a real sequence {a,},>1 with a; = 4 such that for any positive integer
N > 1,

& a, Vx
ms(x) = \/Enz:; (Tog )" + ON(W) (x = ).

Let P be the set of all primes and let Py, be the set of all prime powers. Denote by
1p and 1p,,, their characteristic functions. Define

x X
s Sulll) o= (2)
Theorems 5 and 7 of [7] can be stated as follows:
S13,(x) = Cp,x + O(x'7), (1.9)
Si,,.. () = Ca,,_x + OK'?), (1.10)
where Cy, := X, 1/p(p+ 1)and Cy, =3, 51 1/p"(p” + 1). Similar to (1.4), these

are immediate consequences of [13, Theorem 1.2(i)] or [15, Theorem 1]. Heyman [7,

Theorem 6] also proved that there is a positive constant B > 0 such that the inequality
Bx!/?

S3.(¥) > Copx — —— (111)
logx

for x > 2. We improve these results by breaking the %-barrier in the error terms of
(1.9), (1.10) and (1.11).
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THEOREM 1.2. For any & > 0,
S, (%) = Cx + 0,(x°19%9), (1.12)
Sty @) = Ca X+ 0(71779), (113)
as x — oo, where the implied constants depend on €.

REMARK 1.3. It is possible to improve the error terms in (1.12) and (1.13). It seems
interesting to prove Q-results for the error terms in (1.8), (1.12) and (1.13). We shall
return to this problem in forthcoming work.

Very recently, Yu and Wu [14] generalised Heyman’s (1.7) by showing

2yx
S(x;q,a) := Z 1= 2Vx + O0((x/9)"" log x)
meS(x) q
m=a (mod q)

uniformly for x > 3, 1 < ¢ < x'/*/(logx)*/> and 1 < a < ¢, where the implied constant
is absolute. This confirms a numerical test of Heyman.

2. Proof of Theorem 1.1
We begin by following the argument of [7]. First, we note that
S(x) = {p € P:Ane[l,x] such that H - p}.
n

Further, if [x/n] = p € P, then x/(p + 1) < n < x/p. Thus, we can write

ns(x) = ,,Z;: 1([2] - [p’i : ] > 0) = Gi(x) + Ga(x), 1)

where 1(Q) = 1 if the statement Q is true and O otherwise, and

o= 32|50

p<VX

o= 5 2]}

Va<p<x

For p <+vx-1,

X X X
[;]_[p+l]> o 0
Thus, the prime number theorem (1.1) gives us
Gi(x) = m(x) + O(1) = Li(vx) + O(vVxexp(-c’(log x)**(log, ») ') (2.2)

for x > 3, where ¢’ > 0 is a positive constant.
Next, we treat G»(x). Noticing that
X X X

0<—— = <1
p p+tl pp+1)
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for p > +/x, the quantity [x/p] — [x/p + 1] can only equal O or 1. However, for p >
x'91% 'we have p = [x/n] for some n < x°/!°. Thus, we can write

aw= % (G-l o

Bl o e

x12< p<x10/19

x12< px10/19

= G21(x) - G () + GSH(x) + 0/,

where y(¢) 1=t — [t] — % and

x X
Gr1(x) : Z - - 1),
X112 pexl0/o p p+t

GOm= > w(ﬁ) ©=0,1).

X2 pxl0/19
With the help of the prime number theorem (1.1), a simple partial integration gives

/2
G (x) = Z 12+0(x9/19):xf:f dn(t) + 00

x12<p<x/2

Y2y
= xf > + O(vxexp(—c’(log x)*” (log, x)~'7%),
v tlogt

where ¢’ > 0 is a positive constant. Making the change of variables t — x/f in the last
integral, it follows that

'y
Gr1(x) = f2 bg(—;m + O(Vxexp(—c’(log x)*(log, x)™'7?) (2.4)

for x — co.
It remains to bound G%(x). Similar to [10], define

Si:D.D) = Y A(d)w(deé).

D<d<D’

According to [10, (4.3)], for any £ > 0,
Gs(x; D, 2D) <, (x*D7)/12x*
uniformly for x > 3 and x*/'3 < D < x*3. The same proof shows that for any & > 0,

Gs(x; D, D) <. (*D")12x* (2.5)

https://doi.org/10.1017/5S0004972722001277 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972722001277

[6] Primes in floor function sets 241

uniformly for x > 3, x%13 < D < x*/3 and D < D’ < 2D. Since we have trivially

> owg)e ST wapent

D<p'<D’,v>2 p<(2D)!/2 v<(log2D)/ log p

the inequality (2.5) implies that the bound
> (log p)l//( <) < (2D 2 2.6)
D<p<D’
holds uniformly for x > 3, x/'* < D < x*/* and D < D’ < 2D. Using (2.6),
<6> X
()C) < 1/2?11)1);10/19 Z l’[/(p + 5)

D<p<2D

< xuzl‘})i’immf:]) lolt d Y o gp)‘”( =5 2.7)

D<p<t

<, max (x*D)!/12y®
H12<Dxl0/19

<, xO/19%.

Inserting (2.4) and (2.7) into (2.3), we find that

A
G (x) = f2 oae /t)+O(V;cexp(—c’(logx)S/s(logzx)_l/s). (2.8)

Now the required result (1.8) follows from (2.1), (2.2) and (2.8).
The second assertion is an immediate consequence of the first one thanks to a simple
partial integration.

3. Proof of Theorem 1.2
We begin by following the argument of [9]. Let f =1p or 1p,__ and let N €

ower

[x'73,x2) be a parameter which can be chosen later. First, we write
X
S = f([;]) = 5l + S 3.1)
n<x
with
sw=2 (5] Sw= 3 (5]
n<N N<n<x
We have trivially
Sh) < N. (3.2)

To bound Sﬁc(x), we put d = [x/n]. Noticing that

x/n—1<d<x/nex/(d+1)<n<x/d,
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we see that

S = fa@ 1

d<x/N x/(d+1)<n<x/d
- d;x/:Nf (d)(fz B ‘”(?1) Tt ‘”(dx?)) (3.3)
f(d)

- f _Rf
_xd>, d(d+1)+R1(x’N) R, (x, N) + O(N),

where we have used the bounds

0w Srafu) o)<

S dd+1) = d+1
and
X
R (x, N) = faw( =)
N<d2<;c/N d+o
Combining (3.1), (3.2) and (3.3), it follows that
_ fd) f f
Sr(x) =x 2 dd+ D + O:(IR| (x, N)| + IR, (x, N)| + N).
However,

Rﬂ?ower (x’ N) — ¢/ vx = Rlp(x, N) + 0((-x/N)1/2)'
d M;}(/N (p + 6) °

Thus, to prove Theorem 1.2, it suffices to show that
R (r, N) <o N (x> 1)
for N = x”/19. This can be done exactly as for (2.7) by using (2.6):

1 X
R;7(x,N) <x® max E w( 6)
9/19 10/19

XM <D<x pip<en p+

2D 1 x
< x xo/wf}i’immf,) _logtd( Z (logl?)lﬁ(p+5))

D<p<t

<, max (*DHY12%*
/19 < D<x10/19

<, x9/l9+8'

This completes the proof.
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